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Abstract.  The notions of orientation and duality are well understood in
algebraic topology in the framework of the stable homotopy category. In
this work, we follow these lines in algebraic geometry, in the framework of
motivic stable homotopy, introduced by F. Morel and V. Voevodsky. \We
use an axiomatic treatment which allows us to consider both mixed mo-
tives and oriented spectra over an arbitrary base scheme. In this context,
we introduce the Gysin triangle and prove several formulas extending the
traditional panoply of results on algebraic cycles modulo rational equi-
valence. We also obtain the Gysin morphism of a projective morphism
and prove a duality theorem in the (relative) pure case. These construc-
tions involve certain characteristic classes (Chern classes, fundamental
classes, cobordism classes) together with their usual properties. They
imply statements in motivic cohomology, algebraic K-theory (assuming
the base is regular) and “abstract” algebraic cobordism as well as the
dual statements in the corresponding homology theories. They apply
also to ordinary cohomology theories in algebraic geometry through the
notion of a mixed Weil cohomology theory, introduced by D.-C. Cisinski
and the author in [CD06], notably rigid cohomology.
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614 F. D eglise

Notations

We fix a noetherian base scheme S. The schemes considered in this paper are al-
ways assumed to be finite type S-schemes. Similarly, a smooth scheme (resp. mor-
phism of schemes) means a smooth S-scheme (resp. S-morphism of S-schemes).
We eliminate the reference to the base S in all notation (e.g. , P",..)

An immersion i of schemes will be a locally closed immersion and we say i is an
open (resp. closed) immersion when i is open (resp. closed). We say a morphism
f:y! Xis projectiveﬂ if Y admits a closed X -immersion into a trivial projective
bundle over X .

Given a smooth closed subscheme Z of a scheme X, we denote by Nz X the
normal vector bundle of Z in X. Recall a morphism f : Y | X of schemes is
said to be transversal to Z if T =Y x Z is smooth and the canonical morphism
NtY ! T 7z NzX isan isomorphism.

For any scheme X, we denote by Pic(X ) the Picard group of X .

Suppose X is a smooth scheme. Given a vector bundle E over X, we let P = P(E)
be the projective bundle of linesin E. Let p: P ! X be the canonical projection.
There is a canonical line bundle p on P such that p» p *(E). We call it the
canonical line bundleon P. We set p =p (E)= p, called the universal quotient
bundle For any integer n 0, we also use the abbreviation , = po. We call
the projective bundle P(E 1), with its canonical open immersion E! P(E 1),
the projective completion of E.

1. Introduction

In algebraic topology, it is well known that oriented multiplicative cohomology
theories correspond to algebras over the complex cobordism spectrum MU. Us-
ing the stable homotopy category allows a systematic treatment of this kind of
generalized cohomology theory, which are considered as oriented ring spectra.

In algebraic geometry, the motive associated to a smooth scheme plays the role of
a universal conomology theory. In this article, we unify the two approaches : on
the one hand, we replace ring spectra by spectra with a structure of modules over
a suitable oriented ring spectra - e.g. the spectrum MGL of algebraic cobordism.
On the other hand, we introduce and consider formal group laws in the motivic
theory, generalizing the classical point of view.

More precisely, we use an axiomatic treatment based on homotopy invariance
and excision property which allows to formulate results in a triangulated cate-
gory which models both stable homotopy category and mixed motives. A suitable
notion of orientation is introduced which implies the existence of Chern classes
together with a formal group law. This allows to prove a purity theorem which
implies the existence of Gysin morphisms for closed immersions and their com-
panion residue morphisms. We extend the definition of the Gysin morphism to
the case of a projective morphism, which involves a delicate study of cobordism
classes in the case of an arbitrary formal group law. This theory then implies
very neatly the duality statement in the projective smooth case. Moreover, these

21f X admits an amble line bundle, this de nition coincide with th  at of [EGAZ]
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Around the Gysin Triangle 1. 615

constructions are obtained over an arbitrary base scheme, eventually singular and
with unequal characteristics.

Examples are given which include triangulated mixed motives, generalizing the
constructions and results of V. Voevodsky, and MGL-modules. Thus, this work
can be applied in motivic cohomology (and motivic homology), as well as in alge-
braic cobordism. It also applies in homotopy algebraic K —theoryﬂ and some of the
formulas obtained here are new in this context. It can be applied finally to clas-
sical conomology theories through the notion of a mixed Weil theory introduced
in [CDO6]. In the case of rigid cohomology, the formulas and constructions given
here generalize some of the results obtained by P. Berthelot and D. Pétrequin.
Moreover, the theorems proved here are used in an essential way in [CD0g].

1.1. The axiomatic framework. We fix a triangulated symmetric monoidal cat-
egory T , with unit , whose objects are simply called motived]. To any pair of
smooth schemes (X;U ) such that U X is associated a motive M (X=U) functo-
rial with respect to U X, and a canonical distinguished triangle :

M@U)! M(X)! M(X=U)® M )1

where we put M (U) := M (U=;) and so on. The first two maps are obtained by
functoriality. As usual, the Tate motive is defined to be (1) := M (P§=S )[ 2]
where S; is the point at infinity.

The axioms we require are, for the most common, additivity (Add), homotopy
invariance (Htp), Nisnevich excision (Exc), Kiinneth formula for pairs of schemes
(Kun) and stability (Stab) — i.e. invertibility of (1) (see paragraph 21 for the
precise statement). All these axioms are satisfied by the stable homotopy category
of schemes of F. Morel and V. Voevodsky. However, we require a further axiom
which is in fact our principal object of study, the orientation axiom (Orient) :
to any line bundle L over a smooth scheme X is associated a morphism c;(L) :
M(X)!  (D[2] - the first Chern class of L — compatible with base change and
constant on the isomorphism class of L=X.

The best known example of a category satisfying this set of axioms is the triangu-
lated category of (geometric) mixed motives over S, denoted by DM ¢n(S). It is
defined according to V. Voevodsky along the lines of the case of a perfect base field
but replacing Zariski topology by the Nisnevich one (cf section ZZ3T)). Another
example can be obtained by considering the category of oriented spectra in the
sense of F. Morel (see [\ez01]). However, in order to define a monoidal structure
on that category, we have to consider modules over the algebraic cobordism spec-
trum MGL, in the E; -sense. One can see that oriented spectra are equivalent to
MGL-modules, but the tensor product is given with respect to the MGL-module
structure.

SRecall homotopy algebraic K-theory was introduced by Weibe | in [[Aei89]F This cohomology
theory coincide with algebraic K-theory when S is regular.

4 A correct terminology would be to call these objects generalized triangulated motives or
triangulated motives with coe cients as the triangulated mixed motives de ned by Voevodsky
are particular examples.
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616 F. D eglise

Any object E of the triangulated category T defines a bigraded cohomology (resp.
homology) theory on smooth schemes by the formulas

E™(X) =Homr M(X); (p)In] resp: Enp(X)=Homr (PINLE M(X) :

As in algebraic topology, there is a rich algebraic structure on these graded groups
(see section Z2). The Kiinneth axiom (Kun) implies that, in the case where E is
the unit object , we obtain a multiplicative cohomology theory simply denoted
by H . It also implies that for any smooth scheme X, E (X) has a module
structure over H (X). More generally, if we put A =H (S), called the ring of
(universal) coe [ciehts, cohomology and homology groups of the previous kind are
graded A-modules.

1.2. Central constructions. These axioms are su [cieht to establish an essential
basic fact, the projective bundle theorem :
(th. BIZﬁ Let X be asmooth scheme, P! * X bea projective bundle of dimension
B, and c be the first Chern class of the canonical line bundle. Then the map:
oinP Cc:M(P)! o i nM(X)(@i)[2i] is an isomorphism.
Remark that considering any motive E, even without ring structure, we obtain
E (P)=E (X) nu (x)H (P) where tensor product is taken with respect
to the H (X )-module structure. In the case E = , we thus obtain the projec-
tive bundle formula for H  which allows the definition of (higher) Chern classes
following the classical method of Grothendieck :
(def. BT0) For any smooth scheme X, any vector bundle E over X and any
integeri  0,G(E):M(X)! (i)2i].
Moreover, the projective bundle formula leads to the following constructions :
(i) B & BE38) A formal group law F (x;y) over A such that for any smooth
scheme X which admits an ample line bundle, for any line bundles L;L ©
over X, the formula

all LY=F@(L);cld)

is well defined and holds in the A-algebra H (X).

(i) (def. BZI2) For any smooth schemes X, Y and any projective morphism
f :Y ! X of relative dimension n, the associated Gysin morphism f
MX)! M(Y)( n) 2n].

(iii) (def. EH) For any closed immersion i : Z ! X of codimension n be-
tween smooth schemes, with complementary open immersion j, the Gysin
triangle :

@,z

MX  Z)! MO M@)n)2n]! MX  Z)[:

The last morphism in this triangle is called the residue morphism

The Gysin morphism permits the construction of a duality pairing in the pure
case :
(th. BEEZ3) For any smooth projective scheme p: X ! S of relative dimension n,

5The proof is essentially based on a very elegant lemma due to F . Morel.
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Around the Gysin Triangle 1. 617

with diagonal embedding : X ! X X, there is a strong dualityﬂ (in the sense
of Dold-Puppe) :

W) x 1 POMEOC M 2n]t MX)( n)[ 2n] M (X)

x TMX) M) n 2n]! MX)!P
In particular, the Hom object Hom(M (X); ) is defined in the monoidal category
T and x induces a canonical duality isomorphism :

Hom(M (X); )! M(X)( n)[ 2n].

This explicit duality allows us to recover the usual form of duality between coho-
mology and homology as in algebraic topology, in terms of the fundamental class
of X and cap-product on one hand and in terms of the fundamental class of
and slant product on the other hand. Moreover, considering a motive E with a
monoid structure in T and such that the cohomology E  satisfies the Kiinneth
formula, we obtain the usual Poincaré duality theorem in terms of the trace mor-
phism (induced by the Gysin morphismp : ! M (X)(n)[2n]) and cup-product
(see paragraph BE24).
Note also we deduce easily from our construction that the Gysin morphism associ-
ated to a morphism f between smooth projective schemes is the dual of f (prop.

Remark finally that, considering any closed subscheme Z, of S, and taking tensor
product with the motive M (S=S Z;) in the constructions (ii), (iii) and (iv), we
obtain a Gysin morphism and a Gysin triangle with support For example, given
a projective morphismf : Y ! X asin(ii),Z =X sZpand T =Y gsZp, we
obtain the morphism Mz (X) ! M+t (Y)( n)[ 2n]. Similarly, if X is projective
smooth of relative dimension n, Mz (X) admits a strong dual, Mz (X)( n)[ 2n].
Of course, all the other formulas given below are valid for these motives with
support.

1.3. Set of formulas. The advantage of the motivic point of view is to obtain
universal formulae which imply both cohomological and homological statements,
with a minimal amount of algebraic structure involved.

1.3.1. Gysin morphism. We prove the basic properties of the Gysin morphisms
such as functoriality (g f = (fg) ), compatibility with the monoidal structure
f g =f g),theprojection formula ((1y f ) =f 1x ) and the base
change formula in the transversal case (f p =qg).

For the needs of the following formulae, we introduce a useful notation which
appear in the article. For any smooth scheme X, any cohomology class 2
H™P (X)) and any morphism :M(X)! M in T, we put

= ( ) MX)! M(PIn]
where is considered as a morphism M (X)! (p)[n],and :M(X)! M (X)

M (X)) is the morphism induced by the diagonal of X=S and by the Kiinneth axiom
(Kun).

SNote we use essentially the axiom (Kun) here.
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618 F. D eglise

More striking are the following formulae which express the defect in base change
formulas. Fix a commutative square of smooth schemes

(1.1) T Mk
9] |1
z /&

which is cartesian on the underlying topological spaces, and such that p (resp. q)
is projective of relative dimension n (resp. m).

Excess of intersection (prop. HETI8).— Suppose the square A is cartesian. We
then define the excess intersection bundle associated to A as follows. Choose a

projective bundle P=X and a closed immersion 22 ' P over X with normal bundle
Nz P. Consider the pullback Q of P over Y and the normal bundle Ny Q of Y in
Q. Then = NyQ=g NzP isindependent up to isomorphism of the choice of P
and i. The rank of is the integere=n m.

Then,pf =9 c()q.

Rami cation formula (th. EZZ8).— Consider the square A and assume n = m.
Suppose that T admits an ample line bundle and (for simplicity) that S is inte-
grall.

Let T =2 T; be the decomposition of T into connected components. Consider
anindexi 2 1. We let p; and g; be the restrictions of p and g to T;. The canonical
map T! Z x Y isa thickening. Thus, the connected component T; corresponds
to a unique connected component T%of Z x Y. According to the classical defini-
tion, the rami cation index of f along T; is the geometric multiplicity ri 2 N of
T We define (cf def. EZZ4) a generalized intersection multiplicity for T; which
takes into account the formal group law F, called for this reason the F -intersection
multiplicity . It is an element r(T)i(; f;g) 2 H%O(T;). We then prove the formula :

pf = r(Ti;f;9) .6 G:
i21
In general, r(T;;f;g) = ri + where the correction term is a function of the
coe [ciehts of F — it is zero when F is additive.

1.3.2. Residue morphism. A specificity of the present work is the study of the
Gysin triangle, notably its boundary morphism, called the residue morphism. Con-
sider asquare Aasin (CI). PutU=X Z,V=Y Tandleth:V! U be
the morphism induced by f .
We obtain the following formulas :

MG )z =@z .

(2) For any smooth schemeY, @ vz v = @z 1y .

(3) If f is aclosed immersion, @ zvy 1@1+@ vz 1@t =0.

(4) If f is projective, @19 =h @z .

(5) When f is transversal toi, h @1 =@z 0 .

(6) When A satisfies the hypothesis of Excess of intersection

h@r=@z 9 cl).

7 We prove in the text a stronger statement assuming only that S is reduced.
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Around the Gysin Triangle 1. 619

(7) When A satisfies the hypothesis of Rami cation formula ,
i21 h @:Ti= i2l @;Z r(Ti;f;g) Oi
The di[erential taste of the residue morphism appears clearly in the last formula
(especially in the cohomological formulation) where the multiplicity r(T;;f;g)
takes into account the ramification index r;. Even in algebraic K -theory, this
formula seems to be new.

1.3.3. Blow-up formulas. Let X be a smooth scheme and Z X be a smooth
closed subscheme of codimension n. Let B be the blow-up of X with center Z

and consider the cartesian square P XJB . Let e be the top Chern class of the
pz L/5|(f
canonical quotient bundle on the projective space P=Z.
(1) (prop. BE238) Let M (P)=M (Z) be the kernel of the split monomorphism
p . The morphism (k ;f ) induces an isomorphism :
MP)=MZ) MX)! M(B).
(2) (prop. BEE39) The short sequence
k
0! M(B) f MP)D[2] MX)! (p M (Z)(n)[2n]! 0

is split exact. Moreover, (p e, i) F® isan isomorphisrrﬂ.

The first formula was obtained by V. Voevodsky using resolution of singularities
in the case where S is the spectrum of a perfect field. The second formula is the
analog of a result of W. Fulton on Chow groups (cf [Ful98, 6.7]).

e i)

1.4. Characteristic classes. Besides Chern classes, we can introduce the follow-

ing characteristic classes in our context.

Leti:Z ! X be aclosed immersion of codimension n between smooth schemes,
:Z! S the canonical projection. We define the fundamental classof Z in X

(paragraph EI4) as the cohomology class represented by the morphism

x (Z): M (X)!i M (Z)(n)[2n]! (n[2n]:
It is a cohomology class in H?2"™" (X) satisfying the more classical expression

x(Z) =1 ().
Considering the hypothesis of the ramification formula above, when n = m = 1,
we obtain the enlightening formula (cf g(or. z2Z3) :

f(x@)N= 1Inlr v(M)
i21
where r; is the ramification index of f along T; and [ri]r is the r;-th formal sum
with respect to F applied to the cohomological class v (Tj). Indeed, the fact T
admits an ample line bundle implies this class is nilpotent.

The most useful fundamental class in the article is the Thom class of a vector
bundle E=X of rank n. Let P = P(E 1) be its projective completion and

8This isomorphism is the identity at least in the case when F(X,y)= X+ Yy
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620 F. D eglise

consider the canonical section X! ° P. The Thom classof E=X ist(E):= p(X).
By the projection formula, s = p t(E), where p: P ! X is the canonical
projection. Let (resp. ) be the canonical line bundleéresp. universal quotient
bundle) on P=X. We also obtain the following equalitied] :
— 1=y Q — X 1 i
tE)=c(- pE)=ca()= aP BE) al):
i=0
This is straightforward in the case where F(x;y) = x +y but more di Ccult in
general.
We also obtain a computation which the gythor has not seen in the literature (even
in complex cobordism). Write F (x;y) = ij & x'y!l with a; 2 A. Consider the
diagonal embedding :P"! P" P". Let ; and ; be the respective canonical
line bundle on the first and second factor of P"  P". Then (prop. B30) the
fundamental class of satisfies
pn pn(P") = agi+j nci( 7)'c( 2):
0§ n

Another kind of characteristic classes are cobordism classesLetp: X | S bea
smooth projective scheme of relative dimension n. The cobordism class of X=S is
the cohomology class represented by the morphism

X1: " MX) n) 2n]®  ( n) 2n]

Itisaclassin A 2" " As an application of the previous equality, we obtain the

following computation (cor. B3 :O

[P"]=( 1)":det

which of course coincides with the expression given by the classical theorem of
Myschenko in complex cobordism. In fact, our method gives a new proof of the
latter theorem.

1.5. Outline of the work. In section 2, we give the list of axioms (cf 1)) sat-
isfied by the category T and discuss the first consequences of these. Remark an
originality of our axiomatic is that we not only consider pairs of schemes but also
quadruples (used in the proof of EE32). The last subsection 2.3 gives the principle
examples which satisfy the axiomatic[ZTIl Section 3 contains the projective bundle
theorem and its consequences, the formal group law and Chern classes.

Section 4 contains the study of the Gysin triangle. The fundamental result in this
section is the purity theorem Usually, one constructs the Thom isomorphism
using the Thom class @Z). Here however, we directly construct the former iso-
morphism from the projective bundle theorem and the deformation to the normal

9This corrects an a rmation of I. Panin in the introduction of [Pan03al, p. 268] where equality
(0dis said not to hold.
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Around the Gysin Triangle 1. 621

cone. This makes the construction more canonical — though there is a delicate
choice of signs hidden (cf beginning of section ET)) — and it thus gives a canonical
Thom class. We then study the two principle subjects around the Gysin triangle :
the base change formula and its defect (section 4.2 which contains notably
and T8 cited above) and the interaction (containing notably the functoriality of
the Gysin morphism) of two Gysin triangles attached with smooth subschemes of
a given smooth scheme (th. E32).

In section 5, we first recall the notion of strong duality introduced by A. Dold and
D. Puppe and give some complements. Then we give the construction of the Gysin
morphism in the projective case and the duality statement. The general situation
is particularly complicated when the formal group law F is not the additive one,
as the Gysin morphism associated to the projection p of P" is not easy to han-
dle. Our method is to exploit the strong duality on P" implied by the projective
bundle theorem. We show that the fundamental class of the diagonal of P"=S
determines canonically the Gysin morphism of the projection (see def. BEH). This
is due to the explicit form of the duality pairing for P" cited above : the motive
M (P") being strongly dualizable, one morphism of the duality pairing ( x; x)
determines the other; the first one is induced by  and the other one by p . Once
this fact is determined, we easily obtain all the properties required to define the
Gysin morphism and then the general duality pairing. The article ends with the
explicit determination of the cobordism class of P" and the blow-up formulas as
illustrations of the theory developed here.

1.6. Final commentary. In another work [Dég08|, we study the Gysin triangle
directly in the category of geometric mixed motives over a perfect field. In the
latter, we used the isomorphism of the relevant part of motivic cohomology groups
and Chow groups and prove our Gysin morphism induces the usual pushout on
Chow groups via this isomorphism (cf [Deg08, 1.21]). This gives a shortcut for
the definitions and propositions proved here in the particular case of motives over
a perfect field. In loc. cit. moreover, we also use the isomorphism between the
diagonal part of the motivic cohomology groups of a field L and the Milnor K-
theory of L and prove our Gysin morphism induces the usual norm morphism
on Milnor K-theory (cf [Deg08, 3.10]) — after a limit process, considering L as a
function field.

The present work is obviously linked with the fundamental book on algebraic
cobordism by Levine and Morel [LMU0O7] (see also [Lev08b]), but here, we study
oriented cohomology theories from the point of view of stable homotopy. This
point of view is precisely that of [Lev08a]. It is more directly linked with the pre-
publication [Pan03b] of 1. Panin which was mainly concerned with the construction
of pushforwards in cohomology, corresponding to our Gysin morphism (see also
[Smi06] and [P1m05] for extensions of this work). Our study gives a unified self-
contained treatment of all these works, except that we have not considered here
the theory of transfers and Chern classes with support (see [Smu06], [Cev08a, part

5]).
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622 F. D eglise

The final work we would like to mention is the thesis of J. Ayoub on cross functors
([Ayo07]). In fact, it is now folklore that the six functor formalism yields a con-
struction of the Gysin morphism. In the work of Ayoub however, the questions of
orientability are not treated. In particular, the Gysin morphism we obtain takes
value in a certain Thom space. To obtain the Gysin morphism in the usual form,
we have to consider the Thom isomorphism introduced here. Moreover, we do
not need the localization property in our study whereas it is essentially used in
the formalism of cross functors. This is a strong property which is not known in
general for triangulated mixed motives. Finally, the interest of this article relies
in the study of the defect of the base change formula which is not covered by the
six functor formalism.

Remerciements. J'aimerais remercier tout spécialement Fabien Morel car ce tra-
vail, commencé a la fin de ma thése, a bénéficié de ses nombreuses idées et de son
support. Aussi, I’excellent rapport d’une version préliminaire de I'article [Deg08]
m’a engagé a le généraliser sous la forme présente; j’en remercie le rapporteur,
ainsi que Jorg Wildeshaus pour son soutien. Je tiens & remercier Geo [rely Powell
pour m’avoir grandement aidé a clarifier I'introduction de cet article et Joél Riou
pour m’avoir indiqué une incohérence dans une premiére version de la formule de
ramification. Mes remerciements vont aussi au rapporteur de cet article pour sa
lecture attentive qui m’a notamment aidée a clarifier les axiomes. Je souhaite enfin
adresser un mot a Denis-Charles Cisinski pour notre amitié mathématique qui a
été la meilleure des muses.

2. The general setting : homotopy oriented triangulated systems

2.1. Axioms and notations. Let D be the category whose objects are the carte-
sian squares

@) w —
o

u—k

made of immersions between smooth schemes. The morphisms in D are the evident

commutative cubes. We will define the transpose of the square A, denoted by A°,

as the square

w —U
| e |
v —I&
made of the same immersions. This defines an endofunctor of D.
In all this work, we consider a triangulated symmetric monoidal category (T ; ; )

together with a covariant functorM : D! T . Objectsof T are called premotives
Considering a square as in @), we adopt the suggesting notation
X=U
—— =M(A):
V=W &)
We simplify this notation in the following two cases :
Q) fV=W=;,weput M(X=U)=M(Q).
2 fuU=V=W=;, weputM(X)=M(Q).
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Around the Gysin Triangle 1. 623

We call closed pair any pair (X;Z ) of schemes such that X is smooth and Z is a
closed (not necessarily smooth) subscheme of X . As usual, we define the premotive
of X with supportin Z asMz(X) =M (X=X Z).

A pointed schemeis a scheme X together with an S-point x : S ! X. When
X is smooth, the reduced premotive associated with (X;x) will be M (X;x) =
M(S!* X). Let n > 0 be an integer. We will always assume the smooth
scheme Pg is pointed by the infinity. We define the Tate twist as the premotive

(L) =MPL[ 2]of T.

2.1. We suppose the functor M satisfies the following axioms :

(Add) For any finite family of smooth schemes (X;)i2,,
M (ti2i Xi) = i21M(Xj).

(Htp) For any smooth scheme X, the canonical projection of the a [nelline in-
duces an isomorphism M (A%) ! M (X).

(Exc) Let (X;Z) be a closed pair and f : V I X be an étale morphism. Put
T =f 1(Z) and suppose the map T,eq ! Zeq Obtained by restriction of
f is an isomorphism. Then the induced morphism : M1 (V)! Mz(X)
is an isomorphism.

(Stab) The Tate premotive (1) admits an inverse for the tensor product denoted
by ( 1).

(Loc) For any square A as in (@), a morphism @ : M oo | M (V=W)[1] is
given natural in A and such that the sequence of morphisms

X=U @

MNV=W)! M(X=U)! M VoW

M (V=W)[1]

made of the evident arrows is a distinguished triangle in T .

(Sym) Let A be a square as in (@) and consider its transpose A% There is given
a morphism M % ' M Z(;—\\fv natural in A.

If in the square A, V =W =, we put
Q-y =@o "M (X=U)! M U)[1]:

We ask the following coherence properties :
(a) 0 =1.
(b) fA=Athen =1.
(c) The following diagram is anti-commutative :

Moy I X i u=wp]
@ | - \@J/Wm
M (V=W)[1] ~ I (w)[2):

(Kun) (a) For any open immersions U ! X and V ! Y of smooth schemes,
there are canonical isomorphisms:
MX=U) MY=V)=MX Y=X V[ U Y) M(S)=
satisfying the coherence conditions of a monoidal functor.
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624 F. D eglise

(b) Let X and Y be smooth schemesand U! X be an open immersion.
Then, @ v=u v = @=y 1y through the preceding canonical
isomorphism.
(Orient) For any smooth scheme X, there is an application, called the orientation,

¢ : Pic(X)! Hom: (M (X); (D[2])
which is functorial in X and such that the class c;( 1) : M (PE) !  (1)[2]
is the canonical projection.

For any integer n 2 N, we let (n) (resp. ( n)) be the n-th tensor power of
(1) (resp. ( 1)). Moreover, for an integer n 2 Z and a premotive E, we put

E(n) =E (n).

2.2. Using the excision axiom (Exc) and an easy noetherian induction, we obtain

from the homotopy axiom (Htp) the following stronger result :

(Htp") For any fiber bundle E over a smooth scheme X, the morphism induced
by the canonical projection M (E)! M (X) is an isomorphism.

We further obtain the following interesting property :

(Add’) Let X be a smooth scheme and Z, T be disjoint closed subschemes of X .
Then the canonical map Mz t(X)! Mz(X) M+ (X) induced by nat-
urality is an isomorphism.

Indeed, using (Loc) withV =X T, W =X (Zt T)and U =W, we get a

distinguished triangle

X=wW
Mz(V)! Mzir(X)} M V= I Mz (V)L
Using (Exc), we obtain Mz (V) = Mz (X). The natural map Mzt (X)! Mz (X)
induces a retraction of the first arrow. Moreover, we get M % =M+ (X) from

the symmetry axiom (Sym). Note that we need (Sym)(b) and the naturality of
to identify  with the natural map Mzt (X)! Mt (X).
Remark 2.3. About the axioms—

(1) There is a stronger form of the excision axiom (Exc) usually called the
Brown-Gersten property (or distinguished triangle). In the situation of
axiom (Exc), withU =X ZandW =V T, we consider the cone in
the sense of [NeeOT] of the morphism of distinguished triangles

M W) —M (v) —M (v=w) —M (v)[1]

| | | |
M (U) —/M (X ) —M (x=Uu) —M (U)[1]

This is a candidate triangle in the sense of op. cit. of the form
MMW)! MU) M )! MX)! MW):

Thus, in our abstract setting, it is not necessarily a distinguished triangle.
We call (BG) the hypothesis that in every such situation, the candidate
triangle obtained above is a distinguished triangle. We will not need the
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hypothesis (BG) ; however, in the applications, it is always true and the
reader may use this stronger form for simplification.

(2) We can replace axiom (Kun)(a) by a weaker one

(wKun) The restriction of M to the category of pairs of schemes (X;U) is a

lax monoidal symmetric functor.

(Kun)(b) is then replaced by an obvious coherence property of the bound-
ary operator in (Loc). This hypothesis is su [cieht for the needs of the
article with a notable exception of the duality pairing For example,
if one wants to work with cohomology theories directly, one has to use
rather this axiom, replace T by an abelian category and “distinguished
triangle” by ”long exact sequence” everywhere. The arguments given here
covers equally this situation, except for the general duality pairing.

(3) The symmetry axiom (Sym) encodes a part of a richer structure which
possess the usual examples (all the ones considered in sectionZ3). This is
the structure of a derivator as the object M (A) may be seen as a homotopy
colimit. The coherence axioms which appear in (Sym) are very natural
from this point of view.

Definition 2.4. Let E be a premotive. For any smooth scheme X and any couple
(n;p) 2 Z Z, we define respectively the cohomology and the homology groups of
X with coe [cieht in E as

E™P (X) =Hom: M (X);E(p)[n] ;
resp. Enp(X) =Homr  (p)INLE M(X):

We refer to the corresponding bigraded cohomology group (resp. homology group)
by E (X) (resp. E (X)). The first index is usually refered to as the cohomo-
logical (resp. homological) degreeand the second one as the cohomological (resp.
homological) twist. We also define the module of coe [ciehts attached to E as
E =E (9).

When E = , we use the notations H (X)) (resp. H (X)) for the cohomology
(resp. homology) with coe [ciehts in . Finally, we simply put A =H (S).

Remark that, from axiom (Kun)(a), A is a bigraded ring. Moreover, using the
axiom (Stab), A =H (S). Thus, there are two bigraduations on A, one cohomo-
logical and the other homological, and the two are exchanged as usual by a change
of sign. The tensor product of morphisms in T induces a structure of left bigraded
A-module on E (X)) (resp. E (X)). There is a lot more algebraic structures on
these bigraded groups that we have gathered in section

The axiom (Orient) gives a natural transformation

¢ @ Pic! HZ!
of presheaves of setson S msg, or in other words, an orientation on the fundamental
cohomology H * assocciated with the functor M. In our setting, cohomology

classes are morphisms in T : for any element L 2 Pic(X ), we view c;(L) both as
a cohomology class, the rst Chern class, and as a morphismin T .

Remark 2.5. In the previous definition, we can replace the premotive M (X) by
any premotive M . This allows to define as usual the cohomology/homology of

Documenta Mathematica 13 (2008) 613{675



626 F. D eglise

an (arbitrary) pair (X; U) made by a smooth scheme X and a smooth subscheme
U of X. Particular cases of this general definition is the cohomology/homology
of a smooth scheme X with support in a closed subscheme Z and the reduced
cohomology/homology associated with a pointed smooth scheme.

2.2. Products. Let X be a smooth scheme and : X ! X X its associated
diagonal embedding. Using axiom (Kun)(a) and functoriality, we get a morphism
O:MX)! M(X) M(X). Given two morphisms x : M(X)! Eandy :
M(X)! Fin T, we can define a product
X y=(x y) °:MX)! E F
2.6. By analogy with topology, we will call ringed premotive any premotive E
equipped with a commutative monoid structure in the symmetric monoidal cat-
egory T . This means we have a product map :E E! E and a unit map
! E satisfying the formal properties of a commutative monoid.

For any smooth scheme X and any couple of integer (n;p) 2 Z2, the unit map
induces morphisms

"x HT™P (X)) E™P(X)
X :Hn;p(x)! En;p(x)

which we call the regulator maps
Giving such a ringed premotive E, we defind{ the following products :

Exterior products :
E"P(X) E™a(y)! E"TTPFAUX YY),
xy)7tx y= x vy
Enp(X) Emg(Y)! En+tmp+q(X Y);
GKy)7'x y=(C Ix v) x )
Cup-product :
E"P(X) EMI(X)! E™MPHAX):(x;x) 7! x x%:=  (x xY:
Then E is a bigraded ring and E (X)) is a bigraded E -algebra. More-
over, E is a bigraded A-algebra and the regulator map is a morphism of

bigraded A-algebra.
Slant productd :

E""(X YY) Emg(X)! E" ™P A(Y);

(w; x) 7! w=x:= (le w) x 1ly)
E"P(X) Emg(X Y)! Em ngq p(Y)

x;w) 7! xnw = ( Iy ) X 1 1y ) w

10 we do not indicate the commutativity isomorphisms for the te  nsor product and the twists
in the formulas to make them shorter.

11ror the rst slant product de ned here, we took a slightly di erent covention than [Swi0Z,
13.50(ii)] in order to obtain formula (5.8LJOf course, the t wo conventions coincide up to the
isomorphism X xY [YIx X.
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Cap-product :
E"(X) Emq(X)! Em ng pX)0x) 7! xy x%:=xn (e ) x°:
Kronecker product :
E"P(X) Emg(X)! A" ™P a4 (x;x% 70 hx;x% := x=x°
where y is identified to a homology class in Eng (S X).
The regulator maps (cohomological and homological) are compatible with these
products in the obvious way.

Remark 2.7. These products satisfy a lot of formal properties. We will not use
them in this text but we refer the interested reader to [Swi0?2, chap. 13] for more
details (see more precisely 13.57, 13.61, 13.62).

2.8. We can extend the definition of these products to the cohomology of an open
pair (X;U). We refer the reader to loc. cit. for this extension but we give details
for the cup-product in the case of cohomology with supports as this will be used
in the sequel.

Let X be a smooth scheme and Z, T be two closed subschemes of X . Then the
diagonal embedding of X=S induces using once again axiom (Kun)(a) a morphism

0: Mz (X)! Mz(X) M+(X). This allows to define a product of motives
with support. Given two morphisms x : Mz(X)! Eandy:Mt(X)! FinT,
we define

x y=(x y) “Mz:(X)! E F
In cohomology, we also define the cup-product with support :
EZP(X) ET9(X)! ERNTPTIX)(y) 7! xizry=  (x y) @

Note that considering the canonical morphism x.w : Ex° (X) ! E™P(X), for
any closed subscheme W of X, we obtain easily :
(2.1) xz )0 x1 ()= xz\1XlzT Y):

2.9. Suppose now that E has no ring structure. It nethertheless always has a
module structure over the ringed premotive - given by the structural map (iso-
morphism) E! E

This induces in particular a structure of left H (X)-module on E (X) for any
smooth scheme X . Moreover, it allows to extend the definition of slant products
and cap products. Explicitely, this gives in simplified terms :

Slant products :
H™ (X Y) Emq(X)! E" ™ aY);
wy) 7"w=y:= (g w) x 1ly)
Cap-products :
E"P(X) HmgX)! Em ng pX);(x) 7! x1 x%:=(x 1x ) x%
These generalized products will be used at the end of the article to formulate
duality with coe [ciehts in E (cf paragraph &2Z2).
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Note finally that, analog to the cap-product, we have a H (X )-module struc-
ture on E (X)) that can be used to describe the projective bundle formula in
E-homology (cf formula (2) of B3).

2.3. Examples.

2.3.1. Motives. Suppose S is a regular scheme. Below, we give the full construction
of the category of geometric motives of Voevodsky over S, and indicate how to
check the axioms of ZI1 Note however we will give a full construction of this
category, together with the category of motivic complexes and spectra, over any
noetherian base S in [CDQ7]. Here, the reader can find all the details for the proof
of the axioms [Z1 (especially axiom (Orient)).

For any smooth schemes X and Y, we let cs(X; Y ) be the abelian group of cycles in
X s'Y whose support is finite equidimensional over X . As shown in [Deg07, sec.
4.1.2], this defines the morphisms of a category denoted by S mg". The category
S mg" is obviously additive. It has a symmetric monoidal structure defined by the
cartesian product on schemes and by the exterior product of cycles on morphisms.
Following Voevodsky, we define the category of eledtive geometric motives
DM g{rﬁ (S) as the pseudo-abelian envelopd of the Verdier triangulated quotient

KP(S m&")=T
where KP(S m%") is the category of bounded complexes up to chain homotopy
equivalence and T is the thick subcategory generated by the following complexes :
(1) For any smooth scheme X,
00 AR X1 o0

with p the canonical projection.
(2) For any cartesian square of smooth schemes

w <My
9] j |
u —k

such that j is an open immersion, f is étale and the induced morphism
f (X Uded ! (X U)eq is an isomorphism,

g

k .
2.2) 201 W u vt

X1 0:::
Consider a cartesian square of immersions

w Iy
g|j i
u—/

12Recall that according to the result of [BS01].lthe pseudo-ab elian envelope of a triangulated
category is still triangulated
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This defines a morphism of complexes in S mg” :
3 0t X b
: gl . |t
2 0 —0 Lk b

We let M (A) be the cone of and see it as an object of DM g,fg (S). To fix the
convention, we define this cone as the triangle (Z2) above. With this convention,
we define  as the following morphism :

20 iy Iy v Ik I .
00 /’(/‘\l Iy ‘CJ Ik Ig: .-

The reader can now check easily that the resulting functor M : D ! DM g,fg (S),
satisfies all the axioms of ] except (Stab) and (Orient). We let Z = M (S) be
the unit object for the monoidal structure of DM g,fg (S).

To force axiom (Stab), we formally invert the motive Z(1) in the monoidal category
DM g,fg (S). This defines the triangulated category of (geometric) motivesdenoted
by DM gm(S). Remark that according to the proof of [Voe02, lem. 4.8], the cyclic
permutation of the factors of Z(3) is the identity. This implies the monoidal
structure on DM ge,fg (S) induces a unique monoidal structure on DM 4(S) such
that the obvious triangulated functor DM gﬁrﬁ (S)! DM gm(S) is monoidal. Now,
the functor M : D ! DM 4 (S) still satisfies all axioms of Zl mentioned above
but also axiom (Stab).

To check the axiom (Orient), it is su [cieht to construct a natural application

Pic(X)! Homg, err(s) M (X); ZzW)[2D):

o

We indicate how to obtain this map. Note moreover that, from the following
construction, it is a morphism of abelian group.

Still following Voevodsky, we have defined in [Dég07] the abelian category of
sheaves with transfers over S, denoted by Sh(S m%"). We define the cateogy
DM ¢ (S) of motivic complexes as the Al-localization of the derived category of
Sh(S mg"). The Yoneda embedding S mg" ! Sh(S m&") sends smooth schemes
to free abelian groups. For this reason, the canonical functor

DM T (S)! DM T (S)

is fully faithful. Let G, be the sheaf with transfers which associates to a smooth
scheme its group of invertible (global) functions. Following Suslin and Voevodsky
(cf also [DeqU5, 2.2.4]), we construct a morphism in DM ©ff (S) :

Gm! MGr)=Z ZQI[1]
This allows to define the required morphism :
Pic(X) = Hyis (X;Gm) ' Hompy errs) (M (X); Gm [1])
' Hompy eresy(M (X ); Z(D)[2]) ' Homyg,, (s M (X); Z(D)[2)):
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The first isomorphism uses that the sheaf G, is Al-local and that the functor
forgetting transfers is exact (cf [Deg07, prop. 2.9]).

2.3.2. Stable homotopy exact functors.In this example, S is any noetherian

scheme. For any smooth scheme X, we let X, be the pointed sheaf of sets on

S ms represented by X with a (disjoint) base point added.

Consider an immersion U ! X of smooth schemes. We let X=U be the pointed

sheaf of sets which is the cokernel of the pointed map U, ! X..

Suppose moreover given a square A as in ([@). Then we obtain an induced morphism
X=U

of pointed sheaves of sets V=W ! X=U which is injective. We let ;=7 be the

cokernel of this monomorphism. Thus, we obtain a cofiber sequence in H (S)
X=U , @

V=w! X=U! ———
V=W

Sinv=w:
Moreover, the functor
D! H (8);AT XU
V=W
satisfies axioms (Add), (Htp), (Exc) and (Kun) from [MV99].
Consider now the stable homotopy category of schemes SH (S) (cf [Jar00]) to-
gether with the infinite suspension functor

> :H (S)! SH (S):

The category SH (S) is a triangulated symmetric monoidal category. The canon-
ical functor D! SH (S) satisfies all the axioms of Z7] except axiom (Orient). In
fact, (Loc) and (Sym) follows easily from the definitions and (Stab) was forced in
the construction of SH (S).

Suppose we are given a triangulated symmetric monoidal category T together
with a triangulated symmetric monoidal functor

R:SH (S)! T:
This induces a canonical functor
X=U X=U X=U
M:D! T;—7nM — =R 3! ——
V=W V=W V=W

and (M; T ) satisfies formally all the axioms 27 except (Orient).
Let BGy, be the classifying space of Gy, defined in [MV99, section 4]. It is an
object of the simplicial homotopy category H $(S) and from loc. cit., proposition
1.16,

Pic(X) = Homy s(s)(X+;BGn):
Let :HSS)! H (S) be the canonical Al-localisation functor. Applying
proposition 3.7 of loc. cit., (BGy) = P* where P! is the tower of pointed
schemes

PLI 1o phrn o prtl

made of the inclusions onto the corresponding hyperplane at infinity. We let
I\Q(Pl ) (resp. M (P! )) be the ind-object of T obtained by applying M (resp.
M) on each degree of the tower above.
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Using this, we can define an application
x Pic(X) = Homy S(S)(X+ BGm)
I Homy (s) (X+; (BGm)) = Homy (5)(X+:P)

I Homr M (X);M(P)

where the last group of morphisms denotes by abuse of notations the group of
morphisms in the category of ind-objects of T — and similarly in what follows.

Remark 2.10. Note that the sequence ( n)n2n Of line bundles is sent by p: to
the canonical projection M (P* ) ! I\Z(P1 ) — this follows from the construction
of the isomorphism of loc. cit., prop. 1.16.
Recall that (1)[2] = M(PY) in T. Let :M(PY) ! M (P!) be the canonical
projection and : P! P! be the canonical morphism of pointed ind-schemes.
We introduce the following two sets :
(S1) The transformations c; : Pic(X)! Homt (M (X); (1)[2]) natural in the
smooth scheme X such that c;( ;) =
(S2) The morphisms @ : M (P )! M (P!) such thatc?  =1.
We define the following applications :
@ (G (S).
Consider an element c; of (S;). The collection ci( n) N2 N defines a mor-
phism M (P* )1 M (P!). Moreover, the restriction of this latter morphism
M (P! )! M (P!) is obviously an element of (S,), denoted by ' (cy).
2 (S)! (S).

Let ¢§ be an element of (S;). For any smooth scheme X , we define
~ 0 ~
(&) : Pic(X) * Homr MX);M(P) I Homr M(X);M(P) :

Using remark ZI0, we check easily that  (c9) belongs to (Sy).
The following lemma is obvious from these definitions :

Lemma 2.11. Given, the hypothesis and de nitions above, =1.

Thus, an element of (S,) determines canonically an element of (S;). This gives
a way to check the axiom (Orient) for a functor R as above. Moreover, we will
see below (cf paragraph B) that given an element of (S;), we obtain a canonical
isomorphism H  (P' ) = A[[t]] of bigraded algebra, t having bidegree (2;1). Then
elements of (S;) are in bijection with the set of generators of the the bigraded
algebraH (P! ). Thus in this case, elements of (S,) are equivalent to orientations
of the cohomology H in the classical sense of algebraic topology.

Example 2.12. (1) Let S = Spec(k) be the spectrum of a field, or more
generally any regular scheme. In [CDO06, 2.1.4], D.C. Cisinski and the
author introduce the notion of mixed Weil theory (and more generally of
stable theory) as axioms for cohomology theories on smooth S-schemes
which extends the classical axioms of Weil. Examples of such cohomology
theories are algebraic De Rham cohomology if k has characteristic 0, rigid
cohomology if k has caracteristic p and étale I-adic cohomology in any case,
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| being invertible in k (cf part 3 of loc. cit.). To a mixed Weil theory (or
more generally a stable theory) is associated a commutative ring spectrum
(cf loc. cit. 2.1.5) and a triangulated closed symmetric monoidal category
D a:(S;E) — which is obtained by localization of a derived category. By
construction (see loc. cit. (1.5.3.1)), we have a triangulated monoidal
symmetric functor

SH (S)! Da:(S;E):

In loc. cit. 2.2.9, we associate a canonical element of the set (S;) for this
functor. Thus the resulting functor D ! D a:(S;E) satisfies all the axioms
of 2711

Consider a noetherian scheme S and the model category of symmetric T -
spectra Sps over S defined by R. Jardine in [Jar00]. It is a cofibrantly
generated, symmetric monoidal model category which satisfies the monoid
axiom of [SS00, 3.1] (cf [Jar00, 4.19] for this latter fact).

A commutative monoid E in the category Sps will be called a (ho-
motopy) coherent ring spectrum. Given such a ring spectrum, according
to [SSO0, 4.1(2)], the category of E-modules in the symmetric monoidal
category Sps carries a structure of a cofibrantly generated, symmetric
monoidal model category such that the pair of adjoint functors (F; O)
given by the free E-module functor and the obvious forgetful functor is
a Quillen adjunction. We denote by SH (S; E) the associated homotopy
category and consider the left derived free E-module functor

SH (S)! SH (S;E):

It is a triangulated symmetric monoidal functor. Then, as indicated in the
previous remark, an element of (Sy) relative to this functor is equivalent
to an orientation on the ring spectrum E in the classical sense (see [\ez(1],
3.1]).

The basic example of such a ring spectrum is the cobordism ring spec-
trum MGL. Indeed, MGL has a structure of a coherent ring spectrum in
our sense and is evidently oriented (see [PPROY, 1.2.3 and 2.1] for details).
Thus the homotopy category SH (S; MGL) of MGL-modules satisfies
the axioms 211

Another example is given by the spectrum BGL introduced by Vo-
evodsky in [Voe98, par. 6.2]. According to loc. cit., th. 6.9, it represents
the homotopy invariant algebraic K-theory defined by Weibel (cf [\\/e189]).
However, it is not at all clear to get a coherent structure on the ring spec-
trum BGL with the definition given in loc. cit. To obtain such a coherent
ring structure on BGL we invoke a recent result of Gepner and Snaith
which construct a coherent ring spectrum homotopy equivalent to BGL
in [DV07, 5.9].

3. Chern classes

3.1. The projective bundle theorem. Let X be a smooth scheme and P be
a projective bundle over X of rank n. We denote by p: P ! X the canonical
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projection and by the canonical line bundle on P. Putc=1c¢( ) : M(P) !
(D[2]. We can define a canonical map :
X ) M
p = p c:M(P)! M (X)()[2i]

0 i n 0 i n
Consider moreover an open subscheme U X, Pu =P x U. We let
P=Py ! X=U be the canonical projection and :P=P; ! (P P)=(P Py)
the morphism induced by the diagonal embedding and the graph of the immersion
Pu ! P. Using the product of motives with support (cf Z8), we also define a

canonical map :
X M

pep, = ¢ :M(P=Ry)! M (X=U)()[2i]
0 i n 0 i n

Lemma 3.1. Using the above notations, the following diagram is commutéve :
M (Py) M () M (P=Py) ——— M (Pu)I1]
1) P Py

S mOme1 =  Meomr1—E M eenoR—F M O)bR + 1

2) P/Py ?3)

Py

where the top (resp. bottom) line is the distinguished triagle (resp. sum of dis-
tinguished triangles) obtained using(Loc) (resp. and tensoring with (i)[2i]).

Proof. Coming back to the definition of product and product with supports,
squares (1) and (2) are commutative by functoriality of M . For square (3), besides
this functoriality, we have to use axiom (Kun)(b).

Theorem 3.2. With the above hypothesis and notations, the morphismp
M(P)! o i nMX)(@)I2i] is an isomorphism in T .

Proof. Consider an open cover X =U[ V, W =U\ V. Assume that p,, p,
and p,, are isomorphisms. Then according to the previous lemma, p, -p,, IS an
isomorphism. Using the compatibility of the first Chern class with pullback, we
obtain a commutative diagram

M (Py =Py ) —— M (P=Ry)
Py /Py | P/Py

MW OR]—F M xeU)0)R]

where the horizontal maps are obtained by functoriality. According to axiom
(Exc), these maps are isomorphisms which implies p-p , is an isomorphism. Ap-
plying ance again the previous lemma, we deduce that p is an isomorphism.
This reasoning shows that we can argue locally on X and assume P is trivializable
as a projective bundle over X . Then, as the map depends only on the isomorphism
class of the projective bundle P, we can assume P = P} . Finally, by property
(Kun)(@), pp =M (X) pn and we can assume X =S. Putsimply n = pn.
For n = 0, the statement is trivial. Assume n > 0. Recall we consider the
scheme P" pointed by the infinite point. The morphism  induces a map
M (P") ! o<i nM(PY) ¢ still denoted by , and we have to prove this later
is an isomorphism. Put ¢;., = c1( ) for any integer n 0.

Documenta Mathematica 13 (2008) 613{675



634 F. D eglise

The canonical inclusion P* 11 P" f 0gis the zero section of a vector bundle.
For any integer i 2 [1;n], we put U; = f(X1;::55Xn) 2 A" j X; & Og considered as
an open subscheme of A". We obtain the canonical isomorphism denoted by | :

M (P"=P" 1) ® M (P"=P" f 0g) @ M (A"=A" f 0g)

=M@= U) € M@al=al £ og m @ NEh o
where (1) follows from (Htp) and (Loc), (2) from (Exc), (3) from (Kun)(a) and
(4) from (Exc), (Htp) and (Loc).
Consider the following diagram

3.1) M (P 1) ;/M P") " I (P =p" 1)
n 1‘ (a) n‘ () n
o<i<n M(Pl) il o<i nm (Pl) H 4/4\% (Pl) n

where , 1 is the canonical inclusion, | is the obvious morphism obtained by
functoriality in D, and the bottom line is made up of the evident split distinguished
triangle. We prove by induction on n > 0 the following statement :

(i) n 1 isasplit monomorphism.

(i) ci;, 1 = 0 which means square (a) is commutative.
(i) ¢, = n n which means square (b) is commutative.
(iv) n is an isomorphism.

(3.2)

For n =1, this is obvious as (iii) is a part of axiom (Orient).

The induction relies on the following lemma due to Morel.

Lemma3.3. Let ,:P"! (P")" be the iteratedn-th diagonal of P"=S and denote
by » :M(P")! M(P") " the morphism induced by , and axiom (Kun)(a).
Let 1. : P11 P" be the canonical inclusion.

Then the following square commutes :

M (P") ——/\i (P 5"
n | |( 1,n) "
M (P=P" 1) /7 (pL) 0

Consider an integer i 2 [1;n] and let U be the open subscheme of P" made of
points (X1 @i : Xy : Xp+1 ) SUCh that X; E0and put Q; =P 1 U P .
We consider the following commutative diagram :

~ D
M (P ——M (PY)'sLi
J
[ - 0 Mty

M(P'=P" 1) ——/M P'=[; U 00— M (A"=[; U;)

where the map (1) is induced by n, the maps on the lower horizontal line are
isomorphisms given respectively by the inclusions P" * [ ;U and U; U;.
Consequently, the map (2) is induced by the restriction of ,. However, this map is
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Al-homotopic to the product @z (™ where () : Al1 P is the embedding
defined by (D (x) = (X1 : i : Xper ) With x; = 0ifj 2fi;n +1g, Xi =X, Xps1 = 1.
It follows from property (Htp) and (Kun)(a) that the map (2) is equal to the
morphism

M(AI=AL £ og) M1 F T M(P'=0y) s M (P'=Up):
Note finally the scheme U; ' A" is contractible and, from property (Htp), the
corresponding map MM (A=Al f 0g)! M (P")does not depend on the integer
i. Thus the preceding commutative diagram together with the identifications just
described allows to conclude.
With that lemma in hand, we conclude as follows. Suppose the property @32) is
true forn 1.
The composite map o<icn P c, n1isequalto , 1as¢ n 1 =Cn 1.
This shows @&2)(i). Then, the preceding lemma implies properties (ii) and (iii).
Now, using (Loc) and (Sym), the upper horizontal line of diagram @) is a split
distinguished triangle which concludes.

Using axiom (Stab), we obtain the following corollary :

Corollary 3.4. Consider the hypothesis and notations of the previous theem.
Then H (P)is afreeH (X)-module with basel;:::;c".
Let E be a motive.

(1) The map

EX) w ooH (P)P E (Pyx I p (X)
is an isomorphism. If moreover E has a ringed motive structure, it is an
isomorphism of E (X )-algebra.
(2) Considering theH (X )-module structure onE (X)) (cf the end of[Z9),
the map

M X
E (P)! E (X);' 70 cip()
0 i n i
is an isomorphism.

Remark 3.5. It can be seen actually that the first assertion of this corollary is
equivalent to the fact H™™ (M (X )(r)) = H™™ (M (X)) which is a weak form of
the stability axiom (Stab).

A corollary of the projective bundle theorem is the following result, classical in
topology and first exploited in the homotopy category of schemes by Morel :

Corollary 3.6. Consider the permutation isomorphism : (1) @ Q@
(1) in the symmetric monoidal categoryT . Then =1.

Let E be a ringed motive andX be a smooth scheme.

Forany x 2 E™P(X)andy 2 E™4(X), xiy=( 1)":y[ x.

Proof. In general, for x 2 E™(X) and y 2 E™9(X), we have x|y =
( )™ Pay x. In particular, when X = P? and ¢ = ¢;( 2), we get ¢ = :c?.
This implies =1 from the previous corollary and the other assertion follows.
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3.2. The associated formal group law.
3.7. PutH (P*)=IlimH (P"). Then corollary B4 together with the relation

n> 0
@2 (i) implies H  (P* ) = A[[c]], free ring of power series over A with generator
¢ = (Cn )n> o Of degree (2;1). Moreover, H (Pt P ) =A[xy]l.
Consider the Segre embeddings nm : P" P™ I PYM*0M for (n;m) 2 N2

and the induced map on ind-schnemes : P! P! 1| P! . Then the map
H (P)! H (Pt PY) cor;o(asponds to a power series
F= axy 2A[xy]]

iij
which according to the classical situation in algebraic topology is a commutative
formal group law :

FO;0)=xFXy)=F(y;x);FOF(;2) =FFXY)2):

For any (i;j ) 2 N2, the element a;; 2 A is of homological degree (2(i +j  1);i +
j 1) and the first two relations above are equivalent to

Recall also there is a formal inverse associated to F, that is a formal power series
m 2 A[[x]] such that F (x; m(x)) = 0. We can find the notation x +r y = F(X;y)
in the litterature. For an integer n 0, we put [n][g X = x +g I +¢ X, that
is the power series in x equal to the formal n-th addition of x with itself. These
notations will be fixed through the rest of the article.

Proposition 3.8. Let X be a smooth scheme.
(1) For any line bundle L=X, the classc;(L) is nilpotent in H (X).
(2) SupposeX admits an ample line bundle. For any line bundled ;L ° over
X ’
Ly L2) =F(c(L1);ca(lz) 2 HEH(X):

Proof. For the first point, we first remark the question is local in X. As X is
noetherian, we are reduced by induction to consider an open covering X =U[ V,
such that c;(Ly) (resp. ci(Ly)) is nilpotentin H  (U) (resp. H (V)) where Ly
(resp. Ly ) is the restrion of L to U (resp. V). Let n (resp. m) be the order of
nilpotency of c;(Ly) (resp. ci(Ly)). Let Z =X U (resp. T =X V) and
consider the canonical morphism xw :Hy, (X)! H (X)forW =2Z;T. From
axiom (Loc), there exists a class a (resp. b) in H, (X) (resp. Hy (X) such that
a=cy(L)" (resp. b=c(L)M). AsZ\ T =, axiom (Loc) implies a[ zt b= 0.
Thus, relation @) implies c;(L)"*™ =0 as wanted.

The first point follows, as is locally trivial and the Chern class of a trivial line
bundle is 0 by definition.

For the second point, the assumption implies there is a torsor : X°! X under
a vector bundle over X such that X %is a [nel From axioms (Htp”) and (Exc), we

13Recall these properties follows from the fact that the coec  ients aj fori=n, j=mare
determined by the map on:m . The reader can nd a more detailed proof in [LMOZ]._broof of c  or.
10.6.
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obtain that M (X9 ! M (X) is an isomorphism. Thus we are reduced to the
case where X is a [nel

Then, the line bundle L is generated by its section (cf [EGAZ, 5.1.2,e]), which
means there is a closed immersion L! A% where n + 1 is the cardinal of a
generating family. In particular, we get a morphism

f:X' PLY P)! P

with the property that f %( ,) = L. In the same way, we can find a morphism
g:X ! P"™suchthatg *( n)=L% We consider the morphism

CaxX 1L oX  xtt 9 pn pmp M opnmanem.

By construction, ' *( nm+n+m) =L L%and this concludes, computing in two
ways the Chern class of this line bundle.

Consider a ringed motive E with regulatormap' :H ! E
The map E (PY)! B (P* P! defines a formal group law Fg with
coelciehts in E and Fe = ; ' s(&; ):x'y!. Thus the regulator map induces

a morphism of formal group law (A;F)! (E ;Fg).

Remark 3.9. In case F is the additive formal group law, F (x;y) = x +y, for any
ringed motive E, Fg is the additive formal group law. This is the case for example
if T =DM gm(S) or T is the category of modules over a mixed Weil theory.
When F is the universal multiplicative formal group law F = x +y + :xy , the
obstruction for Fg to be additive is the element ' ( ).

3.3. Higher Chern classes. We now follow the classical approach of
Grothendieck to define higher Chern classes. Consider a vector bundle E of
rank n > 0 over a smooth scheme X. Let (resp. p) be the canonical invertible
sheaf (resp. projection) of the projective bundle P(E)=X. From corollary [3Z]
there are unique classes ¢ (E) 2 H?" (X) for i = 0;:::;n, such that

X n i
(3-3) pEGENT () =0

i=0
and co(E) = 1.

Definition 3.10. With the above notations, we call ¢;(E) the i-th Chern class of
E. We also put ¢;(E) = 0 for any integer i > n .

Remark 3.11. In the case n = 1, due to our choice of conventions, =p (E). The
previous relation is not a definition, but a tautology. This enlighten particularly
our choice of sign in the previous relation. Besides, when c;( =) = c¢i( ) (in

particular when the formal group law F is additive), relation [Z3) agrees precisely
with that of [Gro58].

Remark 3.12. Considering any ringed motive E, with regulator map' :H ! E,
' ¢ defines Chern classes for cohomology with coe [ciehts in E. When no ringed
structure is given on E, we still get an action of the former Chern classes on the
E-cohomology using the action of the cohomology theory H (cf Z9).
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The Chern classes are obviously functorial with respect to pullback and invariant
under isomorphism of vector bundles. They also satisfy the Whitney sum formula
; we recall the proof to the reader as it uses the axiom (Kun)(a) in an essential
way.

Lemma 3.13. Let X be a smooth scheme and consider an exact sequence of vector
bundles overX :

0! E° E! E% o
P
Then forany k2 N, &(E) =, ;- G(E)1 G (F.

Proof. By compatibility of Chern classes with pullback we can assume the se-
quence above is split. Let n (resp. m) be the rank of E%=X (resp. E:X). Put
P = P(E) and consider c2 H%1(P) (resp. p: P ! X) the first Chern class of the
canonical Ige bundle on (resp. canonical pgojection of) P=X.

Puta= [,p(@ENc "andb= "1 p(g(EN):c" I as cohomology
classes in H (P). We have to prove a[ b= 0.

Consider the canonical embeddings i : P(E®! P andj:P P(E®! P. Then
i (@ = 0 which implies by property (Htp’) that j (a) = 0. Thus there exists
a2 HP(?EOQ(P) such that a = ¢ (a% where ¢ : HPéEOO)(P) I H (P)is the
canonical morphism. Similarly, there exists b° 2 HP(?EO) (P) such that b= g (9
where g : HP(?EO) (P)! H (P) is the canonical morphism. Then, relation Z1)
allowsq to conclude because P(E9)\ P(E® = ; in P and H." (P) = 0 from

property (Loc).

Remark 3.14. Suppose X admits an ample line bundle and consider a vector
bundle E=X. As a corollary of the first point of proposition B8 and the usual
splitting principle, we obtain that the class ¢, (E) is nilpotent in H (X)) for any
integern 0.

4. The Gysin triangle

In this section, we consider closed pairs (X;Z ) — recall X is assumed to be smooth
and Z is a closed subscheme of X . We say (X; Z ) is smooth (resp. of codimension
n) if Z is smooth (resp. has everywhere codimension n in X). A morphism of
closed pair (f;g) : (Y;T) ! (X;Z) is a commutative square

Tk

9] |f

Z
which is cartesian on the underlying topological space. This means the canonical
embedding T! Z x Y is a thickening. We say the morphism is cartesian if the

square is cartesian.
The premotive Mz (X)) is functorial with respect to morphisms of closed pairs.

14This is where axiom (Kun)(a) is used.
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4.1. Purity isomorphism. Consider a projective bundle over a smooth scheme
X of rank n. For any integer 0 r n, we will consider the embeddindﬁ

L(P): MR Y M (X )()[2i]! o

0 i n

M (P):

where the first map is the canonical embedding time ( 1)" and the second one is
induced by the isomorphism of theorem B2

4.1. Consider a smooth closed pair (X;Z ). Let Nz X (resp. Bz X ) be the normal
bundle (resp. blow-up) of (X;Z ) and Pz X be the projective completion of Nz X .
We denote by Bz (AL ) the blow-up of AL with center fOg Z. It contains as a
closed subscheme the trivial blow-up AL = Bz (AL). We consider the closed pair
(Bz (A% );AL) over AL, Its fiber over 1 is the closed pair (X;Z ) and its fiber over
0is (BzX [ PzX;Z). Thus we can consider the following deformation diagram :

(4.1) (X;Z)!'' (Bz(AX)AL) ° (PzXZ):

We will also consider the open subscheme Dz X = By (A}() Bz X, which still
contains Al as a closed subscheme. The previous diagram then gives by restriction
a second deformation diagram :

(4.2) (X;Z)!'* (DzX AL) ° (NzZX;Z):

Note these two deformation diagrams are functorial in (X;Z) with respect to
cartesian morphisms of closed pairs.

Remark 4.2. As we will see in the followings, one of the advantage to con-
sider the deformation space Dz X is that, when X is a vector bundle over Z
and the embedding Z X is the 0-section, we can define a canonical isomor-
phism DzX ' A! X. In fact, when X = Spec(A) and Z = Spec(A=l),
DzX = Spec( n2zI":t ™) with the convention that for n < 0, I"™ = A (t is
an indeterminate). Thus, if A = Ag[X1;::5Xn], | = (X1; 155 Xn ), We get an isomor-
phism defined on the a Cnellevel by

A% x%;ux011 ozl Mt M0 7 x0Tt Ix:

This isomorphism is independant on the regular sequence parametrizing | . Thus,
in the case when X is an arbitrary vector bundle, we can glue the isomorphisms
obtained by choosing local parametrizations.

Proposition 4.3. Let n be a natural integer.
There exists a unique family of isomorphisms of the form

Pxz) Mz (X) ! M(Z)(n)[2n]

indexed by smooth closed pairs of codimension such that :

15 The change of sign which appears in this formula amounts to ta ke —c instead of ¢ as a
generator of the algebra H '{P).
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(1) for every cartesian morphism (f;g) : (Y;T) ! (X;Z) of smooth closed
pairs of codimensionn, the following diagram is commutative :

Mr(Y) — 0 I, x)
Py, 1) ‘ ‘p(X,Z)
M (T)(m)2n] =2 (2)(n)i2n]:

(2) Let X be a smooth schemei: be a vector bundle oveK of rankn. Put P =
P(E 1). Consider the closed pair(P; X) corresponding to the canonical
section of P=X. Then pp.x ) is the inverse of the following composition

M O)(MEn] " MEPY My (P)

where the second arrow is obtained by functoriality inD .

Proof. Uniqueness : Consider a smooth closed pair (X;Z ) of codimension n. Ap-
plying property (1) above to the deformation diagram ), we obtain the following
commutative diagram :

MZ(X)71/MA12(BZ (Ax ) Q0" Mz (PzX)
P(x.z) p(Bz(A|§<),AIZ) P(Pzx%,2)

[
M @)miz2n] =" (a2 )nyizn] B M z)(n)2n]

The morphisms sp;s1 @ Z ! A% are respectively the zero section and the unit
section of A1=Z. Using axiom (Htp), so = s; . Thus in the above diagram,
all morphisms are isomorphisms. Now, property (2) stated previously determines
uniquely pp_x:z y, thus pix.z y is also uniquely determined.
Existence : Consider property (2). Leti:P(E)! P be the canonical embedding.
Its corestriction i°: P(E)! P X is the zero section of a vector bundle, thus it
induces an isomorphism on premotives from property (Htp’). By (Loc), we then
obtain the distinguished triangle :
MPE))!' MEP) MxP) ™

We easily obtain I, (P(E)) i =1, (P) for any integer r <n . Thus the composite
Ih(P) is an isomorphism as required. We put: pp.x) = In(P) L
Considering the proof of uniqueness, we have to show that o and ~; are iso-
morphisms. Considering the excision axiom (Exc), this is equivalent to prove the
morphisms

Mz(X)! " Ma(Dz(X)) ° Mz(NzX)
induced by diagram @2) are isomorphisms. In the case X = A} and the inclusion
Z X is the 0-section, the result follows from remark B2 and axiom (Htp).
We can argue locally for the Zariski topology on X . In fact, consider an open
cover X =U[ V, W =U\ V, such that the case of (U;Z\ U), (V;Z\ V) and
(W;Z\ W) are known. Using axiom (Sym), (Exc) and (Loc), the canonical map

V=V Z\V | X=X Z

M w=w Z\w u=u z\ U
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is an isomorphism, and the same is true when we replace (X;Z) by (Dz X; A).
This fact, together with the above three assumptions and axiom (Loc), allows to
obtain the result for (Dz X; Al).

Thus we can assume there exists a parametrisation of the closed pair (X;Z ), that
is to say a cartesian morphism (f;g) : (X;Z)! (A%*“;Ads) such that f is étale.
Consider the pullback square

There is an obvious closed immersion Z ! X and its image is contained inq *(Z).
As qis étale, Z is a direct factor of g 1(Z). PutW =q (Z) ZandQ=X° w.
Thus Q is an open subscheme of X © and the reader can check that p and g induce
cartesian étale morphisms

X;Z) (@z)! (AZ:Z):

The functorialty of @2) and axiom (Exc) allow to conclude in view of the previous
case.
To sum up, the purity isomorphism p(x.z y is defined as the composite

MzX!° May Bz(AY) !'" Mz (PzX)! M (Z)(n)[2n]:
We finally have to check the coherence of this definition in the case of the closed
pair (P; X), P = P(E 1), appearing in property (2). Explicitely, we have to check
that in this case ;> ~o = 1. This is easily seen considering the commutative
diagram :

P(z.P>x)

Mx|8>d —M AIX(B?@i )) 00°— Mx|8:’d

Mx (E) ——/May (Dx E) 00> My (E):

We have identified the projective normal bundle of (P; X) (resp. the normal bundle
of (E; X)) with P (resp. E). According to remark there is a canonical
isomorphism Dx E ' Al E through which ¢ (resp. 1) corresponds to the zero
(resp. unit) section. The homotopy axiom (Htp) allows to conclude.

4.4. Let X be a smooth scheme, E be a vector bundle over X of rank n and put
P =P(E 1). Let be the canonical line bundle on P, and p: P ! X be the
canonical projection. We define the Thom class of E=X as the cohomology class

x n i
tE)= p@E)NI( al))

i=0
in H2"(P). This is in fact a morphism M (P) ! (n)[2n] whose restriction to
M (P(E)) is zero. This implies the morphism

p tE):M(P)! M(X)(n)2n]
factors as a morphism My (P) ! M (X )(n)[2n] and this latter is equal to pp.x ).
Indeed, p t(E) is a split epimorphism with splitting I, (P).
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We introduce the Thom premotivﬂ as M Th(E) := Mx (E) - remark it is functo-
rial with respect to monomorphisms of vector bundles. Using property (Exc), the
natural morphism M Th(E)! Mx (P) is an isomorphism. As a consequence, the
morphism p  t(E) induces an isomorphism M Th(E) : M Th(E)! M (X)(n)[2n]
which is precisely the purity isomorphism pe.x ). In the litterature, this arrow is
called the Thom isomorphism.

Remark 4.5. Recall the universal quotient bundle on P is defined by the exact
sequence

o ! pXE 1! 1 0
Thus the Whitney sum formula B3 gives: t(E) =cn( ):

Definition 4.6. Let (X;Z) be a smooth closed pair of codimension n. Put
U =X Z and consider the obvious immersionsi:Z! X andj:U! X.
Considering the notations of the previous proposition, we call pix.z y the purity iso-
morphism associated with (X;Z ). Using this isomorphism together with property
(Loc) we obtain a distinguished triangle

M (X Z)!j M(X)!i M(Z)(n)[Zn]!@(’Z MX  Z)[1]
called the Gysin triangle. The morphism i (resp. @.z ) is called the Gysin
morphism (resp. residue morphism) associated with (X;Z).

Example 4.7. Let X be a smooth scheme and E=X be a vector bundle of rank
n. Put P = P(E 1) and consider the canonical sections: X ! P of P=X. Then
property (2) of proposition 3 impliess [, (P) =1 : the Gysin triangle of (P; X)
is split and @.x = 0. Moreover, remark £2] and the previous definition implies
that

s =p tE):

4.2. Base change.

Definition 4.8. Let (X;Z) (resp. (Y;T)) be a smooth closed pair of codimension
n (resp. m). Let (f;g) : (Y;T)! (X;Z) be a morphism of closed pairs. We define
the morphism (f;g), : M(T)(m)[2m] ! M (Z)(n)[2n] by the equality (f;g): =
p(X;Z ) (f; g) p(yl;'r)-

Thus we obtain a commutative diagram

(4.3) MY T)——Ihy)—K—ii (T)(n)[2n]ﬂ/4v|(v 1]
h‘ f oy ‘hm

MX  Z) M (x) M @2)()len] =2 (x - Z)[1]

where i, j, k, | are the obvious immersions and h is the restriction of f .

In what follows, we will compute the morphism (f; g ) in various cases. The com-
mutativity of the second square will give us re ned projection formulas. The new
thing in our study is that any such formula corresponds to another formula involv-
ing residue morphisms as we see by considering the third commutative square.

16Analog of the Thom space in algebraic topology.
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Remark 4.9. The notation (f;g), is to be compared with the notation of [[Ful98]
for the “refined Gysin morphism”. In fact, the reader will notice that in the
case of motivic cohomology, our formulas extend the formulas of Fulton to the
case of arbitrary weights (and arbitrary base). Be careful however that our Gysin
morphismi :M(X)! M (Z)(n)[2n] corresponds to the usual pushout on Chow
groups (cf [Dég08][1.21]). The Gysin morphism considered by Fulton is induced
by the usual functoriality of motives. This fact can be understand if we thought
of Chow groups over a field studied by Fulton as motivic homology with compact
support.

4.2.1. The transversal case.

Proposition 4.10. Consider the hypothesis of de nition[Z.8.
Suppose(f; g) is cartesian andn = m. Then (f;g), =g (n)[2n].

Proof. Diagram @) is functorial with respect to cartesian morphism. Let p :
PrY ! PzX be the morphism induced by (f;g) on the projective completions
of the normal bundles. Through the morphisms ¢ and ~; for the closed pairs
(X;Z) and (Y;T), the morphism (f;g) is isomorphic to

(P:g) :M(PrY;T)! M(PzX;Z):

Asn=mandyY =X zT,onehasPtY =PzX 7 T. Using the compatibility
of the projective bundle isomorphism with base change, we see that the following
diagram commutes

M (T)(n)i2n] — LIy Py v)

g (n)i2n] | L (P2X) |p
M (Z)(n)[2n] ——=—M (P2 X)

which concludes in view of the property (2) in proposition 3

Corollary 4.11. Consider a smooth closed pair(X;Z) of codimension n and
i:Z! X the corresponding immersion. PutU =X Z.

Then (1 i) i =i 1x asamorphismM(X)! M(Z X)(n)[2n],
and( 1y ) @z =@z i asamorphismMZ)(n)[2n]! MU X)[1].

Proof. We consider the cartesian square
z — Ik

i | x

7z X 2K x

where x is the diagonal embedding of X=S. The two formulas then follow from the
previous proposition applied to the morphism of closed pairs ( x; i) : (X;Z)!
(X X;Z X) with the help of the following elementary lemma :

Lemma 4.12. Let (X;Z) be a smooth closed pair of codimensiom and Y be a
smooth scheme.

Then( 1ly) =i 1y and@ vz vy =@z 1y .
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Using axiom (Kun)(a) and (Kun)(b), the lemma is reduced to prove that
Px vz v) = Pxz) Y. From the construction of the purity isomorphism,
we are reduced to show that for a projective bundle P=X, p v = p 1x Us-
ing the notations of theorem B2 This last equality follows finally from axiom
(Kun)(a) and the functoriality of the first Chern class in axiom (Orient).

Remark 4.13. (1) In the formula of this lemma, there is hidden a permutation
isomorphism for the tensor product. In this paper, we will not need to
care about this isomorphism. However, in some cases, it may result in a

change of sign (see [Dég05], rem. 2.6.2).
(2) Considering a ringed premotive E, the previous corollary gives the usual
projection formula for i : for any z 2 E (Z) and any x 2 E (X)),

i ri xX)=i @)1 x.

4.14. Let (X;Z ) be a smooth closed pair of codimensionn,i:Z ! X the corres-
ponding closed immersion. Following Grothendieck (see [[Gro58]), we define the
fundamental classof Z in X as the cohomology class x (Z) =i (1) in H2™" (X).
As a morphism, it is equal to the composite

MO M@)mn]! 2 (n)2n]

where 7z :Z! S is the structural morphism of Z=S.
Suppose that i admits a retraction p: X ! Z. Then corollary 3.10 gives the
following computatiorft] of the Gysin morphism :

4.4) i =p x(2):
Suppose given a vector bundle E=X and put P = P(E 1). Applying example
ED, we get

p(X)=t(E)
where X is embedded in P through the canonical section. Indeed example B is
a particular case of the formula ().

More generally, we can define the localised fundamental classof Z in X as the
cohomology class “x (Z) 2 H2™" (X ) equal to the composite

P(x,z)

Mz (X)! M@Z)M[2n]! Z  (n)[2n]:

Considering the canonical morphism x.z :HZ"" (X)! HZ2%" (X), we have tau-
tologically xz (x(2)) = x (2).

For any vector bundle E=X of rank n, P = P(E 1), the localised Thom class
t(E) = p(X) is uniquely determined by the Thom class t(E). Usually, t(E) is
considered as an element of HZ"" (E) using axiom (Exc).

As a last application of the previous corollary, let us remark the following :

Corollary 4.15. Let (X;Z) be a smooth closed pair of codimensiom, and P be
a projective bundle of rankn over X .

17 considered in cohomology, this is a well known formula.
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Then for any integer r 2 [0; n], the following diagram is commutative :

M (Py) —— I (P) —— I (P )(m)[2m] — 22— M (P )[1]

pv ci( v)' p c( )" pz ci( z)" pv 11 ci( v)©
M (V)(O)2r] ~—M (Y)(N)[2r] ——M @) (r + m)2(r +m)] B (v)(OPer + 1];

In particular, the Gysin triangle is compatible with the projective bundle isomor-
phisms and with the induced embeddings I, (P-).

4.2.2. The excess intersection caseRemark that in the hypothesis of definition
we have a canonical closed immersion

NtY! g (NZ X ):
In particular, we have necessarily the inequality n  m.

Proposition 4.16. Consider the hypothesis of de nition[48. Suppos€(f;g) is
cartesian.
Pute=n m and consider =g *(NzX)=NtY, quotient vector bundle overT.

Then (f;9) = (@ 1 c())(M)[2m].

Remark 4.17. The integer e is usually called the excess of intersectionand the
excess intersection bundle

Proof. The morphism (f; g) induces the following composite morphism on normal
bundles :

0
NTY' g Y(N2X)% NzX:

Thus, considering now the functoriality of diagram {2) with respect to the carte-
sian morphism (f;g), we obtain (f;g) = (; 17)1(g% g);. From proposition B0,
(%) =g (n)[2n]. We conclude using the following lemma :

Lemma 4.18. Let E and F be vector bundles over a smooth schenieof respective
rank n and m. Consider a monomorphism :F ! E of vector bundles and put
e=n m.

Then (; 1t = 17 c(E=F) (m)[2m].

To prove the lemma, we use the description of pe.ry and pe 7y using the Thom
class (cfEEd). Let P, Q and ~ : Q! P be the respective projective completions
of E,Fand . Letp:P! Tandg: Q! T be the canonical projections. We
are reduced to prove the relation = (t(E)) = (q ce(E=F))[ t(F) in H2"" (Q).
From remark B3, we get t(E) = c,( p) (resp. t(F) = cm( o)) Where p (resp.
o) is the universal quotient bundle on P (resp. Q). Thus, the relation follows
from the Whitney sum formula and the following exact sequence of vector
bundles over Q :

0! o! ~tp! gqlE=F)! o
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Corollary 4.19. Let (X;Z) be a smooth closed pair of codimension. Then :
Q) ii =1z c(NzX) as a morphismM (Z)! M (Z)(n)[2n].
(@ @z 1z c(NzX))=0.

This follows from the previous proposition applied with (f; g) = (i; 1z). We usually
refer to the first formula as the self-intersection formula.

4.20. Consider a vector bundle E over a smooth scheme X of rank n. Let E
be the complement of the zero section in E and : E ! X be the obvious
projection. Then using property (Htp’) and the previous corollary, we obtain
from the Gysin triangle for (E; X ) the following distinguished triangle

ME ) MO " MmeOmpnE* ME
which we shall call the Euler distinguished triangle Indeed, in cohomology with
coe [ciehts in a ringed premotive E, it corresponds to a long exact sequence where
one of the arrow is the cup product by ¢, (E).

As a corollary of the self-intersection formula EET9, we obtain the following tool
to compute fundamental classes which generalises in our setting a theorem of
Grothendieck (cf [Gro58, th. 2]).

Corollary 4.21. Consider a smooth closed pair(X;Z ) of codimension n. Let
i be the corresponding closed immersion andy (Z) =i (1) 2 H2™" (X ) be the
fundamental class ofZ in X (cf E.T4).

Suppose there exists a vector bundle on X and a sections of E=X such thats
is transversal to the zero sectionsy of E and Z = s 1(sp(X)).

Then, x(Z2) =c,(E).

It simply follows from corollary EET9 applied to sp together with proposition EZTO
applied to the following transversal square :

z Lk

| I

x >E:
Example 4.22. Let E be a vector bundle of rank n over a smooth scheme X .
Put P =P(E 1) andconsiderp:P ! X (resp. s: X ! P, ) the canonical
projection (resp. section, line bundle) of P=X. Consider finally the vector bundle
F= - p YE)over P. The sequence of morphisms of vector bundles over P,

L pHE D! p E)
gives a section of F=P. We check easily it is transversal to the zero section and
we have  1(0) = X, while the embedding 1(0) ! P iss. Thus we obtain from
the previous corollary x (P) = ¢, (F). Considering paragraph EET4 and remark
4 we thus obtain three expressions of the fundamental class of X in P :

tE)=c p E D= =c - pE):
Note the last equality, though obvious in the case where F is the additive formal

group, is not evident to check directly in the general case. However, we left as
an exercice to the reader to check it using the inverse series of the formal group
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law F in the case of a line bundle. This implies the general case by the splitting
principle.

4.2.3. The rami ed case. In this section, we study the case of a morphism (f;g) :
(Y;T)! (X;Z) of smooth closed pairs of same codimension n. This corresponds
to the proper casein the operation of pullback of Z along f. We put T°=2 x Y
and consider the canonical thickeningaT°®! T induced by (f; g).
We first need an assumtion. Let T= ., Tbe the decomposition into cgnnected
components. For any i 2 |, we also consider the decomposition T? = i20; TijO
into irreducible components. Put T; = TP 1oT. AsT ! TOis a thickening,
the geometric multiplicity m(TiJQ) of TiJQ is an integral multiple of the geometric
multiplicity m(T; ) of T; . We introduce the following condition on the morphism
(f;9):
(Special) For any i 2 |, there exists an integer r; 0 such that for any j 2 J;,
m(T?) = ri:m(Ty ).
The integer r; will be called the rami cation index of f along T;.

Remark 4.23. When S is irreducible, this condition is always fulfilled. When S
is integral, T is irreducible and the integer r; is nothing else than the geometric
multiplicity of T2,

Under this assumption, we define intersection multiplicities which take into ac-
count the formal group law F introduced in paragraph 7

Let B be the blow-up of A} with center fOg Z, and P its exceptional divisor.
PutC=B x Y,andforanyi 21, Q; =P 1 T;. Remark that Q;=T, admits
a canonical section s;. We denote by L; the line bundle over T; obtain by the
pullback of the normal bundle Ng,(C) along s;. We consider the localised Thom
class t(Li) 2 H¥* (L) (cfEI); we recall it is sent to 1 by the purity isomorphism
Py P HT (L)L HEOT).

Note that, according to remark BT4, the Thom class t(L;) is nilpotent. Thus,
the same is true for t(L;). In particular, we can apply the power series [ri]Jr (see
paragraph 7)) to the element t(L;) of the A-algebra Hy, (Li). This defines an
element [ri]Jr  t(Li) 2 Hy, (Li) of bidegree (2;1).

Definition 4.24. Consider a morphism (f;g) : (Y;T) ! (X;Z) which satisfies
the condition (Special). Assume T admits an ample line bundle.

We consider the notations introduced above. For any i 2 |, we define the F-
intersection multiplicity of T; in f %(Z) as the element

r(Ti;f;g) = P [rilr t_(l—) 2 HO;O(Ti)
where r; is the ramification index of f along T;.

A straightforward check shows the F-intersection multiplicities are compatible
with flat base change. When the formal group law F is additive, we easily get
that r(Ti;f;9) =r;.

In the codimension n = 1 case, we can also consider the localised fundamental class
v (T) 2 HTil(Y) introduced in paragraph EET4 It corresponds to the localised
Thom class t(N1,(Y)) under the isomorphisms given by the deformation diagram
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#&2). Thus applying remark B4 as above, we obtain that the class "y (T;) is
nilpotent. In particular, we can consider the class [ri]e v (Ti) 2 HZ*(Y) obtained
by applying the power series [ri] of BZ1 We then obtain a natural expression of
the F-intersection multiplicity :

Lemma 4.25. Consider the hypothesis and assumptions of the previous ddtion
and assumen = 1. Let v (T;j) 2 Hﬁl(Y) be the localised fundamental class df; in
Y (cf paragraph[4:13) andpy ., Hﬁl(Y) I HO%O(T;) be the purity isomorphism
in cohomology.

Then, r(Ti;f,9) =Py [rile v (T) -

Proof. We may assume T is connected. Thus | =figand we putL =L;,r =r;
with the notations of the previous definition. As n = 1, the zero section of AL =X
induces the following transversal square

Z=P(NzX)b(N;Xx 1)=P
X =B;X —/B,(AL)=B

which, after pullback above Y gives a cartesian square, still transversal, T L/Q

]
y It
with t the canonical section of Q=T. Thus we get :
Pt ) (rle (L)) =t Pinoco) ([r]F t(NQC)) =t Pco)(rlF c(Q))
=pyn)(rlr v (M)

where the last equality follows from the transversal square above and proposition
EETO whereas the other equalities follow from the definitions.

Before stating the main result of this section, we need to recall an extension of
the functoriality of the deformation diagram (@32) to certain morphisms of closed
pairs (see also [Deg03, proof of 3.3]).
Consider a morphism (f;g) : (Y;T) ! (X;Z) of smooth closed pairs of codimen-
sion 1. Let | (resp. J, J 9 be the ideal defining Z in X (resp. T inY, T%in Y).
The map f induces a morphism ' : 1! f J °of sheaves over X.
We consider the second deformation space Dz X =Bz (AL) BzX asinEIl An
easy computation shows |

M !

Dz X = Specy I ":u

n2z
where | " = Ox for n< 0, and u is an indeterminate.
Assumdd J °=J ". Then we can define a morphism of sheaves of rings over X :

i

M ] M
[ "u "1 f @™ "t f @My M
n2z n2z m2Z

n

18 As the immersion T - Y is regular, this can happen only in the codimension 1 case. No te
it implies ( f, g) satis es the condition (Special) and the rami cation inde  xes are all equal to r.
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where the first arrow is induced by ' and the second is the obvious inclusion which
mapsutov' asJ%=J".
Taking the spectrum of these morphisms over X, we get a morphism

r(£;9):DrY ! DzX

of schemes over A'. The fibre of | (f;g) over 1 is simply f and one can check that
its fiber over 0 is a composite morphism

r(f;g) i NTY! g NzX! NzX

such that is induced by g and is a homogenous morphism of degree r. Thus,
considering the respective deformation diagrams @2) for (X;Z) and (Y;T) we
obtain a commutative diagram of closed pairs

0 0
(4.5) (Y;T) ——/DrY;A}) 00> (N7Y;T)
|
(f;g)‘ ( r(f;gl);l 9) ( r(f;9);9)

(X;2) —NDzXx; AL)00° (N;X;Z):

Theorem 4.26. Let (f;g) : (Y;T)! (X;Z) be a morphism of smooth closed pairs
of codimensionn. We assumeT admits an ample line bundle and(f; g) satis es
condition (Special).
Then X
fagy=r@:fg) g

S i21
whereT = ,,, T; is the decomposition into connected componentg = gjr; and
r(Ti;f;g) is the F-intersection multiplicity of T; in f %(Z).

Proof. Using axiom (Add’), we can assume T is connected.
We first reduce to the codimension n = 1 case. Consider the blow-up B = Bz (A} )
and its exceptional divisor P = P(Nz X 1). Consider also the cartesian morphism
P;9 :B;P)! (X;Z). fweputBy =B x Y,Q=P 7z T, we obtain the
following commutative diagram of morphisms closed pairs :

By:Q) L /B;P)
( %) | (f9) |CGp)
;) —x; 2 ):

By definition, (f;g)i( %) = (;p 1(f % ¢

Note that (;p) and ( %q) are cartesians. We can apply proposition EZT8 to
(;p) : the excess intersection bundle is the universal quotient bundle ¢ on P
and (;p) = p c¢n(o). Thus, according to remark B3 and paragraph ET4]
(;p)=s wheres: X ! P is the canonical section.

Similarly, if we put =¢g° (o), weget ( %a) =q c ()=t witht:T! Q
the canonical section. Note this latter morphism is a split epimorphism with
splitting 1, (Q). Thus we get

fg)y=s (%% L@Q):
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Remark that Q = P g By. Thus the morphism (f % g% of smooth closed pairs
of codimension 1 satifies the condition (Special) and the ramification indexes of f
along T and f ®along Q are equal. Assume (f %g% =r(Q;f%g% g° According
to the expression above, we get

hor= r@f%) s¢® h@Q% r@Qf%d gt Ih(Q
2 (@f%d t) gt LQ=0Qf%) t) g:

where equality (1) follows from the projection formula of proposition EZT0 and
equality (2) from the other projection formula of corollary EIT. From definition
the reader can now easily check the equality of the cohomological classes
t [r(Q:f% g0 =r(T;fq).

Thus we are reduced to the case n = 1, T still being connected. Let r be the
ramification index of f along T. Let J (resp. J 9 be the ideal sheaf of T (resp.
TYinY.AsZ! X and T! Y are regular immersions of a divisor, we see that
necessarily, J© = J ". Considering now diagram @3), we obtain that (f;g) =
( r(f;9);9). In view of the factorization of the morphism [ (f;g), we then are
reduced to the following lemma :

Lemma 4.27. Let T be a smooth scheme which admits an ample line bundle.
Consider a line bundleN over T and N " be itsr-th tensor power overT.

Let :N ! N ' be the obvious homogenous morphism of degreeand (; 1t1) :
(N;T)! (N ";T) be the corresponding morphism of closed pairs.

Then (; 17) = 1t where is the unique element ofH °(T) such that[r]e
t(N) = :t (N).

PutP = P(N 1), P°=P(N " 1) and consider the projective completion
T:P 1 POof . Let (resp. 9 be the canonical line bundle and p (resp. p° be
the canonical projection of P=T (resp. P%T). An easy computation shows that
(9= . Recall from EZZ2 that the Thom class of N (resp. L ") is equal
tot(N) =ci( - p IN) (resp. t(N ") =ci( - p°iIN 7). Thus, from the
second point of proposition B8, ~ t(N ") =[r]r t(N). This latter class is zero
on P T, thus we get the relation [r]r t(N) = :t (N) in HZ(P). The conclusion
now follows according to the computation of the Thom isomorphism EZ1

To finish the proof with that lemma, we remark that =r(T; ; 1r) =r(T;f;g).

Corollary 4.28. Let (f;g) : (Y;T) ! (X;Z) be a morphism of smooth closed
pairs of codimension 1. We assumeT admits an ample line bundle and(f;g)
satis es condition (Special). Let (Ti)i2; be the connected components of , and
ri 2 N be the rami cation index of f along T;.

Then, for any i 2 |, the fundamental class v (T;) is nilpotent and

X
f(x@)= TIle (M)
i21
where [ri] is the power series equal to the;-th formal sum with respect to the
formal group law F.
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Proof. Leti:Z ! X andj; : Ti ! Y be the canonical immersions. We simply
put ; =r(Ti;f;g) 2 H%°(T;). In cohomology, the preceding theorem applied to
(f; g) gives the relation

X
fi@= 1Ji(i g(@)

i2l
forz2 H (Z). Applied with z = 1, this gives f ( x (2)) = P iJi (). Recall
from lemmaEZ3 that | = py.r,,([rilF “v (Ti)). Tautologically, the composition
ji Pey:T is equal to the canonical morphism Hy, (Y) ! H (Y) simply obtained
by functoriality. For conclusion, it is su [cieht to recall this latter is a morphism
of A-algebra (cf paragraph Z3).

Remark 4.29. In the previous corollary, the integers r; can be understood as fol-
lows: locally, Z is parametrized by a S-@gular function a: X | Al. Then, (f;g)
is special ifa f can be written locally u: * ,, bf* whereuisaunitandb : Y ! Al
is a S-regular function parametrizing T; — this expression should remain the same
when we change any of the parameters by or a.

4.3. Crossing Gysin triangles. The following lemma will be the key point of
the main result of this section. Though it will appear finally as a particular case,
we begin by proving it to enlighten the proof of theorem EZ32

Lemma 4.30. Let Z be a smooth schemeE and E° be vector bundles oveZ of
respective ranksn and m. Put Q=P(E 1), Q°=P(E°® 1)andP =Q ; Q°
Consider the fundamental class (see paragraghi ZJL4)» (Z) (resp. p(Q), p(QY)
of the canonical embedding o (resp. Q, Q9 in P, as an element ofH (P).

Then p(Z)= p(Q)1 »(QY.

Proof. Putd = n+m. Let p(Z) be the localised fundamental class of Z in P
(cf paragraph EETZ). Consider the deformation diagram @) for the closed pair
(P;Z), with B =Bz (A}):

(P;Z)!'* (B;AZ) ° (P;2Z):

As 4 and ; are isomorphisms, p(Z) is uniquely determined by the class t=
“1(p(2)) and t is uniquely determined by the fact that —,(t) corresponds to the
Thom class t(E ~ E9 in H2%d(P).
Consider the divisor D =Bz (A! P(E) P(E°® 1)) (resp. D°=Bz(A' P(E
1) P(E?Y)in B and the classc= ¢ (D) (resp. = ¢;(D9Y) in HZ(B). Let
be the canonical projection of P=X. We define a conomology class in H%1(B) :
0 1 0 1

X , X :
t=@ CE)NC AL @ G ENL ™ A
0 i n 0j m
Then t vanishes on B A} and, by construction, its pullback by o is equal to

t(E E9. Thust corresponds to the class t mentionned above, through the map

H284(B) ! H2%(B). The computation of its pullback by ~; gives the desired
z

formula.
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Remark 4.31. Another way to obtain this lemma is to apply corollary EEZT with
X=PandE = ; Owhere (resp. 9 is the universal quotient bundle of Q
(resp. Q% — compare with remark B3

Theorem 4.32. Consider a cartesian square of smooth schemes L/A(O such
| ) i
v
that i,j ,k,I are closed immersions of respective pure codimension, m, s, t. We
put d = n+s = m+t and consider the closed immersiorh: (Y zZ)! (X Y9

induced byi.
Then, in the following diagram :
M (X)) —— I (YO m)zm] ——= I (x YO]
2
i ‘ 1) k ‘h
M (V)()[2n] ———IM @)(@)l2d] —=—IM (Y Z)m)an +1]
@ o> ‘ (3) ‘ @ voy z

MY  Z)m)[2m + 1] m/M X Y[ Y9

squares (1) and (2) are commutative and square (3) is anti-conmutative.

Proof. PutY%=Y[ Y© Using axiom (Loc) and (Sym)(c), we obtain the following
diagram :

D) MX Y9 —x YY) M X Mx  Y9[1]
| | | |

MX Y)— I (x) M X Mx YO
| | @) | @ |

U M 25 M o M w1

| ® ‘
MX Y9 —Mx v —M X [—Mx Y92

X YO0

in which any line or any row is a distinguished triangle, every square is commuta-
tive except square (3) which is anticommutative.
We put M (X;Y;Y) = M 2% Yo for short. The proof will consist in
constructing a purity isomorphism pix .y.yo : M (X Y;Y9 1 M (Z)(d)[2d] which
satisfies the following properties :

(i) Functoriality : The morphism p(x .y.y o) is functorial with respect to mor-

phisms in X which are transversal to Y, Y%and Z respectively.
(ii) Symmetry : The following diagram is commutative :

MXY: Y I §X;Y°;Y)
P(x;v,v 0 (X:;Y0,v)

M (Z)(d)[2d];
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where is the isomorphism given in axiom (Sym).
(iii) Compatibility : The following diagram is commutative :

M (%) M (%5 I (X;Y; Y9 I (X))
| | | |

P(x vOovy =z P(x,v) P(x;v,v 0 P(x voyvy =z

| | . | |
MY  Z)n)2n] —/M (Y)()[2n] =M (2)(d)[24] @z (Y Z)()[2n +1]

With this isomorphism, we can deduce the three relations of the theorem by con-
sidering squares (1), (2), (3) in the above diagram when we apply the evident
purity isomorphisms where we can. We then are reduced to construct the isomor-
phism and to prove the above relations. The di Ccult one is the second relation
because we have to show that two isomorphisms in a triangulated category are
equal. This forces to be very precise in the construction of the isomorphism.

We use a construction analog to the construction of the purity isomorphism in
proposition The first deformation space (cf paragraph 1) for the pair (X;Y )
is B =By (AL). We let P = Py X be the projective completion of the normal
bundle of (X;Y ). Consider also the closed pair (U;V) = (X Y%Y Z). The
analog deformation space for (U; V) isBy = B x U and the projective completion
of its normal bundleisPy =P y V.

The deformation diagrams @) for (X;Y ) and (U; V) induce the following mor-
phisms

X=X Y ,. ,, _B=B Al ooy _PFPY
usu Vv Bu=Bu A} Pv=Py V
and the axiom (Loc) together with the purity theorem B3 shows o and 1 are
isomorphisms.

Using the compatibility of the Gysin triangle with the projective bundle isomor-
phism (cf corollary ELTH), we obtain a commutative diagram :

M(X;Y;Y)=M

M(Pv=‘%/o V)—/M(P=‘FC’)OU) M st —

M (Py) ————— L (P) ———— I (£ ——

1
H ‘ ‘WPPZ)

MRy ———M By———M (P2 )y2s) ——!

In(Pv) ‘ In(P) _ In(P2)(s)i2s]
M(Y  Z)(n[2n] —M (Y)(n)[2n] ——M (Z)(d)[2d] ——

The composite of the vertical maps thus gives a morphism of triangles. Using
property (2) of proposition the first two maps of this morphism are isomor-
phisms and so is the third. This last isomorphism together with the maps ; and
"o gives the desired isomorphism pix .v.yo.

Note that property (iii) is obvious by construction. Property (i) is easily obtained
as in proposition IO
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Thus we have only to prove property (ii). First of all, we remark that the previous
construction implies immediately the commutativity of the diagram :

M (X Y: YO — Y0y (x:vi2)
P(x;v,y 0 (X;Y,2)

M (Z)(d)[2d];

where (x .y.yo is induced by the evident open immersions.
Consider the following map

1
xavivy TMz(X) LT MG Y2 T MG YY)

where (x.y.z ) is obtained by functoriality as usual - it is an isomorphism from
axioms (Loc) and (Sym). Using the coherence axiom (Sym)(b), one checks that
the following diagram is commutative

M (X)

(X;Y,Y9 YO.v)

MX;Y:Y) —— M (X Y% Y):

Thus, it will be su Ccieht to prove the commutativity of the following diagram :

Mz (X Yz (X:Yi2)
p(x,z[%‘) (X;Y,Z)

M (Z)(d)[2d]:

In the remainings of the proof, we consider the triples of smooth schemes
X%Y%Z% suchthat z® YO XOare closed subschemes. A morphism of triples
(f;g;h) - (X0y%0Zz09 1 (X%Y%Z9 is a morphism of schemes f : X1 X0
which is transversal to Y% and Z° and such that Y®=1f (Y9, z®%=1f 1(Z9.
Using the functoriality of px.y.zy, we remark that diagram ( ) is natural with
respect to morphisms of triples.

We use the notations of paragraph EZIL We also put B(X%Z9 := Bzo(X 9, for
a closed pair (X%2z9, and so on for the other schemes depending on a closed
pair, to clarify the following considerations. We consider the evident closed pair
(DzX;DzXjy) and we put D(X;Y;Z) = D(DzX;D zXjy). This scheme is
in fact fibered over A2. The fiber over (1;1) is X and the fiber over (0;0) is
BBzX [ PzX;BzXjy [ PzXjy). In particular, the (0;0)-fiber contains the
scheme P(PzX;P2zY).

We now put : D =D(X;Y;Z), D°=D(Y;Y;Z). Remark that D(Z;Z;Z) = AZ.
Similarly, we put P = P(PzX;PzY), Q = PzY. Remark finally that if we
consider Q= Py Xjz, thentd P =Q 2 Q°

From the above description of fibers, we obtain a deformation diagram of triples :

X;Y;Z)! (D;D%AZ) (E;G;Z):
17his is equivalent to the canonical isomorphism  N(Nz X,NzY)= NzY [N} X|z.
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Note that these morphisms are on the smaller closed subscheme the (0; 0)-section
and (1; 1)-section of AZ over Z, denoted respectively by s; and so. Now we apply
these morphisms to diagram ( ) obtaining the following commutative diagram :

MZ(X%i/MAZ (D%"I— MZ(P

P(x.z) p(D/-\Z) p(F’ Z)
M(XYZ) /M(D D%AZ) M(PQZ)
@VZ)

M (Z)(d)[2d] —/M (A2 )(d)[zou 00— M (Z)(d)[2d]:

The square parts of this prism are commutative. As morphisms s; and sp are
isomorphisms, the commutativity of the left triangle is equivalent to the commu-
tativity of the right one.

Thus, we are reduced to the case of the smooth triple (P; Q;Z). Now, using the
canonical split epimorphism M (P)! M (P=P Z), we are reduced to prove the
commutativity of the diagram :

M (P) LTI
i w s A
M (Z)(d)[2d] P C e

where i :Z ! P denotes the canonical closed immersion.
Using property (iii) of the isomorphism pee.o.z ), we are finally reduced to prove
the commutativity of the triangle

AT (Q)(n)[2n]
k

il

(2)(d)[2d]

where we considered Z! ¥ Q! " 'P the canonical closed embeddings. This now
simply follows from paragraph 214 and lemma E30

As a corollary (apply commutativity of square (1) in the case Y°= Z), we get the
functoriality of the Gysin morphism of a closed immersion :

Corollary 4.33. Let Z ''v1 ' X be closed immersions between smooth schemes
of respective pure codimensiom and m.

Then,| i =( 1) as a morphismM(X)! M (Z)(n+ m)[2(n + m)].
A corollary of this result, using lemma is the compatibility of the Gysin
morphism with products :

Corollary 4.34. Consider a closed immersioni : Z ! X (resp. k: T ! Y)
between smooth schemes of pure codimension(resp. m).
Then (i k) =i k as a morphis

MX) M(Y)! M@Z) M(T)n+m)2(n+m).

20 When we identify M (Z)(n)[2n] CM(T)(m)[2m] with M(Z) CM(T)(n + m)[2(n + m)]
through the canonical isomorphism.
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Remark 4.35. In the hypothesis of the previous corollary, we obtain in terms of
fundamental classes :

x vy(Z T)= x(@) ()

We also obtain a result of intersection of fundamental classes in the case of smooth
cycles :

Corollary 4.36. Let X be a smooth schemeZ and T be smooth closed subschemes
of X. We assume that :
(1) The intersection of Z and T in X is proper.
(2) There is a closed subschem&/ in Z\ T which is smooth, homeomorphic
to Z\ T and admits an ample line bundle.
(3) The induced morphism of closed pairT; W) ! (X;Z) satis es condition

(Special).
Let xw :Hw (X)! H (X) be the canonical morphism. According to(Add"),
Hy X) =5, Hy, (X) where (W;)i2, are the connected components ofV. For

any i 2 |, we can consider the localised fundamental classk (W;) as an element
of Hy, (X) (see paragraph[ZI§). We let | 2 H%°(W;) be the F-intersection
multiplicity of W, in Z\ T (see de nition E@ Then,

x(Z) x(T)= xw im x (W)

using the H %°(W)-module structure of H,, (X) obtained through the purity iso-
morphism.

i21

Proof. We apply theorem to the obvious square :
0

w —/fr

9] ki

z —k:
Foranyi 2 1, welet ?(resp. ;) be the immeysion of Wi in T (resp. X). We
thus obtain the formulainH (T): f ()= ,, oD.
Applying f - to this formula and using corollary LTI for the left hand side, corollary

E33for the right hand side, we obtain x (Z) x(T)= 5, i (). Bythevery
definition now, ; (i) = xw (i x (W)).

5. Duality and Gysin morphism

5.1. Preliminaries. For the rest of the section, we fix a monoidal category C
with unit

Definition 5.1. Let M an object of C.

We say M is strongly dualizableif the following conditions are fulfilled :
(1) The functor M : admits a right adjoint Hom(M; :).
(2) For any object N of C, consider the map

M  Hom(M; ) NP ™ N

induced by the evident adjunction morphism. Then the adjoint map
Hom(M; ) N ! Hom(M;N)
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is an isomorphism.

This definition coincides with definition 1.2 of [DP80]. Obviously, strongly dual-
izable objects are stable by finite sums and tensor product. Remark also that any
invertible object of C for the tensor product is a fortiori strongly dualizable.

Definition 5.2. Consider an object M of C.
A strong dual of M is an object M- of C and two morphisms M M-1 |
I M- M such that the following composites

M mM* M M- M WM

1

i) M-t *M- M MYt M-

are the identity morphisms.

The conditions of the definition imply that M- : is right adjoint to M  : and
the natural transformations :and . are the adjunction transformations.
Moreover, M is strongly dualizable as condition (2) of the first definition simply
follows from the structural isomorphism (M- ) N ' M- N (see also [DP80,
1.3]).
Remark we also obtain that : M - is left adjoint to : M with natural transfor-
mation : and : . This gives the following reciprocal isomorphisms which we
describe for future needs :

Homc(M-;E)! Homc( ;E M) 7' (¢ 1w)

Homc( ;E M)! Homc(M-;E); 7' (e ) (  1m_)

where E is any object of C.
The following lemma gives some precisions on the relation between ”’strongly du-
alizable” and ’strong dual” :

(5.1)

Lemma 5.3. Consider a strongly dualizable objecM of C. Let M- be an object
of C.
Consider the following sets :

(1) Couples of morphisms : M M- ! and :M- M! such that
(M-;; )is a strong dual ofM .
(2) Morphisms M M- ! such that the adjoint map : M- !

Hom(M; ) is an isomorphism.
We associate to any morphism in (2) the following composite

ad® 1
Hom(M;M )! Hom(M; ) M M- M

where the rst map is the evident adjunction morphism and thesecond one is
induced by the isomorphism obtained by the property of the reingly dualizable

object M .

Then (; ) is an element of(1) and the application
@' @; G

is a bijection.

We left the easy check to the reader.
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Definition 5.4. Let M (resp. N) be an object of C and (M-; wm; m) (resp.
(N-; n; n)) be astrong dual of M (resp. N).
For any morphism f : M ! N, we define the transpose morphism of f (with
respect to the chosen strong duals) as the composite

HiN-tM P M- M ON-FT P M- N N-T
Remark that the morphism 'f in the previous definition is characterized by either
one of the next two properties :

(i) The following diagram is commutative :

M-:

M N--—N N-
11f| ‘N
M Mo M

(ii) The following diagram is commutative :

N- ! I -
|

Hom(N; ) == Ihom(M; )

where the vertical maps are induced by adjunction from y and y —cf
lemma B3

5.2. The projective bundle case. Fix an integer n 0. Using the projective
bundle theorem B2 and axiom (Stab), we obtain that the motive M (P") is strongly
dualizable, as a finite sum of invertible motives.

Let , be the canonical line bundle on P", c® = ¢;( ). From the projective
bundle theorem B2, c® is a generator of the A-algebra H (P"). Let ¢ = ci( 7).
According to paragraph @7, ¢ = m(c® = ¢® mod c® where m is the inverse
series associated to the formal group law F. Thus, the class c is still a generator
of H (P") and also satisfies the relation ¢c"** = 0. In all this section on duality,
we systematically use this generator.

We consider the following morphism

A MPY MEYY( )] 2n]! M PP

where p: P" ! S is the canonical projectionand :P"! P" P" the diagonal
embedding of P"=S.
If we consider this morphism as a cohomological class in H2™" (P"  P"), it is the
fundamental class pn pn(P") = (1) 2 H2™" (P" P") of the diagonal. Using
the projective bundle theorem it canxbe written

pn pn(P") = i(;jn):ci [ d

0 i n

where I(J”) is an element in A2(" T 1) 1] and ¢ (resp. d) is the first Chern class
of the canonical dual line bundle on the first (resp. second) factor of P" P".
We define the (n + 1)-dimensional square matrix M, = ,(]”) 0 ij n OVEr the
bigraded ring A. Note that M, is symmetric. Remark finally that the morphism
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induced by adjunction from | gives by another application of theorem B2 a
morphism

M
(n DR D! ()02]
i=0 j=0
whose matrix is precisely M.

Lemma 5.5. For any integeri 0, put ; = i(ii) 2 A 2 1 The matrix M, has
the form

Proof. First remark the lemma is clear when n = 0.
Consider the canonical embedding : P" ! P"*1 . We apply the excess intersec-
tion formula T8 in the case of the following square

pn — Ipn pn

pn +1 _O/{Dn +1 pn +1 :

In this case, the excess of codimension is 1 and the excess intersection bundle on
P" is the canonical dual line bundle . Proposition B8 then gives the formula
( ) (W)= (@ 7))
The projection on the first factor p, : P P" ! P" gives a retraction of , and
consequently, (ci( z)) =cr (1). Thus the previous relation reads :
(n+1) drd = X (n).i+1 j
oo Lo = ijocrd
0§ n 0 ij n
with the notations which precede the lemma. This in turn gives the relations
(
1 H H .
(()T ) = ifo j n
Y = M. ifo<i nand0 | n
which allow to conclude by induction on the integer n.

As a corollary, we obtain from lemmab3that , : M (P") M P")( n)[ 2n]!
turns M (P")( n)[ 2n] into a strong dual of M (P").

Definition 5.6. We define the Gysin morphism p : ' M(P")( n)[ 2n]
associated to the projection p : P" ! S as the transpose of the morphism
p :M(P")! with respect to the strong duality on M (P") induced by .
Moreover, for any smooth scheme X, considering the projection px : P§ ! X, we
define the Gysin morphism associated to px as the morphism

Py =1 p :MX)!' MPE) n) 2n]:
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Using property (ii) after definition we obtain the following way to compute
p . Consider the inverse matrix

where 22 A 2 1isgiven by the determinant of the matrix obtained by removing
line 0 and column n i from M, times ( 1)'. Then

Np . .
p: ! (i n2@ n)]
i=0
o 0,1
is given by the vector _ n
)
1
1
Note we have the fundamental relation irz A 2non
X 1 ifn=0
(5.2) il r? P =

=0 0 otherwise

Remark 5.7. The coe Lciehts ; and ?2will be determined in proposition B30 and
corollary B311

5.3. The Gysin morphism associated to a projective morphism.
5.3.1. Preliminary lemmas.

Lemma 5.8. Fix a couple of integersn;m 2 N and a smooth schemé& . Consider
the projection morphisms

Then®p =p°q.
Obvious from definition

Lemma 5.9. Consider a closed immersioni : Z ! X between smooth schemes
and an integern 0. Consider the pullback square

Py Lipn
q i |P
z —Ik:
Thenl p =qi .

It follows easily from definition and lemma ETA

Documenta Mathematica 13 (2008) 613{675



Around the Gysin Triangle 1. 661

Lemma 5.10. Consider and integern 0 and a smooth schemeX. Consider
the canonical projectionp: Py ! X.
Then for any sections: X ! P} of p, we have :s p =1.

Proof. Recall from paragraphEIdthats =p pn( x S)where x :X ! Sis
the structural morphism of X=S. We easily obtain the following relation :

(P ppl) p=1xp:

Thus:sp =1 x(x sp)-
As s is a section of p, it can be written s = 1x for a closed immersion
: X I PZ. Consider the following cartesian squares :

x ——Ipy x 2tk

1pn
| o2

Py —/P2 Pl —/P

where is the diagonal embedding and  the canonical projection on the second

factor. Using the projection formula for each square — for the first square, this

is 210, for the second square, it follows easily from definition — we obtain :
sp = .

As x = po ,We thus are reduced to prove = 1. To conclude, the reader

has the choice :

(1) A direct computation shows that the matrix of  (resp. ), through the
projective bundle isomorphism is

k.o
Fr N (ik)2[o;n)?; i2[0;n]

resp. (j+k 1 n)izjoiy; Gk )2[0m 2 °

The fundamental relation &2) allows to conclude.

(2) Use definition tocompute =1 p in terms of the duality pairing
( n; ) (cflemmaB3). Apply the projection formula EETO to compute
directly ; the second relation of definition B2 concludes.

(3) Prove = Y ) using characterization (i) after definition (and the
usual projection formula EZI0).

5.3.2. De nition.

Lemma 5.11. Consider a commutative diagram :

wherei (resp. k) is a closed immersion of codimensionr (resp. s) and p (resp.
g) is the canonical projection. Then, k p =i q.
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Proof. Let us introduce the following morphisms :

e
ey PR

A

Applying lemma B8, we are reduced to provek = ¢° andi = p°. In other
words, we are reduced to the case m =0 and q= 1x .
In this case, we introduce the following morphisms :

m
X

Then the lemma follows from lemma B3, lemma BT and corollary B33

Consider smooth schemes X and Y and a projective morphism f : Y I X of

codimension d. Consider an arbitrary factorization Y! ' P} ! P X of f into a
closed immersion of codimension d+n and the canonical projection. The preceding
lemma shows that the composite morphism

M) ME(C M 20t M (Y)(d)d]
is independent of the chosen factorization.

Definition 5.12. Considering the above notations, we define the Gysin morphism
associated to f as the morphism

f =ip :MX)! M))2d:
5.3.3. Properties.

5.13. Let us first remark that, as a corollary of 34, we obtain: (f g) =f g
for any projective morphisms f and g.

Proposition 5.14. Consider projective morphismsZ! 9 vi" X between smooth
schemes.

Thengf =(fg) .

i

Proof. We choose a factorization Y1 ' P31 X (resp. 211 PDI @ X) of f (resp.

fg) and we introduce the diagram
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in which p°is deduced from p by base change and so on for g° and g
Then, by using the factorizations given in the preceding diagram, the proposition
follows directly using .33 and finally ETT

Proposition 5.15. Consider a commutative square of smooth schemes
T <M

f
z i—/6|<
such thati is a closed immersion andf is a projective morphism. Let h be the
pullback off on X Z. Let n, m, s, t be the respective codimension af, k, f, g.
Note thatn +s=m +t and putd=n +s.
Then the following square is commutative :

g

M (TYERdl -2 (v T)gsy2s+1]
o | L
M @)(m2n] — == I (X Z)[1]

Proof. By construction of the Gysin morphism, we have only to consider the case
where f is the projection of a projective bundle or a closed immersion. It follows
from lemma EI2 in the first case and from theorem EE32 in the second.

Remark 5.16. Applying the two preceding propositions and case (i) of the following
proposition, we obtain that the Gysin triangle is functorial with respect to the
Gysin morphism of a projective morphism in the case of a cartesian square as in
the preceding statement.

Proposition 5.17. Consider a cartesian square of smooth schemes

y o 2/k o
q| ; |p
y —k
such thatf (resp. g) is a projective morphism of codimensionn (resp. m). Note
that necessarily,n m.
(i) Supposen =m andY x XCis smooth (i.e. Yo=Y x X9.
Thenf p =qg.
(ii) SupposeY x X%is smooth andn>m. Put e=n m. We attach to
the above square a vector bundle of rank e called the excess intersection
bundle : choose a projective bundl®=X and a factorization Y! ' P! P x
of f into a closed immersion followed by the canonical projectio. We
obtain a canonical embeddingNyo(P x X% ! g Ny (P) and denote by
the quotient bundle overY® This de nition is independent of the choice
of the factorization as shown in[[Ful98], proof of prop. 6.6.
Then,f p =g c() 9.

Proof. In each case, we reduce to the corresponding assertion for a closed immer-
sion (@10, ETH and EZ8) by choosing a factorization of f into a closed immersion
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followed by a projection and by considering its pullback on X °. Indeed, the asser-
tion (i) when f is the projection of a projective bundle is trivial.

We obtain finally the analog of corollary 1]

Corollary 5.18. Letf : Y ! X be a projective morphism between smooth scheme
of pure codimensiond.
Then (1y f ) f =f 1x asamorphismM(X)! MY X)(d)[2d].

The proof is the same as for I using assertion (i) of the proposition above and
the formula of T3

5.19. We now consider the analog of the ramification formula Consider a
commutative square of smooth schemes

T
i
z /&

which is cartesian on the underlying topological spaces and such that p and q
are projective morphisms of codimension n. We assume T admits an ample line
bundle.

Put T§= T xY and noteéhe morphism T ! T%induce by A is a thickening. Let
TO= ", TO(resp. T®= "j,,, T{) be the decomposition into connected (resp.
irreducible) components. Put T; = T? 1o T and Ty = TijO 1o T. We introduce
the following condition on A :

(Special) For any i 2 1, there exists an integer r; 0 such that for any j 2 Jj,
m(T?) = ri:m(Ty ).

In this case, the integer r; will be called the rami cation index of f along T;.
Consider a factorization Z! ' P! X of p into a closed immersion and the
projection of a projective bundle. We put Q =P x Y and consider the obvious
morphism of closed pairs (h;g) : (Q;T)! (P;Z). Of course, A satisfies (Special)
if and only if (h;g) satisfies (Special). Moreover, for any i 2 1, the element
r(Ti; h; g) is independent of the chosen factorization. Indeed, taking into account
the compatibility of F-intersection multiplicity with flat base change, this boils
down to the following lemma :

g

Lemma 5.20. Consider a commutative diagram of smooth schemes

0
ﬁﬁg‘)

T—

| g g

such that T and T° are connected and admits an ample line bundlet, =s ;T
and (f;g) (resp. (f;g9) is a morphism of smooth closed pairs satisfying condition
(Special) with rami cation index r.

Then, r(T%f;g9 =t r(T;f;g) 2 H%(TO).
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Proof. Consider the blow-up B = Bz (A} ) (resp. B®= Bzo(A})) and its excep-
tional divisor P (resp. P9. As Z° Z, we get a cartesian transversal square,
together with its pullback over Y

po—/B% pullback above Y : Q°—/to.
| ]
p—kb: Q—t

The second square is still transversal. Put L = NqCjz and L% = Ngo(C9jzo.
Thus, L°= Ljzo. According to this equality, the lemma follows from the definition
of F-intersection multiplicities.

Definition 5.21. Consider the notations and hypothesis of BEET9, assuming the
square A satisfies condition (Special). For any i 2 |, we define the F-intersection
multiplicity r(T;;A) of T; in the pullback square A as the well defined element
r(Ti; h;g) according to the notations above.

The following proposition is now a corollary of E28

Proposition 5.22. Consider the hypothesis and notations of the preceding de -
nition. Put g =3 git, and g = qr,.
Then,pf =, r(T;A) g g.

5.4. The duality pairing. Let X=S be a smooth projective scheme of pure di-
mension n. Letp: X ! S (resp. : X ! X X)) be its structural morphism
(resp. its diagonal embedding).

Then we define morphisms

x 1 M) ML 20 MX X)( n)[ 2n]=MX)( n)[ 2n] M (X)
x CMX) M) n)[ 2n]! MX)’
The following result is now a formality :

Theorem 5.23. Consider the notations above.
Then M (X)( n)[ 2n]; x; x is a strong dual ofM (X).

Proof. Each identity of definition is an easy application of T3, BET/A®i) (the
usual projection formula) and proposition

5.24. Applications : Consider the notations of the previous proposition and let E
be a motive.

(1) We define the fundamental class x 2 Han.n (X) of X as the element
p: ! MX)( n) 2n]:

We also consider 2 H2™" (X X)) the fundamental class of the diagonal

Then the isomorphisms of &) with M = M (X)) gives exactly, consid-
ering the definitions of cap-product and slant product (cfZ3), the following
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reciprocal isomorphisms :
E"P (X ) E2n rpon (X )
X7 x\v x
=y Dy
This is the Poincae duality isomorphism, as it appears in algebraic topol-
ogy (cf [Ada74), [Swi0Z, 14.41, 14.42]). To the knowledge of the author,
the first appearance of this precise form of duality in algebraic geometry
is in [PYQ2].
Suppose E is a ringed motive. In this case, the regulator maps

' X ‘H 2n;n (X) 1 E2n;n (X)
x Honn (X) ! E2nin (X)

allow to define the fundamental class of X (resp. the fundamental class of
the diagonal) with coe [Ciehts in E as the image x ( x ) (resp. ' x ( )) of
the corresponding class with coe [ciehts in H. Moreover, we can obviously
express the isomorphisms above with this classes (cf number (1) above),
obtaining a Poincaré duality purely in terms of the cohomology theory
E .
Suppose E is a ringed motive.

The morphism

p:E (X)! A

induced by the Gysin morphism of p is usually called the trace morphism
(relative to S).

We suppose the cohomology E  satisfies the following Kiinneth prop-
erty : forany motivesM;N;P 2f ;M (X);M (X)( n)[ 2n]g, the pairing

E M) AE (N) oAE P)! EM N P)

is an isomorphism.
Then it follows formally that

E MX)( m[ 2n]);E ()E ()
is a strong dual of E (M (X)) in the category of graded A-modules.
More concretely, the pairing (induced by E ( ))
E (X) aE (X)! Ax y7'p(xry)
is a perfect pairing of graded A-modules. This is usually called the
Poincae duality pairing 4 for the cohomology theory E

Note it implies that E (X)) is a projective finitely generated graded
A-module (see [DP80, 1.4]).

Example 5.25. The conditions of point (3) are fulfilled when X is a Grassmanian
scheme over S, or more generally a cellular variety over S, without any assumption
on E. In [CD06], we study cohomology theories E  which satisfies the Kiinneth
formula.

21 This way of deducing the Poincae duality pairing from the a  bstract duality of theorem
BZ3 and the Kunneth formula was explained to me by D.C.Cisi  nski.
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The Gysin morphism determine the duality pairing defined above. Reciprocally,
this duality determines the Gysin morphism as shown in the next proposition.

Proposition 5.26. Let f : Y I X be a morphism between smooth projective
S-schemes. Suppos& (resp. Y) is of constant relative dimension n (resp. m)
over S.
Then

f =% ) nl 2n]
where the transpose morphism on the right hand side is takenitiv respect to the
strong duals ofM (X) and M (Y) obtained in the previous theorem.

Proof. Consider the structural projectionsp: X ! S,q:Y ! S and the diagonal
embeddings x : X! X X, v :Y! Y Y. Letn be the dimension of X Put
MX)-=MX)( n)[ 2n]Jand M (Y)- =M (Y)( m)[ 2m].

According to the first point which follows definition we have to prove the
following square is commutative :

M) MX):-—YMX) MX)-
1 f | P x
M) M(Y)- _d~ :
We introduce the following cartesian square :

y — X
f| [t 1
x =k x

Note that f 1= 1) and1l f =@ f) (cfEIJ). The result follows
from the computation :
p x(t 1) =pf =g @ f)
which uses BT(i) and T4
5.5. Two illustrations.
5.27. Cobordism classes—

Definition 5.28. Let X be a smooth projective scheme of pure dimension n. Let
p: X ! S be its structural projection.

We define the cobordism class of X=S as the element of A, of (cohomological)
degree ( 2n; n),

X1= 1 M) n)[ 2n]""  ( n)[ 2n]:

In other words, [X] = p (1) as a cohomological class. Note that according to
definition and what follows it, we obtain that [P"] = 9. Note also that
[Xt Y]=[X]+][Y] (from axiom (Add)) and [X s Y]=[X]i[Y] (from EZL3).

Example 5.29. Consider a factorization X! " PNI S of the morphism p into
a closed immersion followed by the canonical projection. Let c= N n be the
codimension of i. Let pn(X) 2 H2%¢(PV) be the fundamental class associated to
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the embedding i. Then from corollaryE33, [X]1=p ( pn (X)) (as a cohomological
class).

Thus, to compute this cobordism class,we can use the projective bundle theorem,
which implies we can write pn(X) = iNZO x;i:¢ where c is the Chern class of the
dual canonical line bundle, and x; is an element of A. Then,

X N
XI= x[P" ]
i=0
as p (¢)=[PN '] according to definition
We want to compute now the cobordism class [P"]. Let :P"! P" P" be the
diagonal embedding. According to d)e(finition Bd, we have to compute
(5.4) 1= irj ncrd
0 i n
with the notations preceding lemma BER
Let p1;p2 : P" P! P" be the projections respectively on the first and second
factor. Let (resp. ) be the canonical line bundle (resp. quotient bundle) on P".
Consider the vector bundles ) =p *( )and O =p () fori =1;2. In the
preceding expression, c=c;( r)andd=ci( ). PutE =Hom( 1; 2)= 1 2.
We get a section s of this vector bundle considering the canonical morphism
1! AT P =Pt AN
It is well known (see [PSP]) that (P") is the subscheme defined by s = 0. Thus
according to corollary EZT, (1) = c(E) =ca( 1 2). From this expression,
we obtain easily :

(1) Additive case : When the formal group law is additivéd (i.e. F(x;y) =
X +Y), according to a well known formula (cf [Eul98, ex. 3.2.2]),

(1 2)= ca()rc (2= cdrd "
i=0 i=0
Thus, [P"]=0if n> 0.
(2) Casen=1: As ¢ = d? =0, we simply obtain :
(1 2)=F(( 1);c(2))=c+d+ayi:cl d
Thus 1 = az;; which implies [PY] = aj ;.
In the general case, we obtain the following computation :
Proposition 5.30. With the notati)g)ns introduced above,
Q)= api+j niCpd:
0 ij n
Proof. Consider the ind-scheme P*  P" and the embedding :P" P"! P! P",
Let Py (resp. p) be the projection on the first (resp. second) factor of P P,
Put 1 =p,%(), 2=p()and » =p, (). Thus, with a little abuse of

notation,c (1 2)= G 1 2 .
22 This is the case for the category DM(S).
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According to the definition of , we consider the short exact sequence :

0 1 2! T A1 Tr L1
From the Whitney sum formula B3 we thus obtain the relation :
cu(1r A" =al(r 2ra(r 2

Put T = cl(~1), d = ¢;( 2) as cohomology classes in B = H (P! P"). Note
moreover the A-algebra B is equal to (A[d]=d"*1)[[¢]]. In terms of the fundamental
group law F and its inverse power series m, the preceding relation read &+ =
FCm@)rc(r 2).

We have to prove :

~ X S
(1 2= aii+j n€(d mode*t:
0 i n

P
Letm(x) = ., my:xK (thus my = 1;m, = ay.1, etc). For any integers |; s, we
put

M|;S = My, 5iMy,

P
when (I;s) & (0;0), and Moo = 1. Thus, F(E;m(d)) = ..¢ & Mis:T 1 . In
particular, F (C; m(d)) = u:€+v where u is invertible in B and v is nilpotent. This
implies F (C; m(d)) is a non zero divisor in B and we are reduced to prove :

X S
F (€ m(d)r ai+j n€rd =0 mode"*:
0 ij n

The left hand side can be expanded (modulo €"*1) as the sum :

0 1
X X
@ A Misarury n k sA Ty d:

0 uv n Kkils
Finally, for any integers u;v 2 [0; n], the coe [cieht of € [ d" in the preceding sum
can be written 0 1

X X
@ el M kA Alu+v n w-

w k;l
This is zero according to the relation F (x; m(x)) = 0.
From definition the previous proposition reads ; = az;. As a corollary (cf

relation (&2)), we recover the classical Myschenko theorem together with a nice
expression of [P"] as a determinant :

23Thjs expression for computing 4{3) was also obtained in [Pan03b]
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Corollary 5.31. (1) For any integer n 0,
0

[P"]=( 1)":det

P .

(2) For any integern> 0, , ; ,agi:[P" ']=0.
P .
The usual formulation of the relations given in (2) uses the series p(x) = [P']:x'

and ! (x) = %S(x; 0). It reads p(x) =! (x) 1.

Remark 5.32. An interesting problem is to extend this computation to the
case of an arbitrary projective bundle P(E). We hope the fundamental class
pce) pe)(P(E)) as an explicit description in terms of the coe [ciehts a;;; and
the Chern classes of E which would give an expression of [P(E)] as a determinant
analog of the above. This will give a counter-part to a classical formula of Quillen.

5.33. Blow-up formulas—

Proposition 5.34. Let (X;Z) be a smooth closed pair andB be the blow-up of
X with center Z. Let f : B! X be the canonical projection.
Then, f f =1

Proof. Let s; (resp. Sp, ) be the unit section (resp. zero section, canonical
projection) of A} =X. Let B be the blow-up of A} with center 0 Z. We
consider the following cartesian square :

X —1/é0
| I
X —2 L
From the projection formula BZTZ(i), we obtain f®s; = ~; which implies f© =
"1 by the axiom (Htp).
Thus we deduce easily : %% =0, =s; =1.
Finally we consider the cartesian diagram :
f
B —/k
| 0 |s°
f
BO—/A%

Using once again the projection formula loc. cit. we get : f%%sy =so f f .
This concludes using axiom (Htp).

Lemma 5.35. Let P=X be a projective bundle over a smooth schemé of pure
dimension d. Let be the canonical quotient bundle oP=X and pute = c4( )
seen as a morphismM (P) !  (d)[2d].
Then, (p €) p is an isomorphism.
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Proof. Using the projection formulaBI8, we have to prove that the cohomological
class p () 2 H%(X) is a unit. By compatibility of this class with base change
and invariance under isomorphisms of projective bundles, we reduce to the case of
P="pPJ. Lets:S! PY be the canonical section. Then, e=s (1) (cf remark £3
combined with example E7)). Thus, following lemmaBI0d, p (e) = 1.

Remark 5.36. In the case of an additive formal group law, we can easily see that
p (e) =1 for any projective bundle P=X which implies the composite isomorphism
of the lemma is just the identity.

5.37. Let X be a smooth scheme, Z be a smooth closed subscheme of X of pure
codimension n. Let B be the blow-up of X with center Z and P be the exceptional
divisor. Consider the cartesian squares :

p‘ ’ ‘f ‘ |

7 ;/6( fo o LA X Z
We let  (resp. = p *(NzX)=) be the canonical line bundle (resp. quotient
bundle) on P = P(NzX) and we put : e=c¢, 1( ).
Proposition 5.38. Using the notations above, the short sequence

p
0or MP)!1Y M@) M@®B)!

is split exact with splitting ° .
By abuse of nota:[jon, we denote by (P=2) the kernef] of the split monomor-
phismp andletk : M(P=zZ)! M (B) be the morphism induced by . Then,

we obtain an isomorphism

Y M) o

(k)
MP=2z) MX)! M (B):
Proof. The previous short sequence is obviously a complex. The fact ° s a
splitting is proposition B34
We directly prove the last assertion of the proposition which then concludes. Con-
sider the following diagram :

2 MP=2) ;f MP=2) e,
MX Z) S /) R /) 2 I X 2)1]
M (X) M (Z)(n)[2n]
h @ & ) @ KR p) (©) h
MB P)——M®@) —(—MP)OI——ME P

The two horizontal lines are distinguished triangles. It is commutative : for square
(1), use the projection formula E2TA(i), for square (2), the functoriality of the Gysin

241f we had a splitting s:Z — P of p, this will be the motive associated to the immersion s.
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morphism for square (3), the compatibility of residues and Gysin morphism
BTH and the defining property of the residue @.p .

As h is an isomorphism, we are reduced to prove (k Kk ;p ) is an isomorphism.
The normal bundle of k : P ! B is the canonical line bundle . Thus, from
the self-intersection formulaEI9 k k = 1p  c with ¢ = ¢;( ). The remaining
assertion is local in X so that we can assume that Nz X is trivializable. Finally,
we compute easily the matrix of

kk;p): L'M@DERI ME@)MEnl! L™ (@) + D)2 +1]

obtained through the projective bundle isomorphism B2 :

As the matrix of (k k ;p ) is obtained from the above one removing the first
column, it is obviously invertible.

Proposition 5.39. Consider the notations[5.3]. The short sequence

k
or M@B)Y | ME)DR MX)®

) M@))n]! 0
is split exact with pseudo-splitting ¥, .
Let C be the cokernel of the split mong@ : M Z)(n 1[2n 2]! M(P) and

kK M (B)! C(1)[2] the morphism induced byk . Then the following morphism
is an isomorphism :

M (B) CR] M(X):

Remark 5.40. This second blow-up formula is a generalization of [Ful98, 6.7(a)]. In
case X and Z are projective smooth, it is simply the dual statement of the previous
proposition using More precisely, from (resp. E239) the morphism

P (resp.

k k f
f 0 p

0 )
is an isomorphism. These two matrices are dual.

Proof. The above sequence is a complex from the excess intersection formula E18
applied to the morphism (f;p). The pseudo-splitting of this sequence is exactly
lemma B39 We thus are reduced to the last assertion.

Let :M(P)D[2]! C(1)[2] be the canonical projection. Consider the following
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diagram :
ME P)—— @) — P —="ME P
K
h @ f @ ) h
C()[2] C()[2]
MX 2)— — ——IMx  Z)[

0
i

MX) 5 M@y

The horizontal lines are distinguished triangles. The diagram is commutative : (1)
follows from definitions, (2) is a consequence of the excess intersection formula .18
for (f;p) and (3) is a consequence of the same formula, considered for residues.
Finally, we are reduced to prove that 0 e is an isomorphism. But coKer(p )'

Ker(p e) by a canonical isomorphism so that the latter morphism is simply the
decomposition isomorphism associated to the split epimorphism p e.
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