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Abstract. We prove that the spectrum of a SchrA&dinger operator
with a potential which is periodic in certain directions and super-
exponentially decaying in the others is purely absolutely continuous.
Therefore, we reduce the operator using the Bloch-Floquet-Gelfand
transform in the periodic variables, and show that, except for at most

a set of quasi-momenta of measure zero, the reduced operators satis es
a limiting absorption principle.
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1 Formulation of the result

There are many papers (see, for example, [1, 9]) devoted to the question of
the absolute continuity of the spectrum of di®erential operators with coezx-
cients periodic in the whole space. In the present article, we consider the
situation where the coezxcients are periodic in some variables and decay very
fast (super-exponentially) when the other variables tend to in nity. The corre-
sponding operator describes the scattering of waves on an in nite membrane or
“Tament. Recently, quite a few studies have been devoted to similar problems,
for periodic, quasi-periodic or random surface Hamiltonians (see, e.g. [3, 2)).
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108 N. Filonov and F. Klopp

Let (xy) denote the points of the spaceR™* 9. Dene-= R™ £ (0;2%)¢ and
hxi =  x2+1. For a2 R, introduce the spaces

Lpa = ff 1 €™f 2 L,(-) g; H2=ff :e™f 2 H?() g;
where 1- p-1 and H?(-) is the Sobolev space. Our main result is

Theorem 1.1 Consider in Lo(R™*9) the self-adjoint operator
Hu = j div(gr u)+ Vu Q)

and assume that the functionsg : R™* 91 RandV : R™d 1 R satisfy
following conditions:

1. 812 29, 8(x;y) 2 R™*4,

gy +2%) = g(x;y); V(xy+2%) = V(Xy);

2. there existsgo > 0 such that(gij g); ¢g; V2 Ly 4 forany a> 0;
3. there existscy > 0 such that8(x;y) 2 R™* 9, g(x;y) . Co.
Then, the spectrum ofH is purely absolutely continuous.

Remark 1.1 Operators with di®erent values ofyy di®er from one another only
by multiplication by a constant; so, without loss of generdtly, we can and, from
now on, do assume thagy = 1.

Remark 1.2 If V~ 0, (1) is the acoustic operator. Ifg”~ 1, it is the Schr-
dinger operator with electric potential V.

The basic philosophy of our proof is the following. To prove the absolute corit
nuity of the spectrum for periodic operators (i.e., periodic with respect toa non
degenerate lattice inRY), one applies the Floquet-Bloch-Gelfand reduction to
the operator and one is left with proving that the Bloch-Floquet-Gelfand eigen-
values must vary with the quasi-momentum i.e., that they cannot be constant

on sets of positive measure (see e.g. [9]). If one tries to follow the 5@ line in

the case of operators that are only periodic with respect to a sub-lattice, the
problem one encounters is that, as the resolvent of the Bloch-Floquet-Gelfand
reduction of the operator is not compact, its spectrum may contain continuous
components and some Bloch-Floquet-Gelfand eigenvalues may be embedded
in these continuous components. The perturbation theory of such embedded
eigenvalues (needed to control their behavior in the Bloch quasi-momentum)

is more complicated than that of isolated eigenvalues. To obtain a control o
these eigenvalues, we use an idea of the theory of resonances (see e.g. [13]): if
one analytically dilates Bloch-Floquet-Gelfand reduction of the operator, these
embedded eigenvalues become isolated eigenvalues, and thus can be controlled
in the usual way.
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Absolute Continuity of the Spectrum 109

Let us now brie°y sketch our proof. We make the Bloch-Floquet-Gelfand trans-
formation with respect to the periodic variables (see section 3) and get a fa-
ily of operators H (k) in the cylinder -. Then, we consider the corresponding
resolvent in suitable weighted spaces. It analytically depends on the quasi-
momentum k and the spectral (non real) parameter, . It turns out that we
can extend it analytically with respect to , from the upper half-plane to the
lower one (see Theorem 5.1 below) and thus establish the limit absorption prin-
ciple. This sutces to prove the absolute continuity of the initial operator (see
section 7).

Note that an analytic extension of the resolvent of the operator (1) with co-

excients g and V which decay in all directions is constructed in the paper [4]
(with m =3, d=0; see also [10] forg ~ 1). In the case of a potential decaying
in all directions but one (i.e., if d = 1), the analytic extension of the resolvent

of the whole operator (1) (not only for the operator H (k) (see section 3)) is
investigated in [6] wheng ™~ 1. Note also that our approach has shown to be
useful in the investigation of the perturbation of free operator in the half-plane

by +-like potential concentrated on a line (see [5]); the wave operators arelso

constructed there.

In section 2, we establish some auxiliary inequalities. In section 3, we de ne
the Floquet-Gelfand transformation and construct an analytic extension of the
resolvent of free operator in the cylinder -. In sections 4 and 5, we prove
a limiting absorption principle for the initial operator in the cylinder. An
auxiliary fact from theory of functions is established in section 6. Finally, the
proof of Theorem 1.1 is completed in section 7.

We denote by B (ko) a ball in real space
B:(ko) = fk2 RY:jki koj<*g

and by k; the st coordinate of k, k = (ki;k%. We will use the spaces of
function in - with periodic boundary conditions,

b af of ¥
H2= f2H2(): fly=0="Tly=2v —Jyi=0= —Jyi=2we i =1;::5d ;
” @y @y ¥,

. . @f . @f . .
HlOC: f2H|%C(-): fJYiZOZfJYiZZ%;@VinZOZ @_yjyizzl/[‘; |:1;'::;d .

Finally B (X;Y )is the space of all bounded operators fronX to Y, andB(X) =
B (X; X ), both endowed with their natural topology.

Thanks: the authors are grateful to Prof. P. Kuchment for drawing their
attention to the question addressed in the present paper, and to Prof. T. Suslina
for useful discussions.
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110 N. Filonov and F. Klopp

2 Auxiliary estimations

In this section, we assume that the pair ko;, o) 2 R%*! satis es
(ko+n)26 ., 8n2 2z 2

The constants in all the inequalities in this section may depend on Ko; , o).
The set
J=1n22%: (ko+ Nn)2<, og 3)

is “nite. In a neighborhood of (Ko; , o), the partition of Z% into J and (Z9nJ)
is clearly the same. In other words, there existst = +(ko;, o) > 0 such that

if k2 Bs(ko) and , 2 B+(,o); then (k+n)><, , n2J: (4)
Choosek 2 B (ko) with K3 2 Z and put
k(¢)=(Rui+ig;R)2C% (2R,
and

M1 = M1(Ko;, 0) .= (Bu(ko) [f k(¢)g:2Rr) £ B:(, 0): %)

Lemma 2.1 There exists ¢ > 0 such that, for all 3 2 R™, (k;,) 2 My,
n2Zz9nJd and ¢ 2 R, we have

Pr+(k+n)?i L,
PE+(k()*+ n)?i L], dei

Proof. By virtue of (4), there exists ¢ > 0 such that, forn2 ZnJ,

C

8k 2 B:(Ko); 8, 2 Bx(,0); (k+n)?j ,>c
Hence, for3 2 R™, n2 ZnJ,
8k 2 Bx(ko); 8, 2 Bx(,0); 32+ (k+n)?j  >c

The second inequality is an immediate corollary of our choice oK; and the

equality
Im(3%+ (k(e)+ M)?i ) =2(Ry+ ny)es

This completes the proof of Lemma 2.1. O

In the remaining part of this section, we assume, o > 0. In this case, we
will need to change the integration path in tkba_Fourier transformation; we now
describe the contour deformation. Fix” > = o and, let ° be the contour in
the complex plane de ned as

c=fi »+ 1 g1y [F &L§ )Ge2p v 1 [F »i 1 Qo1 y: (6)

The following two assertions are clear.
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Absolute Continuity of the Spectrum 111

Lemma 2.2 If g2 L,(°) and "¢ >~ then the function
z

h(t)= e U &% g(z)dz

belongs toL>(R).

Lemma 2.3. Let | denote the open set between real axis ant (it consists
of two connected components). Letg be an analytic function in j such that
g2 C(j) andjg(z)j- C(1+ jRezj)i 2. Then,
z Z
€% g(z)dz= €Zg(z)dz 8t2R:
R .

Establish an analogue of Lemma 2.1 forn 2 J and 3 2 °™ je., 3 =
(Csii3m)2CM, 320,

Lemma 2.4. Let ,(> 0, > P .o and ° be dened by (6). There existsc > 0
such that, for all2 2 °™, (k;,)2 M, n2J and ¢ 2 R, we have

Pr+(k+n)?i ]
PE+(k()+ n)?i L]

C;

. Gel )
Proof. By virtue of (4), there exists ¢ > 0 such that, forn 2 J,
8k 2 Bu(ko); 8, 2Bi(,0); (k+n)?j < j2c
Hence, for3 2 °™ such that j3j - P ¢, one has
8k 2 Bx(ko); 8, 2 Bs(,0); ReC?+(k+n)?j ,)<jc
On the other hand, for 3 2 °™ such that j3j , P c, one has
8k 2 Bi(ko); 8, 2 Bi(,0); Im(32+(k+n)?j )<ijc

if one choosesc suzciently small. Thus, it remains to prove the second in-
equality. Therefore, we write
X X

2= @+ (i 1)

p q
where the indexesp correspond to the coordinates of which are in the middle
part of ° (i.e., jRe3,j <” ) and the indexesq correspond to the extreme parts
of ° (i.e., jRe3yj , 7); it is possible that there are only indexesp or only g.
Without loss of generality, we suppose that, for allg, »;, 0. Thus,

X
24 (k()+n)?i = (Fi THH(R+N)?g P,
q ~
A !
X X

+2i i @i oy +(Ri+ng)e

p q
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112 N. Filonov and F. Klopp
. R P .
Fix some %2 ("1 1 o;1). If », %) then,
— J— 3 4
- - .. L , P—
IM(32+(k()+ 20 ,) , 2 %] Ru+tna jegf> 200 |, o)l
P
as R+ n)2<, o If

ReEZ+(K()+ n2i L), 2+, i (R+n)?i 2> (1 RB)e?

P
q ¥%¢j then q »g - ¥£¢2 and

again by virtue of (4). This completes the proof of Lemma 2.4. O

3 The resolvent of free operator in the cylinder
Let us consider the Floquet-Gelfand transformation

X .
(Uf)(k;x;y) = gy 2%l g (- y 4+ 21/):
12 zd

It is a unitary operator
z ©
U:Ly(R™ 91 Lo(-) dk:
[0;1)¢

Introduce the family of operators (H (k))x>ce on the cylinder - where for k 2
cY, DomH (k) = H? and
i — G .
H(K)= "iri (0;k) g(x;y)(iri (0;k)+ V(x;y): (8)

Then, the SchrAdinger operator (1) is unitarily equivalent to the direct integral
of these operators in -:

Zo

UHU® = H (k)dk:
[0;1)¢

In this section, we investigate the free operator

i .

AK)= i Cx+ iryi k (iryi k) ©)

(which correspondsH (k) with g~ 1,V ~ 0). For k 2 RY and , 62R, its
resolvent can be expressed as

X £ gweiny (FF)(3;n)d3
2+ (k+n)zj ,

i NP
(A(k)i ) (xy) = (10)

n2zd

where F denotes the Fourier transformation in the cylinder
z

(FF)En)=(@2% M d o PXiivf(xy)dxdy:

Let (ko;, 0) 2 RY*! satisfy (2) and, J and M; be dened respectively by
formulas (3) and (5) in the previous section.
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Absolute Continuity of the Spectrum 113

Lemma 3.1. There exists Vi, a neighborhood of the seM; in C%*! such that,
for (k;,) 2 V3, the operator Ry(k;, ) given by

£ gy (Ff)(3n)d®

(Rak. ) (x:y) = T T

n2z4nJ

is well de ned and is bounded fromL,(-) to H?(-) . The B(L2(-) ;H?(-)) -
valued function (k;, ) 7! Ry(k;, ) is analytic in V;. For ¢ 6 0, the estimate

kR1(K(&);, )Ke (L, - Cicitt

holds.

Proof. It immediately follows from Lemma 2.1. O

Lemma 3.2. Let ,o> 0, " > P Lo a>’ P m and the contour ° be de ned by
(6). Then, there exists a neighborhood of the seM;, say V., such that, for
(k;,) 2 V2, the operator R(k;, ) given by
Z Z .
ex Ty (Ff)(3;n)

X
(Ra(k;, )F) (xy) = _cce

3 3
o 32+ (k+ n)2j B et (11)
n2J ’

is well dened as a bounded operator from_; to HZ,. The B(Lza;HZ,)-
valued function (k;, ) 7! Ra(k;, ) is analytic in V,. For ¢ 6 0, the estimate

kR2(K(¢):, )Ke (Lya;La, o) = Clélt !
holds.
Proof. If f 2 L,.5 then the function (Ff )(¢n) is square integrable on°™. By

Lemma 2.4, the denominator in (11) never vanishes fork;, ) 2 M1; therefore,
in some neighborhood ofM;. So

P (ke )i e cle

where the constant does not depend oA 2 °™ and on x; the same is true for
the second derivatives of §2 + (k + n)2j )i 1> *v with respect to (x;y).
Hence,Ry(k;,) 2 B(L2:a; Hiza) by virtue of Lemma 2.2. Estimation (7) yields
the estimation for the norm of Rz(k(¢);, ). O

Now, we construct an analytic extension of the resolvent ofA (k).

Theorem 3.1 Let (ko;, o) 2 R%*! satisfy (2) and the setM 1 be de ned in (5).
Then, there exists a neighborhood ol ;in C%*! | say My, a real number a and
aB(Lza; Hiza)-valued function, say(k;, ) 7! Ra(k;, ), de ned and analytic in
My, such that, for (k;,) 2 Mg, k2 R%, Im,> Oandf 2 L, one has
Ra(ki,)f =(AK) i )i (12)

and
KRa(K(&);, )Ke (LoaiL s, )+ Clél! L (13)
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114 N. Filonov and F. Klopp

Proof. If o - 0, we can takeRp = R; (Rj is constructed in Lemma 3.1; here,
J=; anda=0).

If , o> Othen,we putRa = R;+R,, whereR1, R, and aare de ned in Lemmas
3.1 and 3.2, andMy is the intersection of V; and V, de ned respectively in
Lemma 3.1 and Lemma 3.2. If 2 L,.4 then (Ff)(¢n)is an analytic functi[?n in

the domain f3 : jIm3j < ag and is uniformly bounded onf3 :jim3j- ~" mg.

If 3 2 Tm where j is the open set betweenR and ° (see Lemma 2.3), then,
Im32 . 0; therefore, the integrand in (11) has no poles when Im> 0. Hence,
the integral in right hand side of (10) for n 2 J coincides with the corresponding
integral in (11) due to Lemma 2.3, and (12) holds.

The estimate (13) is a simple corollary of the estimations of Lemmas 3. and
3.2 O

4 Invertibility of operators of type (I + WRp)

Lemma 4.1 LetW 2 L; , for b > 2a > 0. Then, the operator of multiplication
by W (we will denote it by the same letter) is

1. bounded as an operator fromlLy.; 4 t0 L2:a;
2. compact as an operator fromHiza to Loa.

Proof. The “rst assertion is evident. In order to prove the second it is enough
to introduce functions
W(X;y); jXj <¥%;

Wix;y) = 0 ixi. ¥

and note that the multiplication by W, is a compact operator from Hiza1 to
L,.4 and that

KW i Wiks (L, ailsa) ! O
when%!1 . -

The next lemma is a well known result from analytic Fredholm theory (see,
e.g., [8, 11]).

Lemma 4.2. Let U be a domain inCP, z; 2 U. Let z 7! T(z) be an analytic
function with values in the set of compact operators in some tbert spaceH.
Then, there exists a neighborhoodJ, of the point zg and an analytic function
h: Ug! C such that, for z 2 Uy,

(1 + T(2)! ! exists if and only if h(z) =0:

Now, we can establish the existence of the inverse of + WRa).
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Absolute Continuity of the Spectrum 115

Theorem 4.1 Let (ko;, o) satisfy (2), Ra(k;,) and a be de ned as in Theo-
rem 3.1. Pick b > 2a, and let (x;y;,) 7! W(x;y;,) be a function which
belongs toL;  for all |, and is analytic with respect to, i.e., , 7! W(¢¢ ) 2
Hol(C;L1 ).

Then, there exists" > 0, an open setU ¥ C9*1 such thatB- (ko) £ B+ (, o) % U,
and an analytic function h: U! C such that

8, 2B+(,0); 9k2B-(ko) suchthat h(k;,)60; (14)

and, for any (k;,) 2 U, the operator (I + W(, )Ra(k;,)) is invertible in L4
if and only if h(k;,) 60.

Proof. Due to Theorem 3.1 and Lemma 4.1, the operatoW (, )Ra (k(¢);, ) is
compact in L,., and satis es the inequality

KW (, )Ra(K(S);, )Ke (L) - Cici' Y 8, 2 B(, 0):

Therefore, for j¢j large enough, the operator [ + W(, )Ra(k(¢);,))! ! exists
and is bounded onL,.,. The operator-valued function , 7! W(, )Ra(k;,) is
analytic in Mg (de ned in Theorem 3.1). The analytic Fredholm alternative
yields that, for each, 2 B-(, o), one can nd k 2 B- (k) such that the operator
(I + W(,)Ra(k;,))! ! exists. Now, applying Lemma 4.2 withH = Lo, z =
(k;,)and T(z) = WRa, completes the proof of Theorem 4.1. O

5 The resolvent of the operator H

We can reduce the general case of operator (1) with a \metric"g to the case
of \pure" SchrAdinger operator due to the following lemma. This identity (for
the totally periodic case) is known (see [1]). We include the proof for the
convenience of the reader.

Lemma 5.1 Let the operatorsH (k) and A(k) be de ned by (8) and (9) respec-
tively, and let the conditions of Theorem 1.1 be fulTled wih gg = 1. If u2 H?2
then,

(HK)i ,)g Pu= g2 (A + W()i .)u;

where 1H¢ - q
1 %9 Jrg . .
WC)= o i gtV @i D (15)
Remark 5.1 If g° 1thenW(,) V.
Proof. It is enough to prove the equality
. W i g2 |
. _ Gy . . 1= - ¢ r 2
i @) gl KNG 0= g AR i T U (16)

We have
(iri  (0;K) (g *u) = igf *%r uj I§9i %2r guj (0;k)(g' **2u):
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116 N. Filonov and F. Klopp

Therefore, the left hand side of (16) is equal to

(iri (O;R))uuiglz2r Ui i§9i 2r gui (0; k)(glzzu)ﬂ
=jg%u+ %div(gi =2y gyui ihkr y(gF%m)ic
i ig™=2hr yu;Kic + iégi 2hr yg;kicu + kzgl;]zu
gl:zui Cxu+(iryi K)(ryi Ku+ %gi 2 div(g' r g)u

This completes the proof of Lemma 5.1. O

In the following theorem, we describe the meromorphic extension of the resol-
vent of H (k).

Theorem 5.1 Let the conditions of Theorem 1.1 be ful'Tled, the operatorH (k)
be dened by (8) and(ko;, o) 2 R¥*! satisfy (2). Then, there exists numbers
a, 0,"> 0, aneighborhoodU of (ko;, o) in C*! containing the setB- (ko) £
B-(, 0), a function h 2 Hol(U) satisfying (14) and an operator-valued function
(k;,) 7! Ry (k;, ) having the following properties:

1. Ry is de ned on the setf(k;,) 2 U : h(k;,) 6 0g and is analytic there;
2. for (k;,) 2 U such thath(k;, ) 6 0, one hasRy (k;,) 2 B(L2.a;L2; a);
3. for(k;,)2U,k2RY% Im,> 0, f 2 Log, one has
Ru (ki )f =(H(K) i ) (17)
Remark 5.2, It will be seen from the proof that Ry (k;,) 2 B(Lz;a;Hfa)
though we do not need this fact.

Proof. By the assumptions of Theorem 1.1, for anyb > 0,r g2 L; 4. So,
if we de ne W(,) by (15), forany b > 0, W(,) 2 L; .,,. We can thus apply
Theorem 4.1. LetU, h, a and Rp be as in this theorem. On the set where
h(k;,) 6 0, we put

Ri(ki,) = g *Raki,) (I + W()IRa(k;, ) T 2
By Theorem 4.1, Ry (k;, ) 2 B(L2a;H2,). Let f 2 Lo;a. Then,
(I + W()RA(K:, ) TG 72 2 Lo (18)
and we can apply Lemma 5.1 to the function
u=Ra(k,)(I + W()Ra(k;,))' Tg' 72 2 HZ; (19)
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SO
(HK) i DRa(k;,)f = g2 (AR + W()i .)u: (20)

For real k and non real, , we have by (12) and (18)
(AK)i Ju=(l +W(,)Ra(k;, ))i 1g‘ 1:2f;

hence, by (19),
(A)+ W(,)i ,)u=g

and, "nally, by (20)
(HK) i JIRu(k;,)f = f (21)

For Im , > 0, the operators H (k)i ,) * and (A(k)i ,)i ! are well de'ned in
Lo(-). As Ry (k;,)f 2 La(9), (21) gives Ry (k;,)f = (H(k)j ,)i . This
completes the proof of Theorem 5.1. O

6 One fact from the theory of functions

Lemma 6.1 Let V be an open subset oRY. Let f be a real-analytic function
in a box(c;d) £ V. Let o be a subset ol of measure zerojmesa = 0. Then,

megk 2 (c;d):9, 2a s.t. f(k;,)=0 and @f (k;,) 6§0g=0: (22)

Proof. The Implicit Function Theorem implies that, for any point ( Ko;, o) such
that f (ko;,0) =0 6 @f (ko;, 0), we can nd rational numbers Ky, rp > 0, a
vector o = (5; ¢ ¢ ¢79) with rational coordinates, and a cube Cy, (Ko; o)
where

(ko, 0) 2 Cry(Ro;0) = (Ro i Fo;Ko + F0) £ Cry (T0) Y2(C;) £ V
Cro(T0)= (50 FoiTo+Fo) ECCCETH i Fos 6+ *o)
and a real analytic function p: C, (7o) ! (Roi Fo;Ko + *o) such that
1. p(, o) = Ko;
2.1(k;,)=0, W)= kif(k;,) 2 Cx(Ro; o)
Therefore,

medk:9, 2 os.t (k;,)2 Cq(Ro;0)andf(k;,)=0g
+ mesp(a \ Cry(70))=0:

The set
f(k;,):f(k;,)=0and @f (k;,) 60g
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118 N. Filonov and F. Klopp

can be covered by a countable number of cube8.(K; ”) constructed as above,
say (Ck (Ki; 7i))i2n; hence, the measure of the set under consideration in (22)
is also equal to zero as

fk2(c;d):9, 2est f(k;,)=0and @f (k;,)60g
Yo medk:9, 2osit (k;,)2Cq(Ri;)andf(k;,)=00:
i2N
This completes the proof of Lemma 6.1. O

Lemma 6.1 has a multidimensional analogue.

Lemma 6.2. Let U be an open subset oRY, and V be an open subset oRY’,
Let f be a real-analytic function on the setU £ V, and pick @ %2V such that
mesa = 0. For k 2 U, we write k = (ki;k% wherek; is real and k°2 RYi 1,
Then,

mefsk2U: 9 2=z st f(k;,)=0 and @,f(k;,) 60g=0: (23)
Proof. Cover U with countably many open sets of the form @;b £ U i.e.,
[
U= (a;h)£ G
i2N
Fori 2 N, one has
fk2(@;b)£ U : 9, 2ast f(k;,)=0and @,f(k;,)60g
Yotk 2 (ai;h): 9, 2 ast f(ky;k%,)=0and
@,f (k1;k%,) 609 £ G;:
(24)

By Lemma 6.1, the set in the right Dand side of equation (24) has measure 0
(as U; £ @ has measure zero inR%* 9 1), As

fk2U: 9 2nast f(k;,)=0and @,f(k;,)60g
= fk2((@&;B)EG : 9, 2ast f(k;,)=0and @,f(k;,)60g;
i2N
(23) holds, which completes the proof of Lemma 6.2. O
Finally, we prove

Theorem 6.1 Let U be a region inRY, & be a subset of an interva(a; b) such
that meso = 0. Let h be a real-analytic function de ned on the setU £ (a;b)
and suppose that

8, 2o 9k2 U suchthat h(k;,)60: (25)
Then,
medfk2U: 9, 2ua st h(k;,)=0g=0:

Documenta Mathematica 9 (2004) 107{121



Absolute Continuity of the Spectrum 119

Proof. Forany k 2 U and, 2 g, by assumption (25), there exists a multi-index
®2 Z9 such that @h(k;, ) 6 0. Therefore,

fk2 U :h(k;,)=0 for some, 2 ag
[ ©
Y k2U:@hck;,)=0;@ @h(k;,) 80 for some, 2o

j=1 @224

a

Reference to Lemma 6.2 then completes the proof of Theorem 6.1. O

7 The proof of Theorem 1.1

The following lemma is well known (see for example [12]).

Lemma 7.1. Fix b > 0. Let B be a self-adjoint operator inL,(-) . Suppose
that Rg is an analytic function de ned in a complex neighborhood of a interval

are in B(Lzp;L2; b) and that

Re(,) =(Bj )it ifIm,> 0;' 2Ly

where Eg is the spectral projector of B.

Proof of Theorem 1.1. By Theorem 5.1, the set of all points ;,) 2 RY*!
satisfying (2) can be represented as the following union

_ 5
f(k;,) 2 R st (2) be satis edg = B (kj) £ B, (,j); (26)
j=1
where, for everyj, there exists
2 anumbera , O,

2 an analytic scalar function h; de ned in a complex neighborhood of
B-; (kj) £ B+, (, j) with the property

8, 2B (,j) 9k2B~ (kj) suchthat h;(k;,)860;
2 an analytic B(L 24, ; L2;; 5 )-valued function R,(j) de ned on the set where
h; (k;, ) 6 0 and satisfying (17).
Now, pick & ¥ R such that mes= = 0. Set
Ko=fk2[0;1]": (k + n)? = , for somen 2 Z%;, 2 ng;
Ki=fk2[0;1]°: h;(k;,) =0 for somej 2 N;, 2 &g
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Thanks to Theorem 6.1, we know
mesKo =mesK, =0: (27)
For k 62 g, denote
oj(k)=f, 2o:(k;,) 2B (k)£ B (,j)g
Itis clear that @ (k) Y2(,; i "j;.j + "j), mesg; (k) =0, and, by (26),

o= ! o) 8keXo (28)
j=1

If k 6Ko[ K1) and g (k) 6 ; thenh;(k;,) 60for , 2 =;(k)and, 7! h;(k;,)
has at most a nite number of zeros in [ i "j;.j + "j]. So we can apply
Lemma 7.1; therefore,

Enw(@j(k) =0 8
This and (28) implies that

En@y(@)=0:
Finally, one computes
Z Z
En (o) = En k(@) dk = En(e) dk=0
[0;1]¢ [0;1]9nK onK 1

by virtue of (27). So, we proved that the spectral resolution ofH vanishes on
any set of Lebesgue measure 0, which means, by de nition, that the spectrum
of the operator H is purely absolutely continuous.
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