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Notation

I For n ∈ N and sets V ,

I [n] = {1, . . . , n}
I (Vn ) = {X ⊆ V : |X | = n}
I H = (V , E ) is an s-graph, if E ⊆ (Vs )
I K t

s =
(
[t], ([t]

s )
)

is the complete s-graph on t vertices

I Let G and H be s-graphs.

G →c H iff ∀ f : E (G ) → [c ]
∃ a monochromatic copy of H

I Let s , c , t ∈ N. The Ramsey number Rams
c(t) is defined by

Rams
c(t) := min{n ∈ N : Kn

s →c K t
s }

I

Ram(t) := Ram2
2(t)
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f-Ramsey Numbers

I Let f be an increasing graph parameter. The f -Ramsey
number, f -Rams

c(t), is defined by

f - Rams
c(t) := min{f (G ) : G →c K t

s }

I Trivially, we have

f (K t
s ) ≤ f - Rams

c(t) ≤ f (Kn
s ), where n = Rams

c(t)

I Chvatál: The trivial upper bound holds for size-Ramsey
number, i.e.,

size - Ram(t) = ‖Kn‖ , where n = Ram(t)

I Kurek and Ruciński: The trivial upper bound holds for
coloring-Ramsey number, i.e.,

col - Ram(t) = col(Kn), where n = Ram(t)
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On-line Ramsey Game

Let c , s , t ∈ Z+. The (c , s , t)-Ramsey game (with target K t
s ) is

played as follows.

I Play begins with an empty s-graph G0 = (V , E0) on a finite
vertex set V determined by Builder.

I The game is played in rounds. At the beginning of the i-th
round

I Builder has constructed Gi−1 = (V , Ei−1) with |Ei−1| = i − 1;
I Painter has constructed an edge coloring fi−1 : Ei−1 → [c ].

I During the i-th round

I Builder adds a new edge ei to get Gi = (V , Ei ), where
Ei = Ei−1 ∪ {ei};

I Painter colors ei to obtain a coloring fi : Ei → [c ] with
fi−1 ⊆ fi .

I Builder wins if Painter creates a monochromatic copy of K t
s ;

I Otherwise Painter wins when she has colored all (|V |s ) edges.
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On-line f-Ramsey Numbers

I For c , s , t ∈ N the on-line f -Ramsey number f -Rams
c(t) is

defined to be the least n such that Builder can win the
(c , s , t)-Ramsey game while building a graph G with
f (G ) ≤ n.

I Trivially

f (K t
s ) ≤ f - oRams

c(t) ≤ f - Rams
c(t) ≤ f (Kn

s ),

where n = Rams
c(t).
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Question

I Fact

f (K t
s ) ≤ f - oRams

c(t) ≤ f - Rams
c(t) ≤ f (Kn

s ), where n = Rams
c(t).

I Conjecture (Rödl and Kurek and Ruciński)

lim
t→∞

size - oRam(t)
size - Ram(t)

= 0

I Fact

size - oRam(t) ≤
2t−3

∑
i=1

(2i − 1) ≤ 4t

I Fact

size - Ram(t) =
(

Ram(t)
2

)
≥ ?
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Main Theorem

Theorem (HK and Konjevod)

For all c , s , t ∈ N, the on-line coloring Ramsey number satisfies
the trivial lower bound

col - oRams
c(t) = col(K t

s )

Question
Does

col - Rams
c(t) = col(Kn

s ), where n = Rams
c(t)?
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Coloring Number

Fix an s-graph H = (V , E ) and an ordering v1 ≺ · · · ≺ vn of V .

I The root of an s-edge X is its last vertex in X .

I An edge X is a back-edge of a vertex v if v is the root of X .

I Two back-edges of v are almost disjoint if v is their only
common vertex.

I The maximum number of almost disjoint back edges of v is
denoted by d+(v).

I We define
col(H) = 1 + min

≺
max

v
d+(v)
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Comments on Coloring Number

I Our definition of coloring number agrees with the usual
definition for graphs.

I Fact. Every s-graph H satisfies

χ(H) ≤ col(H)

I Proof. Color the vertices using First-Fit in an order that
witnesses the coloring number of H.

I Fact

χ(K t
s ) =

⌈
t

s − 1

⌉
=

⌊
t − 1

s − 1

⌋
+ 1 = col(K t

s )
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Methods

I Naive approach: Construct a large monochromatic star and
then iterate the procedure on its leaves.

I This produces a graph with relatively few edges, but whose
coloring number is too high.

I Our approach: Find a huge independent set S with the
property that

∀X ∈
(

S

t − 1

)
∃w ∈ V \ S

E (w , X ) = K (w , X ) and E (w , X ) is monochromatic.

I Then iterate the procedure on S .

I We need the following auxiliary result.
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(p, s , t)-Survival Game

I The (p, s , t)-survival game is played by Presenter and Chooser.

I First Presenter fixes an s-graph H0 = (S0, E0), E0 = ∅.

I The i-th round starts with Hi−1 = (Si−1, Ei−1).

I During the i-th round Hi = (Si , Ei ) is constructed by:

I Presenter plays a p-subset Pi ⊆ Si−1.
I Chooser selects an s-set Xi ⊆ Pi .
I Si := Si−1 − (Pi − Xi )
I Ei := (Ei−1 ∪ {Xi})−

{
Xj ∈ Ei−1 : Xj * Si

}
.

I Presenter wins if Hi contains a copy of K t
s for some i .

I Otherwise Chooser wins when |Si | < t
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Key Technical Result

Theorem (HK-Konjevod)

For all positive integers p, s , t, with s ≤ p, Presenter has a winning
strategy in the (p, s , t)-survival game.



Comments

I The survival game was first formulated by Grytczuk,
Ha luszczak and HK. They proved the theorem in the case
s = 2.

I The winning strategy for Presenter requires more than
A(2s − 1, t) starting vertices, where A is the Ackermann
function.
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