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are a priori seen to be isomorphic. But instead of trying to com-
pare the differentials and to proceed by induction on the pages, we
rather compare the double complexes that give rise to these spectral
sequences.
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0 INTRODUCTION

To calculate Ext '%'X, Y'), one can either resolve X projectively or Y injectively;
the result is, up to isomorphism, the same. To show this, one uses the double
complex arising when one resolves both X and Y; cf. [B, Chap. V, Th. 8.1].

Two problems in this spirit occur in the context of Grothendieck spectral se-

quences; cf. 8812

0.1 LANGUAGE

In 8 we give a brief introduction to the Deligne-Verdier spectral sequence
language; cf. [T, 11.84], [6, App.]; or, on a more basic level, cf. [T1, Kap. 4].
This language amounts to considering a diagram E(X ) containing all the images
between the homology groups of the subquotients of a given filtered complex
X, instead of, as is classical, only selected ones. This helps to gain some elbow
room in practice: to govern the objects of the diagram E(X) we can make use
of a certain short exact sequence; cf. 841

Dropping the E;-terms and similar ones, we obtain the proper spectral sequence
E(X ) of our filtered complex X. Amongst others, it contains all Ex-terms for
k = 2 in the classical language; cf. 8836

0.2 FIRST COMPARISON

Suppose given abelian categories A, AMand B with enough injectives and an
abelian category C. Suppose given objects X [ObA and X" CAbAY Let

Ax AT-"+ B be a biadditive functor such that F(X,—) and F(—, XY are left

G
exact. Let B — C be a left exact functor. Suppose further conditions to hold;

see .11
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680 MaTTHIAS KUNZER

We have a Grothendieck spectral sequence for the composition G o F(X,—)
and a Grothendieck spectral sequence for the composition G  F(—, XY. We
evaluate the former at XYand the latter at X.

In both cases, the Eo-terms are (R'G)(R}F)(X, X"Y. Moreover, they both
converge to (R™ (G = F))(X, XY. So the following assertion is well-motivated.

THEOREM 1l The proper Grothendieck spectral sequences just described are
isomorphic; i.e. EE’ZX’_)’G(XQ I:ESE—,X'),G(X) .

So instead of “resolving X Ptwice”, we may just as well “resolve X twice”.
In fact, the underlying double complexes are connected by a chain of dou-

ble homotopisms, i.e. isomorphisms in the homotopy category as defined in

doubl :
[l IV.84], and rowwise homotopisms (the proof uses a chain ® S P

TOWW. double . . . . .
— o —— ). These morphisms then induce isomorphisms on the associ-

ated proper first spectral sequences.

0.3 SECOND COMPARISON

Suppose given abelian categories A and BPwith enough injectives and abelian
categories B and C. Suppose given objects X [ObA and Y [CObB. Let

A BPbe a left exact functor. Let B x BD—G> C be a biadditive functor
such that G(Y,—) is left exact.

Let B Qb C[O(B) be a resolution of Y, i.e. a complex B admitting a quasiiso-
morphism ConcY — B. Suppose that G(BK,—) is exact for all k = 0. Let
A CObCo (A) be, say, an injective resolution of X. Suppose further conditions
to hold; see 8611

We have a Grothendieck spectral sequence for the composition G(Y,—) o F,
which we evaluate at X. On the other hand, we can consider the double
complex G(B, FA), where the indices of B count rows and the indices of A
count columns. To the first filtration of its total complex, we can associate the
proper spectral sequence Er (G(B, FA))

If B has enough injectives and B is an injective resolution of Y, then in both
cases the Es-terms are a priori seen to be (R'G)(Y, (RIF)(X)). So also the
following assertion is well-motivated.

TuEoREM BAL We have EE% . _\(X) CH(G(B,FA)) .

So instead of “resolving X twice”, we may just as well “resolve X once and Y
once”.

The left hand side spectral sequence converges to (R (G(Y,—) = F))(X). By
this theorem, so does the right hand side one.

The underlying double complexes are connected by two morphisms of double
complexes (in the directions ® — ® <— ) that induce isomorphisms on the
associated proper spectral sequences.

Of course, Theorems Bl and B4 have dual counterparts.
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0.4 RESULTS OF BEYL AND BARNES

Let R be a commutative ring. Let G be a group. Let N < G be a normal

subgroup. Let M be an RG-module.

BEYL generalises Grothendieck’s setup, allowing for a variant of a Cartan-

Eilenberg resolution that consists of acyclic, but no longer necessarily injective

objects [, Th. 3.4]. We have documented BEYL’s Theorem as Theorem H in

our framework, without claiming originality.

BEYL uses his Theorem to prove that, from the Es-term on, the Grothendieck
_\N _\G/N

spectral sequence for RG-Mod Al RN -Mod o R-Mod at M is iso-

morphic to the Lyndon-Hochschild-Serre spectral sequence, i.e. the spectral

sequence associated to the double complex rg(Barg,n.r [rBarg.r, M); cf.

H. Th. 3.5], [B, §3.5]. This is now also a consequence of Theorems Bl and B4

as explained in §§R2,

BARNES works in a slightly different setup. He supposes given a commutative

ring R, abelian categories A, B and C of R-modules, and left exact functors

F:A—Band G: B —C, where F is supposed to have an exact left adjoint

J : B — A that satisfies F' = J = 1g. Moreover, he assumes A to have ample

injectives and C to have enough injectives. In this setup, he obtains a general

comparison theorem. See [2, Sec. X.5, Def. X.2.5, Th. X.5.4].

BEYL [] and BARNES [2] also consider cup products; in this article, we do not.

0.5 ACKNOWLEDGEMENTS

Results of BEYL and HAAS are included for sake of documentation that they
work within our framework; cf. Theorem H] and 8 No originality from my
part is claimed.

I thank B. KELLER for directing me to |2, XII.§11]. I thank the referee for
helping to considerably improve the presentation, and for suggesting Lemma E1
and I thank G. CARNOVALE and G. Hiss for help with Hopf algebras.

Conventions
Throughout these conventions, let C and D be categories, let A be an additive category, let
B and B’ be abelian categories, and let £ be an exact category in which all idempotents split.

e Fora,b e Z wewrite[a,b]:={ceZ : a<c<b} [ab:={ceZ : a<c<b},
etc.

e Givenl CZandicZ wewritel>j:={jcl : j>itand I<i:={j el : j<i}.

e The disjoint union of sets A and B is denoted by A LI B.

e Composition of morphisms is written on the right, i.e. =2 —b> = ib» .

e Functors act on the left. Composition of functors is written on the left, i.e.

F G GoF
—_ ——> = ——

e Given objects X, Y in C, we denote the set of morphisms from X to Y by (X,Y).

e The category of functors from C to D and transformations between them is denoted
by [c, DI.
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Denote by C(A) the category of complexes
X=( d. xifl d. Xi d. xi+1 d. )
with values in A. Denote by C[0(A) the full subcategory of C(.A) consisting of com-

R Conc
plexes X with X' =0 for i < 0. We have a full embedding A — CI0(A4), where,
given X € Ob A, the complex Conc X has entry X at position 0 and zero elsewhere.

Given a complex X € ObC(A) and k € Z, we denote by X**K the complex that

k
has difetential Xi+k S8 xi+1+k petween positions i and i + 1. We also write
Xeo—1:=x*+t(=1 etc,
Suppose given a full additive subcategory M C A. Then A/M denotes the quotient
of A by M, which has the same objects as .A, and which has as morphisms residue
classes of morphisms of A, where two morphisms are in the same residue class if their
di [erknce factors over an object of M.

A morphism in A is split if it isomorphic, as a diagram on ¢ —> e, to a morphism

10
00

of the form X @Y —— X ®Z. A complex X € ObC(A) is split if all of its
di [erentials are split.

An elementary split acyclic complex in C(A) is a complex of the form

.—>0—>T—1>T—>0—>...’

where the entry T is at positions k and k + 1 for some k € Z. A split acyclic complex
is a complex isomorphic to a direct sum of elementary split acyclic complexes, i.e. a
complex isomorphic to a complex of the form
00 00 00 00

B L O ) RPN (L)
Let Cspac(A) C C(A) denote the full additive subcategory of split acyclic complexes.
Let K(A) := C(A)/Csp ac(A) denote the homotopy category of complexes with values
in A. Let KI[°(A4) denote the image of ClO(A) in K(A). A morphism in C(A) is a
homotopism if its image in K(A) is an isomorphism.
We denote by Inj B C B the full subcategory of injective objects.

Concerning exact categories, introduced by QUILLEN [14] p. 15], we use the conventions
of [10, Sec. A.2]. In particular, a commutative quadrangle in £ being a pullback is
indicated by

A——=B
ll_ l
c——D,

a commutative quadrangle being a pushout by

A——=B

|

C——D.

Given X € ObC(£) with pure dilerkntials, and given k € Z, we denote by ZkX
the kernel of the dilerential Xk — Xk+1 by Z’kX the cokernel of the diler-
ential XX—1 — XK and by BKX the image of the dilerential Xk—1 — XK,
Furthermore, we have pure short exact sequences BXX —e— ZkX —— HKX and
HKX —e— Z/KX —— BKH1X,
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e A morphism X — Y in C(€) between complexes X and Y with pure di [erkntials is
a quasiisomorphism if HK applied to it yields an isomorphism for all k € Z. A complex
X with pure di[efentials is acyclic if HXX ~ 0 for all k > 0. Such a complex is also
called a purely acyclic complex.

E
e Suppose that B has enough injectives. Given a left exact functor B —> B’, an object
X € ObBis F-acyclic if R"FX ~ 0 for all i > 1. In other words, X is F-acyclic if for

an injective resolution I € ClO(Inj B) of X (and then for all such injective resolutions),
we have H'F I ~ 0 for all i > 1.

e By a module, we understand a left module, unless stated otherwise. If A is a ring, we
abbreviate a(—, =) = a_Mod(—, =) = HOMA(—,=).
1 DOUBLE AND TRIPLE COMPLEXES

We fix some notations and sign conventions.
H
Let A and B be additive categories. Let C(A) — B be an additive functor.

1.1 DOUBLE COMPLEXES
1.1.1 DEFINITION

A double complex with entries in A is a diagram

[} o o
d : P d : : d : : d
X|+2,J Xl+2,]+1 RN Xl+2,]+2 - s ...
[¢] 2] 2]
d : P d : : d : : d
X = X|+1,J Xl+1,]+1 [, Xl+1,]+2 —_— = i
[¢] 2] 2]
4o xii d o oyigtr — 4 o yijre 4 o
o o o

in A such that dd = 0, 00 = 0 and d0 = Od everywhere. As morphisms
between double complexes, we take all diagram morphisms. Let CC(A) denote
the category of double complexes. We may identify CC(A) = C(C(A)).

The double complexes considered in this §[] are stipulated to have entries in
A

Let CC-(A) := CIO(CIO(A)) be the category of first quadrant double complezes,
consisting of double complexes X such that X' = 0 whenever i < 0 or j < 0.
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Given a double complex X and i [Z we let X I.{Ob C(A) denote the com-
plex that has entry X b3 at position j [Z the differentials taken accordingly;
X1Hs called the ith row of X.

Similarly, given j [ZL X" [CObC(A) denotes the jth column of X.

1.1.2 APPLYING H IN DIFFERENT DIRECTIONS

Given X [CObCC(A), we let H(X™) [CAbC(A) denote the complex that
has H(X ™) at position j [A, and as differential H(X ™) — H (X H1)
the image of the morphism X ™' — X 0H1 of complexes under H. Similarly,
H(X™H'[COb C(A) has H(X)-H'at position j

In other words, a “x” denotes the index direction to which H is applied, a “—"
denotes the surviving index direction. For short, “x” before “—".

1.1.3 CONCENTRATED DOUBLE COMPLEXES

Given a complex U [CObCI(A), we denote by Concy U [ObCC-(A) the
double complex whose Oth row is given by U, and whose other rows are zero;
i.e. given j [, then (Concsy U equals U if i = 0, and 0 otherwise, the
differentials taken accordingly. Similarly, Concy U Qb CC"(B) denotes the
double complex whose Oth column is given by U, and whose other columns are
Zero.

1.1.4 ROW- AND COLUMNWISE NOTIONS

f
A morphism X — Y of double complexes is called a rowwise homotopism if
X = Y15k a homotopism for alli [Zl Provided A is abelian, it is called a

rowwise quasiisomorphism if X" = e Y- Mk a quasiisomorphism for all i

f
A morphism X — Y of double complexes is called a columnwise homotopism
£
if X — YL is a homotopism for all j [CA. Provided A is abelian, it is

called a columnwise quasiisomorphism if X ™ L Y M is a quasiisomorphism
for all j
Provided A is abelian, a double complex X is called rowwise split if X" split
for all i [CZ a short exact sequence X ™ X — XTof double complexes is
called rowwise split short ezact if XM — X101+ XS split short exact
for all ¢

A double complex X is called rowwise split acyclic if X"™s a split acyclic
complex for all i+ [A. It is called columnwise split acyclic if X5V is a split
acyclic complex for all j
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1.1.5 HORIZONTALLY AND VERTICALLY SPLIT ACYCLIC DOUBLE COMPLEXES

An elementary horizontally split acyclic double complex is a double complex of

the form

0
[5)
0 Ti

Ti+1 J—

Tt 0
o
T 0

A horizontally split acyclic double complex is a double complex isomorphic to
a direct sum of elementary horizontally split acyclic double complexes, i.e. to

one of the form

e L [T LI

(65

)

(¥9)

00
10

Ti+1,j+1 m+1,j+2 - o ...

(65

)

t T [T s T [T
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An elementary vertically split acyclic double complex is a double complex of
the form

0 0
Ti d . pit1
Ti 4, pit1
0 0

A wertically split acyclic double complex is a double complex isomorphic to a

direct sum of elementary vertically split acyclic double complexes, i.e. to one
of the form

do
- S Ti+1,j m-f—Q,j ﬂ Ti+1,j+1 m-}—Q,j—i-l o ..
(10) (10)
@)

> Thi O s i TR

oo

A horizontally split acyclic double complex is in particular rowwise split acyclic.
A vertically split acyclic double complex is in particular columnwise split
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acyclic.

A double complex is called split acyclic if it is isomorphic to the direct sum
of a horizontally and a vertically split acyclic double complex. Let CCqp ac(A)
denote the full additive subcategory of split acyclic double complexes. Let

KK(A) := CC(A)/CCqpac(A) ;

cf. [B, IV.84]. A morphism in CC(A) that is mapped to an isomorphism in
KK(A) is called a double homotopism.

A speculative aside. The category K(A) is Heller triangulated; cf.
[10, Def. 1.5.(i), Th. 4.6]. Such a Heller triangulation hinges on two in-
duced shift functors, one of them induced by the shift functor on K(A4). Now
KK(.A) carries two shift functors, and so there might be more isomorphisms
between induced shift functors one can fix. How can the formal structure of
KK(A) be described?

1.1.6 TOTAL COMPLEX

Let KK“(A) be the full image of CC-(A) in KK(A).
The total complex tX of a double complex X [QbCC-(A) is given by the
complex

do
tX = (XO'O 149) xo1 xpo

d 0 00
0—d—0 0
0 0 do

in Ob C[O(A). Using the induced morphisms, we obtain a total complex func-

(6-3-9)

X02 Cxi! CXPO

X038 (X2 CXP! CXPO — )

tor CC-(A) N CIO(A). Since t maps elementary horizontally or vertically
split acyclic double complexes to split acyclic complexes, it induces a functor
KK-(A) . KI°(A). If, in addition, A is abelian, the total complex func-
tor maps rowwise quasiisomorphisms and columnwise quasiisomorphisms to
quasiisomorphisms, as one sees using the long exact homology sequence and
induction on a suitable filtration.

Note that we have an isomorphism U —==% Conc; U, natural in U Qb C°(A),

having entries 1ly,, lu,, —lu,, —lus, lu,, etc. Moreover, U = tConcy U,
natural in U Qb CO(A).

1.1.7 THE HOMOTOPY CATEGORY OF FIRST QUADRANT DOUBLE COM-
PLEXES AS A QUOTIENT

LEMMA 1 The residue class functor CC(A) —KK(A), restricted to
CC-(A) — KK"(A), induces an equivalence

CC(A)/(CCpac(A) n CC-(A)) —5 KK (A) .
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Proof. We have to show faithfulness; i.e. that if a morphism X —Y in
CC-(A) factors over a split acyclic double complex, then it factors over a split
acyclic double complex that lies in Ob CC-(A). By symmetry and additivity,
it suffices to show that if a morphism X — Y in CC-(A) factors over a hor-
izontally split acyclic double complex, then it factors over a horizontally split
acyclic double complex that lies in Ob CC-(A). Furthermore, we may assume
X — Y to factor over an elementary horizontally split acyclic double complex
S concentrated in the columns k and k + 1 for some k [CZ. We may assume
that S =0 for i < 0and j [Z If k < 0, and in particular, if & = —1, then
X — Y is zero because S — Y is zero, so that in this case we may assume
S = 0. On the other hand, if ¥ =0, then S [COb CC-(A). o

Cf. also the similar Remark 21

1.2 TRIPLE COMPLEXES
1.2.1 DEFINITION

Let CCC(A) := C(C(C(A))) be the category of triple complexzes. A triple
complex Y has entries Y& ™ for k, £, m [A.

d
We denote the differentials in the three directions by Y* M —» yk+l,.m

ykeom L_ykobim g vk m % yk ‘M+1 - respectively.

Let k, ¢, m [A. We shall use the notation Y '= for the double complex hav-
ing at position (k,m) the entry YK *™ differentials taken accordingly. Similarly
the complex YK - Fte.

Given a triple complex Y [CObCCC(A), we write HY = =Qb CC(A) for
the double complex having at position (k,£) the entry H(Y* D! differentials
taken accordingly.

Denote by CCC*(A) CCLC(A) the full subcategory of first octant triple com-
plezes; i.e. triple complexes Y having Y& '™ = 0 whenever k£ < 0 or £ < 0 or
m < 0.

1.2.2 PLANEWISE TOTAL COMPLEX

For Y [CObCCC“(A) we denote by t1,2Y [CQObCC-(A) the planewise total
complex of Y, defined for m [Zl as
(tLQY)m] = t(Y_’:’m),

with the differentials of t;1 oY in the horizontal direction being induced by the
differentials in the third index direction of Y, and with the differentials of
t1,2Y in the vertical direction being given by the total complex differentials.
Explicitly, given k, £ = 0, we have

(tLQY)k' = @ Yi’j’

i,j=0,i+j=k
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By means of induced morphisms, this furnishes a functor

CCC+A) 23 CC-(A)
Y — tLQY.

2 CARTAN-EILENBERG RESOLUTIONS

We shall use QUILLEN’S language of exact categories [14, p. 15] to deal with
Cartan-Eilenberg resolutions [5, XVI11.§1], as it has been done by Mac LANE
already before this language was available; cf. [I2, XI1.§11]. The assertions in
this section are for the most part wellknown.

2.1 A REMARK

REMARK 2 Let A be an additive category. Then
C[O(A)/(C[O(A) n CspaC(A)) - K[O(A)
s an equivalence.

Proof.  Faithfulness is to be shown. A morphism X —Y in CL(A)
that factors over an elementary split acyclic complex of the form
(++—>0—T=—=T—0—---) with T in positions k& and k + 1
is zero, provided k < 0. o

2.2 EXACT CATEGORIES

Concerning the terminology of exact categories, introduced by
QUILLEN [I4] p. 15], we refer to [I0, Sec. A.2].

Let E be an exact category in which all idempotents split. An object I CObE
is called relatively injective, or a relative injective (relative to the set of pure
short exact sequences, that is), if g(—,I) maps pure short exact sequences of
E to short exact sequences. We say that E has enough relative injectives, if
for all X [CObE, there exists a relative injective I and a pure monomorphism
X ——1.

In case E is an abelian category, with all short exact sequences stipulated to
be pure, then we omit “relative” and speak of “injectives” etc.

DEFINITION 3 Suppose given a complex X Qb C[?(E) with pure differentials.
A relatively injective complex resolution of X is a complex I [OQb C[O(E),
together with a quasiisomorphism X — I, such that the following properties
are satisfied.

(1) The object entries of I are relatively injective.
(2) The differentials of I are pure.

(3) The quasiisomorphism X — I consists of pure monomorphisms.
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We often refer to such a relatively injective complex resolution just by I.

A relatively injective object resolution, or just a relatively injective resolution,
of an object Y [LAbE is a relatively injective complex resolution of ConcY .
A relatively injective resolution is the complex of a relatively injective object
resolution of some object in E.

REMARK 4 Suppose that E has enough relative injectives. Every complex X [
Ob C[O(E) with pure differentials has a relatively injective complex resolution

I b C[O(E). In particular, every object Y [AbE has a relatively injective
resolution J Qb CIO(E).

Proof. Let X°—» I° be a pure monomorphism into a relatively injective
object I. Forming a pushout along X —e— I9 we obtain a pointwise purely
monomorphic morphism of complexes X — X Pwith X0 = 10 and X¥ = XK
for £ = 2. By considering its cokernel, we see that it is a quasiisomorphism.
So we may assume X° to be relatively injective.

Let X! —— I' be a pure monomorphism into a relatively injective object I'.
Form a pushout along X! —e— I etc. o

REMARK 5 Suppose given X [QbCI(E) with pure differentials such that
HKX [COlfor k = 1. Suppose given I T ObCO(E) such that IX is purely

d
injective for k =0, and such that the differential I — I' has a kernel in E.
Then the map

d d
koE(X,I) — g(Kern(X? — X"), Kern(I® — I'))

that sends a representing morphism of complexes to the morphism induced on
the mentioned kernels, is bijective.

Suppose E to have enough relative injectives. Let I [CEldenote the full subcat-
egory of relative injectives. Let CI0*5(1) denote the full subcategory of CIO(1)
consisting of complexes X with pure differentials such that HKX [Ofor k = 1.
Let KI%r5(1) denote the image of CI0*(1) in K(E).

REMARK 6 The functor Cl0 (1) —E, X — H%(X), induces an equiva-
lence

KOres(1) LE |
Proof. This functor is dense by Remark Bl and full and faithful by Remark Ha

REMARK 7 (EXACT HORSESHOE LEMMA)
Given a pure short exact sequence X — X —= X™Wand relatively injective
resolutions I9of XBand I™of X" there exists a relatively injective resolution

I of X and a pointwise split short exact sequence I™— I — I that maps
under H? to X" X —» X1
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Proof. Choose pure monomorphisms X" I'0 and X ™-e» 1T into relative
injectives I'™ and I™. Embed them into a morphism from the pure short exact
sequence

XP—s X 4> x™

to the split short exact sequence

0

1°cry Q» 1™,

Insert the pushout 7' of X™e> X along X"+ 0 and the pullback of
I I —— 1™ along XTles [T to see that X — I [CTH9 is purely
monomorphic. So we can take the cokernel B'I"— B'] — B'I"™of this
morphism of pure short exact sequences. Considering the cokernels on the
commutative triangle (X, T,I'" CI®) of pure monomorphisms, we obtain a
bicartesian square (T, I O 7 BIYB!I ) and conclude that the sequence of
cokernels is itself purely short exact. So we can iterate. o

Ji= (10)

2.3 AN EXACT CATEGORY STRUCTURE ON C(A)
Let A be an abelian category with enough injectives.

REMARK 8 The following conditions on a short ezxact sequence
XH— X — XWin C(A) are equivalent.
1) All connectors in its long exact homology sequence are equal to zero.

(

(2) The sequence BEX"— BX — BKXWis short exact for all k [ZL
(3
(
(

)

)

) The morphism ZXX — ZKXWis epimorphic for all k [Z1
35 The morphism Z®XH— Z® X is monomorphic for all k [ZL

)

4) The diagram
BkxU A G HKk XU
BXX VAD HKX

L

Bk X T—— 7k x Tl——s gk x 10
has short exact rows and short exact columns for all k [Z1

Proof. We consider the diagram in (4) as a (horizontal) short exact sequence
of (vertical) complexes and regard its long exact homology sequence. Taking
into account that all assertions are supposed to hold for all £ [A, we can
employ the long exact homology sequence on X™— X — X™to prove the
equivalence of (1), (2), (3) and (4).

Now the assertion (1) [IT_{B]J is dual to the assertion (1) CIL_BY. o
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REMARK 9 The category C(A), equipped with the set of short exact sequences
that have zero connectors on homology as pure short exact sequences, is an exact
category with enough relatively injective objects in which all idempotents split.
With respect to this exact category structure on C(A), a complex is relatively
injective if and only if it is split and has injective object entries.

Cf. T2, XII.811], where pure short exact sequences are called proper. A rela-
tively injective object in C(A) is also referred to as an injectively split complez.
To a relatively injective resolution of a complex X Qb C(A), we also refer
as a Cartan-FEilenberg-resolution, or, for short, as a CE-resolution of X; cf.
[, XVIL81]. A CE-resolution is a CE-resolution of some complex. Considered
as a double complex, it is in particular rowwise split and has injective object
entries.

Given a morphism X LI C(A), CE-resolutions J of X and J"of X a

f o fid .
morphism J — J%%n CC(A) such that (J" — J®) = (0—=0) fori < 0
and such that

HOJoF T ymy — (v e ¢

is called a CE-resolution of X L XY By Remarks [ and B each morphism
in C(A) has a CE-resolution.

Proof of Remark@. We claim that C(A), equipped with the said set of short
exact sequences, is an exact category. We verify the conditions (Ex 1,2,3)
listed in [I0, Sec. A.2]. The conditions (Ex 1°,2°,3) then follow by duality.

Note that by Remark B (3Y, a monomorphism X — Y in C(A) is pure if and
only if Z®(X — Y) is monomorphic in A for all k& [Z

Ad (Ex 1). To see that a split monomorphism is pure, we may use additivity
of the functor Z™® for k [Z1

Ad (Ex 2). To see that the composition of two pure monomorphisms is pure,
we may use Z™® being a functor for k

Ad (Ex 3). Suppose given a commutative triangle

Y

SN

in C(A). Applying the functor Z¥ to it, for k¥ [Z, we conclude that
Zm(X — Y) is monomorphic, whence X — Y is purely monomorphic. So

X

Z,
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~N
7N

X———7

we may complete to

A

B

in C(A) with (X,Y, B) and (A,Y, Z) pure short exact sequences. Applying Z™®
to this diagram, we conclude that Zm(A — B) is a monomorphism for k [Z]
whence A — B is a pure monomorphism.

This proves the claim.

Note that idempotents in C(A) are split since C(A) is also an abelian category.
We claim relative injectivity of complexes with split differentials and injec-
tive object entries. By a direct sum decomposition, and using the fact that
any monomorphism from an elementary split acyclic complex with injective
entries to an arbitrary complex is split, we are reduced to showing that a pure
monomorphism from a complex with a single nonzero injective entry, at posi-
tion 0, say, to an arbitrary complex is split. So suppose given I [ObInjA,
X [CAbC(A) and a pure monomorphism Conc I —» X. Using Remark B (35,
we may choose a retraction to the composite (I —» X? — ZUX). This yields
a retraction to I — X9 that composes to 0 with X! — X° which can be
employed for the sought retraction X — Conc I. This proves the claim.

Let X CObC(A). We claim that there exists a pure monomorphism from X
to a relatively injective complex. Since A has enough injectives, by a direct
sum decomposition we are reduced to finding a pure monomorphism from X to
a split complex. Consider the following morphism ¢k of complexes for k [Z]

k (19) k
0 X Xk zx 0

R

e Xk—2 - Xk—l Xk d Xk+1 ERIEIN

where XX —T—» Z™X is taken from X. The functor Z® maps it to the identity.
We take the direct sum of the upper complexes over k and let the mor-
phisms ¢k be the components of a morphism ¢ from X to this direct sum. At
position k, this morphism ¢ is monomorphic because ¢ is. Moreover, Zm(qb)
is a monomorphism because Zm(ék) is. Hence ¢ is purely monomorphic by
condition (3% of Remark B This proves the claim. o

REMARK 10 Write E := C(A). Given £ = 0, we have a homology functor

¢ cH*
E =, A, which induces a functor C(E) o) C(A). Suppose given a purely

acyclic complex X CAb C(E). Then C(H )X Qb C(A) is acyclic.
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Proof. This follows using the definition of pure short exact sequences, i.e.
Remark B (1). o

2.4 AN EXACT CATEGORY STRUCTURE ON CI0(A)

Write CC- “E(InjA) for the full subcategory of CC-(A) whose objects are
CE-resolutions. Write KK“ “®(Inj A) for the full subcategory of KK-(A) whose
objects are CE-resolutions.

REMARK 11 The category Cl° (A), equipped with the short exact sequences that
lie in CIO(A) and that are pure in C(A) in the sense of Remark® as pure short
exact sequences, is an exact category wherein idempotents are split. It has
enough relative injectives, viz. injectively split complezes that lie in ClO (A).

Proof. To show that it has enough relative injectives, we replace ¢q in the proof

/ 1
of Remark @ by X 2o, Conc XP©, defined by X o, Xo at position 0. o

2.5 THE CARTAN-EILENBERG RESOLUTION OF A QUASIISOMORPHISM

Abbreviate E := C(A), which is an exact category as in Remark @l Consider
CC-(A) [dO(E), where the second index of X [CObCC-(A) counts the
positions in E = C(A); i.e. when X is viewed as a complex with values in E,
its entry at position % is given by X Fl= C(A).

REMARK 12 Suppose given a split acyclic complexr X [Qb C[O(A). There
exists a horizontally split acyclic CBE-resolution J TQObCC- “F(Inj A) of X.

Proof. This holds for an elementary split acyclic complex, and thus also in the
general case by taking a direct sum. o

LEMMA 13 Suppose given X Qb CC-(A) with pure differentials when con-
sidered as an object of CI°(E), and with HK(X%F) [in C°(A) for k= 1.
Suppose given J [ObCC-(InjA) with split rows J“Yor k = 1. In other
words, J is supposed to consist of relative injective object entries when consid-
ered as an object of CIO(E).

Then the map

HO((-)"")

(0 kxea(X, ) ko (HO (X ), HO(757))
is bijective.
Proof. First, we observe that by Remark Bl we have

(M0 g6 e om0 (x5, 1O(75)) |
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So it remains to show that ([dis injective. Let X—f> J be a morphism
that vanishes under ([0JJ Then H° (X '3) — HO(J l*_:*) factors over a split
acyclic complex S CObCP(A); cf. Remark Bl Let K be a horizontally split
acyclic CE-resolution of S; cf. Remark By Remark Bl we obtain a mor-
phism X — K that lifts H° (XG) — S and a morphism K — J that lifts
S —HO(J5*). The composite X — K — J vanishes in KK"(A). The
difference

(X~ J)= (X — K —J)

lifts HO (X &) 2 po (J5¥). Hence by ([IL}it vanishes in KI°(E) and so a
fortiori in KK*“(A). Altogether, X L+ J vanishes in KK"(A). o

()

PROPOSITION 14 The functor CC- “F(Inj A)
equivalence

CIO(A) induces an

HO O\ k,—
KK“ “E(Inj A) —:,—»(() )

KI(A) .
Proof. By Lemma [[3 this functor is full and faithful. By Remark Bl it is
dense. o

COROLLARY 15 Suppose given X, X" Ij]bC[O(A). Let J be a CE-resolution
of X. Let JPbe a CE-resolution of X5 If X and X Bare isomorphic in K[O(A),
then J and Jare isomorphic in KK-(A).

The following lemma is to be compared to Remark [

LEMMA 16 Suppose given an acyclic complex X [Ob C[O(A). There exists

a rowwise split acyclic CE-resolution J of X. Fach CE-resolution of X is
isomorphic to J in KK“(A).

Proof. By Corollary [H it suffices to show that there exists a rowwise split
acyclic CE-resolution of X. Recall that a CE-resolution of an arbitrary com-
plex Y CAbCO (A) can be constructed by a choice of injective resolutions of
HXY and BKY for k [Z, followed by an application of the abelian Horseshoe
Lemma to the short exact sequences BKY — ZKY —= HXY for k¥ 2 and
then to ZKY — YK — BX*1Y for k [A; cf. |5, Chap. XVII, Prop. 1.2].
Since HKX = 0 for k [Z, we may choose the zero resolution for it. Applying
this construction, we obtain a rowwise split acyclic CE-resolution. o

Given X — XDin CIO(A), a morphism J e O CC-(A) is called a

f o
CE-resolution of X — X Uif HO(f%%) [f]as diagrams of the form  — e.
By Remark Bl given CE-resolutions J of X and J Hof XY there exists a

CE-resolution J -’ JBof X -’ xH
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f
PROPOSITION 17 Let X —= X" be a quasiisomorphism in CO(A).  Let

f f .
J — JBbe a CE-resolution of X —= XY Then f can be written as a com-
posite in (olo (Inj A) of a rowwise homotopism, followed by a double homo-
topism.

Proof. Choose a pointwise split monomorphism X 2. Ainto a split acyclic
complex X. We can factor

1
(X x9 = <X 2 yorn (), XD>,

so that (fa) is a pointwise split monomorphism. Let B be a CE-resolution of
A. Choosing a CE-resolution b of a, we obtain the factorisation

(J 9 = <Jﬂ)> JDD{I@» JD).

1 1

Since X EIE@» X Hs a homotopism, .J E\E@» J is a double homotopism;
cf. Corollary[[@ Hence f is a composite of a rowwise homotopism and a double
homotopism if and only if this holds for (fb). So we may assume that f is
pointwise split monomorphic, so in particular, monomorphic.

By Proposition [[d, we may replace the given CE-resolution f by an arbitrary
CE-resolution of f between .J and an arbitrarily chosen CE-resolution of X"
without changing the property of being a composite of a rowwise homotopism
and a double homotopism for this newly chosen CE-resolution of f.

f _
Let X — X D_—» X be a short exact sequence in C[O(A). Since f is a quasi-
isomorphism, X [Ob C[O(A) is acyclic. Let J be a rowwise split acyclic

_ f _
CE-resolution of X; cf. Lemmal[[fl The short exact sequence X — X U X
is pure by acyclicity of X; cf. Remark B(1). Hence by the exact Horseshoe
Lemma, there exists a rowwise split short exact sequence J — JH—» J of

f _
CE-resolutions that maps to X — X =— X under H ((—=)~¥); cf. Remark [l

Since J is rowwise split acyclic and since the sequence J — J"— J is row-
wise split short exact, .J — J5is a rowwise homotopism. Since J — JUis a

f
CE-resolution of X — X this proves the proposition. o

3 FORMALISM OF SPECTRAL SEQUENCES

We follow essentially VERDIER [T7], 11.4]; cf. [6l App.]; on a more basic level, cf.
11, Kap. 4].

Let A be an abelian category.
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3.1 POINTWISE SPLIT AND POINTWISE FINITELY FILTERED COMPLEXES

Let Zoo := {—o0} [ZI[{do}, considered as a linearly ordered set, and thus as
a category. Write |a, 8] := {0 [Aw : a <o < [} for o, § [Ac such that
a < (; etc.
Given X [COb[Ze,C(A)], the morphism of X on a < f in Ze shall be
denoted by X (o) = X (06).
An object X [Ob [ Zoo, C(A)1 is called a pointwise split and pointwise finitely
filtered complex (with values in A), provided (SFF 1,2,3) hold.

(SFF 1) We have X (—o0) = 0.

(SFF 2) The morphism X (a)! =, X (B)! is split monomorphic for all
i [Zland all @ < f in Zo.
(SFF 3) TFor all i [Z] there exist 3y, ag [A such that X (a) = X(p)
is an identity whenever a < < fgor ap < a < f in Zco.
The pointwise split and pointwise finitely filtered complexes with values in A
form a full subcategory SFFC(A) [MFco, C(A)].
Suppose given a pointwise split and pointwise finitely filtered complex X with
values in A for the rest of the present &l
Let a [Zw. Write X (a) := Cokern (X (o —1) — X(«)) for @ [Z. Given
i [Z, we obtain X (a)' g mee,q) X (0)', which is a finite direct sum. We
identify along this isomorphism. In particular, we get as a matrix representa-
tion for the differential

(X(a) 9 X(a)i+1)

(A5, )or

= Do =50, q] X(U)i D- [=co,q] X(T)i+1

where dL’T = 0 whenever o < 7; a kind of lower triangular matrix.

3.2 SPECTRAL OBJECTS

Let Zoo 1= Zoo X Z. Write o™X := (a, k), where & Ao and k [A. Let
at® <4t inZeo if k< ¢ or (k=¢and a < j3), i.e. let Zeo be linearly ordered
via a lexicographical ordering. We have an automorphism aX = atk+1l of
the poset Zeo, to which we refer as shift. Note that —oo™K = (—oco) Tk,

We have an order preserving injection Zeo —> Zoo , @ —> a0, We use this
injection as an identification of Zeo with its image in Ze , i.e. we sometimes
write o := a0 by abuse of notation.

Let ZZ = {(0,3) (Ao XZoo : B ' <a<p < at'} We usually
write 3/a = (a, 8) 4% ; reminiscent of a quotient. The set ZZ, is partially
ordered by 3/a < fYa": CIMBl fYand a < oY. We have an automorphism
B/ar— (8/a)t! := atl/j3 of the poset ZZ,, to which, again, we refer as shift.
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We write Z7% = {B/a LZE, : —oco < a < 3 < oo}. Note that any element of
Z7, can uniquely be written as (3/a)TK for some 3/a [ZF, and some k [Z1
We shall construct the spectral object Sp(X) [COb [LZ%,, K(A)l. The morphism

of Sp(X) on B/a < BYain ZZ shall be denoted by X (3/a) e X (BYaY.
We require that

(X((ﬁ/a)Jrk) N X((gﬁ/agw)) _ (X(ﬁ/a) X X(ﬁgaq).—i_k

for B/a < 8Ya"in Z%; i.e., roughly put, that Sp(X) be periodic up to shift of
complexes.

Define
X (8/a) := Cokern (X (a) == X(8))

for B/ I:Zﬁ,_. By periodicity, we conclude that X(a/a) =0 and X(oﬂ‘l/a) =
0 for all o [Zlo.
Write

Disoprar = (ds)onap), tgarp) @ X(B/a) — X(3FaH!

for i [Zland §/a, Yo" CAZ.
Given —co<a<f<y<ooand i [Z we let

X(3/a) 2> X(v/a)) = (X870 L X(8/a) CxXU/8)
( ) = | )

(XW&VLXW)‘) - (Xw/a)i iy U X(v/ﬁ)i>

(/o = x@rym) = (xesm el X(3/a) ).

By periodicity up to shift of complexes, this defines Sp(X). The construction
is functorial in X Qb SFFC(A).

3.3 SPECTRAL SEQUENCES

Let Z## = {(v/e,0/B) [Zit <xZ# i lsa<sfsy<si< a+1}._Given
(v/,8/8) CALH, we usually write d/3/v/a := (v/a,d/8). The set ZZL¥ is
partially ordered by

8/B)v/a< 8787 7a" : (TA@/a <4 and §/8 < 6754 .

Define the spectral sequence E(X) CObLZ#%# Al of X by letting its value on

5/B8)v/a < 678777 a"
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in Z## be the morphism that appears in the middle column of the diagram

H(X (v/@)) —+—=E(0/B/~/o)(X) —=—=H’(X(3/0))

Hw l Hw
HY(X (77 a)) ——=E(67 877 a"(X) ——=H (X (s"/8Y) .
Given 6/3/)~v/a CZE? and k [ZL we also write
E(6/B/~/a)*™(X) = E((6/8)*/) (v/a)**)(X) .
Altogether,

[Zo,C(A)] [BFFCA) — [Z% KA)D — [Z%* Al
X — SpX) — E(X).

3.4 A SHORT EXACT SEQUENCE

LEMMA 18 Givene ' <a<f<y<d<e<a'l inZe, we have a short
exact sequence

E(e/B/7/a)(X) —~ E(e/BJ6/a)(X) —~ Ble/v/5/a)(X).
Proof. See [10, Lem. 3.9]. o

LEMMA 19 Given e 'sa<f<y<éd<ec<a in Ze, we have a short
exact sequence
E(e/1/8/a)(X) —~ E(e/v/5/8)(X) —— E(a™/7/5/)(X).

Proof. Apply the functor induced by 8/a+—a*!/3 to Sp(X). Then apply
[I0, Lem. 3.9]. o
The short exact sequence in Lemma is called a fundamental short exact
sequence (in first notation), the short exact sequence in Lemma [[ is called
a fundamental short exact sequence (in second motation). They will be used
without further comment.

3.5 CLASSICAL INDEXING
Let 1 <r < oo and let p, ¢ 4. Denote

EPY = EPY(X) = E(-p—1+r/=p—1/=p/—p—r)"PH(X),
where 7 4 00 := 00 and ¢ — o0 := —oo for all ¢
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ExXAMPLE 20 The short exact sequences in Lemmata [8 [ allow to derive the
exact couples of Massey. Write

DY = DI (X) i= B(mi/=oof=i=r+1/=e0)"(x)
for i, j A and r = 1. We obtain an exact sequence
Dir,j € Dir—1,j+1 € Eir+r—2,j—r+2 e Dir+r—1,j—r+2 e Dir+r—2,j—r+3
by Lemmata I8 TA

3.6 COMPARING PROPER SPECTRAL SEQUENCES

f
Let X — Y be a morphism in SFFC(A), i.e. a morphism of pointwise split and
E(F
pointwise finitely filtered complexes with values in A. Write E(X) B0, E(Y)

for the induced morphism on the spectral sequences.
For , 8 [, we write a < 3 if

(a<ﬁ) or (azﬁ and ozli{bO"’k:kI:Z]}E{}OO"’k:kI:Zl}).
We write
¢ = {6)B)y)a CAEF : 5 <a<B=sy<d<at'}.

We write .
E = E(X) := E(X)|54+ CObLZZ# Al

for the proper spectral sequence of X; analogously for the morphisms.

Lemma 21 IfE(a+1/a—=1/a/a— 2)K(f) is an isomorphism for all a [Z
and all k TZ, then E(f) is an isomorphism.

Proof. Claim 1. We have an isomorphism E(y/8 — 1/3/8 — 2)tX(f) for all
k A4, all B A and all v 4 such that v > 5. We have an isomorphism
E(B+1/8—1/8/a—1)tK(f) for all k [ZL all 3 [Zland all o [Zlsuch that
a < f.

The assertions follow by induction using the exact sequences

e

E(v+2/v/v+1/8)t*t — E(y/B3—1/3/8—2)*k
—~ E(y+1/8-1/8/8—2)" — 0

and

0 — E(B+1/8—1/8/a—2)* =+ E(B+1/8—1/8/a—1)tk

— E(f—1/a—2Ja—1/a—3)tkl,
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Claim 2. We have an isomorphism E(v/3—1/8/a—1)TK(f) for all k [Zland
all a, B, v 4 such that a < 8 < 7.

We proceed by induction on v — «. By Claim 1, we may assume that o <
0—1< B4+ 1<~. Consider the image diagram

E(y—1/6—1/5/a—1)"K —~ E(y/A—1/8/a—1)* —= E(y/f—1/5/a)"*

Claim 3. We have an isomorphism E(§/3/v/a)™K(f) for all k A and all
a, B,v,0 [CAsuch that a < =< < 4.

We may assume that v — 3 = 1, for E(6/8/8/a)tK = 0. We proceed by
induction on v — . By Claim 2, we may assume that v — 3 = 2. Consider the
short exact sequence

E(3/8J7—1/a)™® —~ B(3/8/7/a)™* == B(0/y—1/7/a)**

Claim 4. We have an isomorphism E(§/3/v/a)™K(f) for all k A and all

a, B, 7,0 Ao such that a < < < 4.

In view of Claim 3, it suffices to choose & [Z small enough such that

E(8/8)/G)T(f) = B5/8f/ —oo) H(f); ete.

Claim 5. We have an isomorphism E(6/3/v/a)*™®(f) for all k A and all

a, 3,7, 6 A such that a < 3=~ < 6.

In view of Claim 4, it suffices to choose B [Z small enough such that
E(8/8/7/=00) ™ (f) = E(§/ =00~/ =) TK(f); etc.

Claim 6. We have an 1s0m0rph1sm E(6/8/)v/a) T (f) for all & A and all

a, 3,7, 0 [Ae such that —co < <o < f<y<oco< —ootl<f=<atl

In view of Claim 5, it suffices to consider the short exact sequence

E(c0/B/7/071) K —e B(co/@/y/a)™k = B(6/3]v/a)*¥

Claim 7. The morphism E( f) is an isomorphism.

Suppose given a, 3,7, 6 [Ae suchthat S '<=a < pf<=y<I<at!l. Viaa
shift, we may assume that we are in the situation of Claim 5 or of Claim 6. o

3.7 THE FIRST SPECTRAL SEQUENCE OF A DOUBLE COMPLEX

Let A be an abelian category. Let X [CAbCC-(A). Given n [Z., we write
X[ ™or the double complex arising from X by replacing X by 0 for all i 1
[0,n]. We define a pointwise split and pointwise finitely filtered complex t; X,
called the first filtration of tX , by letting t; X (o) := t X [7%™br o [ZLo; and by
letting t; X (a) — t1.X (3) be the pointwise split inclusion tX 7% ¢t X [7B. 1
for a, f [Aoo such that o < . Let E; = E(X) := E(t;X). This construction

is functorial in X [CObCC-(A). Note that t; X (o) = X ~k+a,

We record the following wellknown lemma in the language we use here.
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LEMMA 22 Let o [JQFo0,0]. Let k CZ such that k = —a. We have

Eila/a—1)a/a—1)TKX) = HKtO(X*H]
Eif(a+1/a—1/a/a—2)"K(X) = H *HYXDH),

naturally in X CQOb CC-(A).
Proof. The first equality follows by Er(a/a—1/a/a—1)TK = H*t; X (a/a—1) =
Hk+a (X—C(, I}I

The morphism t;X (a/a—1) — t;X ((a—2)™" /a—1) = t1X (a—1/a— 2).+1
from Sp(t1X) is at position k£ = 0 given by

(—1)% 0

tI—X(a)k _ X—cx,kJrcx X—O(+1,k+0( — tI—X(a _ 1)k+1 :

cf. §LTA In particular, the morphisms

e

Ei(a+1/afa+1/a)t* 1 — Ej(a/a—1)aja— 1)tk
s Erfla—1/a—2fa—1/a—2)+k+

are given by

_1yetlggkta
HkJrO‘(X—O(—l,L_}‘ ( 1)41{(,6) Hk+cx(X—cx,|_—}|

(—1)*HM e (0)

Hk+0( (X—a+1, I}I
Now the second equality follows by the diagram

Er(a+1/a—1/a/a—2)tk
/e/ \f\
Er(a/a—1/a/a—2)1TK Er(a+1/0—1/a/a—1)*k
\ /
Er(a+1/ala+1/a)tk—1 —° Eq(a/a—1/a/a—1)tK —> Ey(a—1/a—2/a—1/a—2)+tKk+1

o

f
REMARK 23 Let X — Y be a rowwise quasiisomorphism in CC-(A). Then
E1(6/3)v/a)t (f) is an isomorphism for ' <a<pf<y<d<at!l in Ze
and k CZ1

Proof. Tt suffices to show that the morphism Sp(t;f) in LZ#, K(A)l is point-
wise a quasiisomorphism. To have this, it suffices to show that t f*k a quasi-
isomorphism for k = 0. But f* s a rowwise quasiisomorphism for k& = 0; cf.

§LTa o
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LEMMA 24 The functor CC-(A) B (Z##, Al factors over

KK-(A) —» [Z## AT,
Proof. By Lemmalll we have to show that E; annihilates all elementary horizon-
tally split acyclic double complexes in Ob CC-(A) and all elementary vertically
split acyclic double complexes in Ob CC*-(A).
Let U [CAb CC-(A) be an elementary vertically split acyclic double complex
concentrated in rows ¢ and ¢ + 1, where ¢ = 0. Let V' [CObCC-(A) be an
elementary horizontally split acyclic double complex concentrated in columns
j and j + 1, where 5 = 0.
Since V is rowwise acyclic, E; annihilates V by Remark Z3, whence so does Er.
Suppose given

(O —o=sa<fsy<i<soo

in Zoo and k 4. We claim that the functor Ey(6/3/v/a)** annihilates U.

We may assume that 3 < 7. Note that Ej(§/8/v/a)TK(U) is the image of
H* (41U (/) — HX(tU(6/8)) -

The double complex U [_5"—_/U[_B'Eis columnwise acyclic except possibly if
—fB =i+1orif =5 =i+ 1. The double complex UY-TAT=% My columnwise
acyclic except possibly if —a =i+ 1 or if —y = i + 1. All three remaining
combinations of these exceptional cases are excluded by (L] however. Hence
E1(6/3/v/a)t*(U) = 0. This proves the claim.

Suppose given

(3 Slsa<fsysow=s-otlsi=sa’l.
in Zeo and k [CA. We claim that the functor Ei(6/3/v/a)** annihilates U.

We may assume that 3 < v and that §~! < a. Note that Er(6/8/y/a)™&(U)
is the image of

H* (U (/) — H (4 U(B/07Y)) -
The double complex U [_B";"U[_(éfl)":ls columnwise acyclic except possibly
if —=(07') =i+ 1orif = =i+ 1. The double complex UY: A= Hg
columnwise acyclic except possibly if —y = i4+1 or if —a = i+1. Both remaining
combinations of these exceptional cases are excluded by ([II]however. Hence

E1(6/83/~/a)™(U) = 0. This proves the claim.
Both claims taken together show that E; annihilates U. o

4 GROTHENDIECK SPECTRAL SEQUENCES

4.1 CERTAIN QUASIISOMORPHISMS ARE PRESERVED BY A LEFT EXACT
FUNCTOR

Suppose given abelian categories A, B, and suppose that A has enough injec-

F
tives. Let A — B be a left exact functor.
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REMARK 25 Suppose given an F-acyclic object X Qb A and an injective res-
f
olution I [COb C[O(Inj A) of X. Let Conc X — I be its quasiisomorphism.

Ff
Then Conc FX — F1I is a quasiisomorphism.

Proof. This follows since F is left exact and since H'(FI) [{R'F)X [Olfor
1=1. o

REMARK 26 Suppose given a complex U [db C[O(A) consisting of F-acyclic
objects.  There exists an injective complex resolution I I:DbC[O(Inj A)

f
of U such that its quasiisomorphism U — I maps to a quasiisomorphism
Ff
FU — FI.

Proof. Let J [CObCC- “E(InjA) be a CE-resolution of U; cf. Remark @l Since
the morphism of double complexes Concy U — J is a columnwise quasiiso-
morphism consisting of monomorphisms, taking the total complex, we obtain
a quasiisomorphism U — tJ consisting of monomorphisms. By F-acyclicity
of the entries of U, the image Concy FU — F'J under F is a columnwise
quasiisomorphism, too; cf. Remark Bl Hence F maps the quasiisomorphism
U — tJ to the quasiisomorphism FU — FtJ. So we may take I :=tJ. o

LEMMA 27 Suppose given a complex U [Ob C[O(A) consisting of F-acyclic
f
objects and an injective complex resolution I TQOb CI0 (InjA) of U. LetU — I
Ff
be its quasiisomorphism. Then FU — F1I is a quasiisomorphism.
Proof. Let U — IYbe a quasiisomorphism to an injective complex resolution
IPthat is mapped to a quasiisomorphism by F; cf. Remark Since U — I

is a quasiisomorphism, the induced map ga\(U,I)+— k)l H1) is surjec-
tive, so that there exists a morphism I™— I such that (U — I"—1) =

f f
(U —I) in K(A). Since, moreover, U — [ is a quasiisomorphism, I--— [
is a homotopism. Since FU — FIis a quasiisomorphism and FI5— FT is
a homotopism, we conclude that FU — F'I is a quasiisomorphism. o

4.2 DEFINITION OF THE GROTHENDIECK SPECTRAL SEQUENCE FUNCTOR

Suppose given abelian categories A, B and C, and suppose that A and B have

enough injectives. Let A . B and B =, C be left exact functors.
A (F,G)-acyclic resolution of X Qb A is a complex A Qb CI°(A), together
with a quasiisomorphism Conc X — A, such that the following hold.

(A1) The object A'is F-acyclic for i = 0.
(A2) The object A" is (G = F)-acyclic for i = 0.

(A 3) The object FA' is G-acyclic for i = 0.
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An object X [ObA that possesses an (F,G)-acyclic resolution is called
(F, G)-acyclicly resolvable. The full subcategory of (F,G)-acyclicly resolvable
objects in A is denoted by AF g)-

A complex A [db C[O(A), together with a quasiisomorphism Conc X — A,
is called an F'-acyclic resolution of X CObA if (A 2) holds.

REMARK 28 If F' carries injective objects to G-acyclic objects, then (A1) and
(A 3) imply (A2).

Proof. Given i = 0, we let I be an injective resolution of A', and I the acyclic
complex obtained by appending A' to I in position —1. Since A' is F-acyclic,
the complex F1I is acyclic; cf. Remark BFl Note that FB°T [CFU' is G-acyclic
by assumption. Since

(R*G)FP — (R*G)FB*'I — (RK*'G)FB'I
is exact in the middle for 7 = 0 and k£ = 1, we may conclude by induction on

J and by G-acyclicity assumption on F [ that FBIT is G-acyclic for j = 0. In
particular, we have (R*G)(FBJI) [0For j = 0, whence

GFB] — GFP — GFBI*t']

is short exact for 5 = 0. We conclude that (G = F)I is acyclic. Hence A' is
(G » F)-acyclic. o

To see Remark Z8 one could also use a Grothendieck spectral sequence, once
established.

REMARK 29 Suppose given X [AbA, an injective resolution I of X and an
F-acyclic resolution A of X. Then there exists a quasiisomorphism A — T

that is mapped to 1x by H°. Moreover, any morphism A s T that is mapped
to 1x by HY is a quasiisomorphism and is mapped to a quasiisomorphism

Fu
FA—— FIbyF.

Proof. Let Ibe an injective complex resolution of A such that its quasiisomor-
phism A — IYis mapped to a quasiisomorphism by F; cf. Remark We
use the composite quasiisomorphism Conc X —» A — I to resolve X by I
To prove the first assertion, note that there is a homotopism I™— I resolving
1x; whence the composite (A —= I"—I) is a quasiisomorphism resolving
1x.

To prove the second assertion, mnote that the induced map
KAA, T) ~— K(A)(ID, I) is surjective, whence there is a factorisation

(A—IT"—1) = (A — I) in K(A) for some morphism 1"~ I, which,
since resolving 1x as well, is a homotopism. In particular, A L Tisa quasi-

F
isomorphism. Finally, since FI"— FI is a homotopism, also F'A 5 FIis
a quasiisomorphism. o
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Alternatively, in the last step of the preceding proof we could have invoked
Lemma 22

The following construction originates in [5, XVI11.§7] and [[4, Th. 2.4.1]. In its
present form, it has been carried out by Haas in the classical framework [8].
We do not claim any originality.

I do not know whether the use of injectives in A in the following construction
can be avoided; in any case, it would be desirable to do so.

We set out to define the proper Grothendieck spectral sequence functor

oGr

E =
Afre — [z## c].

We define EEYG on objects. Suppose given X [ObAF ). Choose an
(F, G)-acyclic resolution Ax [DbC(A) of X. Choose a CE-resolution
Jx E])bCCL(IHJ B) of FAx. Let EIC:;’rG(X) = EI(GJ)() = E(tIGJx) 1
Ob [LZ## C1l be the Grothendieck spectral sequence of X with respect to F
and G. Accordingly, let

BESS(X) = BEf(GJx) = B(tiGJx) CObLZE#, CT

be the proper Grothendieck spectral sequence of X with respect to F' and G.

We define E,C:;rG on morphisms. Suppose given X [ ObA g, and let Ax
and Jx be as above. Choose an injective resolution Ix [—QbC0(InjA) of
X. Choose a quasiisomorphism Ax X, Ix that is mapped to 1x by H? and
to a quasiisomorphism by F; cf. Remark Choose a CE-resolution Kx [1
Ob CC-(InjB) of FIx. Choose a morphism Jx S Kx in CC-(InjB) that is
mapped to Fpx by HO((—) l*_:*); cf. Remark B

Note that Jx —> Kx can be written as a composite in CC- “F(InjB) of a
rowwise homotopism, followed by a double homotopism; cf. Proposition [
. 2 (G .
Hence, so can GJx Sax, GKx. Thus Ei(GJx) Ml Ei(GKx) is an
isomorphism; cf. Remark B3l Lemma P41
f /
Suppose given X — Y in A g). Choose a morphism Ix — Iy in cloA)

f//
that is mapped to f by HY. Choose a morphism Kx — Ky in CC-(InjB)
that is mapped to F f“by H%((—=)"%); cf. Remark Bl Let

. f
EFL(X =Y) =

. Ei(Gqx) E((GF") - Ei(Gqy)
<EI(GJX) B (@R ) S By (GRy ) SR EI(GJY)> .
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The procedure can be adumbrated as follows.

£

Kx Ky
“’7' qY/’
Jx \]Y
f/
|x IY
PV P)/
Ax AY
f
X Y

We show that this defines a functor EEYG AFGc — [Z##, Cl. We need to

show independence of the construction from the choices of f“and f™ for then

functoriality follows by appropriate choices.

Let Ix i» Iy and Kx — Ky be alternative choices. The residue classes of
fPand fHin KI°(A) coincide, whence so do the residue classes of FfPand FfU
in K[°(B). Therefore, the residue classes of f™and M KK"(B) coincide; cf.

Proposition [ Hence, so do the residue classes of G f™and G f Min KK“(C).

Thus Er(Gf™ = Er(GfD; cf. Lemma P4

We show that alternative choices of Ax, Ix and px, and of Jx, Kx and qx,

yield isomorphic proper Grothendieck spectral sequence functors.

Let /Ix X fx and jx X, Rx be alternative choices, where X runs through
ObAF,c)-

f
Suppose given X — Y in A g). We resolve the commutative quadrangle

f
X—Y

H f H
X—Y
in A to a commutative quadrangle

/

Ixﬁly

- £
Ix — Iy
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in K[O(A), in which ux and wuy are homotopisms; cf. Remark Bl Then we
resolve the commutative quadrangle

Ff’
FIx ——=Fly

Fqu lFUy
Ff

fo —_— FINY
in KI°(B) to a commutative quadrangle

"

KxﬁKY

- .
Kx — Ky

in KK"(B); cf. Proposition [[Al Therein, vx and vy are each composed of a
rowwise homotopism, followed by a double homotopism; cf. Proposition [ So
are Gux and Guy . An application of EI(G(—)) yields the sought isotransfor-
mation, viz.

. S1(Gax . S1(GVx . ~ ' § . ~
(Bu(Gux) =T Bi(GEx) — G2 Bi(GRx) SEE Bi(Gx))

at X [CObAE g); cf. Remark Z3 Lemma P41

Finally, we recall the starting point of the whole enterprise.

REMARK 30 ([B, XVIL.87], [@, TH. 2.4.1]) Suppose given X [ObAF )
and k, ¢ TA=y. We have

Gt (—k+ 1/—k — 1/ —k/=k—2)"%" (X) CIRKG)(R F)(X)
EET (00/— 00 o0 /—o0) et (X) RN (G = F))(X),

naturally in X.

Proof. Keep the notation of the definition of E,(:;rG .
We shall prove the first isomorphism. By Lemma B2 we have

BES(—k+1/—k—1/—k/—k—2)*" (X) CHH (GJH) .

Since Jx is rowwise split, we have H (GJ;’L—T' aH J;? Note that
H J;’I:ils an injective resolution of H F Ax; cf. Remark B (1). By Remark 29,

H FAx %X 0 Fly CTR F)(X). So
H(H (GJ'Y) CHNGH JH) CIR*G)(H FAx) CRG)(R F)(X) .
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f
We shall prove naturality of the first isomorphism. Suppose given X — Y
in A,g). Consider the following commutative diagram. Abbreviate E :=

E(=k+1/—k—1/—k/—k—2)tkt .

B(t;Gax) B(t Gf') B(t;Gay)
E(t:GIx) — > E(tiGKx) ————> E(t;GKy) ~———— E(t:GJy)
2 14 14 14
HkHle;(’* HFHEG 11—+ HkHle;’*
HFH'GJ;* ———> H*H’GK"" ——— H*H’GK,"* =<——— H*H‘GJ, "
2 14 14 14
chH’fq;(v* HEGuef—* chH’-’q;v*
HFGHYJ " ——— H*GH’K ™" HFGH'Ky " <———— HFGH! I,
2 14 14 14
(RFG)H Fp 5 (RFEGyH F £/ (RF G )H! Fpy
(RFG)HFAx ——— (R*G)H'FIx ——— (R*G)H'Fly =——— (R*"G)H'FAy
14 14

®RFG)®RIF)()
R*G)(RF)(X) ——— (RFG)[R'F)(Y)

We shall prove the second isomorphism. By Lemma 1 the quasiisomorphism

FAx — tJx maps to a quasiisomorphism GFAx — tGJx [GtJx. By

Lemma 7 the quasiisomorphism Ax X Ix maps to a quasiisomorphism

GFAx 225 GFIy. So

Efi(00/—00foo/—oo)tkt (X) [CHN' (tGJx) [H* (GtJx)
[CH (GFAx) [CHKT (GFIx)
CR* (G- F))(X).
We shall prove naturality of the second isomorphism. Consider the following
diagram. Abbreviate E := EZ'g(c0/—00 /oo /—oc0)tkt

- B(t;Gax) . BrGf') . BE(t;Gay)
E(tIGJx) — E(tIGKx) EEE—— E(tIGKy) <7 E(tIGJy)
2 z z 2
Hk+fthX aktligy! Hk+£thY
HF4GIx —— HM4GKx ——— HMtGKy <——— H*5Gay
2 z 2 2
H)H’[thx ak+laey! H)H’[thy

HGtIx —— HFP'GtKxy ——— HFTGtKy <—— H* Gty

? !

ukH Garpy uktlary! HEH GFpy
H*MGFAx ——— HM'GF Iy —— HFMGF Iy <——— H*M'GF Ay

? ?

(®F+(6 = F)) (x) B i ) (v )
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4.3 HAAS TRANSFORMATIONS

The following transformations have been constructed in the classical framework
by Haas [8]. We do not claim any originality.

4.3.1 SITUATION

Consider the following diagram of abelian categories, left exact functors and
transformations,

A—Fs>B—S.¢

Tl

Al—— BDi) CD’

ie. Flo U " Vo F and GPo V — W = G. Suppose that the conditions
(1,2,3) hold.

(1) The categories A, B, AMand BMhave enough injectives.
(2) The functors U and V carry injectives to injectives.

(3) The functor F carries injective to G-acyclic objects. The functor F"
carries injective to GHacyclic objects.

We have A, g) = A since an injective resolution is an (F, G)-acyclic resolution.
Likewise, we have A(DF,’G,) =A0

Note in particular the case U = 1a, V =1g and W = 1¢.

We set out to define the Haas transformations

I 11
h “ h,,

B e (U() —= Bl (=) — Edw.e(—),

where hL depends on F, FY) GY U, V and p, and where h\I,I depends on F, G,
GRV, W and v.

4.3.2 (CONSTRUCTION OF THE FIRST HAAS TRANSFORMATION

Given T' CAb A, we let E,C:;YG(T) be defined via an injective resolution It of T
and via a CE-resolution Jt of FIt; cf.

Given T2 CAb A5 we let EE{G,(Tq be defined via an injective resolution I+
of T and via a CE-resolution Ji, of FHL; cf.

We define hL. Let X [CObA. By Remark B there is a unique morphism

h’X '
15% = Ulx in KI°(AY that maps to lyx under H°. Let Jjk —= VJx
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be the unique morphism in KK-(BY that maps to the composite mor-
Ih/

phism (P25 Ly L VL VFIx) in KO8 under HO((=)"); cf

Lemma Let the first Haas transformation be defined by

. hi X .
(EE{G/(UX) T BE (X))

E1(G'h”X)
—_—

= (EI(GDJEX) EI(G@/JX)) .

f
We show that hL is a transformation. Let X — Y be a morphism in A.
f/ f £ f/
Let Ix — Iy resolve X — Y. Let Jx — Jy resolve FIx — Fly.
f uf £
Let I5 — I} resolve UX — UY. Let J5% — Juy resolve

F/f’/
FqUX — FqUY . The quadrangle

UX=—=UX
Ufi lUf
UY —=UY

commutes in AY Hence, by Remark B, applied to IEX and Uly, the resolved
quadrangle

15 % Ul

fvl luf,

IEY WUIY

commutes in K°(AY. Hence both quadrangles in

FA5, —FX e — Y VR
F’f’l l/F’Uf’ lv Ff’
FqL‘JjY v FY1y m VFIy

commute in K°(BY. By Lemma [[3 applied to JGx and V Jy , the outer quad-
rangle in the latter diagram can be resolved to the commutative quadrangle

IS5 h’x VJx
1?// l/ lv f”
O
JUY h'’y VJY
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in KK-(BY. Applying E;(G{~)) and employing the definitions of E,C:;,r’G,,
E,(:;fG/QV and hL , we obtain the sought commutative diagram

I

BE o (UX) By (X)
ng,cf(Uf)l lEng’ov(f)
BE o (UY) ———— B,y (V)

huY
in [2?0#, cHl.

4.3.3 (CONSTRUCTION OF THE SECOND HAAS TRANSFORMATION

We maintain the notation of
Given X [Ab A, we let the second Haas transformation be defined by

(B () "5 Bfua (X)) = (BUGT ) = B(WGR)

It is a transformation since v is.

5 THE FIRST COMPARISON

5.1 THE FIRST COMPARISON ISOMORPHISM

Suppose given abelian categories A, AMand B with enough injectives and an
abelian category C.

Let Ax AD—F> B be a biadditive functor. Let B C, C be an additive functor.
Suppose given objects X [CObA and X" [CObAY Suppose the following
properties to hold.

(a) The functor F(—, XY : A— B is left exact.
(aY The functor F(X,—) : A/— B is left exact.
(b) The functor G is left exact.

(c) The object X possesses a (F(—, XY, G)-acyclic resolution A []
ObCl(A).

(cY The object X" possesses a (F(X,—),G)—acyclic resolution AY [
Ob ClO(AS.

Moreover, the resolutions appearing in (c) and (c4 are stipulated to have the
following properties.
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(d) For all £k = 0, the quasiisomorphism Conc X — A is mapped to a quasi-
isomorphism Conc F/(X, A®) — F (A, A®) under F(—, A¥).

(dY For all k = 0, the quasiisomorphism Conc X "— A"is mapped to a
quasiisomorphism Conc F(AX, X —» F(AX, AY under F(4K,—).

The conditions (d,d" are e.g. satisfied if F(—, A®) and F(AK, —) are exact for
all k= 0.

THEOREM 31 (FIRST COMPARISON) The proper Grothendieck spectral se-
quence for the functors F(X,—) and G, evaluated at X5 is isomorphic to
the proper Grothendieck spectral sequence for the functors F(—, XY and G,
evaluated at X ; i.e.

EEEX,—),G(XQ IIE]Ef—,x'),G(X)

m [Zﬁ#,C].

Proof. Let Ja, Jar, Jaa [ObCC"-(InjB) be CE-resolutions of the com-
plexes F(A, XY, F(X,AY, tF(A, AY Qb CP(B), respectively.

The quasiisomorphism ConcX —= A is mapped to the morphism
F(Conc X, AY — F(A, AY, yielding F(X,AY —tF(A, AY, which is a
quasiisomorphism since Conc F'(X, A®) — F(A, A¥) is a quasiisomorphism
for all k=0 by (d).

Choose a CE-tesolution Jar —> Jaa of F(X,AY—tF(A, AY; cf. Re-
mark Since the morphism F(X, AY — tF (A, AY is a quasiisomorphism,
Ja — Jaa is a composite in CC- “F(InjB) of a rowwise homotopism and
a double homotopism; cf. Proposition [ So is GJar — GJa ar. Hence, by
Remark B3 and by Lemma B4l we obtain an isomorphism of the proper spectral
sequences of the first filtrations of the total complexes,

BEEix oy 6(XT = BEi(GJa) ="Ei(GJan) .
Likewise, we have an isomorphism
BEl_ xne(X) = Eil(GJa) —~"Ei(GJan) .

We compose to an isomorphism ngx'_)’G(Xq QEEE_’X,)’G(X) as sought.o

5.2 NATURALITY OF THE FIRST COMPARISON ISOMORPHISM

We narrow down the assumptions just as we have done for the introduction of
the Haas transformations in 23T in order to be able to express, in this narrower
case, a naturality of the first comparison isomorphism from Theorem Bl

Suppose given abelian categories A, AMand B with enough injectives and an
abelian category C.

F G
Let A < AF— B be a biadditive functor. Let B —» C be an additive functor.
Suppose that the following properties hold.
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(a) The functor F(—, XY : A— B is left exact for all XU ObA"
(aY The functor F(X,—) : AH— B is left exact for all X CObA.
(b) The functor G is left exact.

)
(c) For all XY [CObAL the functor F(—, X" carries injective objects to
G-acyclic objects.

(cY For all X [CObA, the functor F(X,—) carries injective objects to
G-acyclic objects.

(d) The functor F(I,—) is exact for all I Qb InjA.
(dY The functor F(—,IY is exact for all /X' [CObInj A"

ProproOSITION 32 Suppose given X 2 X in A and X'? CObA"Y Note that
we have a transformation F(x,—) : F(X,—) — F(X,—). The following
quadrangle, whose vertical isomorphisms are given by the construction in the

proof of Theorem BIl, commudtes.

Gy hi o X’ “Gr
EI(:}(X,—),G(Xq —>F( ) EE()Z'_)'G(XQ

- 5

. Cxn a(X) . -
. F(—,X"),G N
BE-x).a(X) EE_ xhe(X)

For the definition of the first Haas transformation h}: (x,—)» see LI
An analogous assertion holds with interchanged roles of A and A"

Proof of Proposition BA. Let I resp. I be an injective resolution of X resp. X in
A. Let I X, T be a resolution of X —» X. Let I7be an injective resolution
of XHin AT } B

Let Jl(/x) resp. Jl(/x) be a CE-resolution of F(X,IY resp. F(X, Y.

Let Ji 1 resp. Ji |, be a CE-resolution of tF(I, 1% resp. tF(I,I".

Let Jy resp. J; be a CE-resolution of F(I, X resp. F(I, XY.
We have a commutative diagram

F(x,1")

F(X,1Y F(X, 1Y
P, 19 S b 1
T F(X,X’) T

F(I, XY ———> F(, XY
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in CI°(B), hence in KI°(B). By Proposition [ it can be resolved to a commu-
tative diagram

IO —— g0

_

J|’|/ %Ji‘,ll

]

J| —_— <]|~
in KK“(B). Application of Ey (G(—)) yields the result; cf. Lemma 21

We refrain from investigating naturality of the first comparison isomorphism in
G.

6 THE SECOND COMPARISON

6.1 THE SECOND COMPARISON ISOMORPHISM

Suppose given abelian categories A and BPwith enough injectives, and abelian
categories B and C.

Let A i Bbe an additive functor. Let B x BD—G> C be a biadditive functor.
Suppose given objects X [CObA and Y [CObB. Let B [ObCI(B) be
a resolution of Y, i.e. suppose a quasiisomorphism ConcY — B to exist.
Suppose the following properties to hold.

(a) The functor F is left exact.
(b) The functor G(Y, —) is left exact.
¢) The object X possesses an (F, G(Y, —))-acyclic resolution A [COb CIO(A).

)
(©)
(d) The functor G(BX,—) is exact for all k£ = 0.
(e) The functor G(—, I' is exact for all /Y [QbInjBY
REMARK 33 Suppose given a morphism D X DYin CC-(C). IfH (f—Yis
a quasiisomorphism for all £ = 0, then [ induces an isomorphism

. Ei(f) .
Ei(D) — Ey(D")

of proper spectral sequences.

Proof. By Lemma 1 it suffices to show that Er(a + 1/a — 1/a/a — 2)TK(f)
is an isomorphism for all « [Zland all k¥ [Zl By Lemma B2 this amounts to
isomorphisms HKH (f~H'for all k, £ = 0, i.e. to quasiisomorphisms H (f 5’
for all £ = 0. o
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Consider the double complex G(B, FA) b CC"(C), where the indices of B
count rows and the indices of A count columns. To the first filtration of its
total complex, we can associate the proper spectral sequence Ej(G(B, FA)) [

Ob[z##,c1.

THEOREM 34 (SECOND COMPARISON) The proper Grothendieck spectral se-

quence for the functors F' and G(Y,—), evaluated at X, is isomorphic to
Ei(G(B, FA)); i.e. _ _
BEf'sry.—(X) CH(G(B, FA))

m [Zﬁ#,C].

Proof. Let JY [CObCC-(InjBY be a CE-resolution of FA. By definition,

EEfG(Y’_)(X) = Ei(G(Y, JY). By RemarkB3 it suffices to find D Qb CC-(C)

and two morphisms of double complexes

G(B,FA) — D ~— G(v,JY

such that H (v 5'and H (v™Hare quasiisomorphisms for all £ = 0.

Given a complex U Qb C[?(B), recall that we denote by ConcoU' COb CC-(B)
the double complex whose row number 0 is given by U, and whose other rows
are zero.

We have a diagram

G(B, Concy FA) — G(B,JY <— G(ConcY, JY
in CCC*(C). Let £ = 0. Application of H ((—=)™= 5 yields a diagram
(*) HYG(B, Concy FA)—=* — HEG(B,J)~=* <— HMG(ConcY,d’)—=*
in CC-(C). We have

H (G(B, Concy FA)™ = [-T(B, H ((Concy FA) ™)
= ((B,ConcH (FA))

and

H (G(B,J5 =Y C®(BH (J*YH),

since the functor G(BX,—) is exact for all k = 0 by (d), or, since the
CE-resolution J is rowwise split. Since the CE-resolution J5is rowwise split,
we moreover have

H (G(ConcY,JY™=5 [®(ConcY,H (J= 5.
So the diagram ([Odis isomorphic to the diagram

(00 G(B,ConcH (FA)) — G(B,H (J*5) «— G(ConcY, H (J= 5 ,
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whose left hand side morphism is induced by the quasiisomorphism
ConcH (FA) — H (J%5] and whose right hand side morphism is induced
by the quasiisomorphism ConcY — B.

By exactness of G(BK, —) for k = 0, the left hand side morphism of ([TJds a row-
wise quasiisomorphism. Since H (J® Yis injective, the functor G(—, H (J® 5}
is exact by (e), and therefore the right hand side morphism of ([Ids a column-
wise quasiisomorphism. Thus an application of t to ([Idyields two quasi-
isomorphisms; cf. L0 Hence, also an application of t to ([dyields two
quasiisomorphisms in the diagram

tHI:b(B,COnCQFA)_':'* —PtHl:b(B’J/)—,:,* <_tH|:b(COnCY,J/)_‘:‘* )

Note that t e H ((—)_':'?': H ((—)_'qlo t1,2, where t1 2 denotes taking the
total complex in the first and the second index of a triple complex; cf.
Hence we have a diagram

HY(t1,2G(B, Conca FA)) ™ — HH(t1,2G(B,J)) ™ <— HY{(t1,2G(ConcY, 3’))~*
consisting of two quasiisomorphisms. This diagram in turn, is isomorphic to

H (G(B,FA)_’E)J — H ((tLQG(B,J@)—'ﬁ)“ ~— H ((G(Y, J9) 'ﬁ‘
where the left hand side morphism is obtained by precomposition with the
isomorphism G(B, FA¥) 5% Coney G(B,FAX) = (t12G(B, Concy FA))™K,
where k = 0; cf. §LT0
Hence we may take

(G(B, FA) —~ D «~—G(B, )
= (G(B,FA) — t12G(B,JY ~— G(Y,JY) .

6.2 NATURALITY OF THE SECOND COMPARISON ISOMORPHISM

Again, we narrow down the assumptions just as we have done for the introduc-
tion of the Haas transformations in 237 to express a naturality of the second
comparison isomorphism from Theorem

Suppose given abelian categories A and BPwith enough injectives, and abelian

F

categories B and C. Suppose given additive functors A — BMand a transfor-
~ G F

mation F — F. Let B x BC=» C be a biadditive functor.

Suppose given a morphism X X in A and an object Y [CAbB. Let B [
Ob C[O(B) be a resolution of Y, i.e. suppose a quasiisomorphism ConcY — B
to exist. Suppose the following properties to hold.

(a) The functors F and F are left exact and carry injective to G(Y, —)-acyclic
objects.

(b) The functor G(Y, —) is left exact.
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718 MATTHIAS KUNZER
(¢) The functor G(B¥,—) is exact for all k = 0.

(d) The functor G(—, 1Y is exact for all IY[QbInjBY

Let A—» A in Cl(Inj A) be an injective resolution of X —~+ X in A. Note
that we have a commutative quadrangle

G(B,pA) ~
G(B,FA) ——— G(B, FA)
G(B,Fa)l lG(Bﬁa)
- G(B,pA) .

G(B,FA) —— G(B, FA)

in CC-(C). ) )
Note that once chosen injective resolutions A of X and A of X, the image of
G(B, Fa) in KK"(C) does not depend on the choice of the resolution A 24

- G(B,F (—
of X =+ X, for Cl° (A) CEFO), oo (C) maps an elementary split acyclic
complex to an elementary horizontally split acyclic complex.

LEMMA 35 The quadrangle

~Gr
EF,G(Y,—) (x)

EErG(Y LX) EE,YG(Y,—)(X)

1 |

) E1(G(B,Fa))
Ei(G(B, FA)) ———= Ei(G(B, FA))

commutes, where the vertical isomorphisms are those constructed in the proof
of Theorem B4l

Proof. Let J 08, J5e a CE-resolution of FA L rA Consider the following
commutative diagram in CC-(C).

G(Y,a ~
a5 —2 G, 7Y

| |

t1.2G(B,a
t126(B,J9 2208 B, 9

|

G(B, FA4) —SBFD _G(BFa)

An application of Er yields the result. o
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LEMMA 36 The quadrangle

"Gr hbe Gr
EF,G(Y,—)(X) > Eﬁ’G(Y’_)(X)

El |

. E1(G(B,pA)) . -

commutes, where the vertical morphisms are those constructed in the proof of
Theorem B4l
For the definition of the first Haas transformation h}: (x,—)» see ST

Proof. Let J (0%, Jhe a CE-resolution of F A Fe FA. Consider the following
commutative diagram in CC“(C).

G(Y,p o

G, 75— Gy, 7Y
l t1,2G(B,9) o
t1,2G(B, JY % t1.G(BJY

G(B,0A ~
G(B,FA) 2" (B, FA)

An application of Er yields the result. o

We refrain from investigating naturality of the second comparison isomorphism
iny.

7 AcycrLic CE-RESOLUTIONS

We record BeyL’s Theorem [4, Th. 3.4] (here Theorem EQ) in order to document
that it fits in our context. The argumentation is entirely due to BEyL [4, Sec. 3],
so we do not claim any originality.
Let A, B and C be abelian categories. Suppose A and B to have enough

F G
injectives. Let A —— B — C be left exact functors.

7.1 DEFINITION

Let T CQObC(B). In this §1 a CE-resolution of T will synonymously (and
not quite correctly) be called an injective CE-resolution, to emphasise the fact
that its object entries are injective.

We regard C[O(B) as an exact category as in Remarks [ and [l
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DEFINITION 37 A double complex B [ICC-(B) is called a G-acyclic
CE-resolution of T if the following conditions are satisfied.

(1) We have H*(B%¥) [CMand H*(B%Y) [COfor all k = 1.

(2) The morphism of complexes BX:m1— BX+1.Clconsisting of vertical dif-
ferentials of B, is a pure morphism for all £ = 0.

(3) The object B (B*His G-acyclic for all k, £ = 0.
(4) The object Z (B*His G-acyclic for all k, £ = 0.
A G-acyclic CB-resolution is a G-acyclic CE-resolution of some 7' Qb CI°(B).

From (3,4) and the short exact sequence Z (B%5'— Bk — B +1(Bk-b)!
we conclude that BX is G-acyclic for all k, £ = 0.

From (3, 4) and the short exact sequence B (B*5'— 7 (B*5'— H (BKb)!
we conclude that H (B¥Slis G-acyclic for all k, £ = 0.

EXAMPLE 38 An injective CE-resolution of T is in particular a G-acyclic
CE-resolution of T

Note that given ¥ [ODbC(B) and ¢ [E, we have ZGY [ GZY,
whence the universal property of the cokernel H GY of GY ~! —7Z GY
induces a morphism H GY — GH Y. This furnishes a transformation

H (X525 GH (X5 natural in X CObCC(B).
REMARK 39 If B is a G-acyclic CE-resolution, then the morphism
H (GB_"—_}|13> GH (B™Yis an isomorphism for all £ = 0.

Proof. The sequences

kGl — Gz (B*Y — GH (B®Y
kBl — @GB! — GB (B*Y

are short exact for k, £ = 0 by G-acyclicity of B (B¥Hresp. of Z ~1(B¥5! In
particular, the cokernel of GBK' =1 —» GZ (B*Yis given by GH (B*H! o
7.2 A THEOREM OF BEYL

Let X CAbAE ). Let A CAC(A) be a (F, G)-acyclic resolution of X. Let
B [AC*(B) be a G-acyclic CE-resolution of FA.

THEOREM 40 (BEYL, [d, TH. 3.4]) We have an isomorphism of proper spec-

tral sequences _ _
Efs(X) CEi(GB)

m [Zﬁ#,C].
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Proof. Since the proper Grothendieck spectral sequence is, up to isomorphism,
independent of the choice of an injective CE-resolution, as pointed out in L2,
our assertion is equivalent to the existence of an injective CE-resolution J of
FA such that Ef(GJ) [Ei(GB). So by Remark B3 it suffices to show
that there exists an injective CE-resolution J of FA and a morphism B — J
that induces a quasiisomorphism H (GB™"5'— H (GJH'for all £ = 0. By
Remark B and Example BY it suffices to show that GH (B~ 5'— GH (J Y
is a quasiisomorphism for all ¢ = 0.

By the conditions (1,2) on B and by G-acyclicity of H (B%5'for k, £ = 0, the
complex H (B™"Hlis a G-acyclic resolution of H (FA); cf. Remark [

By Remark B there exists J [QbCC*-(InjB) with vertical pure morphisms
and split rows, and a morphism B — J consisting rowwise of pure monomor-
phisms such that HK(B%*#) — HX(J5¥) is an isomorphism of complexes for
all k£ = 0. In particular, the composite (Concg FA — B — J) turns J into
an injective CE-resolution of FA.

Let £ = 0. Since B is a G-acyclic and J an injective CE-resolution of FA,
both ConcH (FA) — H (B~Yand ConcH (FA) — H (J—Hlare quasiiso-
morphisms. Hence H (B™"5'— H (J ' H'is a quasiisomorphism, too. Now
Lemma shows that GH (B™5'— GH (J—'%is a quasiisomorphism as
well. o

8 APPLICATIONS

We will apply TheoremsElland 2] in various algebraic situations. In particular,
we will re-prove a theorem of Beyl; viz. Theorem B3 in §83

In several instances below, we will make tacit use of the fact that a left exact
functor between abelian categories respects injectivity of objects provided it
has an exact left adjoint.

8.1 A HOPF ALGEBRA LEMMA

We will establish Lemma 7 in §8T°41 needed to prove an acyclicity that enters
the proof of the comparison result Theorem B2 in §82 for Hopf algebra coho-
mology, which in turn allows to derive comparison results for group cohomology
and Lie algebra cohomology; cf. §§B3 B4

8.1.1 DEFINITION
Let R be a commutative ring. Write =% [r1 A Hopf algebra over R is

an R-algebra H together with R-algebra morphisms H —~+ R (counit) and

H-°+ H CH (comultiplication), and an R-linear map H Nyl (antipode)
such that the following conditions (i-iv) hold.

Write 2A = Zi zuj Cxdy for z [CH, where uj and vj are chosen maps from H
to H, and where ¢ runs over a suitable indexing set. Note that

i (rewt sy Dot syl = 7 (Cgou Ca) + s+ (5 yus D)
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for z, y [H and r, s R, whereas uj and vj are not necessarily R-linear
maps.

The elegant Sweedler notation [15] §1.2] for the images under A(A® 1) etc. led

the author, being new to Hopf algebras, to confusion in a certain case. So we
will express them in these more naive terms.

Write H CHI—> H, & [z -y and R —» H, r— 1 14.

Write H CHI— H [CHL z Cyh—y [zl
(i) We have A(e OdH) = (z — 1g =z ie. Y ; zuje - zvi = « for « CH.
(iY We have A(idy [k (z 2 [CIQ), i.e. Y ; 2uj - xvie = z for x CH.

(i) We have A(idy [AY = A(A CHdh), ie. 30;; vui Czbiuy Cabivy =
Zi’j zujuj Cxzdjvj Cxdi for x CH.

(i) We have A(S [Odh) C=len, i.e. >°; zuiS - xvi = ze - 1y for « CH.
(iiiy We have A(idy CSIC=ken, i.e. doiwui - aviS = xe - 1y for x CH.
(iv) We have S? = idy.

In particular, imposing (iv), we stipulate a Hopf algebra to have an involutive
antipode.

8.1.2 SOME BASIC PROPERTIES

In an attempt to be reasonably self-contained, we recall some basic facts on
Hopf algebras needed for Lemma B below; cf. [15, Ch. 1V], [ §2], [T3, §§1-3].
In doing so, we shall use direct arguments.

Suppose given a Hopf algebra H over R.

REMARK 41 ([I8, Prop. 4.0.1], [1, TH. 2.1.4], [I3, 3.4.2])
The following hold.

1) We have Y ;(z-y)ui zdy)vi = Zi,j (zui-yuj) Cabi-yvj) forz, y CH.
2) We have 148 = 1.

4

(1)
(2)
(3) We have (z-y)S =y forz,y CH.
(4) We have Se = ¢.

(5)

5) We have A(S 3T = SA, de Y ;zuiS CakS = > ; aSvi Cxui for

r LH.
(6) We have z-y =73 ; (ZJ (xui)uj -y - (:cui)ij) ~avi forx, y CH.
(69 We have y -z =", zui - (ZJ (xvi)ujS -y - (xvi)vj) forxz, y CH.
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(7) We have >~; xvi - zuiS = ze - 1y for x CH.
(7Y We have >oiavilS - zuj = xe - 1y for x CH.
Proof. Ad (1). Given z, y [H, we obtain
i (@y)ui Cldy)vi = (zy)A = zA-yA = 3755 (vui - yuy) Tl - yoj) -
Ad (2). Remarking that 1A = 14 T4, we obtain
14S = 19A(S Ody) CF 1he 14 = 14
Ad (3). Given z, y [CH, we obtain

2 (i
(x-y)S <) Zi'k(acui - TVIE - Yuk * YOkE)S
(iii")
() Zi,j’k’ (xui - yuk)S - zviuj - yoku - yokv S - zvivy S

Zi,j’k(:cui YUk - Yuke)S - T - Tuivy S

2x:(ii) Zi,j,k, (xuiuj “yuku )S - TUV] - YUKV “yokS - xvi S
1
2 Zivj,k(xui yuk)uj S - (Tui - yuk)vj - yukS - wvi S
= Yoik(@ui - yuk)e - yoeS - wviS
= >ik(yuke - yoe)S - (zuie - 2vi)S

2% (i)

yS- xS .
Ad (4). Note that (ye - 2)e = ye-ze = (y - z)e for y, = [CH. Given z [CH, we
obtain
zSe 2 (O zuie - zvi)Se = (3 zuje - zviS)e = (O ; xui - zviS)e
(i) (e 1n)e = ze.
Ad (5). Given 2 [CH, we obtain
xA(S CS)r

© Yoi(zuje - 2vi ) A(S CS)r

= Y i(zuje - 1R)A - zui A(S CS)r

(& Zi'j (zujujS - zuivi)A - ziA(S CS)r

= Zi'j zuiuj SA - zuivy A - zoi A(S CS)r

(&) Zi'j zuiSA - zviuj A - zoivy A(S CSIr
zuiSA - (zviujuk Czdiujok) - (xviviv S Czdivju S)
zuiSA - (zviujuk - zvivjy S Cazjujuk - zvivju S)

Zi,j,k,
= Zi,j,k,

(&) Zi'j’k’ zuiSA - (zviuj - zvivjokv S Cxzdjvjuk - zvivjvku S)
(&) Zi'j’k’ zuiSA - (zviuj - zvivjokS Czdivjuku - zvivjukv S)

= Zi,j’k zuiSA - (zviuj - zvivjuS Cradivjuke - 1n)
= Zi,j’k zui SA - (zviuj - (xvivjvk - vivjuke)S 1)

= Zi,j zuiSA - (zviuj - zvivi S CI4)
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() Yo ruiSA - (zvie - 1y CIA)
= Y i(zuj - zvie)SA
© xSA .

Ad (6). Given x, y [CH, we obtain

Ty ) > XUy xviE (& Zi’j TUG-Y - TVUj S TV Vj @ Zi’j TUUj Y LUV} S TV; .
Ad (6Y. Given z [CH, we obtain

Y O > TuiE Y- v (i) > i Tuiy 2uivy S Y- Tvi W 2ij TUiTUU S Y Tvivj.

Ad (7). Given z [CH, we have

> i wvi - zuiS ) i xS2v;i - £5%u; S © Yo wSuiS - 2Sv; 52
(iv) (i

= > xSuiS - xSv ) zSe - 1 @ ze- 1y .
Ad (7Y. Given z [CH, we have

> xvilS - zui 2 > 2S%20;8 - £5%u; © > xSuiS? - xSvi S

(it

() > xSui - xSviS i) xSe - 1 @ re- 1y .
o

In the present 81 we shall refer to the assertions Remark BTl (1-7" just by

(1-79.

8.1.3 NORMALITY

Suppose given a Hopf algebra H over R, and an R-subalgebra K [CHl Suppose
H and K to be flat as modules over R.

Note that K [CKl— H [Hl is injective. We will identify K with its
image.

The R-subalgebra K [H is called a Hopf-subalgebra if KA and
KS KL In this case, we may and will suppose the maps uj and v; to restrict
to maps from K to K.

Suppose K [HI to be a Hopf-subalgebra. It is called normal, if for all a CH
and all x [_H, we have

Yoirui-a-zviS CK and YoiruiS-a-axvi CK .

An ideal I [CHlis called a Hopf ideal if IA CICHI4+ H I where we have
identified I CHland H [ITkith their images in H [CHI), Ie =0 and IS 1
In this case, the quotient H/I carries a Hopf algebra structure via

H/I — R, x+1I > ze

A
H/T 2= H/ICEYI, 241 +— Y(oui+1) Cldv + 1)
H/I = H/I, e+l +— aS+1.
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Suppose K [H to be a normal Hopf subalgebra. Write K+ :=
Kern(H — R). By (6,653,4), HK+ = K*+H is a Hopf ideal in H.

8.1.4 SOME REMARKS AND A LEMMA

Suppose given a Hopf algebra H over R and a normal Hopf-subalgebra K [HI
Suppose H and K to be flat as modules over R.

Write H := H/HK™T. Given z [H, write 7 := x + HK+ [H for its residue
class.

Let N? N, M, MPand Q be H-modules. Let P be an H-module, which we
also consider as an H-module via H — H, z — Z.

We write (N, M) = k(N|k,M|k) for the R-module of K-linear maps from
N to M.

REMARK 42 Given f CRN, M) and x TH, we define x - f TAN, M) by
[nl(z - f) = Xiaui- [aviS - nlf
for n CN. This defines a left H-module structure on r(N, M).

Formally, squared brackets mean the same as parentheses. Informally, squared
brackets are to accentuate the arguments of certain maps.

Proof. We claim that z™ (z - f) = (2 z) - f for 2, 2% [l . Suppose given
n [N. We obtain

[n](2" (z - f))

Szt [2iS n](z - f)
i o - zuj - [zoy S - 2hiS - n] f

> (@i auy) - [(2 - av5)S - nlf

Yoi(@ z)ui - [(25 2)viS - n]f
[n)((z= ) - f).

We claim that 1y - f = f. Suppose given n [CN. We obtain

—~
w
=

—~
—
~—

Bl(ln - f) = Silnwi - [wwiS - nlf = 1a-[1aS-nlf 2 @lf,

remarking that 1IHA =1 14 . o

I owe to G. Hiss the hint to improve a previous weaker version of Corollary g5
below by means of the following Remark E3

Denote by
MY = {m CW : a-m = ae-m for all a CH}
the fixed point module of M under K.

REMARK 43 Letting & - m := x-m for x L H and m CWX, we define an
H-module structure on M.
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Proof. The value of the product Z - m does not depend on the chosen represen-
tative z of Z since, given y CH, a CH™T and m CX, we have

yam =y-ac-m = 0.

It remains to be shown that given x [CH and m MK, the element z - m lies
in M¥. In fact, given ¢ [CH, we obtain

azm & > xui - (Zj(xvi)ujS-a-(:cvi)vj) -m
= > xuj- (Zj(xvi)ujs a- (xvi)UJ-)E -m
Zi’j TUj  TUUjSE - ag - TUiVjE - M
i i TUj * TVIUJE + AE - TUVJE - M
ZI,J J J
2ij TUIU]  TUIVGE * GE - TVIE M
= ), zui-ae- xvie-m

ag-xr-m.

REMARK 44 We have (r(N, M))" = (N, M), as subsets of (N, M).

Proof. The module ( (N, M))" consists of the R-linear maps N L\ M that
satisfy
doizui - [xviS n|f = xe-[n]f .
for x CH and n [CN. The module (N, M) consists of the R-linear maps
N T, M that satisfy
[z-nlf = z-[nlf
for  CH and n [CN. By (iiiY, we have (r(N, M) AN, M).

It remains to show that (R(N,M))K CA(N, M). Given f Ij:]q(N,M))K,
xr [CH and n [N, we obtain

x-n]f @ > zui - zvie - [n] f
> wui - [xvie - n] f

@ Zi’j zuj - [zviujS - xvivj - nlf

Zi,j TUFU - [xuiij © TUj n]f
= 3 zuie - [zvi - n]f
O fpony.

COROLLARY 45 Given f TN, M) and x TH, we define z- f TWU(N, M) by
)z - f) = Xizui-[zoiS - n]f
for n CN. This defines a left H-module structure on (N, M).

DOCUMENTA MATHEMATICA 13 (2008) 677-737



COMPARISON OF SPECTRAL SEQUENCES INVOLVING BIFUNCTORS 727

Proof. By Remark B2, we may apply Remark B3 to r(N, M). By Remark B4l
the assertion follows. o
REMARK 46 Given f [ k(N,M), x [H, and H-linear maps N, N,
M M"Y we obtain

v(@- flp =z (vfu).

Proof. Given nP[CN" we obtain

(@ ) = (Syeui - [ewsS -0 f)u = Yyui - feois - v fp)
= (Y@ (vfp)).

o

The following Lemma B has been suggested by the referee, and has been
achieved with the help of G. CArRNOVALE. It is reminiscent of [I6, Cor. 4.3],
but easier. It resembles a bit a Fourier inversion.

Note that the right H-module structure on H induces a left H-module structure
on R(I{7 M)

LEMMA 47 We have the following mutually inverse isomorphisms of
H-modules.
i) _
K(H7 M) T R(Ha M)
[ B (& Y zui - [2viS]f)
©
T

(H, M)
(x+— Zj zvj - [zujSlg) <+ g

X

Proof. We claim that ® is a welldefined map. We have to show that f® is
welldefined, i.e. that its value at  does not depend on the representing element
x. Suppose given y [CH and a [CKIT. We obtain

1

2ilya)ui - [(ya)uiSlf = 3 5 yui - auj - [(yvi - av;)S]f

= )i yui - auj - [avy S - yuiS]f
= Zi’j yui - auj - avj S - [yviS]f

(i) > i yui - ae - [yviS]f
0.

—
—

—
=

We claim that ® is H-linear. Suppose given y [CH and x [CH. We obtain
[z ((mf)®) > wui - [zuiS|(Yf)

Zi’j xui - yuj - [yvj S - zvilS|f

Zi,j zui - yuj - [(zvi - yvy)SIf

> i@ - y)ui - [(z - y)viS]f

[Z](m(f2)) .
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We claim that U is a welldefined map. We have to show that g¥ is K-linear.
Suppose given a [CH and x [CH. Note that au; [H for all i, whence also
aujS [CH, and therefore aujS =y + auiSe - 1. We obtain

Yjla- )i - [(a-z)u;Slg
2_ij avi - wvj - [(aui - zuj)S]g
>ij avi - wvj - [zu;S - auiSlg
>oij avi - wvj - [zu;S - auiSelg
>ij auic - avi - avj - [zu;Slg
>ojaavj - [2uySg
a-[z](g¥) .

[a-z)(g¥)

—~
—
—

—~
w
N2

— i~
SHICH|
= e

We claim that ®¥ = id,(q,m)- Suppose given x [_H. We obtain

2l(fer) = v [eyS](f2)
= > i:xvj - zujSui - [zuj SviS)f

le zvj - 2ujuiS - [rujuiS? f
>oij Tvj - wujuilS - [zujuil f
>ij Tvjvi c wvjuils - [vuglf
> wvje - [vu;]f

[z]f .

—~
ot
N

,\,\
c =

—~
-
—

—~
=

We claim that U@ =id 5 m). Suppose given z LH. We obtain

~—

7(g¥®) = Eizui: [oiS)(g¥)
= 3 wui - 2oiSvj - [20iSu; S g
(.:) Doij Tui - wviug S [zvivj S? g
(v >oij rui - avivg S - [T |g

= Zi’j Tujuj - zuiviS - [Toilg

Y wuie - (7l

= [

Finally, it follows by H-linearity of ® and by ¥ = ®~! that ¥ is H-linear. o

The tensor product N is an H-module via A. Note that R is an H-module
via €. Note that R [Rlas H-modules by (i,i}.

REMARK 48 (cF. [3, LEM. 3.5.1]) We have mutually inverse isomorphisms
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of R-modules

AP K(Q.M)) = (P CQIM)
f '—B> (p Cgl—[q](pf))
AP, k(Q,M)) <t wn(P CQM)
(pH(q'—’[pIEDJ) ~— g,

natural in P COb H-Mod, @ Qb H-Mod and M Qb H-Mod.

Proof. We claim that « is welldefined. We have to show that fa is H-linear.
Suppose given x [CH. We obtain
z-(p Ll = 357wi-p Ladi-g

> ilzvi - ql((Twi - p) f)
= Yilavi - ql(Twi - (pf))
= Y ruiuj - [zuivi S - zvi - q)(pf)

= Zi,j zui - [xviujS - zvivj - ¢|(pf)
> i wui - [zvie - ¢|(pf)

=z [d®f)

= = [p Laflfa).

We claim that (3 is welldefined. First, we have to show that [p](g3) is K-linear.
Suppose given a [CH. We obtain

aq B8 ey © -, fwe-p Cam-qlg = X, fawr-p L -alg = o-[p (23

Second, we have to show that g3 is H-linear. Suppose given 2 [_H. We obtain

|
«Q
™

zop = (g [2op Call)
Y (g ¥ lFmame  p Cglg)
W g gl o -y S )
(D) (g Zi,j [Tuiwg - p Czabivj - 2viS - q)]g)
= (g X zui - [p CZkS - qlg)
= z-(¢g+—[p Cq).
Finally, o and 3 are mutually inverse. o

COROLLARY 49 We have g(P,M¥) [ I4(P, (R, M)) [ W(P,M) as
R-modules, natural in P and M.

Proof. Note that M @R, M) as H-modules, whence M [—QA(R, M) as

H-modules by Remarks B3, B4 Now the assertion follows from Remark B8,
letting Q@ = R. o
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8.2 COMPARING HOCHSCHILD-SERRE-HOPF WITH GROTHENDIECK

Let R be a commutative ring. Suppose given a Hopf algebra H over R (with
involutive antipode) and a normal Hopf-subalgebra K [B} cf. Write
H := H/HK*. Suppose H, K and H to be projective as modules over R.
Suppose H to be projective as a module over K.

Let B [ObC(H-Mod) be a projective resolution of R over H. Let B [
Ob C(H-Mod) be a projective resolution of R over H. Note that since H is
projective over R, B|r [COb C(R-Mod) is a projective resolution of R over R.
Let M be an H-module.

By Corollary Bl and by Remark Bl we have a biadditive functor

(H-Mod)® x H-Mod - H-Mod
(X ) Xq — U(Xan = K(Xan

Write

(H-Mod)® x H-Mod —» H-Mod
v ., YY —  V(N,M) = (N, M)

for the usual Hom-functor.
LEMMA 50 The H-module U(H, M) is V (R, —)-acyclic.

Proof. By Lemma EZ this amounts to showing that R(I{TLM) is V(R,—)-
acyclic, which in turn amounts to showing that V(B, rR(H,M)) =
H(B , R(H, M )) has vanishing cohomology in degrees = 1. Now,

H(BaR(E[aM)) E(HEB;M) E(BvM)a

whose cohomology in degree ¢ =1 is EXt:Q(R, M) [l o
Consider the double complex

D(M) = D™=(M) = V(B=, U(B=, M)) = a(B=, «(B=, M)).

Note that D(M) is isomorphic in CC*(R-Mod) to w(B- [rB—, M), natu-
rally in M; cf. Remark E]
We have functors

UR-) V(R-)

H-Mod —— H-Mod —= R-Mod .

M ——  U(R,M) CHMX )
P —  V(R,P) CPH

LEMMA 51 Given a projective H-module P, the H-module U(P,M) is
V (R, —)-acyclic.

DOCUMENTA MATHEMATICA 13 (2008) 677-737



COMPARISON OF SPECTRAL SEQUENCES INVOLVING BIFUNCTORS 731

Proof. It suffices to show that U([[p H, M) C[U(H, M) is V(R,—)-
acyclic for any indexing set I". By Lemma B, it remains to be shown that
R'W(R,[[;Y) is isomorphic to [[ R'V(R,Y) for a given H-module Y and
for i = 1. Having chosen an injective resolution J of Y, we may choose the
injective resolution [ [ J of [[ Y. Then

RV(R[[;Y) CHV(R]IJ) CHILV(R,J)
CH HV(R,J) CHRV(RY).

THEOREM 52 The proper spectral sequences

E(D(M))  and  E§g v r— (M)

are isomorphic (in [Zﬁ#, R-Mod 1), naturally in M Qb H-Mod.

Proof. To apply Theorem Bl with, in the notation of §.11

(AxADi» B c)

= ((H-Mod)" x H-Mod Y A-Mod B2 R-Mod ) ,

and with X = R and XY= M, we verify the conditions (a-dY of loc. cit. in
this case.

Ad (c). We claim that B is a (U(—, M), V(R,—))-acyclic resolution of R. We
have to show that U(Bj, M) is V (R, —)-acyclic for i = 0; cf. Since Bj is
projective over H, this follows by Lemma BTl This proves the claim.

Ad (cY. Let I be an injective resolution of M over H. We claim that I is a
(U(R,—), V(R,—))-acyclic resolution of M. We have to show that U(R, T
is V(R, —)-acyclic for ¢ = 0. In fact, by Corollary Hd, U(R,I') is an injective
H-module. This proves the claim.

Ad (d,dY. We claim that U(Bj,—) and U(—,I') are exact for i = 0; cf. §11
The former follows from H being projective over K. The latter is a consequence

i H
of I'|k being injective in K-Mod by exactness of K-Mod by H-Mod. This
proves the claim.
So an application of Theorem Bl yields

EG{r ) (R (M) CHG vy v ri—) (R) -
To apply Theorem B4l with, in the notation of §&1],
(A P B3 BxB-%. c)
U(=.M)

= ((H-Mod)® =% H-Mod, (H-Mod)" x H-Mod —— €},
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and with X = R and Y = R, we verify the conditions (a—e) of loc. cit. in this
case.

Ad (c). We have already remarked that B is a (U(—, M), V(R,—))-acyclic
resolution of R. - -

Ad (d). As a resolution of R over H, we choose B.

So an application of Theorem B4 yields

ESE—,M),V(R,—)(R) Ty (V(B—, U(B=, M))) .

Naturality in M [Ob H-Mod remains to be shown. Suppose given M LNV
in H-Mod. Note that the requirements of 88 are met. By Proposition B2 with
roles of A and AFinterchanged, we have the following commutative quadrangle.

EGr, ) vir, (M)

ESER,—),V(R,—)(M) ESER,—),V(R,—)(M)
| lo

ar }1}](7,7”)R G

ES(—,M),V(R,—)(R) EU(—,M),V(R,—)(R)

Note that the requirements of are met. By Lemma Bt we have the follow-
ing commutative quadrangle.

h! R .
Gr U(=,m) Gr
EU(—,M),V(R,—)(R) EU(—,M),V (R'_)(R)

El |

EI(V(B_, UB . M))) Ei(V (B_, U(B=,m))) EI(V(B_, U(B-, M)))

8.3 COMPARING LYNDON-HOCHSCHILD-SERRE WITH GROTHENDIECK

Let R be a commutative ring. Let G be a group and let N < G be a
normal subgroup. Write G := G/N. Let M be an RG-module. Write
Barg;r [ObC(RG-Mod) for the bar resolution of R over RG, having
(Barg.r)i = RG ™3 for i = 0, the tensor product being taken over R.

Note that RG is a Hopf algebra over R via

RG -2+ RGLRG, g +— g¢gl
RG S, RG g > gt
RG — R, g — 1,

where g [d; cf. Moreover, RN is a normal Hopf subalgebra of RG
such that RG/(RG)(RN)"T [RI7; cf.
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Note that RG, RN and RG are projective over R, and that RG is projective
over RN. . -

We have functors RG-Mod L» RG -Mod L» R-Mod, taking respective
fixed points.

THEOREM 53 (BEYL, [, TH. 3.5]) The proper spectral sequences
E(G_r)N’(_)(;(M) cmd EI(RG((BarG;R)— IﬂBarG;R)= , M))

are isomorphic (in [2?0#, R-Mod 1), naturally in M Qb RG -Mod.

BEYL uses his Theorem EO to prove Theorem We shall re-derive it from
Theorem which in turn relies on the Theorems 1l and

Proof. This follows by Theorem o

8.4 COMPARING HOCHSCHILD-SERRE WITH GROTHENDIECK

Let R be a commutative ring. Let g be a Lie algebra over R that is free
as an R-module. Let n < g be an ideal such that n and g := g/n are free
as R-modules. Let M be a g-module, i.e. a U(g)-module. Write Bargg [
Ob C(U(g)-Mod) for the Chevalley-Eilenberg resolution of R over U(g), having
(Barg.r)i = U(g) CrL'glfor i = 0; cf. [5, XIIL87] or [I8, Th. 7.7.2].

Note that U(g) is a Hopf algebra over R via

U(g) - U(g) COlg), g +——> ¢ [Ik1 gl
U — U(g), g = —yg
U — R, g 0,

where g [g] cf.
Note that U(g), U(n) and U(g) are projective over R, and that U(g) is projective
over U(n); cf. [I8, Cor. 7.3.9].

=" (—)F
We have functors U(g) -Mod —— U(g)-Mod —— R-Mod, taking respective
annihilated submodules; cf. [I8] p. 221].

THEOREM 54 The proper spectral sequences
E((;_r)n’(_)g (M) and EI(U(Q)((Barﬁ;R)_ IﬂBarg;R)z 5 M))

are isomorphic (in [Zﬁ#, R-Mod 1), naturally in M CObU(g)-Mod.

Cf. BARNES, [2, Sec. IV.4, Ch. VII].

Proof. This follows by Theorem o
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8.5 COMPARING TWO SPECTRAL SEQUENCES FOR A CHANGE OF RINGS

The following application is taken from [5, XV1.§6].
Let R be a commutative ring. Let A 2. Bbea morphism of R-algebras.
Consider the functors

a(B,—) . B(—=)
A-Mod —— B-Mod, (B—Mod) X B-Mod —— R-Mod .

Let X be an A-module, let Y be a B-module.

We shall compare two spectral sequences with Ex-terms Extf3 \# Extf_,_\(B, X)),

converging to Exti (Y, X). If one views X% := A(B, X) as a way to induce
from A-Mod to B-Mod, this measures the failure of the Eckmann-Shapiro-type

formula Exth (Y, X18) < Exti (Y, X), which holds if B is projective over A.

Let I [DbCP(A-Mod) be an injective resolution of X. Let P [
Ob Cl°(B-Mod) be a projective resolution of Y.

ProproOSITION 55 The proper spectral sequences
ESs o) jvo(X)  and  Ei(s(P-, A(B,17)))
are isomorphic (in [Zﬁ#, R-Mod 10).

Proof. To apply Theorem B4, if suffices to remark that for each injective
A-module I the B-module a(B, I is injective, and thus g(Y, —)-acyclic. o

REMARK 56 The functor a(B,—) can be replaced by a(M,—), where M is an
A-B-bimodule that is flat over B.

8.6 COMPARING TWO SPECTRAL SEQUENCES FOR Ext aAND [1

Let R be a commutative ring. Let S be a ring. Let A be an R-algebra. Let
M be an R-S-bimodule. Let X and X Ube A-modules. Assume that X is flat
over R. Assume that Extk (M, XY COfori=1.

ExaMPLE 57 Let T be a discrete valuation ring, with maximal ideal generated
by t. Let R =T/t for some £ = 1. Let S = T/tX, where 1 < k < /. Let G be
a finite group, and let A = RG. Let M = S. Let X and X"be RG-modules
that are both finitely generated and free over R.

Consider the functors

A(—.=)

M,—
(A-Mod)” x A-Mod —— R-Mod 2 S -Mod
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PRrROPOSITION 58 The proper Grothendieck spectral sequences
Gr ~Gr
E7(x,-), R(M,—)(Xq and ET -, R(M,—)(X)
are isomorphic (in [Zfo#, S-Mod 1).

Both have Es-terms Ext:q (M, Extf-a\(X,Xq), and both converge to

Extkrj (X [RM,XY. In particular, in the situation of Example B7, both

have Eo-terms Extl (S, Extf-QG(X, X") and converge to Ext:;Gj (X/t%, XY,

Proof of Proposition b8 To apply Theorem Bl we comment on the conditions

in 8811

(c) Given a projective A-module P, we want to show that the R-module

AP, XY is r(M,—)-acyclic. We may assume that P = A, which is to
be viewed as an A-R-bimodule. Now, we have Extg (M, a(4, XY) [
Exti (M, XY COfor i =1 by assumption.

(cY Given an injective A-module I the R-module a(X,IY is injective since
X is flat over R by assumption. o

8.7 COMPARING TWO SPECTRAL SEQUENCES FOR Ezt OF SHEAVES

f
Let T'— S be a flat morphism of ringed spaces, i.e. suppose that
Or Lelo, — : f7'Os-Mod — Ot -Mod

is exact. Consequently, f™'Og-Mod — Ot -Mod is exact.

Given Os-modules F and FY we abbreviate oy(F,FY := Home,(F,FY [
Ob R-Mod and o4(F,FY) := Homo, (F,FY Qb Os -Mod.

Let F be an Os-module that has a locally free resolution B [Ob C(Os -Mod);
cf. [9 Prop. IT11.6.5]. Let G CObOt -Mod. Let A [QbCl0(Or -Mod) be an
injective resolution of G.

Consider the functors

osl(—.=

. . )
Or -Mod —=» Os-Mod , (Os-Mod)® x Os -Mod Os -Mod .

ProproOSITION 59 The proper spectral sequences

B o (F—)(©G)  and  Ei(ol(B-, fiA7))

are isomorphic (in [Zfo#, Os-Mod 1).

In particular, both spectral sequences have Es-terms Ext(ijs(F, (RJ fj((% and
(f+#,=).

converge to (RIMTE)(G), where Tk (=) := ou(F, frfr)) o,
For example, if S = {His a one-point-space and if we write R := Og(S), then

we can identify Os -Mod = R-Mod. If, in this case, F = R/rR for some r [R,
then Tryvr(6) LTUT, G)[r] := {g LEIT) : rg = 0}.

Proof of Proposition B To apply Theorem B4l we comment on the conditions
in §6.T1

DOCUMENTA MATHEMATICA 13 (2008) 677-737



736

()

(e)

MaTTHIAS KUNZER

Since frmaps injective Ot-modules to injective Os-modules by flatness

f
of T — S, the complex A is an (f|_,—_| os((F, —)))—acyclic resolution of G.

If I is an injective Og-module and U [CSlis an open subset, then 1|y
is an injective Oy-module; cf. [0, Lem. II1.6.1]. Hence o4(—, 1)) turns a
short exact sequence of Os-modules into a sequence that is short exact
as a sequence of abelian presheaves, and hence a fortiori short exact as a
sequence of Os-modules. In other words, the functor o4 (—, 1)) is exact.o
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