Problem definition Up unds Recent c

Codes that attain minimum distance in every
possible directions

G.O.H. Katona! A. Sali'?2 K.-D. Schewe?

1Alfréd Rényi Institute of Mathematics
Hungarian Academy of Sciences

2Department of Mathematics
University of South Carolina

3Massey University
New Zealand

Monday, November 20™, 2006.




Motivation

Let C be a g-ary code of length n with the properties
o C has minimum distance at least n — k + 1, and




Motivation

Let C be a g-ary code of length n with the properties
o C has minimum distance at least n — k + 1, and

o For any set of k — 1 coordinates there exist two codewords
that agree exactly there.




Motivation

Let C be a g-ary code of length n with the properties
o C has minimum distance at least n — k + 1, and

o For any set of k — 1 coordinates there exist two codewords
that agree exactly there.

Let f(q, k) be the maximum n for which such a code exists.
Give good upper and lower bounds for f(q, k).
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Database = matrix A

Set of columns R = attributes, rows = records of individual data
Key = unique identifier set of attributes

If K C R is a key then no two rows of A agree in all attributes of
K.

o Candidate keys Set by the designer.
o Apparent keys Determined by the matrix via equalities of
symbols.

K is minimal key if no proper subset of K is a key.
The set K of minimal keys form a Sperner system.

Which Sperner systems of subsets of R occur as system of

minimal keys for some database?
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Motivation

It is interesting from the design point of view that given a
collection ‘H of candidate keys, what other key dependencies
hold in a database instance that satisfies . A way of solving
this problem is the construction of Armstrong instance for H,
that is a database where the apparent keys are exactly H.

Armstrong and Demetrovics proved the existence of Armstrong

instance for all Sperner systems K.
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Frankl, Furedi, Katona: investigations on the minimal size of an
Armstrong instance, since it is a good measure of the
complexity of the collection of dependencies or system of
minimal keys in question.
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Frankl, Furedi, Katona: investigations on the minimal size of an
Armstrong instance, since many interesting combinatorial

problems arose.
Assumed that the domain of each attribute is unbounded. For

Rl =nupto

symbols were used.
Higher-order datamodel, real life —- bounded number of

symbols.
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Definition
Let K be a Sperner system of minimal keys.

K~*={ACR: AK € K suchthatK C A}

is the collection of maximal antikeys corresponding to K.

Proposition

A is an Armstrong instance for K iff the following two properties
hold:

(K) There exist no two rows of A that agree in all
positions for any K € K and

(A) For every A € K1 there exist two rows of A
that agree in all positions of A. J'é‘
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Let KX denote the collection of all k-subsets of R.

Definition

Let g > 1 and k > 1 be given natural numbers. Let f(q, k) be
the maximum n such that there exists an Armstrong instance,
using at most q symbols, for X being the system of minimal
keys.

g > 1is necessary. On the other hand the minimal Armstrong
instance for K} uses only two symbols for arbitrary n
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Problem definition

Consider rows of an Armstrong-instance A as g-ary codewords
of a code C of length n.
(kR) =Ky

o C has minimum distance at least n — k + 1 by (K).

o For any set of k — 1 coordinates there exist two codewords
that agree exactly there by (A).

"Minimum distance is attained in all possible directions.”
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Pick a pair of codewords for a given k — 1 subset of positions
such that they agree exactly at that k — 1 positions. Then rule
out the balls of radii n — k around the two codewords. If enough
codewords are left, then we can pick a pair for the next k — 1
subset of positions, etc.




Lower bounds

Pick a pair of codewords for a given k — 1 subset of positions
such that they agree exactly at that k — 1 positions. Then rule
out the balls of radii n — k around the two codewords. If enough
codewords are left, then we can pick a pair for the next k — 1
subset of positions, etc.

Proposition

Let Q be the set of " g-ary codewords of length n, furthermore
let K be a k — 1-subset of coordinate positions. Then Q can be
partitioned into q"~! classes of size q each, that any two
codewords of the same class agree exactly on the positions of
K.
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where B is the volume of the intersection of the two balls of
radii n — k around two codewords of distance n — k + 1.
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the greedy construction works if

(e) 1] [22< )1y - ]<qn_qn1

where B is the volume of the intersection of the two balls of
radii n — k around two codewords of distance n — k + 1.

B= > (k;1>(q—1>k”(”_ﬁ+l) (n_kﬁl_b)(q—z)”““’

at+b>k
a+b’ >k
b+b’ <n—k+1
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f(a,k) > %klogq.

(RS [{0 <.n>] <2 ®
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There exists kg such that for k > kq

f(q,k) > %klogq-

Forq = 2:

AR w

Now, if n < 2k, then the left hand side of (1) can be bounded by

2(,")%(n —k +1). Thatis if

n 2
_ < n—-1
2<k—1> (n—k+1)<2"+,

then greedy works.
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certainly true for ¢ = 1.12.
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2nH(%) +0O(logn)<n-1 (3)

Putting n = ck, (3) holds for k > ko if H(2) < 3, which is
certainly true for ¢ = 1.12.

There exists kg and ¢ > 1 constants, that for k > kg

f(2,k) > ck

The main point of Theorem 4 is that constant c is strictly larger
than one. f(2,k) > k + 1 is shown by the (k + 1) x (k + 1)
identity.
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Proposition

@)= (") @

Construction: matrix A has q + 1 rows and (?3") columns.
Since q symbols are allowed in each column we have eactly
one pair of equal symbols and we do so that these pairs are all
distinct.
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Lemma

If s is a sequence of length m containing elements from the set
{1,2,...,q}, then the number of equal pairs in s is at least

z(3-) 5
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Lemma

If s is a sequence of length m containing elements from the set

{1,2,...,q}, then the number of equal pairs in s is at least
m /m
2(5-1) ©
or
n +rh (6)
q 2 )

where m = gh +r with (0 < h < q).
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q-1
2(gk—gq—k42)k-1
B (3 |

f(a,k) <ak-1) {1+ (7)

Proof ideas: Assume that an Armstrong instance for the
minimal key system KK exists containing m tuples, WLOG
g<m.
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2(gk—gq—k42)k-1
B (3 |

fa.k) <q(k — 1) (1+ a-1 ) (7)
q

Proof ideas: Assume that an Armstrong instance for the
minimal key system KK exists containing m tuples, WLOG
g < m.The number of pairs of equal entries in each column is

at least (5). Altogether: n% (% - 1) .In one pair of rows at
most k — 1 of them can appear

2 (8-)se-a(3)
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For any choice of k — 1 columns there must exist two (distinct)
rows such that they have equal entries in these columns:

("s)=(2) g

(8) gives an upper bound on n for fixed m:

h< w —q(k —1) (1+ r‘i‘_;) —agx(m).  (10)

(9) implies

=
| =

n§<(k_21)!m2> +k —2=Dbgx(m). (11)
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aqk(m) is a decreasing, while by, (m) is an increasing function
of m. Therefore, if a is the solution of the equation

aq,k(m) = bq,k(m) (12)

in m then ag i (o) = bg k() is a universal (indpendent of m)
upper bound for n.
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aqk(m) is a decreasing, while by, (m) is an increasing function
of m. Therefore, if a is the solution of the equation

aq,k(m) = bq,k(m) (12)

in m then ag i (o) = bg k() is a universal (indpendent of m)
upper bound for n.In the cases k = 2, 3 formula (9) has a nice
form. When k = 2, it is simply

n< (2) (13)

If k = 3 then (9) reduces to n < m.
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Ik is 2 then n < (93%), ifk =3 thenn < 3q — 1.

Theorem

If 5 <k and 2 < g then the upper bound in Theorem 6 can be

improved to
n<q(k-1) (14)

with the following exceptions:
(ka Q) = (5a 2)a (57 3)7 (57 4)7 (5a 5)a (67 2)
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Recent work with Laszlo Szekely.
For q = 2 let the two symbols be % and \‘/—% Rows of A form a

spherical code. Condition (K) gives a lower bound for the
minmum distance. (9) is a lower bound and

AN, ) < 1%”3 cos ¢ (\/isin g)_n (1+o0(1)) (15)

is an upper bound on the number of vectors.




Recent developments

Recent work with Laszlo Szekely.

For q = 2 let the two symbols be % and \‘/—% Rows of A form a
spherical code. Condition (K) gives a lower bound for the
minmum distance. (9) is a lower bound and

AN, ) < ,/gn3 cos ¢ (\/Esin g)_n (1+o0(1)) (15)

is an upper bound on the number of vectors.This gives

f(2,k) < 1.38k
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Using the vertices of the g — 1-dimensional simplex suitably
normed as q symbols and (15) " = (q — 1)n we can prove

f(g,k) < (q —logq)k
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Numerical evidence sows that we cannot get better upper
bound with this method.
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Using the vertices of the g — 1-dimensional simplex suitably
normed as q symbols and (15) " = (q — 1)n we can prove

For k > kg

f(g,k) < (q —logq)k

Numerical evidence sows that we cannot get better upper
bound with this method.

Using random construction and Lovasz’ Local Lemma we can
prove that

f(a,k) > c\/ak
for k > ko.
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Recent developments

cvgk < f(q,k) < (g —logq)k
What is the true order of magnitude?
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