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Introduction

H -Decomposition: partition of E(G) into copies of H
and single edges

Always exists

� H (G): min # parts

Packing number pH (G): max # edge-disjoint H 's

� H (G) = pH (G) +
�

e(G) � e(H )pH (G)
�

Dor-Tarsi'97: NP-Hard if H has a component with � 3
edges
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Main Problem

� H (n) = maxf � H (G) : v(G) = ng

Turán graph Tr (n): max r -partite graph on n vertices

Turán number: t r (n) = e(Tr (n))

Erd �os-Goodman-Pósa'66: � K 3 (n) = t2(n)

Motivation: representing graphs by set intersections ,
covering by cliques.

Bollobás'76: � K r (n) = t r � 1(n)

Uniqueness
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EGP's Proof of � K 3(n) � t2(n)

Induction on n

Given G on [n], let d(x) = � (G) = bn=2c + k

If k � 0, done: take single edges at x

Suppose k � 1

� (G[�( x)]) � 2� (G) � n � 2k � 1

�( x) has a matching of size k
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Clique Decompositions

cost =
P

C v(C)
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Clique Decompositions

cost =
P

C v(C)

maxf cost(G) : v(G) = ng = ?

Gy �ori-Kostochka'79, Chung'81, Gy �ori-Tuza'87

Greedy:
McGuinness'94,95
Winkler's Conjecture: 8 greedy clique dec of G,
cost � 2t2(v(G))
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Fix H and let n ! 1

Let r = � (H ) and m = e(H )

P.-Sousa � '06: If r � 3, then � H (n) = t r � 1(n) + o(n2)

P.-Sousa � '06: Let r = 2 and d = gcd(H ). If d = 1 ,

� H (n) =
��

n
2

�
=m

�
+ m � (1 or 2):

If d � 2,

� H (n) =
nd
2m

�j n
d

k
� 1

�
+

n(d � 1)
2

+ O(1) =

� n
2

�

m
+ �( n):
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Outline of � H (n) � t r � 1(n) + o(n2)

Given G on [n], take:
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Outline of � H (n) � t r � 1(n) + o(n2)

Given G on [n], take:

A weighted regularity graph R on [k]

A fractional K r -decomposition of R of weight / t r � 1(k)
(à la Bollobás'76 )

A random decomposition of G into corresponding
“regularly blown” K r 's

Apply Pippenger-Spencer'89

Done in view of e(H ) � e(K r )
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Bipartite H

ex-Bound: 8 G with n vertices

� H (G) �
e(G) � ex(n; H )

m
+ ex(n; H )
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Bipartite H

ex-Bound: 8 G with n vertices

� H (G) �
e(G) � ex(n; H )

m
+ ex(n; H )

Thus � H (n) =
� 1

m + o(1)
� � n

2

�

Let gcd(H ) = 1

Gustavsson'91: 8 H 9 
 > 0 9 n0 8 G

v(G) � n0 & � (G) � (1 � 
 )v(G) ) pH (G) =
�

e(G)
m

�

Done unless � (G) < (1 � 
 )v(G)
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Min Degree Too Small
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If dR(x) is large, then � (G[R \ �( x)]) is large so it can be
“tiled” by H � x (using Alon-Yuster'92 )

G[R] has large min degree so H -decomposes well by
Gustavsson'91

� H (G) < � H (n)
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Open Questions

Conjecture: If � (H ) � 3, then � H (n) = ex( n; H ), all
n > n 0(H )
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Open Questions

Conjecture: If � (H ) � 3, then � H (n) = ex( n; H ), all
n > n 0(H )

Sousa'06: True for C5, C7, K �
r , and relatives

Question: Is eg � K 3
4
(n) = ex( n; K 3

4) + o(n3)?

Solutions? bb
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http://www.math.cmu.edu/~extr/

(Your Regular) Workshop on
Extremal Graphs and Hypergraphs

Pittsburgh, May 5-6, 2007
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Penny Haxell

Benny Sudakov

Balázs Szegedy
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Special guest: Paul Erd �os
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