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Abstract.  The following bounds for the anticanonical bundleK § =
detTx of a complex homogeneous projective rational manifold of
dimensionn are established:

M 1

+
3. dimHOGK 2) - 2”n1 and 2'n!- degk? - (n+1)"

with equality in the lower bounds if and only if X is a °ag manifold
and equality in the upper bounds if and only if X is complex projective
space. None of these bounds holds for general Fano manifolds.

2000 Mathematics Subject Classi cation: Primary 14M17; Secondary
14M15, 32M10

The homogeneous compact complex manifoldX that admit an equivariant
embedding in projective space are precisely the quotientX = G=P where G

is a semisimple complex Lie group andP is a parabolic subgroup. Moreover,
any such quotient is rational and has a very ample anticanonical bundleK g =
detTx . In particular, X is a Fano manifold.

Various bounds have been established for the numerical invariants df ;¢ when

X is a general Fano manifold, see[J6[|§]d, [10]. For example, there exists a
constant ¢(n) that depends only onn = dim X such that degKy - c(n)". In
this article we establish the following bounds whenX = G=P:

“2n+1ﬂ
3" . dimHOoX;K ) - o and 2'n!- degKg - (n+1)"

with equality in the lower bounds if and only if X is a °ag manifold (i.e., P is
a Borel subgroup of G), and equality in the upper bounds if and only if X is
complex projective spaceP".
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These bounds do not hold for general Fano manifolds. For example, leX =
P(Opni 1 ©0pni 1(Nj 1)). Then X is aP-bundle overP"i 1, 14: X 1 pnitl
andK§ = ¥0pa: 1(1)- »® wherex is the tautological line bundle on X whose
restriction to any ber P! of ¥ gives »jp: El Opl&l) | It foflows that X is
a Fano manifold with dim HO(X;K §) = n+ 2" 11 + 3n”'12 and degKy =
(2nj )" 1)=(nj 1). An example where the lower bounds do not hold is
given by X = S£ (P1)"i 2 where S is a del Pezzo surface.

In the homogeneous case there are well-known formulas from representation
theory that can be used to calculate dimH °(X; K 3 ) and degK § exactly. How-
ever, these formulas, which are products of rational numbers indexed by the
roots of the group, do not easily lend themselves to comparison with expres-
sions inn = dim X. The point of this paper is to overcome this dixculty.
The bounds are proved by rst reducing to the case of simple Lie groups and
then showing for each classical type that the known formulas can be broken up
into subproducts of certain simple sequences. These subproducts are shown to
satisfy inequalities that can be combined to yield the desired inequalities for
the full product. The bounds for the exceptional types are veri ed through
exhaustive calculations.

The above upper bounds can be trivially extended to any homogeneous compact
complex manifold X = G=H. The sections ofKy de ne an equivariant map
of X to projective space that coincides with the normalizer "bration G=H !
G=N, N = Ng(H?), [[l, p.79]. Since the base¥ = G=N is a homogeneous
projective rational manifold, the upper bounds hold for Y and hence forX.

For a homogeneous projective rational manifoldX , the dimension of the holo-
morphic automorphism group, dimAut(X) = dim H°(X;Tx ), never exceeds
n(n+2). In fact, this bound holds when X is any homogeneous compact KAhler
manifold [E]. However, there are homogeneous compact complex manifolds for
which dim Aut( X ) grows exponentially in n, see [1p]. In[[13], the above estimate
for dim HO(X; K 3 ) plays an important role in establléhmg the follqumg bound

for the non-KAhler case: dimAutX ) - n?; 1+ Zn”'ll » 022" 1=" (nj 1)%).

1 Roots and Weights

In this section we introduce some notation and well-known facts about semiga-
ple Lie groups [IH]] and recall a formula for "nding the weight! x associated
to the line bundle K3 when X = G=P {4, [11].

Let G be a semisimple complex Lie group and lef be a maximal torus of G.
Let Lie(G) and Lie(T) be the corresponding Lie algebras. Let €% Lie(T)"
denote the roots of G with respect to T and let f®;;:::;® g be a system
of simple roots. Let © denote the subset of positive roots|those that are

positive integral combinations of the simple roots. For any root® 2 ©, let
ep 2 Lie(G) be the corresponding root vector: k;eg] = ®&Xx)ep for all x 2
Lie(T).

Let ,4;:::;, be the fundamental dominant weights of G|those weights de-

L

‘nedby hi;®i =2(,i;®)=(®;®)= % where (; ) denotes the Killing form.
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Any weight 1 2 Lie(T)" can be written 1 = P iz B ®0, .

A Borel subgroup is a maximal solvable subgroup of5, and any such subgroup
is conjugate to the subgroupB generated by T and the root groups expC eg,

forall ®2 j © . Let P be a parabolic subgroup ofG, that is, a subgroup
containing a Borel subgroup. We may assume thaP containsB. Let P = R(S

be a Levi decomposition ofP where R is a maximal solvable normal subgroup
of P and S is semisimple. We let @ denote the subsystem of roots of and let

by | and any such choice of indexes is associated to a parabolic subgroup®f
Let X = G=P, and dene ©; = ©* n©;. Since Tx is generated at the
identity coset by the root vectors eg for ® 2 ©j , the anticanonical bundle
Ky =det Tx, n =dim X, is the homogeneous line bundle associated to the
weight X
1 x = ®
@205

The weight 1 x is dominant: h x ;®i > 0fori21,andH x;®&i =0fori21.

In particular, Ky is a very ample line bundle and!x is orthogonal to the

roots ©, . If P = B, X is called a °ag manifold.

We now recall a simple formula for calculating the coexcientsh x ; ®i of * x ,

see Ell]: A set of indexed is called connected if the subdiagram of the Dynkin
diagram of G corresponding to the simple roots®, j 2 J, is connected. An
index i is said to be adjacent toJ if i 62] and Jo [f ig is connected for some
connected componently of J. The set of indexes adjacent toJ is denoted by
@J The number of elements inJ is denotedjJj.

Definition 1 Let J be a connected set of indexes. Far62@Jde ne °j(J) =0.
For i 2 @Jde ne °;(J) to be the number next to the appropriate diagram below.
The black nodes correspond td and the white node corresponds td. Symmetry
of Dynkin diagrams is tacitly assumed.

2 ¢¢¢2—2  jJj
+ 2 ¢cC¢2>2 21Jji 1, 2.2 ¢¢e2>= 2jJj,
+2 ¢C¢2<2 2jJj, 2.2 (¢ i,
+2 _¢¢ ¢—2—j—2 21Jji 2, 22 __¢¢ ¢—2—i—_ 21Jji 2
+ 2 2 2 2 10, 2_2_ 2 2 2 9,

4 |
+ 2 2 _j _ 2 2 16, 2_ 2 2 _j 2 4 15,
2_2 2 _1 _ 2 2 12, + 2 2 2 _j —2_2 27
2.2 2 2 2 2 4+ 2 1, 2.2 2 2 2 2 2 15

] i

+ 22 2 6, 2_2>2 4+ 9,
e? 3, 224 1,
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For an arbitrary set of indexes | de ne °i(l) = °i(l1) + ¢¢é& °(l,) where

Proposition 1 ([ll]ﬂ Let X = G=P where G is a semisimple complex Lie
group and P is a parabolic subgroup de ned by a set of indexds Let 1y be
the weight of the anticanonical bundleKy of X . Then

X
tx = @2+°()).i
162
2 Estimating Products

We now prove some estimates for various products that appear in the proof of
the main theorem.

Lemma 1 For any non-negative integerss and t,

u2t+1ﬂu 2s+1° lJ2(t+ s)+1ﬂ B
t S t+s

(t+1)" (s+1)° (t+s+1)t*s
I (t+ 9) @

with equality if and only if t or s is 0.

Proof. The inequalities are obviously equalities whers or t is 0. So we assume
t;s > 0 and show strict inequalities hold for ﬂ) and @) by xing s and gpplying
induction on t. They are easily seen to hold fott = 1. Let g(t) = l2tt+1 (resp.,
(t+1)'=t!), and let f (t) = g(t+1)=g(t) =4 | 2=(t+2) (resp., [L+1=(t+1)]'*1),
an increasing function oft > 0. By the induction hypothesis,

gt +1)g(s) = f()a(t)g(s) <f (gt + s) <f (t+ s)g(t + s) = g(t + s+1)
2
Definition 2  Let t and s be positive integers. Asimple sequence (of length
s) is a setS of rational numbers of the form

n . - 0
3gt+sj 1+i_ :
FrT2 2T .

S=S(t;s) = —— i-sjl

The shifted sequence o(t;s) is

n . ; - 0
3t+ 1+ — .
S%= s4t;s) = FrSi 2Tl 100 si 1
t+1
The products of the numbers inS and S° are denoted by
s - ¥13t+s; 1+ _“3t+2si ol Hivs 7!
1 - - + 4.~
. t+i s s
50 = Yiot+si1_ (+si (i 1)

=0 t+i (t+sj 1)
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Lemma 2 Let S(t;s) be a simple sequence and |&Yt; s) be the shifted sequence
of S(t;s).

1. If the “rst and last elements of S(t;s) are removed, the remaining set is
the simple sequenc&(t+1;si 2).

2. ! S(t;s) and ! SYqt;s) are decreasing int. In particular,

H 1
= lm ! S(ts) - | S(ts) - Sz oL
° = lim | Sqt; PR RN C R O

2= Jm | STts) - | SUEs) - | SAL9 =

Proof. The “rst assertion is immediate from the de nition. To prove the second
assertion, letf(t) = | S(t;s) and let m = [(sj 1)=2] be the least integer
- (si 1)=2. Then, fort> 0,

X 2 (si )
0 Bt+sj 1+i)(t+1i)

d
aIogf (t) =

x si 1lij 2 si 1lij 2

= i . — + : — . 0
=0 (Bt+sj L+i)(t+i) (Bt+2sj 2j i)(t+sj 1j i)

and hencef is decreasing.
Now let g(t) = | SYt;s) and de'ne h(t) = g(t + 1)=g(t) = [1 +2 =(2t + S j
DPFt=(t + s). Then

s(s?i 1)

t(t+ s)(2t+ s)2j 1) ° 0

d
at logh(t) =
soh is increasing and approaches 1 as! 1 . Therefore, g is decreasing. 2

3 Bounds for Ky

Theorem 1 Let X be a homogeneous projective rational manifold of dimen-
sion n. Then
H 1

3. dimHO(XK 2) - 2”:1 and 2'nl- degK? - (n+1)"

with equality in the lower bounds if and only ifX is a °ag manifold and equality
in the upper bounds if and only ifX = P".

Proof. Write X = G=P where G is a semisimple Lie group andP is a
parabolic subgroup. Let| be the subset of indexes that de nesP, and let
I1;:::;1m be the connected components of. Let 1 x be the weight of the
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anticanonical bundle as given in Propositionl][ SO that|I5| O(X;K ) is the irre-
ducible re,presentation of G with highest weight * x = 5, (2+ °(l)), . Set
=(1=2) 4.,®=,1+ ¢¢¢ . By the Weyl dimension formula [ff],

1
h=dim HOOGK S)= X(++. X ©)
®20% -
and the degree ofKy is given by B]
Y 1, -
d=degKy = n! ((f_’g) 4)
@,

X

Let G1;:::;G; be the simple factors ofG. Then X = X1 £¢¢¢ £X, where
Xi = Gi=G\ P Let n = dim X, n; = dim X;, h; = dim HO(Xi;Kg,) and
d. =degKg 1. i- r. If3" . hj- 2% and 2ingl. d - (D)™,
i r éhen .the a@ove formgllas along with Lemmal[JL imply 3 - h =
¢|¢r - 2”;1 2”;1 and 2'n! - d = nl(di=ny!) ¢ ¢@, =n,!) -
n! (i +1)M=n!- (n+1)", sincen = ny + ¢¢ ¢ n,. We may therefore
assume thatG is simple.
The theorem can be veri ed by direct calculation for each of the exceptional
simple Lie groups and their "nite number of conjugacy classes of parabolic
subgroups. While the details are too lengthy to include in this article, the
results can be summarized as follows. The minimum ofi is 3" and is achievgd
only for Borel subgroups The maximum ofh is always strictly less than 2“n+1 .
In fact, the minimum of 2”n+1 =h over all parabolic subgroups for each type is
greater than 3:11 for Eg, 9:96 for E;, 7582 for Eg, 3:24 for F4, and 1:22 for G,
and this minimum is achieved for the maximal parabolic subgroups de ned by
I = f2:::;70, or f1;2;3g for F4 (the simple roots are indexed from left to
right in the diagrams shown in De nition ﬂ
The proof for the classical typesA-, B+, C- and D- is accomplished by show-
ing that the product (?,] can be written as a product of simple sequences

Si;:::;Sy.  For, if we know that h = ! S;¢¢%S,, it follows from (ﬂ)
at d = nlg s? ¢¢'¢§%, and by Lemmaaﬂ and[R, we obtain 3 - h
ey A5 2”;1 and 2'n! - d- 1 (Sj+ 1SSt (n+1)",

sincen = jS;j+ ¢ ¢ € jSyj. We now prove that such a decomposition of |Z|3) is
possible for each simple classical type.

Type A-: Let1x+i= m1,1+¢¢¢m‘,\,wheremi=hlx;®‘i+1,1- i- 7,

roots for type A- are ® = 2;j 2%,,1 - i -  and the positive roots are

£®;1=2%j %,1- i<j - “+1. The dimension formula (E) becomes
h= "a&a whereg; = (m;+ ¢¢¢é m;; 1)=( i i) and the product is taken
over all indexesi < that are not both in same connected component ofl .
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According to Proposition , the coexcients my;:::;m- are given by
8
3 1 ifi 2l
me = 3+ jloj if i 2 @4 for some® ®)
"T 3 3+jloj+jlogj ifi2 @4\ @dsy for some®
"3 otherwise

An example is given by the list of numbers at the top of Figureﬂ. (the indexes
in | correspond to black nodes)

The numbers in the producth = = a; can be arranged into rectangular arrays
as follows. Leti; < ¢¢ & iy be an ordered list of those indexes not in | and
setip =0, iksa = " +1. Forl - p- gq- k,dene Ry = faj jip 1 <i
ip;iqg<j - ign 0, as illustrated in Figure fi.

Figure 1: Type A- decomposition

3 1 1 8 1 1 1 6
i+2212—2—2—i
3|8 9 10|18 19 20 21
11 2 3 4 |5 6 8
5 6 7 |15 16 17 18
1 2 3 |1 4 5 6 7
0 11 12 13
3 4 5 6
9 10 1 12
2 3 5
8 9 10 u
1 2 3 4

Rlo NN wio Mo (o] oln N @R (o

Then h is the product of the numbers in all the rectangular arrays Rpq, 1 -

p- gq- k. Each Ry, consists of rational numbers whose numerators and
denominators both increase by 1 in each row and column, starting in the lower
left corner, & (i +1) - From (E) it follows that & (i,+1) has the form (3t+sj 1)=t
wheret = iqj ip+1and sis the number of rows+columnsj 1= (ipi ip; 1)+
(igr2 i ig) i 1. Therefore, Ry may be decomposed into simple sequences,
Rpq = Sol :::[ SsuwhereSg = faj ji = ip; 1+1o0rj = igtlg= S(t;s)is the set
of numbers in the left column and the top row ofRpq, and S; = S(t+i;si 2i)is
obtained by removing the lower left and top right number from S;; 1,1 i - %
as illustrated in Figure B
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Figure 2: Type A- rectangular array

Rio No w5
Nio wB a8

13
6

12
5

11
4

Repeating this procedure for each rectangular arrayRpq, 1+ p- g- k, shows
that for type A- the product (EI) can be decomposed into a product of simple
sequences.

Type B-: We now show the same type of decomposition is possible for type
B- by embedding the appropriate numbers into a diagram for typeAy; 1. We
again write 1y + £+ = mg,;+ ¢¢ém-,-,m = Hbx;®i+2,1 - i - 7,
roots are® = 2% 24,1 i - “j 1, and ® = 2.. The positive roots
are® +¢Ce ®; 1= 3 3, ®@+C¢C¢ ®,1+2®) + CCE2® = 2 + 2,
1. i<j - ‘Qand @b+ ¢¢¢ ® =2,1- i ". The dimension formula @)
becomesh= " a; £ ~ b wherea; =(mi+ ¢¢Em;; 1)=( i i),1- i<] ,
bj =(mi+¢¢Em;; 1+2mj+ ¢¢42m; +m)=(27j ij j+1),1 - i j- .
To avoid trivial factors, these products should be taken overi;j notin the same
connected component of , although in the following arguments it is convenient
to include all terms.

Dene "= fiji 21 or2 j i 2 1g. Then " denes a parabolic subgroupP
of a simple group G of type Ay, 1. Let X = G=P. By Proposition [, the
coexcients of 1 x + + appear as the rst half of the coexcients of! y» + #, see
Figure [.

Figure 3: Conversion of typeB- to type Ay 1

m; My my;1m my mo My
2 2 ¢¢¢ 2 2 2 ¢¢¢ 2 2

Q

For a "xed i the product h; = Q aj £ ~ by can be arranged as

ﬂ¢mi+mi+l ¢¢¢mi\+ ¢_¢¢ m- s\i+.m\i1¢¢§i+m~\i1f¢¢$ m;
1 2 i i1+1 i i+2 20 i)+1

wheres; = m; + ¢¢ ¢ m-. Therefore, the non-trivial terms in h correspond
to the numbers in the upper left half of the rectangular arrays Rpq de ned
for type Ay, 1. These triangular arrays can clearly be broken up into simple
sequences, see Figurﬂ 4, showing that is a product of simple sequences.
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Figure 4. Type B- decomposition

o
alis [ofR
~

o B Wl sl
N

Type C-: The proof for this case is almost identical to type B-. The simple

rootsare® = 2;j 2%, ,1- i- "j 1, and® =22-. The positive roots are
RB+CCe€®;1=2% 3, B+CCE®,1+2§ + CC€2®, 1+ ® = 2 + 2,
1-i<j - ,and 2® n¢Cé¢ + ® =22,1- i- ". The dimension
formula (E) becomesh= " a; £ "~ by wherea; =(m;+ ¢¢€m;; )= i i),
1-i<j - b =(m+¢¢e&my1+2m; + ¢¢&2m)=2"j i j +2),
1-d-j-°

Denel"=fiji21 or2 i i+121g Then (' denes a parabolic subgroup
P of a simple group G of type A,. Let X = G=P. By Proposition fi], the
coezcients of ! x + + appear as the rst half of the coexcients of! » + +, see
Figure f.

Figure 5: Conversion of typeC: to type Ay

mi My m- 1 m m my; 3 my My
2. 2 ¢¢¢—2 2 2 2  ¢¢¢_2_ 2

For a "xed i the product h; = Q aj £ Q bj can be arranged as
mi M+ Mjs+ m+¢ceEm s+m S+t m + CCE€ My
— ¢ cece . ¢ — (o oR —
1 2 i+l i 1+2 20 i)+1

wheres; = m; + ¢¢ ¢ m-. Therefore, the non-trivial terms in h correspond

to the numbers in the upper left half (above the diagonal) of the rectangular
arrays Rpq de ned for type Ay . These triangular arrays can be broken up into
simple sequences as before, see FigL[r|e 6, showing thmats a product of simple

sequences.

Type D-: The proof for this case must be handled somewhat di®erently than
the previous two cases. The simple roots ar® = 2jj 2j4,,1- i- *j 1,and

® = 2., 1+ 2., The positive roots are® + ¢CC€ ®,; 1= 2% 3,1 i<]j
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Figure 6: Type C- decomposition

1 1 6 1 1 1 6 6 1 1 1
2. 2 2. 4 il 2 2. 2 4 4 2 2 2
9 |15 16 17
2|5 6 7
8 | 14 | 15
3|4 | 5
7 | 13
2 3
6
1
R+CCE¢®;1+2@ +CCE2® 2+ ®; 1+ ® =2 +2,1- i<j - "j 1,
and®+¢¢$@i2+ %= 2; +QZ\,1- i - ~j 2. The dimension formula[fp)
becomesh = “g; £ "bj £ "¢ wherea; = (m;+ ¢¢é& m;; 1)=(j i i),
1-0<j - b =(mj+¢eem;, 1+2m; + ¢ ¢d2m; 2+ m; 1+ m)=(275 ij j),
1-i<j - "ilLg=(m+c¢ce&m,;2+m)=Cji)l:-i- {2 and
Cilzm‘.
By symmetry of the Dynkin diagram, we may assumem-; ; - m-. We Trst
assumem:, ; = m-. Dene "= fiji 2 1 or2 j ij 121 (andi>")g.

Then " de"nes a parabolic subgroupP of a simple groupG of type Ay, ». Let
X = G=P. By Proposition [, the coezcients of 1 x + + appear as the Tst half
of the coezxcients of 1 ¢ + +, see Figure[}.

Figure 7: Conversion of typeD- to type Ay, 2

m; My m‘i 1 M m‘i 2 mo My
2 2 ¢¢¢ 2 2 2 ¢¢¢ 2 2

Q

For a "xed i the product h; = Q a; £ by can be arranged as

@¢mi+mi+1 ¢¢¢mi‘+ cceEm si+m«i2¢¢gi+m«i2+ CC& mjyqg

1 2 i i+1 Tii+2 2C0i i 1

wheres; = m; + ¢ ¢€ m-. Therefore, the non-trivial terms in Q h; correspond

to the numbers in the upper left half (above the diagonal) of the rectangular
arrays Rpq de ned for type Ay, ». These triangular arrays can be broken up
into simple s%quences as before, see Figuﬂe 8. The numbers in the remain-
ing product, ~ ¢, are easily seen to form a product of simple sequences by
Proposition . Therefore, the full product h is a product of simple sequences.
We now assumem-; ; < m-. In this case, the product h is organized in a
slightly di®erent way. For "xed i, the previous product h; is split into two
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Figure 8: Type D+ decomposition,m+; 1 = m-

9 10 1 12 13|21

2 3 4 5 6 7 10 11
g | 9 1 1 12 s 4
1 2 3 4 5

terms with ¢ inserted at the beginning of the second term:

Mi Mt Mist gt TCE M,
1 2 il
mi+ ¢ce&m; o+ m Si si+m\i2¢¢§i+m\i2+ CCe® mjyg
i i+l Cgi+2 T 20001

Therefore, the non-trivial terms in the product h come from two arrays, the rst
corresponding to the numbers in the rectangular arraysRpq de ned for type
A-; 1 and the second corresponding to the numbers in the upper half of certain
rectangular arrays Rpq de ned for type Ay 5. As before, these rectangular
and triangular arrays can be broken up into simple sequences, see Figu& 9,
and hence the producth is a product of simple sequences.

Figure 9: Type D- decomposition,m-; 1 <m-

Rl

NI~
wloo
Bj©

wio |&]8 a5
[
[N

RN Mo wio A5
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It remains to show that equality is obtained only in the designated cases. From
Lemmasl] an(ﬂz is is clear that ith = 3" then all the simple sequences making
up h must have length one and each consists of the number 3. Consequently,
mj =3 forl - i- 7, sothat!, =24+ and, by Proposition , X is a °ag
manifold. Likewise, if h = 2"*1 " then h must be the product of just one
simple sequenceh = S(1;n). By Proposition ﬂ, this situation occurs either in

type A, whenmy=n+2and mj=1,2- i- n(orm,=n+2and m; =1,
1-i- njl,orintype C whenn=2"j 1, my=n+2=2"+1, and
m; =1,2 - i- ". Inboth of these cases the underlying manifold is projective

space,P". If the dggree isd = 2"n! (resp. (n+1)"), then from (B) and (ED
h=3" (resp. 2”” ), and the same argument applies.
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