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Introduction

In a former paper ], the incompleteness phenomenon of the Weil-Petersson
metric on Calabi-Yau moduli spaces was studied. In this note, | shall discuss
some curvature properties of it. The rst result is a simple explicit formula
(Theorem 2.1) for the Riemann curvature tensor. While this problem was
treated before in @] and ], the approach taken here is more elementary.
Two simple proofs of Theorem 2.1 are o®ered ix2 and both are based on
the Hodge-theoretic description of the Weil-Petersson metric [1]3]. The “rst
one uses a trick to select suitable coordinate system and line bundle section
to reduce the computation. The second proof uses Gritths' curvature formula
for Hodge bundles [B].

Direct consequences of Theorem 2.1 are relations between the Weil-Petersson
metric and the Hodge metric for Calabi-Yau threefolds and various positiv-
ity results on the curvature tensor (seex3). x4 is devoted to the asymptotic
analysis of the curvature near the boundary of moduli spaces. The method is
modelled on the rst proof and uses Schmid's theory on the degenerations of
Hodge structures [}’]. The "nal sectionx5 contains some remarks toward the
completion and compacti cation problems of Calabi-Yau moduli spaces.
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578 Chin-Lung Wang

1. The Weil-Petersson metric

A Calabi-Yau manifold is a compact KAhler manifold with trivial canonical
bundle. The local Kuranish family of polarized Calabi-Yau manifolds X! S'is
smooth (unobstructed) by the Bogomolov-Tian-Todorov theorem ]. One can
assign the unique (Ricci-°at) Yau metric g(s) on Xs in the polarization KAhler
class ]. Then, on a berXs = X, the Kodaira-Spencer theory gives rise to an
injective map ¥%: Ts(S) ! HY(X;Tx) 2 H%;)l(Tx) (harmonic representatives).
The metric g(s) induces a metric on 8%1(Tx). For v, w 2 Ts(S), one then
de nes the Weil-Petersson metric onZS by

(1.1) Qup (VW)= V) AW)igee

Let dim X = n. Using the fact that the global holomorphic n-form -( s) is °at
with respect to g(s), it can be shown ] that

@2 oue i = 1 S0

Here, for convenience, we writeQ = pi_ln Q(¢ 9, where Q is the intersec-
tion product. Therefore, @ has alternating signs in the successive primitive
cohomology groupsPP% 14 HPY p+ q= n.

(1.2) implies that the natural map H(X;Tx) ! Hom(H™? H"i 1) via the
interior product v 7! i(v)- is an isometry from the tangent space Ts(S) to
(H™9)=- pni L1 S0 the Weil-Petersson metric is precisely the metric induced
from the rst piece of the Hodge metric on the horizontal tangent bundle over
the period domain. A simple calculation in formal Hodge theory shows that

(t3) lwe =Ricg(H™) = i @logQ(- ;) ;

where! wp is the 2-form associated togwp . In particular, gwp is KAhler and
is independent of the choice of -. In fact, gwp is also independent of the choice
of the polarization.

With this background, one can abstract the discussion by considering a polar-
ized variations of Hodge structuresH ! S of weight n with h™% =1 and a
smooth baseS. In this note, | always assume that it is e®ectively parametrized
in the sense that the in nitesimal period map (also called the second funda-
mental form [g])

(1.4) %:Ts(S)! Hom(H™%HM By © Hom(H" B HM 22y @ ¢¢¢
is bijective in the rst piece. Then the Weil-Petersson metric gwp 0N S is
de ned by formula (1.2) (or equivalently, (1.3)).
One advantage to work with the abstract setting is that, instead of using P4
in the geometric case, we may writeH P9 directly in our presentation.

2. The Riemann curvature tensor formula

Here is the basic formula (compare with [B], [0] and[[32]):

Documenta Mathematica 8 (2003) 577{590



Curvature Properties of the Calabi-Yau Moduli 579

Theorem 2.1 For a given e®ectively parametrized polarized variations fo
Hodge structuresH ! S of weightn with h™° =1, h"i 11 = d and smoothS, in
terms of any holomorphic section- of H™° and the in nitesimal period map %
the Riemann curvature tensor of the Weil-Petersson metricgwe = g dt; - df‘j
on S is given by

Q(%%- ;% %) |

Q- ;9
2.1. The first proof. The main trick in the proof is a nice choice of the
holomorphic section - and special coordinate system on the bases. Since

the problem is local, we may assume thatS is a disk in C around t = 0.
Speci cally, we have

(2.1) Rijks =i (%G + G2Gi) +

Lemma 2.2. For any k 2 N, there is a local holomorphic section- of H™©
such that in the power series expansion at =0
X X

(2.2) ()=a+  ati+cce jlj_k%am' +¢¢e
we haveay 2 H"?, Q(ap;d) =1 and Q(ag;& ) =0 for any multi-index |1 6 0
and jlj- k. (We always assume thata; = a; if | = J as unordered sets.)
Proof. Only the last statement needs a proof. Let
X X
~= gt = 1+ i+ c¢ee gt -
| X i jlj=k
=+ (ira)rece . (a+a)t +eee
Set, | = i Q(ag; &), then clearly Q(ap;& )=0for | 60 and jlj- k. o

Lemma 2.3. Pick - as in Lemma 2.2. For anyk®2 N with 2. k°- k, there
is a holomorphic coordinate systemt such thata; form an orthonormal basis
of HMi L1 je. Q(ai;&) = i % . Moreover, Q(ai;& ) =0 for all i and | with
2-j1j- K°

Proof. The Gritths transversality says that

@ Z
a = -
! @t t=0

Lemma 2.2 then implies that a; 2 H"i Y1, |t is also clear that by a linear

change of coordinates oft we can makea to form an orthonormal basis of
Hni 1;1_

For the second statement, consider the following coordinates transformation:
X X

2 HMO@H" 1t

ti=s + _ d*sjsc+¢cce  ds'; 1-i0-d
1 jk-d jlj=ko

with ¢ = ¢ when| = J as unordered sets.
It's easy to see that the number of coexcients to be determined is the same as
the number of equationsQ(a;; & ) = 0, hence the lemma. o
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580 Chin-Lung Wang

Proof. (of Theorem 2.1) Let - and t; be as in the above lemmas. For multi-
indices| and J, we setq.; = Q(a ;& ). By Lemma 2.2 and 2.3,

o) = QC-( 1;-(t)
X

=1 ititli +CCe Giicj* titktlj L+ O(t5):

1
ik (k)N
To calculate Rjj +, we only need to calculateg,: up to degree 2 terms:

G = i @@logq= d 2(@]:Q@Qi q@@0)
= "142"7 4t +cceE
h ! i X ¢ X ¢ i
tti 1i Gt i me v gy G + Cce
X ) X '
= A& itilli + tofi + 20 itilli [ g Ok tif + ¢

X X
= e + e itiﬁ + tofy i Gk;j* tilli +eee

Here we have used the fact that degree 3 terms of mixed type (contaiyt)
must be 0 by our choice of -.

As a result, we nd that the Weil-Petersson metric g is already in its geodesic
normal form, so the full curvature tensor at t = 0 is given by

@g.+
Ripcs = i 7@%& Sighe i B ROy -
Rewriting this in its tensor form then gives the formula. o

Remark 2.4. The proof does not require the full condition that H ! Sis
a variation of Hodge structures. The essential part used is the polarizatio
structure on the inde nite metric Q@ on H. It has a xed sign on H"i %! makes
possible the de nition of the Weil-Petersson metric. For such cases, in terms of
the second fundamental form%; Lemma 2.2 and 2.3 say that under this choice
of - and t, ordinary di®erentiations approximate ¥up to second order att = 0.
In particular, ap =-(0), a = %-(0) and a; = a; = %%-(0) = %%-(0).

2.2. The second proof. = Now we give another proof of Theorem 2.1 via Grif-
“ths' curvature formula for Hodge bundles.

Proof. Recall the isometry in x1:

(2:3) TS(S) 2 (H™0)"- HM 42
and Gritths' curvature formula ([2[] Ch.II Prop.4):
(2.4) hR(e); % = hse; ¥ + Wie; ¥iel:

Where R is the matrix valued curvature 2-form of HPd, e and €° are any two
elements ofHP% and hi is the Hodge metric.
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Curvature Properties of the Calabi-Yau Moduli 581

Let - be a holomorphic section of H"? and consider the basis oH"i 't given
by %-, then T has a basisg =- " - 3;- from (2.3). In this basis, the Weil-
Petersson metric takes the form
Wa- %~ 1
2.5 ip = ————
( ) gl]1 h‘ ;_ i
Let K, R; and R, be the curvature of T, (H™% and H"i 11 respectively.
Using the standard curvature formulae for tensor bundle and dual bundle, we
nd
K(e) = (R1- l2+11- Ra)(- °- %-)
= Ri(-%)- %-+- - Ro(%) :

By taking scalar product with g =- - %- and using the de nition of dual
metric, we get
K (e);giwp = MRu(- %);- "ih%- ;%- i+ h - %ihRy(%-) ;%- |

ih-;- i1 2R ;- ih%-;%- i+ h ;- il 'R 1 %- i

Now we evaluate this 2-form onec * & and apply (2.4), we get (notice the order
of *, k and the sign)

h's/k- 1 Ya- i |’}3/11- ;:Vft- i + W/p(%- ;%:Vft- i . W/E%- ;:%E?/f- i:

N .
Sinceh™® =1, %%, acts as a scalar operator orH " :
%% = W/{,:/e?-_ ;i- i _ h’f/?; 3/1;: i:
Hence the last term in (2.6) becomes
@.7) : r%-;%_-iW: i M- %a- i - %- i
b - h ;- h - h -
Using (2.5) and (2.7), then (2.6) gives the formula (2.1). o

3. Some simple consequences of the curvature formula

3.1. Lower bounds of curvature. The immediate consequences of the gen-
eral curvature formula are various positivity results of di®erent types d curva-
ture. We mention some of them here.

Theorem 3.1 For the Weil-Petersson metrilggwp , we have
(1) The holomorphic sectional curvature ;... Ry s> 3 55 i 2j»*,
(2) The Ricci curvature Rj; , i (d+1)g;:
(3) The second term in (2.1) is \Nakano semi-positive".

Proof. This is a pointwise question. For simplicity, let's use the nor-
al coordinate system given by Lemma 2.|2_, (1) is obvious since
g Qa:d)» 5 = Q(AJA), 0forA= " ay» k.

Documenta Mathematica 8 (2003) 577{590



582 Chin-Lung Wang

i P . ¢
For (2), we need to show that' K g&‘ Qa ;&) i is semi-positive. For any
vector » = (), let Ag be the vector ; ay ». Then
X

. X
o 0" Qai ;& )nar») = ) Q(AGAY) , O
For (3), it simply means that for any vector u = ( upq) with double indices,
X
Q(aw ;@ )ux T = Q(A;A), 0

p ik
where A := ., &pqUpg. a
3.2. Relation to the Hodge metric. The period domain has a natural
invariant metric induced from the Killing form. The horizontal tangent bundle
also has a natural metric induced from the metrics on the Hodge bundles.
These two metrics are in fact the same ‘]]2], p.18) and we call it the Hodge
metric. The Hodge metricgy on S is de ned to be the metric induced from
the Hodge metric of the full horizontal tangent bundle.
In dimension three, e.g. the moduli spaces of Calabi-Yau threefolds, we can
reconstruct the Hodge metric from the Weil-Petersson metric. This result was
“rst deduced by Lu in 1996 through di®erent method, see e.g.[|[4].

Theorem 3.2. In the casen =3, we have
g4 =(d+3)gwp +Ric(gwp):
In particular, the Hodge metric g4 is KAhler.
Proof. The horizontal tangent bundle is
Hom(H %%, H %) © Hom(H **; H %) © Hom(H 12, H %3)

The rst piece gives the Weil-Petersson metric onS. The third piece is dual
to the “rst one, hence, as one can check easily, gives the same metric. Now

X Q% % %)
(d+3)gj + Rif =2g;t + - g ac ;_1; :
The last term gives the Hodge metric of the middle part of the horizontal
tangent bundle since¥ - form a basis of H?%* and the Hodge metric is de ned

to be the metric of linear mappings, which are exactly the in nitesimal period
maps ¥%'s. o

Remark 3.3. Moduli spaces of polarized complex tori (resp. hyperkAhler mani-
folds) correspond to variations of polarized weight one (resp. weight twpHodge
structures. Their universal covering spaces are Hermitian bounded symmetric
domains and the invariant (Bergman) metrics are KAhler-Einstein of negative
Ricci curvature. In these cases, the weightn polarized VHS are completely
determined by the weight one (resp. weight two) polarized VHS. Based on this
observation, one can show thatgwp and gy both coincide with the Bergman
metric up to a positive constant (cf. [E] for the case ofgwp ). However, as
we will see in Theorem 4.4, the negativity of Ricci curvature fails for moduli
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Curvature Properties of the Calabi-Yau Moduli 583

spaces of general Calabi-Yau manifolds. In fact, the Hodge theory of Calabi-
Yau threefolds with h'(O) = 0 may be regarded as the st nontrivial instance
of Hodge theory of weight three.

3.3. Relation to the Bryant-Griffiths cubic form. In the casen = 3,
Bryant and Gritths [1|I| has de ned a symmetric cubic form on the parameter
spaceS:
- Q&% %- ;) .
Fijk VI N

Q- :-)
Strominger ] has obtained a formula for the Riemann curvature tensor
through this cubic form Fjc (in physics literature it is called the Yukawa
coupling), and it has played important role in the study of Mirror Symmetry.
We may derive it from our formula (2.1):

Theorem 3.4. For an e®ectively parametrized polarized variations of Hoge
structures H ! S of weight 3, the curvaturextensor ofgwp is given by

Rijct =1 (910 + gea)+ 0P Fpix Fqp- -

Proof. Since Q(%%- ;-) = 0 by the consideration of types, the metric com-
patibility implies that

0=@Q(*%%-;-)= QCA%%-:-) i Q*%%- %) :

Let us write %%-= &P %-, then
X o X Q% %) . Q%% %) .
a Gpg = i a : i : o -
P PTQk5Y) Q-9

P _
SoaP = q g”¥Fg and the second term in (2.1) becomes

Q% %) _
Q- ;) P

_ X _
q o™ Fop Q(%%- 1 %-) = o 0™ Fpix Fop
a

Remark 3.5. In the geometric case, namely moduli of Calabi-Yau threefolds,
the cubic form is usually written as 7

Fik =X  @o@- " -;
X
whereK =log Q and - is a relative holomorphic three-form over S.

4. Asymptotic behavior of the cumature along degenerations

To study the asymptotic behavior of the curvature, we may localize the problem
and study degenerations of polarized Hodge structures. By taking a holomor-
phic curve transversal to the degenerating loci, or equivalently we study the
limiting behavior of the holomorphic sectional curvature, we may consider the
following situation (consult [£], [[d] for more details): a period mapping

A:¢£ 1h TinD I'h TinP(V)
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which corresponds to the degeneration. Here/ = H" is a reference vector
space with a quadratic form Q as in x1, and with T 2 Aut(V; Q) the Picard-
Lefschetz monodromy. Assume thatT is unipotent and let N =log T. There
is an uniquely de ned weight Ttration W : 0= W, ; %2Wy % ¢¢ ¢ 2/5, = V
such that

NW; %W, , and N¥:Grl,, 2 Gr
where GrV := W;=W,, ;. This W, tpgether with the limiting Hodge Ttration
F1 :=limy o€ 2NF (z = log t:Z%8 i 1is the coordinates on the upper half
plane, t 2 ¢ £) constitute Schmid's polarized limiting mixed H(P_dge structures.
This means that Gr)V admits a polarized Hodge structure p+g=i NP4 of
weight i induced from F; and Q such that for k , 0, the primitive part
PW ., = KerNk*1 15 GrW  is polarized by Q(¢ N¥9. Notice that N is a
morphism of type (i 1;i 1) in the sense thatN (H9) % HPi 14i 1 This allows
one to view the mixed Hodge structure in terms of a Hodge diamond and view
N as the operator analogous to \contraction by the KA&hler form".
By Schmid's nilpotent orbit theorem ([{], cf. [L5], x0-x1), we can pick the (multi-
valued) holomorphic section - of F" over ¢ £ by

(t)=-( 2):= éNa(t)= €9Na(t) 2 F";

wher/epa(t) = ajt' is holomorphic over ¢ with value in V and N :=
N=2% i 1. Also 06 a(0) = ap 2 F{". (Notice that while -( z) is single-
valued, -( t) is well-de ned only locally or with its value mod T.)

Now we may summarize the computations done in |E5]x1 in the following
form:

Theorem 4.1 The induced Weil-Petersson metricgwp on ¢ £ is incomplete
att=0 if and only if F{' %2KerN.
In the complete case, i.e.Nag 6 0, let k := maxfijNia; 6 0g. Then Q(- ;)
blows up to+1 with order ¢jlogjtj?j* and the metric gwp blows up to+1
with order
kdt- ot _

jtj2 logjtjz *’
i.e. it is asymptotic to the Poincar§ metric, wherec = (k!)i 1jQ(N*ag; &)j > 0.
In the incomplete case, i.e.Nay = 0, the holomorphic section-( t) extends
continuously overt = 0.

Idea of proof. We have the following well-known calculation: for anyk 2 R,

N
(4.) , @ogjlogjti = A",
jtj? logjtj?
which is also true asymptotically if t is a holomorphic section of a Hermitian line
bundle as the de ning section of certain divisor, in a general smooth bas8 of
arbitrary dimension. The main point is to prove that lower order terms are still
of lower order whenever we take derivatives. This is done irf{[}5] whe8 = ¢ £.
This is also the main point of the remaining discussion in this section. o
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Curvature Properties of the Calabi-Yau Moduli 585

To achieve the goal, we de ne operatorsSy = k+ N for any k 2 Z. Then all
Sk commute with each other andS is invertible if k 6 0. By Theorem 4.1, we
only need to study the incomplete case, i.e.Nag = 0. As in Lemma 2.2., we
may assume thatQ(ap; &) =1 and Q(ap; &) =0 forall i, 1.

Lemma 4.2. If a, is the Tst nonzero term other than ag, then Sgax 2 Fi L.
If moreover Nax = 0 then ax 2 H}i 1, and for the next nonzero termay. -
we haveS Sy, -ag.- 2 Fi 2,

Proof. By the Gritths transversality, we have
[

4.2) -qt) = N %I\Ta+ a® 2 FMi L

SinceNag = 0, this implies NaytXi 1 + ka,tki 1+ ¢ ¢ ¢ 2 2NF"i 1 Take out
the factor t<i  and lett! 0, we get
Skak 2 Ffi 1.

In fact, we have from (4.2), &N (Sxax + Sksraxs1t + ¢¢X2 Fi 1 Taking
derivative and by transversality again, we get )
1 ! .
N TSk + S1Scu A + S$oSkur Bap L+ € C 62 Fli 2

So, if Nax =0, then for the next nonzero term ax+ -, we have by the same way

S S+ ag+ 2 i 2
We also know the following equivalence:Nayx = 0 i® NSkax = 0 i® Sgax 2
HI'i 51 (becauseSyax 2 F'i 1). Since N is a morphism of type (j 1;i 1) and
the only nontrivial part of FJ' is in H O, this is equivalent to a, 2 HJi 1L,
(This follows easily from the Hodge diamond.) o
Deneq = Q(eNa;eNa)  Q(e09U*Ng;4 ), which are functions of logjt;.
The following basic lemma is the key for all the computations, which explains
\lower order terms are stable under di®erentiations".
Lemma 4.3. Let QS«(a;b) := Q(Ska;h) © Q(a;Skb), then for all k, * 2 Z,

@ @
(i

I@qu' t“t)= g*t“t and f@ tht) = o t*t:

Proof. Straightforward. o
Now we state the main result of this section:

Theorem 4.4. For any degeneration of polarized Hodge structures of weigin
with h™0 =1, the induced Weil-Petersson metricgwp has “nite volume.

For one parameter degenerations with nite Weil-Petersson dstance, if Na; 6
0 then gwp blows up to+1 with order ¢jlogjtj?j* and the curvature form
Kwp = Kdt ~ dt blows up to+1 with order

kdt~ dt
jtizjlogjtj?j?’
wherek =maxfijNiS;a;60g- nj 1, c= (k! }jQ(N*S.a:;Sa1)j > O.
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Remark 4.5. The statement about nite volume is a standard fact in Hodge the-
ory. By the nilpotent orbit theorem, the Hodge metrics on the Hodge bundles
degenerate at most logarithmically. Sogy , and hencegwp , has "nite volume.

In fact, in view of (4.1), the method of the following proof implies that gy

is asymptotic to the Poincar§ metric of the punctured disk along transversal
directions toward boundary divisors of the base space.

Proof. Pick a(t) and -( t) as before, (i,e.Nag =0, qgo =1, i =0for i, 1
and all other g; are functions of logjtj). We have

at) = QC( 1;-('1))
=1+ qlltf + ( qlztiz + q21t2f) + ( q22t2i:2 + Cbltaf + q13ti3) +¢C¢
Applying Lemma 4.3, we can compute

@@q _@q

@@ ' ‘ew qitafit i (14 auatd)(opS + gt + g5zt

+ o>t + oSt + St + cee

(Since we will assume thatNa; 6 0, g;; will be the only term needed. However
we have calculated more terms in order for later use.) So the metrids? = gjdtj2
is given by

g = i @@logq= g *(@I@i q@ax)

i ont>t i (opp it 05251%)

(4.3) + (oo™ +jogti i g3t i 3>t eee
Ast! 0, the rstterm determines the behavior of g. If Na; 6 0 (so a; 6 0),
let »= Sja; 2 F{i 1 (by Lemma4.2) and letk =maxfijN'»60g. (k- nj 1
simply becauseGrY¥, = 0.) Then the highest order term of j (1]1181 with respect
to logjtj?, is given by (for this purpose we can ignore all operators; with i 6 0)

(4.4) i k' IothJ Q(l\‘rk»;>1>):

This term has nontrivial coexcient and is in fact positive. This follows fr om
the fact that Q polarizes the limiting mixed Hodge structures. Henceg blows
up with the expected order, with ¢ = (k!)i }jQ(N'kS;a;; S1a1)j.

For the curvature form Kdt ~ dt = | @logg, the most singular term of K is
given by

i S]_Slq:l 2h| . Slslsot] l¢l Slslsofi 1 i . S1Sl¢i . SlslsoSot] lfi 1
i Oi1 i Oi1 Oii i Oi1 i Ou1
_ b ss¢i2-sss-2 S:1S; S15150S o2
= jooit (ot I ¢ o ' J'fJI

We need to show that this term is nontr|V|aI As before, we may igngre allS;

with i 6 0. So the h|ghest order terms of qulsls" 2 qlSlsl qSlslSOSO are
1 i 1= 1 Ces( ki 2)—

- | 2 i N—k - | 2 i N-k

& D ogjt] Q( ») Kk 2)! ogjt] Q( >»)
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Curvature Properties of the Calabi-Yau Moduli 587

It is clear that the coezxcient (kill)! i k!(kli o = k!(kli o > 0. Taking into
account the order of (j qlsllsl)i—2 given-by (4.4) shows thatK blows up to +1
with the expected order kjtji 2 logjtj? ' °. a

Question 4.6. In the original smooth case inx2, a; corresponds to the Kodaira-

Spencer class of the variation, so we know thah; 6 0. For the degenerate case,
what is the geometric meaning ofa;? Is it some kind of Kodaira-Spencer class
for singular varieties?

Remark 4.7. Assume thata; 6 0. If Na; =0, thenby Lemma 4.2,a; 2 H]i 11
and
i % = i Q1N Sia;Siar) i Qassdy) > O

From (4.3), gwp has a non-degenerate continuous extension over= 0.

In the casen = 3, if the moduli is one-dimensional (h** = 1), then a; 6 0 and
Na; =0imply that N °~ 0. That s, the variation of Hodge structures does not
degenerate at all. More generally, if we have a positive answer to Question @,
then we also have a similar statement for multi-dimensional moduli. Namely,
Niag = 0, Njag; =0 forall i, j implies that N; = O for all i, where N;'s are
the local monodromies,ay; 's are coexcients of the linear terms ina(t).

We conclude this section by a partial result:

Proposition 4.8, Assume thata; 6 0, Na; =0 (so gwp iS continuous over
t =0). If Na, =0 then the curvature tensor has a continuous extension over
t =0. The converse is true forn = 3. If the curvature tensor does not extend
continuously overt = 0, it has a logarithmic blowing-up.

Proof. Following Remark 4.7 and Lemma 2.3, we may assume that q;; = 1,
2 =0 and o 's are constants forj , 2. So among the degree two terms of,
only the tt term contributes to the curvature. Namely from (4.3),

g=1+@2 i gz3)tt+ ¢ee
Again we are in the \normal coordinates”, so

K=j2+>% % +c¢ce

It is clear that Na, = O implies that 525255 is a constant (= 4Q(ay; &)).

We will show that the converse is true if n = 3. We may assume thata, 6 0.
By Lemma 4.2 we havea; 2 H#! and S;Sa, 2 F{, so we may write (from
the Hodge diamond) S;S,a, = a1+ ®+ ~ with ®2 HZ2 and~ 2 H{t. Now
the constancy ofg;352°*5t implies that

Q(N(,a;1+®+ );,a1+®+ )=0

as it is the highest order term (N2 ~ 0). So the factNa; =0 and N~ =0
implies that Q(N®;®) = 0. This in turn forces ® = 0 by the polarization
condition. So $;Sa; = ,a;+ , and S;S;Na; = .Naji+ N° = 0. That
is, Na, = 0. The remaining statement about the logarithmic blowing-up is
clear. o
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5. Concluding Remarks

Based on Yau's solution to the Calabi Conjecture ], the existence of the
coarse moduli spaces of polarized Calabi-Yau manifolds in the category of
separated analytic spaces was proved by Schumacheﬁl [8] in the 80's. Com-
bined with the Bogomolov-Tian-Todorov theorem [@], these moduli spaces are
smooth KAhler orbifolds equipped with the Weil-Petersson metrics.

In the algebraic category, the coarse moduli spaces can also be constructed in
the category of Moishezon spaces. Moreover, for polarized (projective) Calabi-
Yau manifolds, the quasi-projectivity of such moduli spaces has been proved
by Viehweg [1#] in late 80's.

From the analytic viewpoint, there is also a theory originated from Siu and
Yau [ﬂ] dealing with the projective compacti cation problem for complete
KAhler manifolds with "nite volume. Results of Mok, Zhong [E] and Yeung
[@] say that a suzcient condition is the negativity of Ricci curvature and
the boundedness of sectional curvature. In general, the Weil-Petersson metric
does not satisfy these conditions. This leads to some puzzles since the ample
line bundle constructed by Viehweg (], Corollary 7.22) seems to indicate
that ! wp will play important role in the compacti cation problem. Since the
curvature tends to be negative in the innite distance boundaries, the puzzle
occurs only at the "nite distance part. This leads to two di®erent aspects:

The “rst one is the geometrical metric completion problem. In ], it is pro-
posed that degenerations of Calabi-Yau manifolds with nite Weil-Petersson
distance should correspond to degenerations with at most canonical singular-
ities in a suitable birational model. Now this is known to follow from the
minimal model conjecture in higher dimensions [[16]. With this admitted, one
may then go ahead to analyze the structure of these completed spaces. Are
they quasi-atne varieties?

Another aspect is the usage of Hodge metric. NAively, since the Ricci curvature
of the Weil-Petersson metric has a lower bound (d+ 1) gwp and blows up to

1 at some nite distance boundary points, for any k > 0 one may pull these
points out to in nity by considering the following new KAhler metric

g Q% B
ki Q- ;)

When the blowing-up is faster than logarithmic growth (e.g. Na; 6 0), g is
then complete (at these boundaries). Otherwise one may need to repeat this
process. This inductive structure is implicit in Theorem 4.1 and 4.4 and is
explicitly expressed in Theorem 3.2 in the casen = 3, k = 2. It suggests that
the resulting metric will be quasi-isometric to the Hodge metric.

If we start with the Hodge metric directly, the coarse moduli spaces being
Moishezon allows us to assume that the boundary has a local model as normal
crossing divisors. Then a similar asymptotic analysis as inx4 implies that
the metric behaves like the Poincarg metric in the transversal direction tovard
the codimension one boundaries (i.e. points withN 6" 0 where N is the local

X
gi =(d+1+ K)gj + Rij = kgj +
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monodromy). In particular, it admits bounded sectional curvature. The main
problem here is the higher codimensional boundaries. In this direction, we
should mention that the negativity of the Ricci curvature for Hodge metrics
has recently been proved by Lu [IB]. We expect that the Hodge metric would
eventually provide projective compacti cations of the moduli spaces through

the recipe of [b], [1BI.
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