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Abstract. Let H (­ 0) = ¡ ¢ + V be a SchrÄodinger operator on a
bounded domain ­ 0 ½ Rd (d ¸ 2) with Dirichlet boundary condition.
Suppose that ­ ` (` 2 f 1; : : : ; kg) are some pairwise disjoint subsets
of ­ 0 and that H (­ ` ) are the corresponding SchrÄodinger operators
again with Dirichlet boundary condition. We investigate the relations
between the spectrum ofH (­ 0) and the spectra of theH (­ ` ). In par-
ticular, we derive some inequalities for the associated spectral count-
ing functions which can be interpreted as generalizations of Courant's
nodal theorem. For the case where equality is achieved we prove con-
verse results. In particular, we use potential theoretic methods to
relate the ­ ` to the nodal domains of some eigenfunction ofH (­ 0).

2000 Mathematics Subject Classi¯cation: 35B05

1 Introduction

Consider a SchrÄodinger operator

H = ¡ ¢ + V (1.1)

on a bounded domain ­0 ½ Rd with Dirichlet boundary condition. Further we
assume that V is real valued and satis¯esV 2 L 1 (­ 0). (We could relax this
condition and extend our results to the caseV 2 L ¯ (­ 0) for some ¯ > d= 2
using [11].)
The operator H is selfadjoint if viewed as the Friedrichs extension of the
quadratic form of H with form domain W 1;2

0 (­ 0) and form core C1
0 (­ 0) and
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we denote it by H (­ 0). Further H (­ 0) has compact resolvent. So the spectrum
of H (­ 0), ¾

¡
H (­ 0)

¢
, can be described by an increasing sequence of eigenvalues

¸ 1 < ¸ 2 · ¸ 3 · ¢ ¢ ¢ · ¸ j · ¸ j +1 · : : : (1.2)

tending to + 1 , such that the associated eigenfunctionsuj form an orthonormal
basis of L 2(­ 0). We can assume that these eigenfunctionsuj are real valued
and by elliptic regularity, [9] (Corollary 8.36), uj belongs toC1;®(­ 0) for every
® < 1. Moreover ¸ 1 is simple and the corresponding eigenfunctionu1 can be
chosen to satisfy, see e.g. [17],

u1(x) > 0 ; for all x 2 ­ 0 : (1.3)

For a bounded domainD we let H (D) be the corresponding selfadjoint oper-
ator, with Dirichlet boundary condition on @D. Its lowest eigenvalue will be
denoted by ¸ (D ).
We denote the zero set of an eigenfunctionu by

N (u) = f x 2 ­ 0 j u(x) = 0 g: (1.4)

The nodal domains of u, which are by de¯nition the connected components
of ­ 0 n N (u), will be denoted by D j ; j = 1 ; : : : ; ¹ (u), where ¹ (u) denotes the
number of nodal domains ofu.
Suppose that ­ ` (` = 1 ; 2; : : : ; k) are k open pairwise disjoint subsets of ­0. In
this paper we shall investigate relations between the spectrum ofH (­ 0) and the
spectra of theH (­ ` ). Roughly speaking, we shall derive an inequality between
the counting function of H (­ 0) and those of the H (­ ` ). This inequality can
be interpreted as a generalization of Courant's classical nodal domain theorem.
For the case where equality is achieved this will lead to a partial characterization
of the ­ ` which will turn out to be related to the nodal domains of one of the
eigenfunctions ofH (­ 0).
These results will be given in sections 2 and 3. From these results some nat-
ural questions of potential theoretic nature arise which will be analyzed and
answered in section 7.
The proofs of the results stated in sections 2 and 3 are given in sections 4 and
5. In section 6 some illustrative explicit examples are given.

2 Main results

We start with a result which will turn out to be a generalization of Couran t's
nodal theorem. We consider again (1.1) on a bounded domain ­0 and the
corresponding eigenfunctions and eigenvalues. We ¯rst introduce

n(¸; ­ 0) = # f j j ¸ j (­ 0) · ¸ g; (2.1)

where ¸ j (­ 0) is the j -th eigenvalue ofH (­ 0).
We also de¯ne

n(¸; ­ 0) = # f j j ¸ j (­ 0) < ¸ g; (2.2)
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and

n(¸; ­ 0) =

(
n(¸; ­ 0) if ¸ 62¾

¡
H (­ 0)

¢

n(¸; ­ 0) + 1 if ¸ 2 ¾
¡
H (­ 0)

¢
:

(2.3)

So we always have :

n(¸; ­ 0) · n(¸; ­ 0) · n(¸; ­ 0); (2.4)

with equality when ¸ is not an eigenvalue. Note thatn(¸; ­ 0) ¡ n(¸; ­ 0) is the
multiplicity of ¸ when ¸ is an eigenvalue ofH (­ 0), i.e. the dimension of the
eigenspace associated to̧. We shall consider a family ofk open sets ­` (` =
1; : : : ; k) contained in ­ 0 and the corresponding Dirichlet realizations H (­ ` ).
For each H (­ ` ) the corresponding eigenvalues counted with multiplicity are
denoted by (̧ `

j ) j 2 Nnf 0g (with ¸ `
j · ¸ `

j +1 ). When counting the eigenvalues less
than some given¸ , we shall for simplicity write

n` = n` (¸ ) = n(¸; ­ ` ); (2.5)

and analogously for the quantities with over-, respectively, underbars.

Theorem 2.1
Suppose­ 0 ½ Rd is a bounded domain and thaţ 2 ¾

¡
H (­ 0)

¢
. Suppose that

the sets­ ` (` = 1 ; : : : ; k) are pairwise disjoint open subsets of­ 0. Then

kX

` =1

n` · n0 + min
` ¸ 0

¡
n` ¡ n`

¢
: (2.6)

A direct weaker consequence of (2.6) is the more standard

Corollary 2.2
Under the assumptions of Theorem 2.1, we have

kX

` =1

n` · n0 : (2.7)

This corollary is actually present in the proofs of the asymptotics of the count-
ing function (see for example the Dirichlet-Neumann bracketing in Lieb-Simon
[14]).

Remark 2.3
Inequality (2.6) is also true if ¸ 62¾

¡
H (­ 0)

¢
. The statement becomes

kX

` =1

n` · n0 ;

and is proved essentially in the same way.
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Remark 2.4
The assumption that ­ 0 is connected is necessary. Indeed, suppose ­1

and ­ 2 are connected and assume that ­0 = ­ 1 [ ­ 2 with ­ 1 \ ­ 2 = ;
and that ¸ = ¸ 1(­ 1) = ¸ 1(­ 2). Then ¸ 1(­ 0) = ¸ 2(­ 0) and we deduce
n(¸; ­ 0) = 1. If we no longer assume the connectedness of ­0, we in gen-
eral just have Corollary 2.2.

Finally we show that Courant's nodal theorem is an easy corollary of
Theorem 2.1.

Corollary 2.5 : Courant's nodal theorem
If ­ 0 is connected and if u is an eigenfunction of H (­ 0) associated to some
eigenvalue¸ , then

¹ (u) · n(¸; ­ 0) :

Proof .
We now simply apply Theorem 2.1 by taking ­ 1; : : : ; ­ ¹ (u ) as the nodal domains
associated tou. We just have to use (1.3) for each ­` , ` = 1 ; : : : ; ¹ (u), which
gives n` = n` = 1. 2

Remark 2.6
Courant's nodal theorem is one of the basic results in spectral theory of
SchrÄodinger-type operators. It is the natural generalization of Sturm's oscilla-
tion theorem for second order ODE's. For recent investigations see for instance
[1] and [4].

3 Converse results.

In this section we consider some results that are converse to Theorem 2.1.

Theorem 3.1
Suppose that the­ ` , 1 · ` · k, are pairwise disjoint open subsets of­ 0. If
¸ 2 ¾

¡
H (­ 0)

¢
and

kX

` =1

n` ¸ n0 ; (3.1)

then ¸ 2 ¾(H (­ ` )) for each ­ ` . If U` (¸ ) denotes the eigenspace ofH (­ ` )
associated to the eigenvaluȩ , then there is an eigenfunctionu of H (­ 0) with
eigenvalue¸ such that

u =
kX

` =1

' ` in W 1;2
0 (­ 0) ; (3.2)

where each' ` belongs toU` (¸ ) n f 0g and is identi¯ed with its extension by 0
outside ­ ` .
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Remark 3.2
One can naturally think that formula (3.2) has immediate consequences on the
family ­ ` , which should for example have some covering property. The question
is a bit more subtle because we do not a priori want to assume strong regularity
properties for the boundaries of the­ ` . We shall discuss this point in detail in
the last section.

Another consequence of equalities in Theorems 2.1 or 3.1 is given by the fol-
lowing result.

Theorem 3.3
Suppose that, for some bounded domain­ 0 in Rd, some ¸ 2 ¾(H (­ 0)) and
some family of pairwise disjoint open sets­ ` ½ ­ 0, 0 < ` · k, we have

kX

` =1

n` = n0 + min
` ¸ 0

¡
n` ¡ n`

¢
: (3.3)

Then, for any subsetL ½ f 1; 2; : : : ; kg such that ­ ¤
L = Int

¡
[ ` 2 L ­ `

¢
n @­ 0 is

connected, we have
X

` 2 L

n` = n(¸; ­ ¤
L ) + min

µ
min
` 2 L

¡
n` ¡ n`

¢
; n(¸; ­ ¤

L ) ¡ n(¸; ­ ¤
L )

¶
: (3.4)

A simpler variant is the following :

Theorem 3.4
Suppose(3.1) holds and that­ ¤

L is de¯ned as above. Then we have the inequal-
ity : X

` 2 L

n` ¸ n(¸; ­ ¤
L ) : (3.5)

On the sharpness of Courant's nodal theorem
It is well known that Courant's nodal theorem is sharp only for ¯nitely many
k's [15].
Let ­ 0 be connected. We will say that an eigenfunctionu associated to an
eigenvalue¸ of H (­ 0) is Courant-sharp if ¹ (u) = n(¸; ­ 0). Theorem 3.3
now implies :

Corollary 3.5
i) Let u be a Courant-sharp eigenfunction of H (­ 0) with ¹ (u) = k. Let
f D i gi =1 ;:::;k be the family of the nodal domains associated tou, let L be a
subset off 1; : : : ; kg with # L = ` and let ­ ¤

L = Int ( [ i 2 L D i ) n @­ 0. Then

¸ ` (­ ¤
L ) = ¸ k ; (3.6)

where ¸ j (­ ¤
L ) are the eigenvalues ofH (­ ¤

L ).
ii) Moreover, if ­ ¤

L is connected, and if ` < k , then u
¯
¯
­ ¤

L
is Courant-sharp

and ¸ ` (­ ¤
L ) is simple.
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4 Basic tools

Let us ¯rst recall some basic tools (see e.g. [17]) which were already vitalfor
the proof of Courant's classical result.

4.1 Variational characterization

Let us ¯rst recall the variational characterization of eigenvalues.

Proposition 4.1
Let ­ be a bounded open set inRd and let V 2 L 1 (­) be real-valued. Suppose
¸ 2 ¾

¡
H (­)

¢
and let U§ = span hu1; : : : ; uk§ i where

k¡ = n(¸; ­) ; k+ = n(¸; ­) ; (4.1)

and (uj ) j ¸ 1 is as before an orthonormal basis of eigenfunctions ofH (­) asso-
ciated to (¸ j ) j ¸ 1. Then

¸ = inf
' ?U ¡ ; ' 2 W 1 ; 2

0 (­)

h'; H (­) ' i
k' k2 (4.2)

and

¸ < ¸ n (¸; ­)+1 = inf
' ?U + ; ' 2 W 1 ; 2

0 (­)

h'; H (­) ' i
k' k2 : (4.3)

If equality is achieved in (4.2) for some ' 6´ 0, then ' is an eigenfunction in
the eigenspace of̧ .

Note that (4.2) and (4.3) are actually the same statement. We just stated
them separately for later reference. Note that we have not assumed that ­ is
connected.

4.2 Unique continuation

Next we restate a weak form of the unique continuation property:

Theorem 4.2
Let ­ be an open set inRd and let V 2 L 1

loc (­) be real-valued. Then any
distributional solution in ­ to (¡ ¢ + V)u = ¸u which vanishes on an open
subset! of ­ is identically zero in the connected component of­ containing ! .

There are stronger results of this type under weaker assumptions on the po-
tential, see [11].
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4.3 A consequence of Harnack's inequality

The standard Harnack's inequality (see e.g. Theorem 8.20 in [9]), together with
the unique continuation theorem leads to the following theorem :

Theorem 4.3
If ­ is a bounded domain inRd and u is an eigenfunction of H (­) , then for
any x in N (u) \ ­ and any ball B (x; r ) (r > 0), there exist y§ 2 B (x; r ) \ ­
such that § u(y§ ) > 0.

5 Proof of the main theorems

5.1 Proof of Theorem 2.1

Assume ¯rst for contradiction that
X

` ¸ 1

n` > n 0 + min
` ¸ 0

¡
n` ¡ n`

¢
; (5.1)

and recall that we assume that¸ 2 ¾
¡
H (­ 0)

¢
. Pick some`0 such that

n` 0 ¡ n` 0 = min
` ¸ 0

¡
n` ¡ n`

¢
:

Suppose first that `0 ¸ 1.
We can rewrite (5.1) to obtain

X

` 6= ` 0 ; ` ¸ 1

n` + n` 0 > n 0 : (5.2)

Let ' ` 0
i ; i = 1 ; : : : ; n(¸; ­ ` 0 ), denote the ¯rst n` 0

eigenfunctions of H (­ ` 0 ).
The corresponding eigenvalues are strictly smaller thaņ . The functions ' ` 0

i
and the remaining

P
` 6= ` 0

n` eigenfunctions associated to the otherH (­ ` ) span
a space of dimension at leastn0. We can pick a linear combination © 6´ 0
of these functions which is orthogonal to then0 eigenfunctions ofH (­ 0). By
assumption

h©; H (­ 0)©i
k©k2 · ¸; (5.3)

hence © must by the variational principle be an eigenfunction and there must
be equality in (5.3).
There are two possibilities: either some' ` 0

i ; i < n ` 0 contributes to the linear
combination which makes up © or not. In the ¯rst case this means that the
left hand side of (5.3) is strictly smaller than ¸ , contradicting the variational
characterization of ¸ . In the other case we obtain a contradiction to unique
continuation, since then © ´ 0 in ­ ` 0 and hence © vanishes identically in all
of ­ 0.
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Consider now the case when `0 = 0 .
We have to show that the assumption

X

` ¸ 1

n` > n0 ; (5.4)

leads to a contradiction. To this end it su±ces to apply (4.3). Indeed, we can
¯nd a linear combination © of the eigenfunctions ' `

j , j · n` , corresponding to
the di®erent H (­ ` ) such that ©?U + , © 6´ 0, but © satis¯es

h©; H (­ 0) ©i
k©k2 · ¸ = ¸ n 0 ;

and this contradicts (4.3). This proves (2.6).

5.2 Proof of Theorem 3.1

The inequality (3.1) implies that we can ¯nd a non zero u?U ¡ in the span of the
eigenfunctions' `

j , j = 1 ; : : : n` , of the di®erentH (­ ` ). Again by the variational
characterization, (4.2) and (5.3) hold and henceu must be an eigenfunction.
2

5.3 Proof of Theorem 3.3

We assume (3.3). Without loss we might assume that we have labeled the ­`
such that L = f 1; : : : ; K g, with K · k. Let n¤ = n(¸; ­ ¤

L ). We apply Theorem
2.1 to the family ­ ` (` 2 L) and replace ­ 0 by ­ ¤

L and obtain :

X

1· ` · K

n` · n¤ + min
¡
n¤ ¡ n¤; min

1· ` · K
(n` ¡ n` )

¢
: (5.5)

We assume for contradiction that
X

1· ` · K

n` < n ¤ + min
¡
n¤ ¡ n¤; min

1· ` · K
(n` ¡ n` )

¢
: (5.6)

This implies X

1· ` · K

n` < n¤ ; (5.7)

and X

1· ` · K

n` < n ¤ + min
1· ` · K

(n` ¡ n` ) : (5.8)

Theorem 2.1, applied to the family ­ ¤
L ; ­ ` (` > K ), implies that

n¤ +
X

K<` · k

n` · n0 + min
¡
n0 ¡ n0; min

K<` · k
(n` ¡ n` )

¢
; (5.9)
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and
n¤ +

X

K<` · k

n` · n0 : (5.10)

By adding (5.7) and (5.9), we get :

X

1· ` · k

n` < n 0 + min
¡
n0 ¡ n0; min

K<` · k
(n` ¡ n` )

¢
: (5.11)

By adding (5.8) and (5.10), we obtain

X

1· ` · k

n` < n 0 + min
1· ` · K

(n` ¡ n` ) : (5.12)

The combination of (5.11) and (5.12) is in contradiction with (3.3).

5.4 Proof of Theorem 3.4

For the case that (3.1) holds, (3.5) can be shown similarly. (3.1) reads

X

1· ` · k

n` ¸ n0 :

We assume for contradiction that
X

1· ` · K

n` < n ¤ ; (5.13)

where n¤ is de¯ned as above. The addition of (5.10) and (5.13) leads to a
contradiction. 2

6 Illustrative examples

6.1 Examples for a rectangle

We illustrate Theorem 2.1 by the analysis of various examples in rectangles.
Pick a rectangle ­ 0 = (0 ; 2¼) £ (0; ¼) and take ­ 1 = (0 ; ¼) £ (0; ¼) and con-
sequently ­ 2 = ( ¼;2¼) £ (0; ¼). The eigenvalues corresponding to ­0 for ¡ ¢
with Dirichlet boundary condition are given by

¾
¡
H (­ 0)

¢
=

½
¸ 2 R

¯
¯
¯
¯ ¸ = m2=4 + n2; (m; n) 2 Z2; m; n > 0

¾
; (6.1)

while those for ­ 1, and hence for ­2 which can be obtained by a translation of
­ 1, are given by

¾
¡
H (­ 1)

¢
= ¾

¡
H (­ 2)

¢
=

½
¸ 2 R

¯
¯
¯
¯¸ = m2+ n2; (m; n) 2 Z2; m; n > 0

ª
: (6.2)
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Denote the eigenvalues associated to ­0 by f ¸ i g and those to ­ 1 by f º i g. We
easily check that ¸ 5 = ¸ 6 = º 2 = º 3 = 5, ¸ 11 = ¸ 12 = º 5 = º 6 = 10 so that
Theorem 2.1 is sharp for these cases.
One could ask whether there are arbitrarily high eigenvalues cases for which we
have equality in (2.6). This is not the case, as can be seen from the following
standard number theoretical considerations. We have (see [18] and for more
recent contributions [16] and [2]) the following asymptotic estimate for the
number of lattice points in an ellipse. Let a; b > 0, then

A(¸ ) := #
½

(m; n) 2 Z2

¯
¯
¯
¯ am2 + bn2 · ¸

¾
(6.3)

has the following asymptotics as¸ tends to in¯nity:

A(¸ ) =
¼

p
ab

¸ + O(¸ 1=3): (6.4)

We have not to considerA(¸ ) but rather

A+ = #
½

(m; n) 2 Z2; m; n > 0

¯
¯
¯
¯ am2 + bn2 · ¸

¾
: (6.5)

Hence we get

A(¸ ) = 4 A+ (¸ ) + 2#
½

m 2 N; m > 0

¯
¯
¯
¯ m ·

£
(¸=a )1=2¤

¾

+2#
½

n 2 N; n > 0

¯
¯
¯
¯ n ·

£
(¸=b)1=2¤

¾
+ 1 :

(6.6)

If we apply this to A+ with a = 1=4; b = 1 (in this case denoted by A+
0 ) and

to A+ with a = 1 ; b = 1 (in this case denoted by A+
1 ), we get asymptotically

A+
0 (¸ ) ¡ 2A+

1 (¸ ) =
1
2

p
¸ + o(

p
¸ ) : (6.7)

Note that
ni (¸ ) = A+

i (¸ ); i = 0 ; 1 :

In order to control ni (¸ ), we observe that, for any ² > 0 :

ni (¸ ¡ ²) · ni (¸ ) · ni (¸ ) :

This implies
ni (¸ ) ¡ ni (¸ ) = O(¸

1
3 ) : (6.8)

The asymptotic formula (6.4) implies

ni (¸ ) ¡ ni (¸ ) = o(
p

¸ ) ; (6.9)

and this shows that (2.6) is never sharp for largȩ .
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6.2 About Corollary 3.5

One can ask whether there is a converse to Corollary 3.5 in the following sense.
Suppose we have an eigenfunctionu with k nodal domains and eigenvalue
¸ . For each pair of neighboring nodal domains ofu, say, D i and D j , let
­ i;j = Int ( D i [ D j ) and suppose that ¸ = ¸ 2(­ i;j ). Does this imply that
¸ = ¸ k ? The answer to the question is negative, as the following easy example
shows :
Consider the rectangleQ = (0 ; a) £ (0; 1) ½ R2 and considerH0(Q). We can
work out the eigenvalues explicitly as

f ¼2(
m2

a2 + n2)g; for m; n 2 N n 0; (6.10)

with corresponding eigenfunctions (x; y) 7! sin(¼mx
a )(sin ¼ny). If

a2 2
¡ 9

4
;

8
3

¢
; (6.11)

then
¸ 3(Q) = ¼2(

1
a2 + 4) < ¸ 4(Q) = ¼2(

9
a2 + 1) ;

and the zeroset ofu4 is given by f (x; y) 2 Q j x = a=3; x = 2a=3g. For u4

we have ­ 1;2 = Q \ f 0 < x < 2a=3g. If 2a=3 > 1 (which is the case under
assumption (6.11)), then ¸ 2(­ 1;2) = ¸ 4(Q). We have consequently an example
with k = 3.

7 Converse theorems in the case of regular open sets

7.1 Preliminaries

As a consequence of Theorem 3.1 and using (1.3), we get that each nodal
domain D k` of ' ` is included in a nodal domain D j 0 of u. Using a result of
Gesztesy and Zhao ([8], Theorem 1), this implies also that the capacity (see
next subsection) ofD j 0 n D k` (hence the Lebesgue-measure) is 0.
We now would like to show that under some extra condition the nodal domains
of u are those of the' ` . This is easy when it is assumed that the boundaries
of the ­ ` are C1;® . However, this regularity assumption is rather strong. A
natural weaker regularity condition involving the notion of capacity will be
given in this section.

7.2 Capacity

There are various equivalent de¯nitions of polar sets and capacity (see e.g.
[5], [7], [10], [13]). IfU is a bounded open subset ofRd, we denote byk:kW 1 ; 2

0 (U )

the Hilbert norm on W 1;2
0 (U) :

kukW 1 ; 2
0 (U ) := (

Z

U
jr uj2 dx)

1
2 :
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The capacity in U of A ½ U is de¯nedy as

CapU (A) := inf fk sk2
W 1 ; 2

0 (U )
; s 2 W 1;2

0 (U)

and s ¸ 1 a.e. in some neighborhood ofA g :

It is easily checked that if K is compact and K ½ U \ V , where V is also
open and bounded inRd, then there is a c = c(K; U; V ) such that CapU (A) ·
c CapV (A) for A ½ K . So CapU (A) = 0 for some bounded openU ¾ A
i® for eacha 2 A there exists an r > 0 and a bounded domainV such that
V ¾ B (a; r ) and CapV (B (a; r ) \ A) = 0. In this case we may simply write
Cap(A) = 0 without referring to U.

7.3 Converse theorem

We are now able to formulate our de¯nition of a regular point.

Definition 7.1
Let D be an open set inRd. We shall say that a point x 2 @Dis (capacity)-
regular (for D ) if, for any r > 0, the capacity ofB (x; r ) \ { D is strictly positive.

Theorem 7.2
Under the assumptions of Theorem 3.1, any pointx 2 @­ ` \ ­ 0 which is
(capacity)-regular with respect to ­ ` (for some `) is in the nodal set of u.

This theorem admits the following corollary :

Corollary 7.3
Under the assumptions of Theorem 3.1 and if, for all̀ , every point in (@­ ` )\ ­ 0

is (capacity)-regular for ­ ` , then the family of the nodal domains ofu coincides
with the union over ` of the family of the nodal domains of the' ` , whereu and
' ` are introduced in (3.2).

Proof of corollary
It is clear that any nodal domain of ' ` is contained in a unique nodal domain
of u.
Conversely, let D be a nodal domain ofu and let ` 2 f 1; : : : ; kg. Then, by
combining the assumption on @­ ` , Proposition 7.4 and (3.2), we obtain the
property :

@­ ` \ D = ; :

Now, D being connected, either ­` \ D = ; or D ½ ­ ` . Moreover the second
case should occur for at least onè, say ` = `0. Coming back to the de¯nition
of a nodal set and (3.2), we observe thatD is necessarily contained in a nodal
domain D ` 0

j of ' ` 0 .
Combining the two parts of the proof gives that any nodal set ofu is a nodal
set of ' ` and vice-versa.

yFor d ¸ 3 the restriction that U is bounded can be removed and one may take U = Rd .
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7.4 Proof of Theorem 7.2

The proof is a consequence of (3.2) and of the following proposition :

Proposition 7.4
Let D; ­ ½ Rd be open sets such thatD ½ ­ , and let x0 2 @D\ ­ . Assume
that, for some givenr 0 > 0 such that B (x0; r 0) ½ ­ , there existsu 2 W 1;2

0 (D )
and v 2 C0(B (x0; r 0)) such that :

ujD \ B (x 0 ;r 0 ) = vjD \ B (x 0 ;r 0 ) a.e. in D \ B (x0; r 0) :

Then if v(x0) 6= 0 , there exists a ballB (x0; r 1) (r 1 > 0), such that B (x0; r 1) nD
is polar, that is, of capacity 0.

Remark 7.5
Using some standard potential theoretic arguments, Proposition 7.4 can be
deduced from Th¶eorµeme 5.1 in [6] which characterizes, in the case whered ¸ 3,
those u 2 W 1;2(­) that belong to W 1;2

0 (­) . The proof below should be more
elementary in character.

Remark 7.6
Given an open subsetD ½ Rd and a ball B = B (x; r ), x 2 @D, the di®erence
set B n D is polar if and only if B \ @Dis polar. This follows from the fact
that a polar subset ofB does not disconnectB [3].

Remark 7.7
If D is a nodal domain of an eigenfunctionu of H (­) , then any point of @D\ ­
is capacity-regular for D . This is an immediate consequence of Theorem 4.3
(it also follows from the preceding remark). Indeed, ifx is in @D\ ­ , then for
any r > 0, one can ¯nd a ball B (y; r 0) in { D \ B (x; r ).

To prove Proposition 7.4 we require some well-known facts stated in thenext
three lemmas.

Lemma 7.8
Let U be a bounded convex domain inRd and let B (a; ½), ½ > 0 be a ball such
that B (a; ½) ½ U. There exists a positive constantc = c(a; ½; U) such that, for
every f 2 W 1;2(U) vanishing a.e. in B (a; ½),

kf kW 1 ; 2 (U ) · ckr f kL 2 (U ) :
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Proof of Lemma 7.8
We can assume without loss of generality thata = 0 and let U0 = U n B (0; ½).
Fix R so large thatU ½ B (0; R). By approximating f by smooth functions (e.g.
regularize the function x 7! f ((1 ¡ ±)x) for ± > 0 and small to getf 1 2 C1 (U)),
we may restrict to functions f 2 C1 (U) vanishing in B (0; ½). Then, since

jf (x)j2 = j
Z 1

0
x ¢ r f (sx) dsj2 · R2

Z 1

½
j x j

jr f (sx)j2 ds for x 2 U0 ;

we have
Z

U 0
jf (x)j2 dx · R2

ZZ

x 2 U 0; ½
j x j · s· 1

jr f (sx)j2 dx ds

· R2
ZZ

z2 sU 0; ½·j zj ; s· 1
jr f (z)j2 dz

ds
s

·
R3

½

Z

U 0
jr f (x)j2 dx;

(7.1)

and the lemma follows.

Lemma 7.9
Let U be a domain in Rd. For every real-valued f 2 W 1;2(U) the function
g = f + is also in W 1;2(U), with kgkW 1 ; 2 (U ) · k f kW 1 ; 2 (U ) . Moreover the map
f 7! g from W 1;2(U) into itself is continuous (in the norm topology).

Remark 7.10
Since inf f f n ; 1g = 1 ¡ (1 ¡ f n )+ , it follows from the lemma that inf f f n ; 1g !
inf f f; 1g in W 1;2(U) wheneverf n ! f in W 1;2(U).

Proof of Lemma 7.9
For the ¯rst two facts we refer to [12] or [13], where it is moreover shown that
the weak partial derivatives @j f + and @j f satisfy

@j f + = 1 f f> 0g @j f = 1 f f ¸ 0g @j f a.e. in U:

Therefore, for any ± > 0, we have :

kr [f n ]+ ¡ r f + kL 2

= k1f f n > 0gr f n ¡ 1f f> 0gr f kL 2

· k 1f f n > 0g(r f n ¡ r f )kL 2 + k(1f f> 0g ¡ 1f f n > 0g)r f kL 2

· kr f n ¡ r f kL 2 + k(1f f> 0;f n · 0g + 1 f f · 0;f n > 0g)r f kL 2

· kr f n ¡ r f kL 2 + k1f 0·j f j· ±gr f kL 2 + 2k1fj f n ¡ f j¸ ±gr f kL 2 :

(7.2)

Given " > 0, ¯x ± > 0 so that k1f 0·j f j· ±gr f kL 2 · " (recall that r f = 0 a.e.

in f f = 0g). Since r f 2 L 2(U) and k1fj f ¡ f n j¸ ±gkL 1 ·
kf n ¡ f k2

L 2

±2 , it follows
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that lim
n !1

k(1fj f ¡ f n j¸ ±g)r f kL 2 = 0. Therefore lim sup
n !1

kr [f n ]+ ¡ r f + kL 2 · " ,

which proves that [f n ]+ ! f + in W 1;2(U), if f n ! f in W 1;2(U).

Lemma 7.11
Let ! be open inRd and let f f n g be a sequence of functions continuous in!
such that f n 2 W 1;2(! ) for each n ¸ 1 and lim

n !1
kf n kW 1 ; 2 ( ! ) = 0 .

Then the setF = f x 2 ! ; lim inf
n !1

jf n (x)j > 0g is polar.

Proof of Lemma 7.11
It su±ces to show that cap! (F \ K ) = 0 for any compact subset K of ! . Let
' 2 C1

0 (Rd) be such that 0 · ' · 1 in Rd, ' = 1 in K and supp(' ) ½ ! .
Then gn = f n ' ! 0 in W 1;2

0 (! ) and gn = f n in K .
Set Fº = f x 2 ! ; jgn (x)j ¸ 2¡ º for all n ¸ º g. By the de¯nition of the
capacity, we have Cap! (Fº ) · 22º kr gn k2

L 2 for all n ¸ º and cap(Fº ) = 0.
Therefore cap! (

S
º ¸ 1 Fº ) = 0 and cap! (F

T
K ) = 0, since F

T
K ½

S
º ¸ 1 Fº .

Proposition 7.12
Let U be a non-empty open subset of the ballB = B (a; r ) in Rd. Suppose there
exist a function f continuous in U and a sequencef f n g of functions continuous
in B such that
(i) f ¸ 1 in U and f 2 W 1;2(U),
(ii) f n = 0 in a neighborhood ofB n U and f n 2 W 1;2(U) for each n ¸ 1,
(iii) lim

n !1
kf ¡ f n kW 1 ; 2 (U ) = 0 .

Then the setF := B n U is polar.

Proof of Proposition 7.12
Replacing f by inf f f; 1g and f n by inf f f n ; 1g, we seez from Lemma 7.9 that
we may assume thatf = 1 in U. So

lim
n !1

kr f n kL 2 (U ) = 0 and lim
n !1

k1 ¡ f n kL 2 (U ) = 0 :

Fix a ball B (z0; 2½) ½ U, ½ > 0, and a cut-o® function® 2 C1 (Rd) such that
® = 1 in B (z0; ½), ® = 0 in Rd n B (z0; 2½). Set g = 1 ¡ ®, gn = (1 ¡ ®)f n .
Then g, gn belong to W 1;2(B ), r g = r gn = 0 a.e. in F and

lim
n !1

kr (g ¡ gn )kL 2 (B ) = lim
n !1

kr (g ¡ gn )kL 2 (U ) = 0 :

So, by Lemma 7.8, lim
n !1

kg¡ gn kW 1 ; 2 (B ) = 0. But g¡ gn ¸ 1 in F and it follows

from Lemma 7.11 that F is polar.

zThe weak convergence inf f f n ; 1g
w
! inf f f; 1g su±ces here. It allows the approximation of

1 = inf f f; 1g in the norm topology in W 1;2 (U) by ¯nite convex combination of the inf f f n ; 1g.
So we are again left with the case when f = 1 in U.
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Proof of Proposition 7.4
Without loss of generality, we can assume thatv(x0) > 0. Chooser 1 > 0
so small that v ¸ c0 := 1

2 v(x0) in B (x0; r 1). Since u 2 W 1;2
0 (D ), there

is a sequencef un g in C1
0 (Rd) such that supp(un ) ½ D and un ! u in

W 1;2(Rd). Applying Proposition 7.12 to the ball B (x0; r 1) and the functions
f = c¡ 1

0 ujB (x 0 ;r 1 ) , f n = c¡ 1
0 un jB (x 0 ;r 1 ) , we see thatB (x0; r 1) n D is polar.
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