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Proem

Theorem (Bollobas)

For every natural number m and every natural number d, every
graph G with ||G|| > % - |G| contains a cycle of length
2d mod m.

Theorem (Thomassen)
Every graph G with minimum degree 6(G) > 4d(m+ 1) contains a
cycle of length 2d mod m

Conjecture (Thomassen)

Every k-connected graph contains a cycle C such that
|C| =0 mod k.

Theorem (C. and Saito)

Every graph with minimum degree 6(G) > 3 contains a cycle of
length divisible by 3.
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Proem

Definition
A graph G is , if G has at least 2k vertices, and for every

SeqUeNce X1, X2, ..., Xk, Y1, ¥2,..., Yk of 2k distinct vertices, G

contains

Figure: A k-linked graph
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Proem

Connection between linkages and connectivity:

» Every k-linked graph is -connected.

» (Jung, Larman and Mani): there exists a least integer
such that every -connected graph is k-linked, for each k.

» (Kostochka, Thomason): f(k) = O(k+/logk).

> (Bollobads and Thomason): f(k) < 22k.

» (Kawarabayashi, Kostochka and Yu) f(k) < 12k.
» (Thomas and Wollan) f(k) < 2k if ||G|| > 5|G]|.
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Definition

A graph G is said to be k-linked modulo (my, ma, ..., my) if G is
k-linked and, in addition, for any k-tuple (di, da, ..., dk) of natural
numbers, the paths Py, P», ..., P, can be chosen such that P; has

length d; mod m; for i =1,2,... k.
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Proem

Definition

A graph G is said to be k-linked modulo (my, ma, ..., my) if G is
k-linked and, in addition, for any k-tuple (di, da, ..., dk) of natural
numbers, the paths Py, P», ..., P, can be chosen such that P; has

length d; mod m; for i =1,2,... k.

Theorem (Thomassen)

For any natural numbers k, p there exists a natural number ~(k, p)
such that any ~y(k, p)-connected graph G has the following
property: For any k-tuple (my, my, ..., my) of natural numbers
(such that each m; is odd and less than p) G is k-linked modulo
(m1, mo,..., mk).

Guantao Chen



Proem

Thomassen's proof

» A function 7(s, t) is chosen such that ( for some s sufficiently
larger than both k and p and t = p! ) each graph of minimum
degree at least 7)(s, t) contains a subdivision H of K ; such

that each edge of Ks ; corresponds a path of length 1 mod t
in H.
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Proem

Thomassen's proof

» A function 7(s, t) is chosen such that ( for some s sufficiently
larger than both k and p and t = p! ) each graph of minimum
degree at least 7)(s, t) contains a subdivision H of K ; such
that each edge of Ks ; corresponds a path of length 1 mod t
in H.

» The upper bound given in the proof is that

€25 9825 22525 e

52(2t+1)2t;;752 times
> &= ¢(s%(2t + 1)?) guarantees that a graph with minimum
degree at least £ contains a subdivision of Kg2(2; 1)t 2(2¢41)t
satisfying the parity condition on the path lengths.
» The upper bound of y(k, p) is enormous.
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The Methodology

Instead of building one powerful subgraph as Thomassen did, we
establish a path systems such that there exist a number segments
in each path can be replaced by paths with difference residue and
establish a number theory result on distributions of co-sets of
integers to ensure the desired path system exists.

a1 an at
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Figure: a; # b; mod m
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Proem

The Methodology

Instead of building one powerful subgraph as Thomassen did, we
establish a path systems such that there exist a number segments
in each path can be replaced by paths with difference residue and
establish a number theory result on distributions of co-sets of
integers to ensure the desired path system exists.
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Figure: a; # b; mod m

Question: How many such special segments do we need?
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sumsets of integers

Definition
Let m > 2 and k > 1 be two integers and let A1, As, ..., Ax be k
sets of integers such that 0 € A;. Then,

Ail+As+--+A = {a1+---+a|a €A} and,
A1+A2—|—---+Akmodm = {al+-~-+akmodm]a,-€A,-}.
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Definition
Let m > 2 and k > 1 be two integers and let A1, As, ..., Ax be k
sets of integers such that 0 € A;. Then,
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Three Classic Results
Theorem (Cauchy and Davenport)

Let p be a prime and let A and B be two subsets of Z,. Then
|A+ B| > min{p, |A| + |B| — 1}.
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Three Classic Results

Theorem (Cauchy and Davenport)
Let p be a prime and let A and B be two subsets of Z,. Then
|A+ B| > min{p, |A| + |B| — 1}.

Theorem (Erdés and Heilbronn)
Let p be a prime and let a1, a», - - -, ax be k integers which are
nonzero and distinct modulo p. If k > 3./6p, then

Zf'(zl{()? ai}mOd = Zp.

Theorem (Olson)

Let p be a prime and let a1,--- ,ap—1 be p — 1 nonzero integers
(not necessarily distinct) such that a; # 0 mod p for each

iell,p—1. YP0,a} mod p = Z,,.
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A Lemma

Lemma
Let m > 2 be a positive integer and let A C Z such that for each

prime factor p of m there is a € A such that p1 a. Then, for any
SCZ, ifS+A=SmodmthenS=1{0,1,....m—1} mod m.
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A Proof

» For each p|m, let a€ As.t. afp;

» Let H =< a > be the subgroup of Z, generated by a. Then
p¢ 1 |H|, where p¢ is the highest power of p in m;

» Foreach r e S, applying S+ A=S5, we have a+r e §,
2a4+re€eS, -, ma+reS, ie. r+HCS, soS isa union
of cosets of H. Then, p® 1 |H| 1 |S|.

» Therefore, |S| = m, so follows the lemma.

Guantao Chen
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A Result on Sumsets

Theorem
» Let m > 2 be a positive integer and Az, ..., Am—1 be subsets
of 7Z each containing 0.

» If for each prime factor p of m and for each i there is an
aj € Aj which is not divisible by p, then

» Ai+--+An_1mod m="2Z,,.
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Proof

> let S; = A1 +---+Ajforeach1 <;i<m-—1. Then
51g52g"'g5m—lgzm

> If S, =S;,1 for some i, ie. S;+ A; =S5;, then S; = Z,, by
the Lemma;
» Otherwise, |Sp—1]| > m, which in turn shows Sp,_1 = Zp,.
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Adjustments

Small Cycle Adjusters for m odd

o—8
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Figure: Cycles of length <6
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Adjustments

Using Linkages Building Adjusters

Figure: two path adjustment
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Adjustments

Using Linkages Building Adjusters

\:__/

P

Figure: two path adjustment

For any integer m > 2, either
> |[P|#£2modm or
> [Q Z2mod m or
> |P| 4+ |Q| # 2 mod m.
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no small cycles

Theorem (Mader)

There is a constant g such that every 2k-connected graph with
g(G) > g is k-linked.
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Adjustments

no small cycles

Theorem (Mader)
There is a constant g such that every 2k-connected graph with
g(G) > g is k-linked.

Theorem (Kawarabayashi)

Let G be a 2k-connected graph. If g(G) > 7 and k > 21, then G
is k-linked.
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Result on Odd Integers

Theorem

> Let (my, my, ..., mg) be a k-tuple of odd positive integers and

> et

f(m17 mo, .. .,mk)
= max{l4(my + my + -+ + my) — 4k,
6(m1+m2+~-'+mk)—4k+36}.

» Then every f(my, my, ..., my)-connected graph is k-linked

modulo (my, my, ..., mg).

’
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Definition
The bipartite index bi(G) is the least positive integer b such that
there exists an X C V(G) and |X| = b so that G — X is bipartite.
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Definition
The bipartite index bi(G) is the least positive integer b such that
there exists an X C V(G) and |X| = b so that G — X is bipartite.

Definition

A graph that is k-linked modulo (2,2,...,2) is called a parity
k-linked graph.
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Theorem (Thomassen)

For any integer k, every 23" _connected graph G is k-parity-linked
if bi(G) > 4k — 3.

Guantao Chen



Theorem (Thomassen)

For any integer k, every 23" _connected graph G is k-parity-linked
if bi(G) > 4k — 3.

Theorem (Kawarabayashi and Reed)

For every natural number k, every 50k-connected graph G is
k-parity-linked if bi(G) > 4k — 3.
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A General Result

Theorem
Let (my, my, ..., my) be a k-tuple of natural numbers such that
mj is odd for each i € [( +1,k]. If G is
45(my + - - - + my)-connected and bi(G) > 2k +2( — 3, then G is
k-linked modulo (my, mj, ..., m|) where
;) 2m; ifl1<i</¥, and
T\ ifl+1<i<k

Theorem

For every natural number k, every 45k-connected graph G is
k-parity-linked if bi(G) > 4k — 3.
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