Math 385 Section D2 Fall 2001

Supplementary meterial on the method of undetermined coefficients

Review of homogeneous equations

The homogeneous constant coefficient linear equation a,y™ +- - -+a1y'+agy = 0
has the characteristic polynomial a,,7™ + - - - 4+ a1r + ag = 0. From the roots of the
polynomial we can find the solutions. We can also rewrite the equation in a weird-
looking but useful way.

Examples:

equation: y” — 5y’ + 6y = 0.

polynomial: 7% — 5r + 6 = 0. (factored): (r —2)(r —3) =0. roots: 2,3
weird-looking form of equation: (D — 2)(D — 3)y =0 or (D? — 5D + 6)y = 0.
linearly independent solutions: y; = €%, ys = €32,

general solution: y = c1€%® + coe3?.

equation: y” + 10y’ + 25y = 0.

polynomial: 72 + 10r + 25 = 0. (factored): (r +5)% = 0. roots: —5,—5
weird-looking form of equation: (D + 5)%y =0 or (D? + 10D + 25)y = 0.
linearly independent solutions: y; = e™%%, yy = xe 5%,

5x

general solution: y = c1e7%% + coxe™

equation: y”’ — 4y’ + 8y = 0.

polynomial: 7% — 4r + 8 = 0. (factored): (r —2 — 2i)(r — 2+ 2i) = 0.
roots: 24 21,2 — 21

w-l. f. of equation: (D —2 —2i)(D — 2+ 2i)y =0 or (D? —4D + 8)y = 0.

linearly independent solutions: y; = €%® cos 2z, y» = €2 sin 2z.

general solution: y = €2¥(c; cos 2x + ¢ sin 2z).

equation: (already in a weird-looking form) (D? + 1)?(D — 1)3y = 0.
polynomial: (72 +1)%(r — 1)3y = 0. roots: 4,4, —i,—14,1,1,1.
general solution: y = (c; + cax) cosx + (c3 + c4) sinx + (5 + cgx + cra?)e®.

Annihilators
If f is a function, the annihilator of f is a “differential operator” L = a,, D" +
-+ 4+ apD 4+ ap with the property that f/f =0.
By reversing our thought process for homogeneous differential equations, we can
easily find the annihilator for lots of functions:

Examples

function: f(z) = e”

annihilator: L = (D — 1)

check: (D —1)f = De® —e* = %ew —_ e =0.

function: f(z) = 2%e~™
annihilator: L = (D —7)3

function: f(z) = e~ cos4x.

corresponding “root of polynomial”: —1 + 4s.

polynomial with this root: (r + 1+ 44)(r + 1 — 4i) = r2 + 27 + 5.
annihilator: L = D? + 2D + 5.



function: f(z) = zke®.

corresponding “root of polynomial”: « (with multiplicity k + 1)
corresponding polynomial: (r — a)F*1.
annihilator: L = (D — a)*+1L.

function: f(z) = 2% sin ba.

corresponding “root of polynomial”: a & bi (with multiplicity (k + 1)
polynomial with this root: ((r—a—bi)(r—a+bi))+1 = (12— 2ar+ (a® +b2))F+1.
annihilator: L = (D? — 2aD + (a® + b?))**1.

function: e” + cos 2. R ~
To do this, note that if Ly is the annihilator of f; and Lz is the annihilator of
fo, then L1 Ly is the annihilator of f; + fo. This is true because

LiLo(fi + fo) = LiLafi + LiLafo = Ly Lof1 +0 = LoLy f = 0.

So the annihilator is (D — 1)(D? + 4).
(you can also check directly that this works.)

The Method of Undetermined Coefficients

To find a particular solution of the equation Ly = f, we want to guess the
“correct form” of y,, and then substitute and adjust the coefficients to get a solution.
How do we detertmine the correct form?

To see this, consider the following:

Let L denote the annihilator of f. By definition L f=0. If y is a solution, then

0=Lf=L(Ly).

So y is a solution of the homogeneous equation iLy = 0. We can call this
the “annihilator equation”. We know how to find all solutions, and this will tell us
the correct form for our guess.

This is the basis for the following procedure for determining ¥,:

To solve Ly = f:

Step 1. Find the annihilator for f. Call it L.

Step 2. Let y, denote the general solution of the annihilator equation ELya =0.
Find y,

Step 3 Find the general solution y, of the complementary homogeneous equation
Ly. = 0.

Step 4 Our guess y, will consist of the general solution y, of the annihilator
equation, with all terms y. from the complementary equation omitted.

Remark

Suppose I have an equation with a complicated “right-hand side” consisting of
more than one term, which I can write symbolically as

Ly = fi+ fa.

One way to deal with this is to consider each of the two terms on the right-hand
side separately. In other words, suppose I can find functions y; and y, that solve

Ly, = f1, Lys = fo.

Then let y = y1 + y2. I claim that y solves our original problem. This is easy to
check, since

Ly = L(y1 +y2) = L(y1) + L(y2) = f1 + fo.
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For example, equation 4 below is y® — ¢ = e* + 222 4+ 5. I could break the
right-hand side up into two pieces: f; = e, fy = 222 + 5. Then by going through
my procedure, I would find

(guess for f1): yp1 = Aze”, (guess for fo): ypo = Ba?® + Ca* + Dab

and so
(guess for whole problem) y, = Aze® + Bx® + Ca* + Da®.

Examples

equation 1: y” + 4y’ + 4y = 27, equivalently (D + 2)2y = 2¢%, or Ly = 2¢® for
L= (D?*+4D +4).

Step 1: annihilator of right-hand side: L = (D — 1)

Step 2 If we apply the operator L = D — 1 to both sides of the equation
Yy + 4y + 4y = 2e*, we get

(D —1)(D? +4D +4)y = (D — 1)(2€") = %(2@”) —1-2¢" =0.

So the annihilator equation is (D — 1)(D — 2)?y, = 0.
We could have found this by just using the general expression for the annihilator
equation: LLy, = 0.
The general solution of the annihilator equation is y, = c1e® + (c2 + c3x)e™
Step 3 general solution of complementary equation is y. = (cz + c3x)e™ %,
Step 4. So we guess y, = c1e”.
If T substitute y, = c1€” into the equation I find

2x

Ly, =y, + 4y, + 4yp = 9c1€”.

So to solve Ly, = 2¢” I have to take ¢; = 2/9. Then I get the solution y = %ez.

What happens if instead I substitute y = y, = c1e® + (c2 + c32)e~2% into the
equation? If I do this and do all the calculations, I'll find that

Ly =" + 4y’ + 4y = 9cie”.

So to solve Ly = 2e” T have to take ¢; = 2/9. But there are no conditions on ¢y, cs,
so they can be anything. So this gives me the general solution of the inhomogeneous
equation:
2&0.

2 . B
y=ge + (c2 + csx)e

So we see: if I substitute y, into the equation and solve for the undetermined
coefficients I get a particular solution. If I substitute y, into the equation and
try to solve, I get the general solution. However, in practice it is much better to
substitute y,, because the algebra is much simpler.

equation 2: y” + 4y’ + 4y = e~ 2%, equivalently (D + 2)%y = €2*, or Ly = e~ 2*
for L =(D?+4D +4).

Step 1: annihilator of right-hand side: L = (D + 2)

Step 2 If we apply the operator L = D + 2 to both sides of the equation
Yy 4+ 4y + dy = e 2%, we get

i(6_2”) +2.e7% =0,

(D+2)(D+2)% = (D+2)(e”?) = e

So the annihilator equation is (D — 2)3y, = 0. )
Again we could have found this just from the formula LLy, = 0.



The general solution of the annihilator equation is y, = (¢1 + cox + C3x2)62“”.

Step 3 general solution of complementary equation is y. = (cz + c3x)e?*.

Step 4. So we guess y, = crz?e?”.

As above: if I substitute y, into the equation and solve for the undetermined
coefficients I get a particular solution. If I substitute y, into the equation and
try to solve, I get the general solution. However, in practice it is much better to

substitute y,, because the algebra is much simpler.

equation 3: y"”’ + 9y’ = x? sin 3z, equivalently (D + 3i)(D — 3i) Dy = x?sin 3z,
or Ly = z%sin 3z for L = (D? + 9)D.

Step 1: annihilator of right-hand side: L = (D? + 9)3

Step 2 annihilator equation is LLy, = 0, ie (D?49)*Dy, = 0, ie (D —2)*Dy, =
0. General solution is y, = (A + Bz + Cx? + Dx3)cos3z + (E + Fz + Gz? +
H2®)sinz + K

Step 3 general solution of complementary equation is y. = A cos3z + BsinxC.

Step 4. So we guess y, = (Bzx + Cz? + Dx3) cos 3z + (Fz + Ga? + Ha?) sinz.

equation 4: y® —y” = e + 222 + 5. We can write the left-hand side as
(D5 — D3y = D3(D —1)(D + 1)y.

Step 1: annihilator of right-hand side: L = (D — 1)D?.

Step 2 annihilator equation is LLy, = 0, ie D%(D —1)2(D + 1)y, = 0. General
solution is y, = A + Bz + C2? + Da® + Ex* + Fa® + (G + Hx)e® + [e 2.

Step 3 general solution of complementary equation is y. = A + Bz + Cz? +
De” + Ee™®

Step 4. So we guess y, = Az® + Bz + C2® + Dze®.

equation 5: y" — 6y’ + 13y = ze3® sin2z. We can write the left-hand side as
(D —3+2i)(D —3—2i)y or as (D? — 6D + 13)y.

Step 1: annihilator of right-hand side: the function ze®® sin 2x corresponds to
the root 3 =+ 2i, repeated twice (because of the factor of z). So L = ((D — 3 +
2i)(D — 3 — 2i))2 = (D2 — 6D + 13)2.

Step 2 annihilator equation is LLy, = 0, ie (D? — 6D + 13)3y, = 0. General
solution is y, = (A + Bz + C2?)e3® cos 2z + (D + Ex + Fa?)e3® sin 2z.

Step 3 general solution of complementary equation is y. = Ae3® cos 2z+Be?? sin 2z.

Step 4. So we guess y, = (Bz + C2?)e3* cos 2z + (Ex + Fx?)e3® sin 2.

3

2cosz. We can write the left-hand side as

equation 6: y* — 2y +y =z
(D? —1)%y or as (D — 1)%(D + 1)%y.

Step 1: annihilator of right-hand side: the function x“ cos z corresponds to the
root i, repeated three times (because of the factor of #2). So L = ((D—i)(D+1))? =
(D? +1)3.

Step 2 annihilator equation is LLy, = 0, ie (D—i)(D+1i))3(D—1)3(D+1)2y, =
0. General solution is y, = (A + Bx + Cz?)cosz + (D + Ex + Fz?)sinz + (G +
Hzx)e® + (I + Jx)e ®.

Step 3 general solution of complementary equation is y. = (A + Bz)e* 4+ (C +
Dz)e™*.

Step 4. So we guess y, = (A + Bx + Cz?)cosx + (D + Ex + Fz?)sin .
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