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INTRODUCING p-GOOD GRAPHS

Let G be a connected graph of order n. The (p — 1)-partite
Turan graph of order (p — 1) (n — 1) contains no K, and its com-
plement contains no copy of G.

Thus, the Ramsey number r (K, ) satisfies
r(K,,G)>p—1)(n—1)+1.

Definition (Burr, 1981) A connected graph G is called p-good
) r(K,,G)=(p—1)(n—1)+1.

Are there any p-good graphs at all?

Chvatal (1977) Trees are p-good.

Bondy, Erdos (1973) Large cycles are p-good.
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THE STUDY OF »-GOOD GRAPHS

In 1983 Burr and Erdos initiated the systematic study of p-
goodness, giving some general constructions and asking many
questions.

Further impressive work was done by Burr, Erdos, Faudree,
Rousseau, Schelp, Sheehan, and others.

Recently, N. and Rousseau developed a new approach to p-
good graphs, subsuming a substantial amount of earlier research.
In particular, this approach helps to answer all but one of the
questions of Burr and Erdos about p-good graphs.

The purpose of the talk is to present this approach.
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THE MAIN CONJECTURE ABOUT p-GOOD GRAPHS

Definition A graph G is called ¢-degenerate if every subgraph
of G contains a vertex of degree at most g.

Conjecture (Burr, Erdés (1983)) For fixed ¢ > 1, p > 3, all
large ¢g-degenerate graphs are p-good.

Brandt (1996) For p = 3 and ¢ > 168, all large ¢-regular graphs
that are good expanders are counterexamples to the conjecture.

N., Rousseau (2006) For p = 3 and ¢ > 100, almost all ¢-regular
graphs are counterexamples to the conjecture.

FACT: p-good graphs are poor expanders.



SOME QUESTIONS OF BURR AND ERDOS

Question Is the wheel K, + ), a p-good graph for fixed p > 3
and n large?



SOME QUESTIONS OF BURR AND ERDOS

Question Is the wheel K, + ), a p-good graph for fixed p > 3
and n large?

Definition The rth power " of a graph G is a graph with
V(G") =V (G) and wv € E(G") if v and v are at distance at
most r.



SOME QUESTIONS OF BURR AND ERDOS

Question Is the wheel K, + ), a p-good graph for fixed p > 3
and n large?

Definition The rth power " of a graph G is a graph with
V(G") =V (G) and wv € E(G") if v and v are at distance at
most r.

Question Is K, + C7 a p-good graph for fixed r > 2, p > 3 and
n large?



SOME QUESTIONS OF BURR AND ERDOS

Question Is the wheel K; + (), a p-good graph for fixed p > 3
and n large?

Definition The rth power " of a graph G is a graph with
V(G") =V (G) and wv € E(G") if v and v are at distance at
most r.

Question Is K, + C7 a p-good graph for fixed r > 2, p > 3 and
n large?

Question Fix p > 3, [ > 1, r > 1, and a connected graph G.
Is K;+ G} a p-good graph for every large graph G; homeomor-
phic to G?
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Question Subdivide each edge of K, by a vertex. Is the result-
ing graph p-good for p fixed and n large?

Definition (variable blow-up) Let G be a graph with V (G) = [n]
and k = (ky, ..., k,) be a vector of positive integers. Replace each
vertex i € [n] with a clique of order k; and each edge ij € F (G)
with a complete bipartite graph K, ;. Write G* for the resulting
graph.

Question Suppose p > 3, K > 1, T, is a tree of order n, and
k = (ki,...,k,) is a vector of integers with 0 < k; < K for all
i € [n]. Is T a p-good graph for p, K fixed and n large?

Question Is the cube ()" a p-good graph for fixed p > 3 and n
large?
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RETHINKING p-GOODNESS: FORGET ABOUT K,
BUT KEEP THE NUMBER (p—1)(n—1)+1

Definition (a /i, substitute) A p-joint of size ¢ is the union of
t distinct p-cliques sharing a fixed edge.

Definition (poor expanders) Given 0 < v < 1,0 < n < 1, a
graph G of order n is called (v, 7)-splittable if there exists a
set S C V(G) with |S| < n'™7 such that the order of every
component of G — S is at most nn.

N., Rousseau (2006) For all p > 3, ¢ > 1, 0 < v < 1, there exist
c >0, n > 0 such that if £ (K(p—l)(n—1)+1) — E(R) U E(B) is an
edge coloring, then for n large one of the following conditions
holds:

(i) R contains a p-joint of size cn’~*;

(i) B contains every g-degenerate (v, n)-splittable graph G of
order n.
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Fact If ¢ > 0 and n is large, every p-joint of of order n and size
cnP~* contains various dense supergraphs of K.

Definition Write K, (1,1,¢,...,7) for the complete p-partite
graph with color classes of size 1,1.¢,...,1.

N., Rousseau (2006) For all p > 3, ¢ > 1, 0 < v < 1, there exist
c >0, n > 0 such that if £ (K(p—l)(n—1)+1) = E(R) U E(B) is an
edge coloring, then for n large one of the following conditions
holds:

(i) R contains K, (1,1,¢,...,t) for some ¢t > c(logn)l/(p_Q);

(i) B contains every ¢-degenerate, (v, 7n)-splittable graph G of
order n.
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WE ALSO GET INFINITELY MANY EXACT RAMSEY
NUMBERS FOR BOOKS AND WHEELS

Definition (books) The graph 5, () is the union of ¢ distinct
(p + 1)-cliques sharing a common p-clique.

N., Rousseau (2006) For all p > 2 there exist ¢ > 0 such that

r(By([en]), By(n)) =p(n—1)+1
for n large.

Remarks:
The right-hand expression is independent of c, in sharp contrast
with the known inequality

r(B,(n),B,(n)) >2'n+o(n).

If p > 3, the graphs B, (?) in the above theorem may be replaced
with other graphs like, e.g., wheels.
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PRINCIPAL ELEMENTS OF THE PROOF OF THE MAIN
THEOREM

- the Szemerédi regularity lemma;

- a structural result: if a graph G has a low proportion of p-
cliques, then V (G) can be partitioned into bounded number of

sparse sets (N., 20006);
- stability of p-joints (Bollobas, N., 2004);
- a probabilistic lemma used by many researchers;

- three involved embedding algorithms for degenerate splittable
graphs.
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