1. M. ZAK1. 8/29 AND 9/3.

The Modular Group
Let R be a commutative ring.
SLy(R) = {2 x 2 matrices over R with det = 1}
C =CU{o0}

b
y = (‘CL d) € SLy(R).
SLy(R) acts on C by

() = 255, v(00) = ¢.
_ Im(r(2)

This action preserves H, since Im(vy(z)) = et d]?

I and —1I act trivially.
Definition. The full modular group is I' = SLo(Z).

Definition. We call a closed set F' a fundamental domain of I' if every z € H is I’
equivalent to some point of F', and no two distinct interior points of F are I' equivalent.
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Set FF:={z€H: 5 < Re(z) <= iand |z| > 1}

Theorem 1. F is a fundamental domain for I' and two distinct points z1, zo € F are
I' equivalent iff

(1)
21 = ZQZl:l

or

(2) X
21| =1, 29 = —
Z1

Proof: The group I' = SLs(Z) contains two fractional linear transformations which
act as building blocks for the entire group: T' = ( (1] } ) 2z — 2418 = ( (1] _01 ) :
z — _71 To prove that every z € H is I' -equivalent to a point in F, the idea is to
use translations 77 to move a point inside the strip _71 < Rez < % If it lands outside
the unit circle, it is in . Otherwise use S to throw the point outside the unit circle,
then use a translation T* to bring it inside the strip, and continue in this way until
you get a point inside the strip and outside the unit circle. For a precise proof look at
Koblitz’s text page 101.

Theorem 2. We have that T = I'/{%£1} is generated by S and T. Every transformation
1s @ word in S and T.

Proof: Let I denote the subgroup of I' generated by S and T'. Let z be any point in
the interior of F. Let g be an element of I'. Consider the point gz € H. By the first
part of the proof of proposition 1, there exists v € I such that v(gz) € F. But since
z is in the interior of F, it follows by theorem 1 and proposition 3 that v(g) = +I,
i.e., g = &yt € I'. This shows that any g € T is actually (up to a sign) in T'. The
proposition is proved.
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If z € H, define "isotropy subgroup” I', := {y € ' : v(2) = 2}

Proposition 3. If z € H then ', is trivial unless
(1) 2=, T. = (S)
(2) z=w, I', = (ST)
(3) z=—w, I, =(TS)
Congruence Subgroups and Cusps
Let N be a positive integer.

Definition. F(N):{(Z Z) eF:SLz(Z):(Z Z):((l)

['(N) is called the principal subgroup of level V.

= O

) mod

Definition. A subgroup I'" < T is a congruence subgroup of Level N if I'(N) <T".

Note. If I'(IV) <T”, then I'(M) <T" for all N | M
The main groups of interest for us are the following.

PO(N):{(‘C‘ Z)EF:CEO (modN)}

Fl(N):{(z Z)EF:CEO (mod N),a=d=1 (modN)}

If IV < T, define a fundamental domain F’ for IV as before.

Proposition 4. Suppose that [I' : I'] =n and I’ = |J a;I" is a coset decomposition.
=1

J]=

Then F' = | aj_lF is fundamental domain for I".
j=1

For proof see Koblitz, half is exercise.
Definition. Modular triangle is a set vF' for v € I

Recall that linear transformations map circles and lines onto circles and lines.
Example. Let IV = T'o(p), p is a prime. Then [I' : TV(p)] = p + 1. We have

p—1 , —j —
I'=Ty(p)U U A;To(p) where A; = T8 = ( (1) 1‘7 ) < (1) 01 ) Proposition 4
=0

J

p—1 )
implies fundamental domain for T'y(p) is F'J U ST’ F.

=0
Definition. The cusps are QJ{oo}. If TV < T then the cusp of I" is an equivalence
class of cusps under the action of .

Example. If 2 € Q is in lowest terms then complete to matrix ( CCL Z ) € I'. Then

C

a b a
Wehave(c d)oo——.

Example. I'g(p) has two cusps: 0, and co (HW 18).
Modular forms on I' = SLy(Z).

Fourier expansions at oo.
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Suppose f(z) is meromorphic on H, and f(z+ 1) = f(z) for all z € H . The map =
to ¢ = €2™* takes H to the punctured open unit disk.

Definition. F(q) by F(q) = f(z) where ¢ = e*™

Well defined by the fact that f(z + 1) = f(z) for all z € H.
Note: dq = 2mie*™*dz

d dz f'(2)
F/ = — = / _—=
@ =216 = = 5
This implies F(q) is meromorphic in 0 < |¢| < 1. So, F(q) = >_ a(n)q™. Write
f(2) = > a(n)q". Fourier expansion at co.

2. C. Guaa. 9/5 AND 9/8

Recall: If f(z) is meromorphic on $ and f(z+ 1) = f(z) for all z € 9, then f has a
Fourier expansion at infinity:

[ = alw, g=e

Define f(o0) := a(0). We call f

e meromorphic at infinity if the Fourier expansion of f has finitely many negative
terms,

e holomorphic at infinity if f has no negative terms,

e vanishing at infinity if a(n) =0 for n <0

Definition. f is a meromorphic (holomorphic) modular form of weight k € Z on T if

i) f is meromorphic (holomorphic) on $,
i) f(yz) = (cz+d)if(z) V vy = < Z Z ) el and
iii) f is meromorphic (holomorphic) at infinity.

Definition. f is a cusp form if it is a holomorphic form of weight k on I vanishing
at infinity.

M;,(T") := the C-vector space of holomorphic forms of weight k.
Sk(I") := the subspace of M (I") consisting of cusp forms.

Remarks:
(1) f(2) = f(—=12) = (=1)kf(2) = My = {0} if k is odd.
(2) (a) Serre uses 2k instead of k.
(b) Koblitz calls meromorphic modular forms “modular functions.”
)

(c) In this class, a modular function is a meromorphic modular form of weight
Z€ero.



(3) If k=0,1i) = f(y2) = f(2) Vv = f(z) is a function on I'\ .
WO — (c2+d)? = if k = 2, then (i) & f(2)d(yz) = f(2)d> “differential
form on I'\H”.
For general k, (ii)< f(2)(d2)*/? is invariant under z — vz.
Then (group action)

F(y1722)(dy1722)*7% = f(722)(dye2)*? = f(2)(dz)*?. So, to check (ii), it is
enough to check

(it) f(z+1) = f(2) action of T
f(=1/2) = 2F f(2) action of S.

(4) Tt is easy to check that
Mkl (F)Mkz (F> - Mk1+k2 (F>

The first examples of modular forms are “Eisenstein series.”
For k > 4 even, define

Gr(2) = X nez s (z €9)
Idea: Force ~-invariance by “averaging” over I'.

Theorem 5. If k > 4 is even, then Gi(z) € M(I'). Also, Gi(oo) = 2((k), where
C(k) =201 o

Proof.
Claim 1: Y —L __ converges absolutely if k > 4.

m,TLEZ (mz—‘,—n)k
Claim 2: The series converges uniformly on the fundamental region F'.

Similarly, Gi.(—1/2) = 28Gy(2). So, Gi(72) = (cz+d)*G(2) Vv € T. (*)

Note. Claim 2 and (*) = the series converges uniformly on any compact set.
This implies that G(z) is holomorphic on ).

(by uniform convergence and taking the limit inside the sum).
We now prove the claims. Recall that a lattice A is a set
A = {mw;i + nwy : m,n € Z, where wy and wy are R — linearly independent}.

Lemma 6. . If A is a lattice and k > 2, then Z')\GA # COMVErges.
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Sketch of Proof. Find a parallelogram in C of area Ay and maximum diagonal
length dy. Let Ng = number of lattice points A with |A| < R. Then

TR? < NpAp < m(R+dy)?

so that
Np="R?+O(R).
A
So
NR+1 — NR = O(R)
Note:
/ 0 / 0
1 1 1 Ngry1— Npg
Zwk ZT+Z > = ZT+2731€ :
AEA A< R=1 R<|\|<R+1 A< R=1
Since ZI/\\SI myF s finite and P NR*ék M= s O o1 ), we see that >\, /\L
converges if £ > 2. This proves Lemma 6. D

We still need to show that G(z) converges uniformly on F.
For z € F,

|mz+n|? = (mz+n)(m2+n) = m?|z|? +2Re(2)mn+n? > m* —mn+n® = |mw+nl>.

Now > ——— converges absolutely = G}, converges absolutely on F'.

mw+n

Fourier Expansions

We define the Bernoulli numbers By, by:

xT e xzF 1 1
— B—_l—— 2 - 4
e — 1 kzzo "kl 5T T Tt
SOBQ B4 30,36_ éa

Deﬁnltlon ox(n) == 4, d”.

where

Proof. Fact: (27”) Be — ((k) if k > 0 is even.

F
Start with sin(rz) = HZOZI 1-— 2—2)
Then



meot(mz) = dilz log(sin(7z))

[e.e]

1
=+
z
1
Tz
1
oz
Also,
67'riz_|_677'riz
oS T
meot(mz) = w —T—2 __ =
sin(7z) R q
so that

T DN O

1

Differentiate £ — 1 times to get

1
—1)* k= 1)
D=0
Recall:
1 d B
oridz
(q: e27r2'z
Note:
d , d
dzq T dz

:>_

QWZkde 1 d

4
dq
;ZZ = 27me2mz)

e27rzdz — 27m-d627rzdz — 27T2dqd

:>Z (z+n)k

nez

So,

(27Ti>k = k—1 d
(k—1) > "
d=1




We have:

Recall:
E} E} € Mys(D).
(Important fact: MMy C My )
= B3 — B2 € M.

E}—E2=(1+4+3-240g+...)— (1 —2-504q+...)
= 720q + 1008¢q + .. .
=1728¢ + ...

so that

EY — E2 € Sps.

Define. A(z) = L(zl);?gg(z) =q+...
Then A(z) € Sio(T).

Note: Koblitz’s A is (27)? times our delta.
When k£ = 2, define

1 = 1
PO a2 2 e



Difference: This double sum does not converge absolutely.
One can show:

Ey(z)=1— 24201(n)q".
n=1
So,
Es(z +1) = Ex(z).
However,
122
EQ(—l/Z) = ZzEQ(Z) + %

We say that Fy(Z) is “quasi-modular.” See Koblitz for a proof of the last equation.
We have in fact:

Theorem 8. If v = ( Z Z ) € SLy(Z), then

12¢

Es(v2) = (cz + d)*Ey(2) + 2—m,(cz +d).

3. R. SANTHANAM. 9/10 AND 9/12

Definition. Suppose f is a meromorphic modular form of weight k on I'. If T € H,
define v (f) = order of f at 7. So, if f(2) = > o, an(z — T)" is such that o, # 0
then, v.(f) = v. -

Similarly, ve(f) = order of f at oo id.e., if f(2) = >, 5, a(n)g" with a(v) # 0 then
Voo (f) = .

Theorem 9 (Valance Formula). If f is a nonzero meromorphic modular form of weight
k on T then,

vl 2N+ 2+ Y ) = =

2 3 PET/H, P+iw
To be proved later
Remark. Ifv €I then, v,(f) = vy.(f). To see this, set v,(f) =v. Thenlim, ., (z —
7))V f(2) # 0,00. We can write z = yw for v = ( CCL Z )
Hence,

lim (2 —97)7"f(2) = lim (yw—~7)7"f(yw)

Zz—NT YW—yT

(cw +d)* f(w) # 0, 00

Consequences of Valance Formula
Write My, = M (T") and Sy = Si(I"). Note that if f € M then, all terms on the left of
valance formula are non negative.

Theorem 10. Suppose k is an even integer. Then,



(a) MO =C
(b) My =40} ifk <0 ork=2.
(¢) My = CE, if k = 4,6,8, 10, 14.
(d) Sk = AMy_15 for all k ( that implies Sy, = {0} if k = 4,6,8,10,14.)
ks
(£) dim M, — 1k+ -[12]2]‘]{: # 2 (mod 12).
[5]if k=2 (mod 12).
Proof:

(a) Suppose f(z) € My. Let ¢ be a value of f. Then f(z) — ¢ € M, and has a zero.
By Valance formula f(z) — ¢ =0.
(b) Obvious from the valance formula as RHS would be negative or % which cannot
be obtained for any integer values of vp.
(¢) Suppose f € M. Apply the valance formula to see that
— If k = 4 then v,(f) = 1 and all others are zero.
— If k = 6 then v;(f) = 1 and all others are zero.
— If k = 8 then v,(f) = 2 and all others are zero
— If £ = 10 then v;(f) = v,(f) = 1 and all others are zero.
— If k = 14 then v;(f) = 1,v,(f) = 2 and all others are zero.
This implies that if nonzero fi, fo € My for k = 4,6, 8,10, 14 then their zeros
are the same and so % € My. By (a) then f; = cfy for some ¢ € C. But,
Ey, € M, implies that M, = CE}.
(d) Recall that A(z) € Sy2 implies that v (A) =1 and that A has no other zeros.
If f €Sy then voo(f) > 1. Therefore, % € My 19 = f € AM;_15.
(e) Suppose f € M, where k > 4. Write f(z) = a(0) + a(l)g + ---. Then
f(2) — a(0)Ey(z) vanishes at co and hence is in Sk.
(f) (d) and (e) imply that dim Mj, = dim My_12+1 for all & > 4. Now the statement
follows from induction. U

Other Consequences of Valance formula:
e We get various identities for the Eisenstein series. For example, By = E%, E1y =

EsEy, By = EgEg (since dim M, = 1).
o If f € My and vso(f) > &5, then f is identically zero.

(1if k=0 (mod 12).

Eyy if k=2 (mod 12).
E,if k=4 (mod 12).
Eg if k=6 (mod 12).
Eg if k=8 (mod 12).
| B0 if & =10 (mod 12)
Define k = Weight of E,. Note k = k + 12n where dim M, =n+ 1.

e Construction of bases. Assume k& > 4. Define Ek =

Proposition 11. If k > 4, then following gives a basis for M;,.

{E B3P By AESY B AESMD o BLA™Y
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Proof: The given set is has as many elements as the dimension of M. So we need
to check only linear independence among these elements. But, their Fourier series
expansions start with 1, g, ¢* and so on. Therefore, this is indeed a basis for Mj,.

Note A = E4137—2§‘62' This with Proposition 11 says that every element of M, can be

written as a linear combination of {E4*FE¢"}4areo—p- (%) O

Proposition 12. If k > 4, (x) is a basis for M.
Proof: Just need to check that dim M, = No. of solutions to 4a + 6b = k.

Remark. Recall
f'(z)  v(f)

f) "zor T
g(z) is analytic at z = T implies that
1 (e,
217 Jo f(2) dz = vr(f)
Arc P (a part of C) has radius € — 0 and angle — 0. Then
f(Z)d —>iUT(f)

omi Jp f(2) “ o
Proof of Theorem 9. Consider the given contour

e There are arcs of radius € — 0 at w, @ and 1.

e There is a detour around P on the boundary with vp(f) = 0.

e HA at height T is large enough so that it has no zeros or poles above it in the
fundamental domain.

Residue Theorem says that 5= ftmcomwr o dz = > rer/Hriw Ur(f) Note that since
f(z+1) = f(2) we have, [, .+ [, =0. AS ¢ — 0 we have,

Lo, w8 )
2mi Jpe fz ) 2 o) 6
L0 PE,  vs )
210 Jpe f(2 )d 6 (f) 6
IR E T T; B

2mi pe f(?) ’ 2

On HA, the contour is given by x 4 i1 and ¢ = e2™@+T) = 2mTe2mz G5 HA is a

circle of radius @ : circle of radius e 2™ over C oriented clockwise. We have,
Flg) = f(z)
d dq
! = —F(q) =F'(q)—
f(z) Pl =Fla)-
1 f'(z) 1 [ Flq)
— dz = — d
ori /HA o T 2mi ), Flg) ™

Q
= —VUso(f)



Claim : 3=([op + [up) — 5 as e — 0.

Reason : Let < (1) _01 ) and S(z) = —1. S takes EF to DC and vice versa.
1 f'(z)
! i pr f(2) o
1 F'(5(2))
—— ds
2751 Jon F(52) )
Recall that
1 k / dS(Z> k gl k—1
FSE) = 1) = 2416) = PSEN D = 4r6) + k212

So,

I B GO A

I = 27t Jop f(2) dz 27rz'k/CDz
1) Fe 1 [k
= 5 L T S T T " oy
1 =
- 5 2 k;dzase—ﬂ)
k 11

= o)

_F
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Now putting all the integrals together we get the valance formula.
The j function

Define j(z) := A& — (=14 74411968884+ - - . where E4(2) = 14240 °°°_ o3(n)¢"
n=1

A(z)

and A(z) = %. Then j(z) defines a modular form on I'. Note j(z) =

. E2
j(z) — 1728 = NOR
Facts:

17283
E$—E2

j(2) is holomorphic on H. It has a simple pole at co and zero of multiplicity 3

at w.
Es has a simple zero at i. Therefore j(z) — 1728 has a double zero at i.

Theorem 13. (a) j(z) gives a bijection between T'\H = I'\ (HUoo) and C = CUoc.
(b) Let M= Set of meromorphic modular functions of weight k on I'. Then M =

C(j(2)) (rational functions in j.)
Proof:

(a) Note j(p) = oo if and only if p = co. Suppose ¢ € C and h(z) = j(z) —c. Then

h has a simple pole at co. Valance formula says h has exactly 1 zero.

(b) Suppose f € M. Note that Valance formula says that v;(f) = 0 (mod 2),
v,(f) = 0 (mod 3) Let 71,---, 7, be all the zeros and poles in I'/H (without

multiplicity) distinct from i, w.

11

—
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Z(f)

Let g(2) = j(2) 5" (j(2) — 1728) "% TT1L, (i(2) — ()"

Then h(z) = g has no zeros or poles on H. Valance formula gives that

Uo(h) = 0, ie., h has no zeros or poles at oo, h € M. Therefore, h is a
constant function. Hence f is a rational function in j.

O

4. O.Y. CHAN. 9/15 AND 9/17

The Dedekind Eta Function.
Define the Dedekind eta function by:

Z) — q1/24 H(l . qn)’ qg= e27rzz s e H

This product converges absolutely on H. (i.e., the sum »_ |¢|™ converges).
This implies that 7(z) is non-vanishing on H. It converges uniformly on compact
subsets, and is holomorphic on H.

Theorem 14. Let /- represent the branch with non-negative real part (v/1 =1). Then
we have:

1) 77(_—1) =\ [2n)

Idea of proof. The logarithmic derivative of (1) is equivalent to
Ey(—1/2) = 22Ey(2) + L&

2w "
Definition. F(z) := H 1—4¢")

Notes:
(1) F(z) is holomorphic on H, and vanishes at oo.
(2) F(z+1)=F(2).
(3) F(=1/z) = z"2F(z). Thus F is a cusp form of weight 12.
But since S5 = CA, we have:
(4) F(z) = A.

Theorem 15.

Ej(z) — E§(2) =
AR == = 1:[ (1=d")

Modular Forms on Congruence Subgroups.

r(N):{<(1) ?)modN}
FO(N):{(; i)modN}

Recall:
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Fl(N):{( L T)modN}

Definition. Call a subgroup T of T a a congruence subgroup of level N if T'(N) <T".

Example. Let f(z) = A(22). Suppose v = ( i Z ) € Lo(2). Sety' = < 072 de )

Then

are all subgroups of T'.

F(v2) = A(292) = A(%) = A(%)

~a((( o 7 )e9) = a0
- (g(%) +d)12A(22) = (c2 + d) 2 f(2)

since v € T'.
Notation. The Slash Operator:
Suppose f(z) is meromorphic on H, k € Z,~v = ( CCL Z ) € GL3 (Q). Define

FNME = F(2) |y = det()F2(cz + d) " f(v2)

Note: f is a meromorphic modular form of weight k for I' < f|yy = f for all
vel.

d k/2
Note: (%(72)) = det(7)¥/%(cz + d)*. Thus, the chain rule gives us:
Flelnv2) = (Flsm)lsa

Definition. Suppose IV < T' is a congruence subgroup of level N. Suppose k € 7.
Then f(z) is a meromorphic modular form of weight k for T if:

(1) f is meromorphic on H.

(2) flev="f Vyel’
(3) Vo €L, flkyo has the form

o0

> aln)gy

with a(n) = 0 for all sufficiently small n, and qn = ¢"/N = 2™/N .

Definition. f is a modular form if f is a meromorphic modular form that is holomor-
phic on H and at the cusps. (i.e., a(n) =0 for alln <0 in (3)).

Definition. f is a cusp form if f is a modular form and a(0) =0 for all v in (3).
We denote the spaces of modular forms and cusp forms by M (I"), S,(I') respectively.

Note: I' < I = M (I') C M (I").
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Interpretation of (3) as a condition “at the cusps”.
Recall that if g(z + N) = g(z), then g has a Fourier expansion

9(=) = 3 aln)gy
N

Note: Since ( (1] 1 ) e I'(N), if glxyo = g, Y0 € T'(IV), then g(z + N) = g(z).

Suppose vy € I', and set g(2) = f|x70. Suppose further that f|y = f forall/ € V.
Note: If 75 vy € 75 'T"v0, then we have:

916 170 = Flrr0ve 10 = flrro

= flro=g
Recall: T'(N) < I" and I'(N) is normal in I'. Thus

I'(N) <7 ' T
= gz + N) = g(2)

= we can write g(z) = Z a(n)qy
Condition (3) refers to these expansions.
Recall: “cusps” are Q U {oo} and “cusp of I is an equivalence class under the
action of I".
Our next result shows that condition 3 depends only on the I'V equivalence class of
the cusp in question.

Proposition 16. Suppose I'" is a congruence subgroup of level N.

Suppose flyy = f for ally € T".

Suppose 100,700 are cusps, y1,%v2 € SLy(Z), and that 00 = '~900 for some
v el

Write fliyi = >_ a(n)qy, flevz = 22 b(n)gy-

Then 37 € Z such that

L 2ming

b(n) = (£1)%e™~ a(n), ¥n
In particular, a(n) =0 <= b(n) = 0.

Proof of Proposition 16.
Given that 77 '9/v,00 = oo, this implies
v ve = £T7 for some j € Z.
=72 =£(Y) "1V |
= flve = fle(£I(Y) N TY).

Note that f|(—1) = (—l)kf, so that '
fleve = (FD fle(y") 71 T7 = (F1)* flsnT? since 5 € T,
Therefore we get

2minz

flere = Zb(n)eT
= atne® | (5 ) = e e

The proposition follows by equating coefficients of gy. O
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Thus condition 3 is a finite set of conditions, one for each cusp of I".

Example. (1) IV =T. There is only 1 cusp: co. f(z) => " a(n)qg".
(2) I =T'(p), p prime. There are 2 cusps: 0,00. There are then 2 conditions:

(0) () = g alng” (at o)
7| (V5 ==t = S g (a0

Dirichlet Characters.

Definition. Given a homomorphism x : (Z/NZ)* — C, define a Dirichlet Character
X :7Z — C by:

/ n) if (n,N)=1
XOO:{X%)ﬂEmNLﬂ

Note that x’ has period N, is completely multiplicative, and we will write y' = .
Definition. The trivial character mod N (or principal character mod N ) is defined by

triv _ 1 lf (TL,N):l
XN (”)_{ 0 if (n,N)>1

Definition. Suppose x is a Dirichlet character mod N, call d an induced modulus for
X if x(a) = 1 whenever (a, N) =1 and a =1 (mod d).

Definition. The conductor of x is the smallest positive induced modulus
Note: The conductor of x4 is 1.

Example. Consider a character x mod 12 defined by:

_n | x(n)
1 1
5|1
7 -1
11| -1
The conductor of x is 4, and we may define x1 mod 4 by
1| xi(n)
1 1
1

triv

Notice that x = x1X5

Definition. A character x mod N is primitive if the conductor is N.

Theorem 17. If x is a Dirichlet character mod N, then x = x1X%", where x1 is a
primitive character modulo the conductor of x.
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5. J. PAuLHUS. 9/19 AND 9/22

Recall that to say f € My(I'1(/N)) means that f|,y = f for all v € I';(N) plus some
cusp conditions and “holomorphicness”.
Now suppose we have ourselves a Dirichlet character y mod .

Definition. My (T'o(N),x) = {f € Mp(I'1(N)) : flxy = x(d)f V v = (CCL Z) €
Lo(N)}-

Note that since (CCL Z) is in T'o(IV) then N|c. Combining this with the fact that
det(y) = 1 we get that (d, N) = 1. Additionally if (CCL Z) is in I'1(N), then d = 1
mod N and so x(d) = 1.

Note also that —I € ['o(N). So f € My(v(N),x) implies that f| (_01 _01) -

x(—1)f. But by definition, f| <_01 _01) = (—1)*f which tells us that if y(—1) #
(—1)* then M (I'o(N),x) is trivial (we call this the “parity condition”™).

The following is Proposition 28 in Koblitz.
Theorem 17. M, (I'1(N)) = @ Mi(To(N),x), and similarly with M, replaced

x mod N

Some Representation Theory

The setup is as follows: G is a finite group and V a vector space over, say C for
simplicity, of dimension n. A representation of G in V' is a homomorphism p from G
into GL(V') where GL(V) is the set of invertible linear transformations from V to V.
We can identify GL(V') with GL, (C) once we fix a basis.

We need the following to prove Theorem 17.
Fact. If G is an abelian group then p decomposes as a direct sum of characters (1
dimensional representations x : G — C) i.e. there exists a basis of V' such that

x1(9)

p(g) ~ x2(9) . with zeros off the diagonal.

Xn(9)
Read the first 10 pages of an algebra book with representation theory to see the
proof of this!

Proof of Theorem 17. We begin with the following exact sequence:
(2) 0—Ty(N)—=To(N)— (Z/NZ)* — 0
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where the map from I'o(V) to (Z/NZ)* is defined by sending <CCL Z) to d. Since 'y (N
is the kernel of this map, it is a normal subgroup of T'g(N) with T'o(N)/T'1(N) =

!/ /
(Z/NZ)*. Now ~ = (CCL Z and v/ = CCL, g | arein the same coset of T'o(N)/I'1(N)
<= d=d mod N. Sosuppose f € M(I';(IN)) and v,~" are in the same coset. Then
v = yn7 where vy € I'1(N) which implies f|xy = fleynvy = fly/- (It is important
to note that we only care about cosets here). B B
Now we define <>: (Z/NZ)* — GL(Mg(I';(IN))) which sends d to < d > where
b

fl<d>= flu (CCL d) with (CCL Z) any matrix in T'o(N) with d = d mod N.

<> is well defined by above comments. Finally there exists an exercise in checking
details to show that <> is a representation. Then the remark above implies that
<> decomposes as a sum of characters y : (Z/NZ)* — C, i.e. there is a basis for

x1(d)
- X2(d) .
M ('1(N)) such that < d >~ N where the entries off the

Xn(d)
diagonal are zero.
Recall from the definition that M, (To(N), x) = {f € Mi(T, (N)) : f|<d>= x(d)f}.
By collecting subspaces that correspond to distinct characters x we get the result. [J

Other Operators on Modular Forms

Let’s define some other operators on spaces of modular forms.
Definition. Fort € N define f(2)|V; := f(tz). This is the V -operator.

Definition. If f = > a(n)q™ and x is a Dirichlet character, define f ® x :=
S x(n)a(n)q™. We call this the twisting operator and say “f is twisted by x”.

Proposition 18. The map f — f|V; takes Mx(To(N), x) to Mg(To(Nt), x).

Proposition 19. Suppose f € My(T'o(M),v) and suppose that x is a Dirichlet char-
acter  mod N. Let T := lem(M, N? N - cond(y))). Then f® x is in My(To(T),¥x?).

Propositions 18 and 19 are still true with M), replaced by S;.

Note, we always have f @y € M (To(MN?),¢x?) (in a way this is the worst we can
do). There seems to be a gap in Koblitz" proof. He uniformly substitutes x(v)x(v)
with 1 for all v but this is only true if (N,v) = 1. The ideas in Koblitz’ proof are
correct, though.

Let’s look at an example:
Example. A(z) € S12(To(1)), A @ X% € S12(N?, Xtriv) = S12(Lo(N?)) where A(z) =

ZlT(n)q” and so A @ x4 = > 71(n)g".
n= (n,N)=1
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This demonstrates that anything reasonable you do to the index set preserves mod-
ularity in a very precise way. We also have a silly example:
Example. x(n) = (%) with p prime. Then A®@ x = > (ﬁ> 7(n)q" € S12(To(p?)).

n=1 P

Now recall the cusp condition: If 7o € I" then

[e.e]

(3) flkyo = Z a(n)qy

n=ng

0, if modular form;

where ng =
0 {1, if cusp form.

Lemma 20. Suppose (3) holds with either ng = 0 for all 79 € T' or ng = 1 for all
Yo € T. Then for all o € GL3(Q), flea has the form . b(n)qk, for some positive

n=ang

integers a and d (which depend on «).

0 A
act trivially). So we may assume « has integer entries. We find a 7y € I' such that

Proof of Lemma 20. If A > 0 then f| (A O) = f (i.e. the positive scalar matrices

Yo Q= (8 Z) where a, d are positive integers (an “exercise in linear algebra”).

b
Then flua = fluco (§ 1)

= (Z a<n>e%> i (3 Z) ~ (ad)*(d)™* (Z a(n)eQW(%“’)) |

n=no n=no
We only care about the first term: (ad)g(d)_ka(no)e%ﬁ:iobe%%gw + -+ = (constant) -
g+ O

Proof of Proposition 18. Suppose f(z) = i a(n)q” € Mi(I'o(N), x). Define g(z) :=
n=0

f()Vi = t7F2f(2)]s (é (1)) . But then Lemma 20 implies that g satisfies the same
cusp conditions as f. We check the Transformation Law: Suppose v = CX[ ” Z €

t 0 b . t ot
[o(Nt). Then g(z)|ry = tF2 f(2)|n (0 1 (C]C\Lft d) which is /2 f[; (c?\ft d)

=m0 (6 1) =@ (§ ) = viaw. ©
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Some Facts from Finite Fourier Analysis

We set ¢ := e2™/N . Then
Nz_:lgmn_ 0, if N{n;
> |N, ifN|n.

Suppose that x is any function on the integers with period N (You may think of x as

a function on Z/NZ.) We define the Fourier transform y(v) := & > x(m)(™™.

m mod

Fact. y(n) = Y R(0)¢™.

v mod N

Proof of the fact. The right hand side of the above equation is:

2. 22 x(m)¢mmgn

mod m mod N

1
N N

~ Y x(m) X ¢™™ but this is just x(n).

m mod N v mod N

<

Proof of Proposition 19. Suppose f € My(I'o(M),). Then: f® x = > x(n)a(n)¢”
n=0

n=0v mod N ~
= Y R0) Y aln)e R erin:
v mod N no:OO
= Zd N?((U) szoa(n)emn(z +v/N)
= 2 X)f(z+v/N)
v mod N
- = sy 1Y)

Applying Lemma 20, we see that f ® y satisfies the same cusp condition as f. Let
T = lem(M,N? N - cond()). If we can show that (f ® x)|xy = ¥X*(d)(f @ x) for
v € T'o(T) (Transformation Law) we will be done.

6. S. TRENEER. 9/24 AND 9/26

) € To(T). Tt remains to show that (f @ x)|ry = ¥x*(d)f ® x. Let

ve vd—av’ w'c
’}/v’y’y_/l - at N b ™ N /_ NZ .
v c d—%

Now N?|c, and (a, N) = (d, N) = 1, so for each v mod N, there is a unique v’ mod N
such that vd = av’ mod N. For this ¢/, the entries in %7%}1 are all integers, and since
Mle, vyv," € To(M). We also have v € To(M) so dety = 1 and hence (d, M) = 1.
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For the same reason, (d — %, ) = 1. By assumption, + is divisible by cond(¢), so

¥(d — %) = ¢(d). Then

Foxlky= Y ROflwr= Y ROy =vd) Y @) flw-
vmod N vmod N vmod N

Claim. Y (v) = x*(d)x(v").
The claim implies that
(f @)y =v(d) Y XXl = v(d)x*(d)f @ x.

vmod N
Proof of Claim. By definition, and since dv = av’ mod N,

~ . 1 —mv __ 1 —mdv __ X(d) —mav’
X(v) = N Z x(m)¢ - N Z x(dm)¢ N x(m)¢
mmod N mmod N mmod N
d)x(a —mav’ _ “
= XX 5™ fam)e™ = (@@ ()
mmod N
Then v € TI'y(N) implies ad = 1 mod N so Y(a) = x(d). Hence x(d)x(a)x(v') =
X (d)x(v"). m
Example. Let p be prime. Let f(z) :== > o3_1(n)¢", where op_1(n) = > d* 1.
O "
Recall that £ =1 — é—’; > ok_1(n)g™. Then
Bk T4V n
_%Ek Xy = Z or-1(n)gq
(n,p)=1
and B
k ) n
kg “) = Vo n
% k@ (p) ; (p) or-1(n)q",
SO

_1 Bk triv_% :
-3 (nowSns ()

Some examples: theta function and eta function

Theta function:
Recall that M (I'1(4)) = @ Mi(To(4), x) = Mp(To(4)) & My(To(4), x_4) where

x mod 4

oald) = (‘74) _ { é—l)”—”/? d odd

deven

X7 is an even character and y_4 is odd.

N M, (T (4 k even
Proposition 21. M;(I'i(4)) = { MZEFSE‘l%)X—O k odd

Definition. ©(z) := > q"2 =14+2¢4+2¢*+---.

n=—oo
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Theorem 22. 62 S Ml(F0(4),X_4).

This theorem implies that ©%* € M (Ty(4), x*,) for k = 1,2,.... Note that © is a
modular form of weight % However, it takes work to define what this means. This will
be done later.

Definition. O,(t) = > e ™, Re(t) > 0.

Proposition 23. ©(t) = %@0 (1), Re(t) > 0.

Proof of Proposition 23. This is a 453 result. For a proof, the reader is referred to
Koblitz §I1.4. O

Proof of Theorem 22. First note that O(z) = Og(—2iz). Then

O(2) = Op(—2iz) — ﬁ@(’ (-i) _ &@0 <—2¢ <—%)) _ J%@ (-%) |

C 0 —1
This implies that ©%(z) = —5-0% (=L ). Set ay = ( 40 ) Then
1
0|1y = 2(42)7'0? (‘E) = 2(42) 71 (—2i2)0%(2) = —i©*(2).

By problem 13 of section III.1 in Koblitz, T'¢(4) is generated by —I, T, and ST*S.
So to verify the transformation law, it is enough to check it for these matrices. First,
©?2,T = ©2 is clear since ©%(z +1) = ©%(z), and ©?]; — [ = —0? = y_4(—1)©%. Now

1/4 0 -1 0
ST4S:< (/) 1/4)Q4Ta4:<_4 _1).Then
1/4 0

®2|1ST4S = @2‘1 ( ) Oé4TOé4 = @2‘1OK4T064 = —’i@2‘1TOé4

0 1/4
= —i@2|1a4 = (—i)2@2 = —@2 = X_4(—1)@2.
Finally, T'y(4) has three cusps: oo, 0, and 1. Since ©% =1+ 4g + ---, ©% is clearly

holomorphic at co. Next, ( (1) _01 ) oo =0, and

0 —1 1/4 0 ) 1/4 0 1
@2|1(1 0 ):@2|1Oé4< (/) 1):—Z@2|1( é 1):_54_7

so ©2 is holomorphic at 0. The cusp condition at % is left as an exercise: compute the

expansion of 02| ( ; (1) ) (Hint: see I11.3 #1 in Koblitz.) O

Eta function:
Next we will use the function n(z) = ¢"/?* T] (1 — ¢") to build modular forms on
n=1
congruence subgroups, but first we look at some technicalities at the cusps of T'g(NV).

t
Let I' = |J I'o(IV) A4; be a coset decomposition of I' = SLy(Z), where t = N [[(1 + %)
i=1 pIN
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We could also write I' = U To(N)A. Suppose s = yoo, v € T, is a cusp. Then
AETo(N)\I

v € T'g(N)A; for some i, so s = yo0 FollY) A;o0. Therefore the cusps are contained in

{A;0}.

Definition. Given a cusp s = Aoo, the fan width of s, denoted hg, is the number of
distinct cosets I'g(n)B that take oo to the equivalence class of s.

The name arises from the picture of the fundamental domain of I'g(N). There are
hs triangles meeting at the point s which create a fan shape.

Proposition 24. With the notation as above, suppose s = Aoo. Then hg is the least
positive integer hy such that AT" A=Y € To(N). Furthermore, hy|N.

Proof of Theorem 24. We first show that h is well-defined. If A = ( Z Z ) € I', then
ATt A = (L geh a*h so ATNA™! € Ty(N), and hence hq exists. Note
—c2h 1+cah )’ 0% 0 '

that ATV A1 € I'o(N) and AT™ A € ['y(N) imply that AT"0N) A1 € T((N), so
ho| N by the minimality of hy. Now recall that

Aco 'Y Boo Aoco = yBoo v € I'o(N)

A‘lfyB =T" for somen

AT"B™' € T4(N)

[o(N)B = [o(N)AT™,

Then since hg is the least positive integer with T'o(N)A = To(N)AT", the distinct
cosets taking oo to s are ['g(N)A, To(N)AT, ..., To(N)AT"™ =L Thus h, = h. O

Note. Ifs—Aoo—“thenh =

1111

02 N)*

Suppose f is a meromorphic modular form of weight & on I'g(N), s = Aoo = & is

a cusp, and hy is the fan width. We know that f|;A has the form »_ a(n)ql. But
ATh A7t = v € Ty(N), so AT" = yA, and hence (f[zA)|,T" = flxyA = f|zA. Thus
flxA has period hg, which implies that f|zA = > a(n)qp

Definition. We call qp,, a local variable at the cusp s.

Note that 1+ cahs is the lower right entry of AT A=, soif f € M(To(N),x) then
fleA has the form Y a(n)q, ™", where x(1 + cahs) = e2rin

7. S. H. CHAN. 9/29 AND 10/1

Recall: Let f € M(I'o(/N)) and s = 2 a cusp. If s = Aoo, then let hy denote the
least positive integer such that AT A=! € Ty(N). h, is known as the “fan width”.

N
he = W’ fleA = Z th (a(ng) # 0).

n>ngo

We define ord, f := ng, the “order of vanishing with respect to local variable h,”.
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8. ETA FUNCTION

We define the eta function by
n(z) = ¢ [0 - ¢
n=1

Then
az+b

- d) = (cz+ d)2A(2) V <CC‘ Z) er.

A(g) = (=) and A (
This implies that

A<a2+b) T,

cz+d

where ¢ is some 24" root of unity. ¢ can be determined.
For h, k € Z, we defind the Dedekind Sum as

wa-£i(5-[3]-3)

r=1

Theorem 25 (Dedekind). If (CCL 2) € SLy(Z) with ¢ > 0, then

0 (“Z i b) — exp (m (ﬂ + S(—d, c>)) (=) 2(cz + d)2(2),

cz+d 12¢
where exp (mi (452 + S(—d, ¢))) (—i)*/? is a 24-th root of unity.
Proof. See Apostol Chapter 3. 0

Note that sums of S(h, k) satisfy certain “reciprocity laws”. This implies that we
can deduce transformation laws for eta-quotients.

Definition. An eta-quotient is a function of the form
f(2) =0 (012)0" (822) ... 0" (6:2),
where 0; € N, r; € Z.

It is clear that we can express
(4) fz)=1]n"2),
5|N

where N is any multiple of lem(dy, ..., d;).

Example.
fi(z) =n*(2)n*(112),
_ n(22)
) =y
and
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Theorem 26 (Gordon, Huges, Newman). Suppose f(z) is as in (4). Suppose also that

1
1) k::§zmez,
5N

2) Y 0rs=0 (mod 24),

SIN

b
d

mod N defined by x(d) = <(_3k8>, where s = [[55 0™ . (Thus only the parity of rs
matters for x.)

Then Ny = <CCL ) € I'o(N), we have f|yy = x(d)f, where x is the Dirichlet character

To determine the cusp conditions, we often use the following theorem.

Theorem 27 (Ligozat). Suppose that s = a/c is in the lowest terms. Let f be as in
(4). Then the order of f at s is

N 5, c)?
() % ( ’5C> rs (computed with respect to qp, ).

Fact: A complete set of representatives for cusps of I'g(V) is

cN:{%GQ:C|N,1§6LC§N7(CLC,N):1,acza’ (mod (¢, N/c)) +— aczalc}.
c

C

Corollary 28. If f(z) is as in (4), then f is holomorphic at cusps if and only if
D 5IN %ﬂ; >0 Vc|N.

Thus f vanishes at cusps <= all sums > 0.

Example. f(z) = n*(2)n*(11z). Then
1
k==(2+2) =2,
2
D oy =2-1+42-11 =24,
s 22 24
§ 1 11 11
So we may take N = 11.
—1)2. 112
x(d) = (%) is the trivial character.

f1 clearly vanishes at all cusps. Therefore f1 € So(T'o(11)).

Example. f,(2) = 58 Check that fo(z) € My(To(4), (=2)). In fact f = 02(2).
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Example. f(z) = 1) yhere | > 5 prime. Then

n(2)
-1
k=——
2 )
Zém =’ -1=0 (mod 24),
rs {
— == — ]_ et
g 1

So we may choose N = .
1

D5 e
x(d) = <( 1)d l) <( 1)d l) = (%Z) by quadratic reciprocity.

We have the following cusp conditions.
L (1) (1,1)*
c=1: l l T = 0.
(l7 l)2 ’ l l - (l7 1)2 _ 12

=0 —

l 1

— 1.
Thus | € Ml%l (To(D), (3))-

. L(z) .
Example. Let [ > 5 be a prime. Then Z(lz) € Mz%l (To(D), (5))-

n'(z) _ ¢TI0 - ¢
n(lz) ¢/ 111 —q¢m)

=1 (mod )

9. VALENCE FORMULA ON I'4(N)

For 7 € H, let I'; := { € I": v7 = 7} be the “isotropy subgroup”.

Recall that T; = {+I,+S},T,, := £{I,ST,(ST)?}, and I, = {£I} if 7 € F and
T # 4, w, —, where F is the fundamental domain. I'4, = A, A~! for any A € I. Thus
for 7 € H, we have

4 ifr A
=146 if T A w,
2 otherwise.

Set Fo(N%— = Fo(N) N FT.

Define I, := $|To(N)|.

Note: For all 7 € H, [, =1,2,3. (I, = 2,3 <= 7 “elliptic fixed points”.)

Recall that if f is meromorphic of weight k& on I'g(IV) with s a cusp of I'y(N), (and
hence fan width hg,) then ordsf = ng where f has expansion at s,

Y almai,  (a(n) #0).

nzng

Theorem 28. Valence formula on I'g(N).
Suppose [ is a non-zero meromorphic modular form of weight k on I'q(N). Then

> o f+ D Ziorde:%[r;rO(N)].

cusps s of To(N) Telo(N\H
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Note that we recover our old valence formula when N = 1.

Note also that Thoerem 28 says that # zeros —# poles = %[F : T'o(N)] when the
number of zeros and poles are counted correctly.

A similar statement holds for any subgroup of I'. (See Schoeneberg’s book.)

Corollary 29. A holomorphic modular form of weight k on U'o(N) which vanishes to
order > 3 [F Lo(N)] at any cusp must be identically zero .

Note: Suppose f € Mp(I'o(N), x) vanishes to order > Z[I' : Ty(NN)] at some cusp.
Then fV € Myn(To(N)) vanishes to order > 22T : To(N )] So we have f¥ = 0 and
consequently, f = 0.

Example.

fi(z) =0%(2) = (Z q"Q) ,

n'(22)
&) = i)
Then fi, f2 € Mi(To(4), x—4)-

K0 ro(ay] = i.4-<1+1) _1

12 12 2 2
Therefore it suffices to check the linear terms to see that f1 = fa, and so
5
1’ (22)
0(2) = <577
n*(z)n*(42)

Example.
E; =1+240) o3(n)q",
Eg=1-504) o5(n)q",
n'%(2) 28?716(22)

PR O
_ %) _95.3.5.7912(95) —99.3. _7712(22>"78(4Z) 13177 (42)
o) = iagzy 235 0(22) = 273 1L TS 0 L

Check that fl(Z) e M, (F0(4)) and fQ(Z) € Mg (F0(4))
After comparing a few coefficients, we see that

fi = Exq, f2 = Es

Proposition 30. Every modular form on SLy(Z) is a rational function in n(z),n(2z),
and n(4z).

Proof. Every modular form on SLy(Z) is a polynomial in Ey, E. O

The following theorem is an important consequence of the valence formula.
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Theorem 31.

dime My(To(N)) < 1+ l—l;[r : To(N)].

Proof. Suppose that fi, fo, ..., fr are linearly independent elements of My (I'o(V).
Claim: By taking linear combinations of these, it is easy to produce a non-zero form
f which vanishes to order > h — 1 at infinity.

Proof of claim. Induction on h. O

By Corollary 29, we have h—1 < % [[': To(N)]. This completes the proof of Theorem
31. ]

10. S. K. PArk. 10/3 AND 10/6
Proof of Theorem 28 Valance Formula

Proof. Suppose f is meromorphic of weight & on ['o(V). Let ¢t = [[' : T'o(N)]. Write
I'=J;_ To(N)A;. Define
F(z) = Il flsA;.
Note: If v € I', then {A;v} runs through a complete set of coset representatives of
Fo(N)\I" as {4;} does.
= F(2)|wy = i, f(2) s A7 = F(2)
= F(2) is meromorphic of weight tk on I'.
Valance formula on T'.

1 1 tk k
ords F' + §0rdiF + gordwF + E ord.F = 5= E[F : To(N)]
Tel'\H
TH#L,W

Cusps : show

ords I’ = Z ordsf

cusps
s of T'o(N)

At each cusp s of I'g(N), f has an expansion of the form :
a(no)g, + -+,

where a(ng) # 0, ng = ordsf.

e There are hy distinct cosets I'g(IV)A; which take oo to s.
e Multiplying the corresponding f|,A,;.

We obtain :

hs

(constant) (¢f°)" + -+ = (constant) - ¢" + - --

= ord.F = Z ord,f.

cusps s
of To(N)
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Points 7 € I'y(N)\H ( T'o(N)\H, T\HCC).
If 7 € To(IV)\H, then 3! 79 € I'\H such that for some v € I'; 7 = 7.

¢

= U [o(N)A; = v €T'g(N)A, for some j
j=1

— T E Fo(N>AjT0

— 7 = ’YOAjTO for some Yo S 1—‘O(AN)

Q : How do the points {A;7y} split into I'g(V)-equivalence classes?
Case 1. 79 # i, w. Then

L7y = {j:]}

If 7 = A1 then only £ y9A; € I'y(N)A; takes 7y to 7.
= {Ajn} ={r€lo(N)\H : 7 ~ To}-

We have
t t
ord, F = Z ord., flrA; = Z ordaf = Z ord, f.
Jj=1 J=1 7€l (N)\H
T~TQ
r
Case II. 7o =4, I'; = {1, £S5}
If 7 = pAji then only £v,A4;, £v7A;S take 7 to 7.
Q : Are 10A,S, A, in different cosets of I'o(V)\I'?
(i) Let 70A;S, 70A; be in different cosets. Then
%A - (0A;)7" & To(N).
Note. Y04;8 (y0A4;) ' 7 =7
= I, = {:i:[, :i:’)/()AjS(’}/()Aj)_l}.
Since £704;5(104;)™" & To(N), To(N), = {£I}.
= [, =1
(ii) Let vA;S, 1A, be in the same coset. Then
%0A0S - (0A;)™" € To(N).
Sol', =Ty(N), = [, =2.
We have :
t t
ord;F = Z ord; f|rA; = Z orda f
j=1 j=1
= Z O’f’dq—f + 2 Z OTde'
7€l (N)\H 7€l (N)\H
T, =2 T, lr=1
r r

1 1
= SordiF = > —ord- f.

TELH(N)\H T

T
r
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1 1
Similarly, gordwF: Z l—orde.

reTo(N)\H
T"l:du)

Congruences between modular forms

Suppose f,g € Mi(Io(N), x) N Z[[g]], m € N. Write

9(=) = 3 bln)g".

Definition. f =g (mod m) <= Vn, a(n) = b(n) (mod m)

Define ord,,f = min{n : a(n) # 0 (mod m)}.
(If a(n) =0 (mod m), Vn, then ord,,f = 400, f =0 (mod m). )

Theorem 32. (Sturm’s Theorem) Suppose f € M(To(N),x)NZ[[g]], m € N. If
ordy,f > &L : To(N)] then ord,f = +oo.

Point : 1. To verify a congruence (mod m) between 2 forms it suffices to verify that
the first few coefficients agree (mod m).
2. ordn(f —g) > &L :To(N)] = f =g (mod m)
3. If O = ring of integers of a number field K, and M is an ideal, then
the same result holds with

7 — OK
m +— M.
Proof of Theorem 32.

In My, let t =dim M, — 1. Then t < L%J < %

There exists a basis for M}, of the form

{f0>.fl>' te 7ft}> each fz € ZHQH

and
fo=1+0(q)
Ji= q+O(¢%)
ft — qt 4 O(th).

Example. k =4 (mod 12) = k=12j+4, t =dim My —1=j
Take fo = EY', fL=EYPA o fi = BTN f = EAN,
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Suppose f(z) € My, (Z[[g]] has ord,,f = s > £ >t. Write

fz) = afotarfit - +af
= a0(1_|_...)_|_a1(q_|_...)_|_..._|_QT(qt+...)
= (constant)q® +------ (mod m).

s>t = ay=---=a =0 (mod m)
f(z) =0 (mod m).

To prove general case, we use similar method to that used to prove valance formula on
[o(N). However, also need additional knowledge of “ integrality ” properties. O

U-operator

Let -
f=> an)q" € My(I'o(N),x), m € N
Define " - -
flUnm = a(mn)q" = a(n)g=
o

. ) k
Theorem 33 = U, : Mp(I'o(N), x) — My(To(lem(m, N)), x)

Lemma 34. With these hypotheses, we have

m—1 1
f|U m2 1Zf|k<0 :n)

Proof of Lemma 34.

m—1
RHS = m? ‘mim~* Zf <Z+U)

o0 m—1
2minz 1 2minv
_= E a(n) e m —_ e m
n=0 m v=0
[e.e]
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O
Lemma 34, Lemma 20 = f|U,, satisfies same cusp conditions as f.
To prove Theorem 33, check transformation law. Like twisting theorem, but easier.
Suppose

a b
v = <c ) € I'o(N), m|N, m|e, and ged(a, m) = 1.

d
1 v
%_(O m).

Show : f|Upn |y = x(d) f|Up,. Set

Then
oy /
,yfyfy—l_ a 4+ ve b+wrinva_vfnc
v me d—1v'c '

Vo (mod m), ' v' (mod m) such that av’ = b+ vd (mod m), since ged(a, m) = 1. As
v runs through {1,2,---,m — 1}, so does v'. For such a v', v,77,,' € To(N). Now

m—1
E_
FlUm =m>™ > Fli.
v=0

So

>_A

m—

k_
f‘Um‘ka = m2"! f|k%1’7’7v |k%1
v=0

= 1Zf|m = X(d) f|Un. O

Note. : In general, (fg)|Un # (f|Um) (9|Um) -

However, if

> b(n)g

then
(f9) U = (f|Un) (9|Unn) -

Application : Ramanujan’s Congruences for the Partition Function

Definition. p(n)=number of partitions of n
=number of non-increasing sequences of positive integers
whose sum is n
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Example.

—_
—_— — — ~— —

Euler :
uler H°°

This is true since

o0
n—

11_qn

if n <0

(2,1+1)

(3,24 1,1+1+1)
(4,34+1,242,2+14+1,1+1+141)
VE
S

0
1
1
2
3
5

asm — 0o (Hardy, Ramanugjan)

Ramanujan’s Congruences :
p(bn+4) = 0 (mod 5), Vn

p(Tn +5)

0 (mod 7), Vn

p(lln+6) = 0 (mod 11), Vn.

Note.

For [ > 5, prime. Set §; =

1

1
3 (mod 7)

1
9 (mod 11)

l_l € Z. Then

2—1 1
—5l:—< 51 ):ﬂ(modl).




Restatement of Ramanujan’s Congruences.
If { =5,7,11 then Vn, p(l, — ) = (mod ).
(Proof) For [ > 5, prime

set l
i) = 5t (0. ()

_ mﬂmlﬂ{—zgl
Euler = fi(z) = (1= g™ zip g
n—mn-—2a, = (=g lf:pn—dl

Conclusion :  fi(2)|U; = II%°_, (1—¢™)’ Zp(ln—él)q".

11. R. RoJjas. 10/8 anND 10/10.

NOTES FROM THE EIGHTH AND TENTH OF OCTOBER
Recall the U - operator: if

f= Za n)q" € My(To(N mZ
n=0

and if 0 < m € Z, then

e} [e.e]

AU =3 atmm)g” = 3 a(m)g"'™
n=0 n=0 mn
Note that if m|N, then
FlUm € M(To(N), x) () Z[4l]

If also, g = Y7 ,b(n)g"™, then
(fOUm = (f|Un)(9|Unn)
Finally, if j € Z, then

[Ta -y v, =[]0 —-q"Y

Now we consider Ramanujan Congruences. For all n € Z, we have
p(bn+4)=0 (mod 5)
p(Tn+5)=0 (mod 7)
p(lln+6) =0 (mod 11)

33
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These three congruences are equivalent to the statement that if [ € {5,7,11}, then for
all n € Z,

p(ln—9) =0 (mod ) o = l22:1 !
Proof. Set

_n'le) sy A=

filz) = n(z) ’ E 1—qn < Ml%l (Fo(l)’ (Z))
By Euler,
) =TT =¢™"D pm)g™ = T[ (= ¢"™)"> pn—d)q

Therefore, : : :
filU = (Ha —qlmVZp(n—al)q“) U, = (Hu —qml>l|Ul> (me—al)q“)wl)

Zpln—él = Zpln—&

Hence, fi|U, =0 (mod ) < for all né€Z,p(ln—24)=0 (mod ). Let I=11(l=5,7
have essentially identical proofs). We know that

fu € M (To(11), (<) ) () 20lal
fulUsn € Ms (To(11) ( ))ﬂz

By Sturm, fi1|U1;; =0 (mod 11) < f1; vanishes mod11 to order

5 5 1
> = [o(1) : To(11)] = mm%ulJ:5

Thus, to prove that p(1ln + 6) = 0 (mod 11), it suffices to verify that the first six
coefficients of f1;]|U;; vanish mod11. As a final note, to prove that

p(5n+4) =0 (mod 5)

for all n € Z, check two coefficients mod5 of f5|Us because
2 1
2>—MB)14+=-)=1
12( ) ( + 5)

NOTE: We can compute f;|U; explicitly.
DEFINITION:
O X Z X

NOTE: dim(M;(Io(5), ())) = 2. One ba&s element is

||z8
g
|
rQ

so it follows that

o0 oo

5
77(2)_ o ﬂl no__ _2*2 n_1_—
T 15y (S (5) ) =1 2 e =1

N5/ n=1
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The other basis element is

n=1 dln
We find that . .
CRCO T B
n(2) n(z)
NOTE: dim(Ms3(I'o(7), (3))) = 3. A basis is shown below:
7 7
n'(2) n'(7z) 2 3 3
=1-.. =q 4+ .. =)n°(72z) =q+ ...
{77(72) 02) (2)n°(7z) }
We find that

n'(72)
n(2)

fo|\ Uz = T (72)n%(2) + 72

Transformation Law for ©-Function:

02 = S = 1423 4" = 0 e ay (nu(a)

1
—~ - n*(2) 2

It should be noted that M) (T'0(4)) has not yet been rigorously defined.
Let v = (973') € GL3 (Q). We know that

O(v2) _ @(Z_zl) N v

O(z)  O(z)
QUESTION: If y € Ty(4), then what is Z2?

DEFINITION:

Theorem 35. If v € I'y(4), then @(2)|%7 = 0O(2).
NOTE: Generally, if 4N, k=1 (mod 2), and v € T'g(N) C I'y(4), then

—k
flyr =it 100 = (s ) 169

Let x be a Dirichlet character modN. Then f € M%(FO(N), x) if: 1. For all v € T'y(N),
f |§ = x(d)f. 2. f is holomorphic in the upper half-plane and at cusps of ['((NV).

Proof. Define ¢(z) := ©(2) = 3, _, €™**. Properties of ¢:

oI —olz+D = o) o5 =0T ) = VITE)
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Let G(2) := £ < T?,8 >C SLy(Z). Note that I'(2) C G(2). Let a = (29).
Note that ¢(z) transforms with respect to G( ). Also, @(z) = ¢(22) = ¢(az) trans-
forms with respect to aG(2)a™! and aG(2)a™ &€ SLy(Z). We call G(2) the Hecke
Group. Below are other properties of ¢:

o efz?i”' 772(Z_JQFI)
(r/)(z) - 7](2)

Finally, if p is an odd prime and a = (59), then a(G(2) NTo(p))a™' C G(2).
Lemma 1: If y €',y =(2%) = (9}) (mod 2), d # 0, and

o) =15 (4) VT T Do)

then Theorem 35 holds.
Proof of Lemma 1. If a = (%' ), then O(az) = ©(z + b) = O(2). Also,

. B 9)er'™V1 : Use+sign
j(a,Z)—{ (%)g:%\/—l . Use — sign =1

So Theorem 35 holds for these a. Let v = (¢4) € Ty(4), ¢ # 0. Then O(7z) = ¢(27z2)
and

¢°(2) € M4y(G(2))

20z +20 —az—b —a+ 2b(;—zl) 9 —ar [ —1
272 = T = d ~ —c -1 ( d ;c) 5.
cz + d —_ — = 5 + dg 2z

Let ' = (2; ;) Note that £ # 0 and that 4)c = 7' = (9§) (mod 2). We have that

06 = o =0 (v (5)) =i (B) - - 5o

- () - e

For all of the different cases of d (mod 8), show that z¥(_72) = ¢, Tt follows that

O(yz) = ;! (%) Vez +do(z)

Lemma 5: If n is an odd, positive integer, and if v = (¢ %) € G(2) (N To(n), then

s ()50

NOTATION: (Koblitz) If p is an odd prime, then

Lemma 2:
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Lemma 3: If p is an odd prime, and if y = (24) € G(2) N To(p), then

¢3<Z;1)Is@2w— <_) o z+1)

See Koblitz for proofs of Lemma 2 and Lemma 3.
Lemma 4: If p is an odd prime, and if v = (2%) € G(2) N To(p), then

¢(pz) s <C_i) ¢ (p2)

¢*(2) o7 (2)
Proof of Lemma 4. Let g(z) = zg;zz; First, show that ¢®41_p)7 = ¢° We know that
8 _ 4(p—1) p(’72>>
g |4(1—p)7 (CZ + d) ¢8p(72)

&g

Let a = (’0’?), so pyz = avyz. Let v/ = aya~! = (g
Thus:

). By Property 5: v/ € G(2).

_ (cz +d)™ ¢ (v az) _ (faz+ d)~* 3 (v az) _ ¢°(22) [0y’
(cz+d)™ ¢%(yz)  (cz+d)™ ¢*(y2)  6*(2)|py

g8‘4(1—p)’7

By Property 4:
¢°(22) |1y _ #°(p2)
P*(2)lpy  %(2)
Thus, the first part is done. Second, show that

d
9’lsa—ny = (—) g’
2 p

=¢°(2)

We know that

By Lemma 2:
#P*pz) WY
¢(z) (W) (W)

It follows that

. 109\@7
=3 P
By Lemma 3:
¥lsany (4)y? (4)y° a\
PED )’ (OEER)F — @ ED)P (5) !

Divide the second equation by the first to obtain the desired result. OJ
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12. T. HUBER. 10/13 AND 10/15
Recall

— Z q"
n=1

vyeTod) = j(v,2):= <§>e;1\/cz +d.
(Note that ¢(z) = ¢(z/2) and G(2) := £(S,T?) D T'(2))
Theorem 35. Vv € I'y(4),

and

5) oy = 1009)

Proof of Theorem 35.
It is easy to check that (5) holds for v = —1I, T, ST~*S, the generators for ['y(4). To
prove the theorem, we would need to show

(6) i 2) = i(1,7'2)i(Ys2) vy,7" € To(4)
(in fact, Theorem 35 implies (6)).

However, we will not take this approach.
We will need the following facts:

(1) ¢(T2z) = ¢(2)

(2) 6(Sz) = V—izg(2)
(3) ¢° € Mu(G(2))

(4)

4) If p is an odd prime, a-(ﬁ

)

) , then

a(G(2) NTo(np))a™ C To(n) NG(2).

~—

It suffices to prove
Lemma 1. If n is an odd positive integer, v = ( CCL 2 ) = ( _01 (1) ) (mod 2),
and d # 0, then

QS(’)/Z) - »156 d ;
o) i <E> —i(cz + d).
Key step:
Lemma 5. If n is odd, positive, v = ( CCL Z ) € G(2)NTy(n), then
¢(nz) ( d ) ¢(nz)
¢(z) 15 n/ ¢"z)

Q@

Suppose 7 = Z ) ( 10 ) (mod 2). To see that v € G(2) NTy(c), note

that —Sy € I'(2) C G(2). Note that both sides of the statement in Lemma 1 are
invariant under fy — —. Thus without loss of generality, ¢ > 0. Applying Lemma 5
with n = ¢, we obtain

o e
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which implies

o(v2)\° _ (d 1 ¢(cz)
(¢(z>) :<E)(cz+d)2 .
Next note that
caz + cb
cz+d

caz +ad—1

cz+d
alcz+d) —1

cz+d

1

cz+d’

cyz =

which implies

blerz) = ( . d)

= ¢ ( ! ) (since a is even)

ez +d
= /—ilcz+d)p(cz + d) (by fact 2)
= /—ilcz+d)¢(2) (since d is even).

Therefore,

(mz))" = (5)(ez + ) Ve 7 .

Fact (3) implies

<¢(72)>8k = (cz +d)™* Vk € Z.

The cth power of (5)

()
(o2 + )T (V=ilez + )

2_
¢ ¢ c—1 c—1
2

—ifcz+d) * (=i) = (cz+d)

|
7~ N 7N
o |

,_.
|

/N N
ol ol
N— —

~.
[\V)

21
2

—i(cz+d)(cz+d) 2

Choose k with ¢ =8k + 1, so % = 4k. Divide to obtain

cf;((v;) _ (g)—m

which completes the proof of the lemma.

To prove the theorem, it remains for us to show Lemma 5. We show this by induction
on the total number of prime factors of n. The base case (n = p, for some prime p) is
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Lemma 34 with n = p. For the inductive step, assume the result in the lemma above
is true for n. Let n’ = np for some prime p. We need to show that

¢(n'z) _ (d\o(n'z)
¢ (2) N ( )¢”'(z)
¥y € G(2) NTo(n') € G(2) NTo(n) NTo(p).

ln

Since

p(n'z) _ ¢(npz) ¢"(pz)
o™ (2) o7 (z) ¢”(pz)

we have

Thus, Lemma 5 is shown, and the proof of the theorem follows. O

Hecke Operators:
The prototypical operator is

= 7(n)q" € Sa(To(1)).

Multiplicative properties:
e 7(mn) = 7(m)7(n) if (m,n) =1
o 7(p") = 7" )7(p) — p'7(p
Why?
(1) There exists a family of “nice” operators on Si5(I'o(1)), and
(2) A is an eigenform.
In general, on any M (I'o(IV), x) we will construct Hecke operators {7},}52 ; with the
following “nice” properties:

(1) The operators commute.
(2) We have “nice” multiplicative properties.
(3) The operators are “Hermitian” with respect to an inner product; i.e., (T, f, g) =

X(n)1/2<f, T.g). This leads to “nice” bases for My (I'o(N), x).

Remark: Koblitz looks at modular points (in terms of lattices), but our approach
involves double cosets (which is also in Koblitz).
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Recall that
Mi(T'1(N)) = @&, Mp(To(N), X)-
Our idea: given f € My(I'((N)), build T,,f € M(I'y(N)). To do this, we take an
“average” over groups, and this requires the use of double cosets.

Definition. If G is a group, I'1,'s < G, we say I'1, 'y are commensurable if
Iy : T NTs) < oo and [y : T NIy < 0.

The important case for us involves the following claim:

Claim:
If T” is a congruence subgroup and « € GLJ (Q), then
I a 'Ia
are commensurable.

To prove the claim, we need Lemma 1 of II1.3 of Koblitz:

Lemma 1. If « € GL;(Q) has integer entries and T'(N) < T”, then T'(ND) <
a T, where D = det(a).

To prove the claim from the lemma, note that a~'I"o is unchanged under o — da,
so without loss of generality, a has integer entries. Lemma 1 implies the following two
results:

e There exists D such that T'(ND) C a ' T"aNl’ =
I":T"Na 'TI"a] < [T : T(ND)] < <.
e There exists D such that T(ND) C al’a™ ' NI/ =
[ 'Ta:T"Na 'Ta] =[I":al'a™ ' NI < [ : T(ND)] < 0.
Definition. If['},I's < G, a € G, define the double coset
[ialy = {yaye : 71 € T'1,7 € Ty}

Remarks:

[} Fla g FlOéFQ
e [';al’; is the union of right cosets of I'y.
e For o, 8 €, G, I'1 'y are either disjoint or equal.

Proposition 36. Suppose G is a group and I' < G, a € G, and I, a 'T"a are

commensurable. Set I :=T"Na I"a, and write
d
(7) I = U Iy, where d = I : T"].
j=1
Then
d
(8) I'al" = | JTMay]
j=1

is a disjoint union of right cosets. Conversely, (8) = (7).
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Remark: Coset representatives of I in IV are in one-to-one correspondence with
representatives in a coset decomposition of IVal.

Proof of Proposition 36.

We only prove one direction. Assume (7). Given yiay, € ["al”, write 45 = 77, for
some 1 < j<dand~y” €I =T"Na T"a. Write v/ = a~ 'y« for some 7' € I'". Then
nay, = nay"y;=mnalaYa)y,
= (mY)ay; e ay;.

To show that the cosets in (8) are distinct, note that if Iay; = I"avy, then
oyl tat € TV, which implies 7/7, " € a ' I"a N I" = I'. This, in turn, implies
[~} = T"y,, so that j = k. O
Definition. Suppose I'' is a congruence subgroup and o € GL3 (Q). Set I” := 1" N

d
a T, and write I = |J ["v%, a coset decomposition. Suppose f = fyyel.

j=1
Then define
d
Mal” = 3" f] a3},
(©) f| r'a > A,

Proposition 37. (1) The definition in (9) is independent of the coset representa-
tives.
(2) If Tal” = I'AT, then f‘ ol — f‘ AL
k k
(3) If f € My(I"), then f‘kF’aF’ € My(I'"). Moreover, the same holds for cusp

forms (as the cusp conditions are preserved.)

13. N. MasrI1. 10/17 AND 10/20.
Recall from last Wednesday that, if I is a congruence subgroup, o € GL3 (Q) , then

1 /

I"=T"Nna 'Ta, IT" = U?Zlf‘ Vi, fley' = f, ¥y € I". Then define
d
Flil'al":==>" fliat) (A
j=1

Proposition 37. (1) The definition (A) is independent of the coset representatives
V-
(2) IFT'al’ = T'BT then f|,I'al’ = f|,['AT".

(3) If f € Mi(I") then f|"al” € My(I"). (The same is also true for cusp forms.)
Proof of Proposition 37:

Proof. (1) Suppose 7} changed to 7]~} where 7] € I'". Write 7] as a™'y'a, v/ € T".
Then flraniv) = flrala™ v a)yj = flrav;.
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(2) Suppose IMal” = U?Zl I"av; is a coset decomposition. Proposition 36 implies
that [ = Uj:1 [Ma~ta; is a coset decomposition. Then (A) = f[[al” =
Z;lzl flra(a™tay) = Z;l:l flkej. (Call this (A’)). So the definition depends
only on I"aI”, and not on a.
emma = [kl al” satisfies the same cusp conditions as f.
3) L 20 ol satisfies th diti
Transformation law:

Suppose 7/ € IV. Then we claim that ["al” = U;lzl Ny = Tal” =

Uiz Dy So flhlal” = 3 flragy' = S(flras)liy’ = (flelal”) .
UJ

We next define Hecke operators for a large class of congruence subgroups. Some
notation:
ST is a nonzero additive subgroup of Z. i.e., ST = MZ for some M € N.
S* is a subgroup of (Z/NZ)*.
For n € N define A™(N,S*,ST) = { integer matrices (¢%) : ad — bc = n, N|c,
a€S* be St}
(Note that the A™ are not groups: multiplying two elements of determinant n yields
an element of determinant n?. )
Remarks:
(1) AY(N,S*,ST) is a group.
(2) If N' =lem(N, M), where M is such that ST = MZ, then T'(N') C AY(N, S*,ST).
(3) T1(N) = AN, {1}, Z),
[o(N) = AYN,(Z/NZ)*, Z) and
['(N) = AYN, {1}, NZ).
Definition of Hecke Operators:
Set I" = AY(N,S*,ST). Let n € N, and suppose f € My(I"). Then define the
Hecke operator T, by:

To(f)=n2 " flilal’

(Where the sum is over the double cosets of I in A™(N,S*,ST).)

Equivalently, define T, f = n> " > flkaj, where IVa; runs over all right cosets of I
in A"(N,S*,ST).

To see the equivalence, note that in the coset decomposition I"al” = |JI'3;, every
right coset I'o; gets hit exactly once as ['al” runs over all the double cosets.

Fact: The number of cosets is finite, so T, : My (I"") — M (I'") and Si(I") — Si(I").

Recall: Vyif(2) = f(dz), Uaf(2) = éZj;é f(Z£2). Specialize to I'y (N) = AY(N, {1}, Z).
(To simplify notation, we will from now on denote A'(N,{1},Z) by A').

Let T,, be the operator on M (I';(N)).

Theorem 38. Let T, be the nth Hecke operator on My(I'y1(N)). Then
(1) T,, preserves each space My(T'o(N),x).
(2) As a map on My(To(N), x) we have T, = 34, x(d)d* 'V o Upsa.

To prove theorem 38, we need an explicit decomposition of the form A™ = [JI'; (IV)ay.

-1
If(a,N)zl,ﬁxaaef‘,aaE<aO 2) (mod N).
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Lemma 39. We have the coset decomposition

A= gfl(N)aa <g’ Z)

aln 0
(a,w)=1 d=%

Proof of Lemma 39: (We will do the “2” part. For the other direction, see Koblitz.)

Proof. Everything on the right has determinant n, and the form

1 %\ (a* 0\ (a b\ _ (a ' %\ [a b\ _[1 x
(0 1)(0 a)(O d):<0 a)(O d):<0 *) (mod N)
Proof of Proposition 38:

Proof. 1t is easier to prove 2nd part first. Recall that V,f(z) = f(dz),Usf(z) =
§ Xio f(55)- By Lemma 39, if f € My(To(N), x),

d—1 d—1
k_ a b E_ a b
Tnf:’I’LQ 1 Z bz_;f|ko-a <O d) =n2 1ZX(a)bz_;f|k <O d)
(al]l\lf?_ld;% i -
Note that
d—1 d—1
a b E ok az+0b
S i o) =it s ()
b=0 b=0
k k -l z+b k
b=0

so T, = n3! D aln X(a)agd‘gﬂVa olUy = >
D apn X(@)a* Vg 0 Up . (end of part 2).

We still need to prove that T, preserves My (I'o(N), x) from part 1. There are two
approaches:

Approach 1: Use that My(I't(N)) = @, My(L'o(N), x).

Recall the operator < d > on My (I'y(N)), <d > f: f+ flroa, (d,N)=1.

Use coset decomposition to show that < d > commutes with T;, for all n. Then T,
preserves eigenspaces for operator < d >. These eigenspaces are the spaces My (I'o(NV), x).

Using coset decomposition takes a while, so instead we try approach 2: (which we
will prove). The basic idea is to use the explicit description we already have:

Approach 2: Suppose f € Mp(T'o(N),x) € Mp(['y(N)). Then T,,f € My(I'1(N)).
V(d | n), (VaoUnsa)f € Myp(Lo(Nn), xi.x) and so T,, f € My(T'1(N))NM(To(Nn), x.x™) =
Mi(Co(N), x)-

For the proof of the last equality, one direction is clear: My (T'o(N),x) C each of
My (T1(N)) and M(To(Nn), x.x"). For the “C” direction, if f is in the intersection,

x(@)(ad)? 12 d =5V, 0 Uy =

aln
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then f|ro4 depends only on d mod N. Given d with (d, N) = 1 we replace d by d+ jn
for a suitable j to get (d,n) = 1. Then flyoq = x(d)X"™(d)f = x(d)f = f €
My, (Lo(n), x)- 0J

Proposition 38 results in a number of consequences:
Proposition 40. Vm,n > 1, T, T, = 3 4, X(d)d* Tz
Corollary 41. (i) T, T, = T, T,

(ii) We can invert proposition 40 to get:
d|(m,n)

(iii) if ged(m,n) =1 thend =1 = Ty = p(1)y ()11 T, = T T
(iv) If we set m = p¥, n = p we get:

T v+l = Tpqu — X(p)pk_lTpqu

p

14. J. WEBSTER. 10/22 AND 10/24
OCTOBER 22

Corollary 42. Let T be the algebra generated over C by all T,,, the “Hecke Algebra.”
Then T is commutative and is generated by T}, for all primes p.

Corollary 43. The following are true:

DS I I
n=1

p v=0

1
2) T vp—vs = .
; g 1—T,p~ + x(p)p"—1-2
To prove 43.2 just multiply by denominator and compare to Corollary 41.

Proof of Proposition 40 This is primarily an exercise in variable changing.
Note: U and V' won’t commute in general but if (d,t) = 1 then V0 U; = U 0 V.

(UroVa) Y a(n)g" = U, Y a(n)g™ =" a(n)g®
n=0 n=0 tind

(Vao U) Y a(n)g” =Va Y _a(n)g? = a(n)g?
n=0 tln tln

Since (d,t) = 1 the condition that t|n is the same condition as t|dn. We have

T T = Y x(dids)(ddo)* Vi, 0 Uy, 0 Vi 0 U,

ardi=m
asdo=n

Let § = (a1,dp), @) = %, and dj = 2. Then
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Viy 0 Usy 0 Vity 0 Usy = Vi 0 Uy 0 Us 0 Vs 0 Vi 0 U,

Note that because Us o Vs = Id we can write the above as:

Vi, o Uy 0 Vi 0 Uay = Vi, © Ugtay

So
= > Y x(0didy)(8d1dy) Vi, © Usgay

0l(m,n) ajdi="%
azdh= %

Now set a = ajay, d = didy, and ad = %z to get the result. Conversely, given
ad = %3, Set a) = (T and d, = (Wg‘;&). Then (a},d)) = 1 and corresponds to a
unique index on the inner sum. So,

TTn= Y x(0)6* " > x(d)d" VyolU,= > x(d)6* 'Tuy

8| (m,n) ad-’(’&" 8| (m,n)
. - O]
Effects on Fourier expansions Let f = Za(n)q" € Mi(I'o(N),x) and T, = U, +
n=0

x(p)p*~1V,. If p|n then T, = U,.
n

T,()_a(n)g" = (alpn) + X(p)pk_la(g))q"
where a(%) = 0 if p { n. More generally,

Tu(d a(n)g™) = x(d)d* Va0 Un (Y a(n)q")

din

= > XD Va(Y o))
dlm

= > @d Y o)
dlm din

=3 (X x(@da(=))a"

d|(m,n)

Proof of Proposition 44 The proof is given above.
Definition. f is an eigenform of T,, if there exists \,, € C such that T,,f = A\ f-

Proposition 45. Suppose f = Z n)q" € Myp(T'o(N), x) has To,f = A\nf. Then

n=0
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(1) a(m) = Ama(1)

(2) if a(0) 7& 0 then Ay = > _ x(d)d*™".
dlm

Proof of Proposition 45 By Proposition 44,

Tof = (O x(d)d*)a(0) + a(m)g + - --

dlm

— o f
= Ana(0) + Apa(l)g + - -
U

Definition. Call f a normalized eigenform if a(1) = 1 and f is an eigenform of all
Ton. Then Ty f = A f = a(m)f for all m.

If f is a normalized eigenform then the Euler product for Y T,,n~* becomes

00 . 1
; = 1;[ 1—a(p)p= + x(p)p*~'~%

call this L(f,s) the “Modular L function.”
Why are these important? Let E/Q be an elliptic curve and

1
L(E’S) - l l —s 1-2s
L l—alp)p~ +p

where a(p) = p+ 1 — #pts on E/F,. Wiles, et al. proved that there exists f €
M;(T'y(N)) such that L(E, S) = L(f,s). Further the BSD conjecture says ords—y L(E, S) =
Rank(E).

15. OCTOBER 24

Ezxercises from Koblitz

Problem 3.5.6 Find basis of normalized eigenforms of all 7},. dim(Sk(I")) =1 is trivial.
Look at the space Sa4(T"). dim(So4(T)) = 2. Let f; = A% and f, = EZA. Both have
weight 24. One starts with ¢ and the other with ¢2.

fi=¢* —48¢% +1080¢* + - --
fo = q—1032¢” + 245196¢° + 10965568¢* + - - -

These are not normalized eigenforms because the coefficient on f; on ¢ is 0. Further,
f2 is not normalized as asaz # ag. So we must find the basis of normalized eigenforms.

Consider T5.
15 Z a(n)q" = Z a(2n) + 223a(g))q"
= a(2)q + (a(4) +2%a(1))¢* + - - -

Tofi = q+1080¢° + - - = fo + 2112,
Ty fa = —1032q + (10965568 + 22%)¢* 4 - - - = —1032f, + 18289152 f;
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The matrix of Ty in {fi, fo} is

1 —1032

. Use some computer system to compute eignevectors and eigenvalues.

Eigenvalues: 540 + 12+/144169

Eigenvectors: {(1572 &+ 12v/144169) f1 + fo} = {F1, 5}

Since T,, commutes with 75 for all n this implies that F, F5 are normalized eigenforms
of all T},. Further F; and F, are Galois conjugates of each other. Let @ = 15762 +

124/144169. Then

( 2112 18289152 )

fir=> ai(n)g", Fi =) (aai(n) + as(n))q"
fa=_as(n)g", Fy = _(aai(n) + as(n))q"

The n coefficient of F} is an eigenvalue of Fy under T),.

Z Tr(T,)q" = Z ((a+ @)ai(n) + 2az(n))q"

= (3144ay(n) + 2a(n))q"

= 3144f, + 2f; € Sau().
Problem 3.5.4 Ss(I'g(4)) has dimension 2.

f(z) = 1°(2)n*(22) € Ss(T'o(2)) S Ss(To(4))
9(2) = f(2)[Va € Ss(I'o(4))
These are clearly linearly independent as the lowest power of ¢ in f is 1 and the lowest
power of ¢ in g is 2. Since dim(Ss(I'¢(2))) = 1 then T,,f = A, f for all n.
Fact: For odd n, T,, does the same thing to f considered as an element in either

space.
Fact: If n is odd T,, and V5 commute. This is because

T, =Y x(d)d*'VyoU:

This implies that for odd n that T,,g = A\,g. So T,, acts by scalar multiplication on
S4(Ty(8)) for odd n. Look at Ty which is Us:

Ty =TVaf =UVaf = f
f=q—8¢+12¢° + 64¢" + - --
Tof = Upf = =8¢+ 64¢° + - -- = =8f

-8 1

0 0
. The eigenvalues are {—8,0} and the eigenvectors are {f, f +8¢}. So the eigenvectors
are normalized eigenforms of all T,.

The matrix is
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16. S. KADZIELA. 10/27 AND 10/29

Recall: f is a normalized eigenform if
1) a(1) =1 and
2) f is an eigenform of all the operators T,,.
If f=>a(n)qg™ has this property, then we get an Euler product
> a(n)g =[] - alp)p™ + x(p)p* )"
p

Dream: (almost realizable) Basis of normalized eigenforms. Need a Hermitian inner
product for S(I'o(V), x) (Petersson inner product).
Poincaré upper half plane H with GL; (R) invariant metric and measure.

Recall: a € GL] (R), a = <Z Z), then know
_ det(a) d(az)  det(a)
Im(az) = et dP Im(z) and Bz et dp

da?+dy? dad : :
Fact: ds® = ””TEZ’ and dpz = <5* are invariant under GL$(R). To see the second
one,

d(az) det(a) det(a)
dy —
dz lcz + d|? ’ Z| cz + d|?
so under change z — az, the area element dxrdy becomes
det(er) |? Im(az)\” dxdy
————=| dxdy = dzdy =
lcz + d|? e ( Im(z) v y?

Note: Geodesics in this metric are lines perpendicular to R and circles centered on
R.

d(az) =

1s invariant.

Proposition 46. Suppose I C I' congruence subgroup. Define u(I'") = [ dzgy

F/

, where

F' is a fundamental domain for I"'. Then
a) Integral converges and is independent of the choice of F".

b) 4 =[T: T
¢) a € GLF(Q) and a ' T'a C T, then [T :TV] = [T : o T"q]
Proof.

— d o d
a) Write I' = J 17, d = [I',I"]. Then F' = (J aj_lF is a fundamental domain
j=1 j=1
for IV. By definition,

: dxd
Z / y’ so after changing z — «;z,

Jj=1 71F
d
dxd — —
=3 [ L = Tu(r)
Yy
j=1

provided that the integral converges.
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%)dz < 0.

— =

Note: fdz;ly < [(
F

Next, show its independent of F’. Suppose G is another (nice) fundamental
domain. Break G into regions R s.t. 3« € IV with aR C F’. Then

/dxdy _ / dxdy (2 a~'2)

y? y?

S —g

[N

aR
) If F” is a fundamental domain for I”, then o' F” is a fundamental domain for

a~'T"a. Hence

_ dxdy dxdy
a7y = [ S = [E ),
a-lF F!

O

Definition of Petersson inner product.
Suppose IV C T' congruence subgroup. Suppose f,g € M(I") and at least one of f, g

is a cusp form. Define
——  dxdy

9=y y?

(f,9)

Properties:

1) {f.9) =9, /)
2) (cf,g) = c{f. 9)
3) (f, f)y>0if f#£0.
So it is a “Hermitian” inner product.
Note: If « € GL7 (R), then replacing z by az in f(2)g(2)y* gives

—(d : d
flaz)g(az) (%) y" since Im(az) = %Im(z)
d d —— . dxd
(2)] 0 g2 }kay :>/f ; y /f‘kag‘kay zy

Proposition 47.

a) Integral converges absolutely.

b) Integral does not depend on choice of F'.
) If f.g € Mp(I") N M(I'), then definition of (f, g) is the same on both spaces.

Proof.
a) Write ' = U o,;I"7. Then I’ = U o 'F is a fundamental domain. Then

j=
Tk dxdy

— dxdy o g}k 2

)9(2)y
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Show each integral converges absolutely.

o
To see this, suppose f is a cusp form. Then f‘kaj_l = > a(n)qy.
n=1

2mi(x+iy) 727ry(n 1)

Note: |gn| =] ¥

:ef?\?yzwf}k ]1|<e ~ Z\a

Con 3
< Ae™~" for some A, since y > g, and |g}kaj_1| <Llasy— o0

—> each integral converges absolutely.

b) Suppose G is another fundamental domain. Break G into regions R as before.
Then

/f dxdy /f‘kamy dxdy /f

¢) done in the book.

Y since a el

Goal: (f,g) is Hermitian and positive definite, i.e.

(f,q9) = (g, f) antisymmetric
(f,f)>0if f#0
(f, g) linear in f, antilinear in g
Given linear map 7', define adjoint T* by (T'f,g) = (f,T*g). Call T Hermitian
(self-adjoint) if "= T*. (T is called normal if T, 7* commute).
Spectral Theorem (Lang Algebra XV section 6)
Suppose E finite dimensional vector space over C with positive definite Hermitian

inner product. Suppose T : E — F is self-adjoint. Then E has an orthogonal basis
consisting of eigenvectors of T

1
Goal: Show that T,, are “almost” self-adjoint, i.e. x(n)*T, is self-adjoint.
Proposition 48. Suppose one of f, g is a cusp form. Suppose o € GL3(Q). Then
(fl . g|,@) = (f.9). ( Note: f,g € My(I") = f| o, g|,a € Mp(a™'T'a)).

Proof. done in Koblitz.
O

Remark: Suppose a € GL;(Q), then ‘ L 1s the same if « is replaced by a positive
constant multiple.

WLOG, a = (CCL Z) integral entries. Set o/ = (det(a))a™! = (d _ab). Then

—C

Proposition 49. f,g € My (I"),a € GL3 (Q). Then

<f}ka>g> = <f7g‘k0/>
(f}ka,g) depends only on the double coset I'"al".

Proof.
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2) Suppose change o — y1ays.
(flimanz. g) = (fl ol g]02 ") = (e 9)
O
Interplay with Hecke operators.
Set I" = ['y(N), A" = AN, {1}, 7). If d € (Z/NZ)*, fix 8, = (d; 2) (mod N) .
T,, Hecke operators on M (I'1(N)).
Theorem 50. Suppose f,g € My(I'1(N)), one a cusp form. Suppose (n, N) =1. Then
(Tof. g) = (f] 0, Tng)-
In particular, if f € Mi(Lo(N),x), then
(Tnf,9) = x(n){f, Tng).
Proof. later...

1
Suppose (n, N) = 1. Then x(n)*T, is self-adjoint. Why?

N Tof, g) = X(0)* (Tuf, g) = X0 X F, Tog) = (. X(0)* Tug)

Note: x(n)>T,, T, have same eigenspaces.

NI

Theorem 51. Sy(I'o(N),x) has a basis consisting of eigenforms of all T, with
(n,N)=1.

Proof.

Enough to check T, pt N. List these primes: py, p, ps.... Spectral Theorem implies
Sp(Co(N),x) =Vi® Vad...® Vi, where V; are eigenspaces for T,,,. T,, commutes with
T,, = T), preserves all V; = each V} is a direct sum of eigenspaces for 7,,,, by the
Spectral Theorem.

Repeat with T},,,T},, ... . Finite dimensionality implies at some point stop getting new
subspaces. At this point, Sk(Io(V), x) = Wi @ ... & W, each W; joint eigenspace V T,
with (n, N) = 1. Take any basis of forms in these spaces.

OJ

17. T. KiLBOURN. 10/31 AND 11/3

Sketch of proof of Theorem 50. Tpf = 5~ > fleI"al”, where the sum runs over all
the double cosets of IV in A", Recall if ["al" = [JI" oy, then f[,I"al” = flrey;. So

(Tf,g) = ns-! Y (flel"al”, g). Note that the (f|ra;, g) are all equal. This implies
that if d, is the number of right cosets in I'al”, then

(10) (Tof,g) =02 do (flra, g).

Recall that o/ = det(a)a™t. We have the following two facts:
o ["al” — I"o,a'T" permutes the double cosets (using the fact that (n, N) = 1).
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[ ] dano/ = da.
From (10) we see that

<ng —n2 Zdona f|kana g>

(by Prop. 49) =ni! Zd (flxon glrer)
= X(n)<f7 Tng>>
where the last equality holds since f € My(T'o(NV), x). O

Newforms on Si(I'g(N)) = Sp(N). (Atkin-Lehner, generalized to arbitrary character
by Li, Miyake)

We examine the simplest case N = 1. Then Si(I') has a basis of eigenforms of all
T,.. Suppose f => " a(n)q" is an eigenform. Then a(1) # 0, and we normalize such
that a(1) = 1. Then T, f = A, f for all n, and A\, = a(n) for all n. This implies that
each “package” of eigenvalues {\, } determines exactly one normalized eigenform. This
phenomenon is called “multiplicity 17.

Multiplicity 1 fails if N > 1; for example, look at S12(I'9(6)). We have A(z), A(2z2),
A(3z), and A(62) € S12(T'9(6)). Also, V; and T, commute if (n,d) = 1. Then all four
of these are eigenforms of T, when p # 2,3. However, this is not true at p = 2: recall
Ty = Uy, and A(z) = ¢ — 24¢* + - - -. Then ToA(22) = (Uyo V5)A(2) = A(z). Also,
A(z) is not an eigenform of Ty, for (Us+ 2" V5)A(z) = —24A(z), where this operator is
Ty on SLy(Z). The so-called “newforms” save the day: it turns out that each package
of eigenvalues {\, }(,n)=1 corresponds to a unique newform.

Definition (informal). New = not old.
If M|N, then Sip(M) C Sk(N). If dM|N, then Si(M)|Vy; C Sp(N).

Definition. S is the vector space spanned by {f|Vy: f € Sp(M),M < N,dM|N}.
(Think of everything that comes from a lower level.)

Definition. S is the orthogonal complement of S under the Petersson inner prod-

uct, so Sp(N) = SP(N) @ SP4(N).

Recall that T, V; commute if (n,d) = 1. Thus S¢4(N) is preserved by T, with
(n, N) = 1. Use properties of the inner product to show Sp¢¥(N) is also preserved by
T, with (n,N) = 1.

Theorem 52 (Key fact). Multiplicity one holds in SP*"(N); that is, if f € SP“(N) is
an eigenform of all T,, with (n, N) =1, then it is an eigenform of all the T,,. (Or, the
common eigenspaces of the T, with (n, N) =1 are 1-dimensional.)

We know Sp¢¥(N) has a basis of eigenforms of the T,, with (n, N) = 1. Theorem 52
implies Spe¥(N) has a basis of eigenforms of all the T,,.

Definition. Such an eigenform (normalized) is called a newform.

Look at S‘)ld. we can write S‘)ld Vi®--- @V, where V; is a joint eigenspace for
T, with (n, N) = 1. Let ¢1,...,gs be a basis for V;. Then all the g; have the same

package {An} @, n)=1
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Theorem 53. 1) Given {\,}m.n)=1 on Si(N), there exists a unique divisor M of N
and a unique newform g € S (M) such that g has {\,} as its package of eigenvalues.
Or, “Every package comes from a unique newform.” Moreover, 2) If f € Si(N) has
this package, then f is in the space spanned by {g|Va: dM|N}.

NOVEMBER 3
Theorem 54. Si(N) = S¢(N) & Sp<(N) = @y Banyyy SEe“(M)|Va.

This works for Si(I'g(N),x), but can only go down as far as x allows. If y is
primitive, multiplicity one holds in Si(I'o(V), x) (Hecke).

Properties of Integrality, Rationality. We know that M (I") and Si(I") have bases
with integral coefficients. We also have the following facts:
(1) Mp(To(N)), Mp(T'1(N)), Se(T'o(N)), and Sk(I'1(IV)) have bases with integral
coefficients. (M (To(N), x) is spanned by forms with coefficients in Z[x].)
(2) If f € Sp(To(N), x) is a normalized eigenform for all 7,,, then there exists a
fixed number field Ky such that a(n) € Oy for all n. (Here f =) a(n)q™ and
Oy is the ring of integers of K;.)
(3) If ¢ € Gal(Q/Q), then f° := > o(a(n))¢" is a normalized eigenform in
Sk(To(N), x7). Note for Si(I'g(N)), the newforms come in conjugacy classes
under the action of Gal(Q/Q).

Corollary. Suppose f = S a(n)q® € Sip(To(N),x) N Q[[q]]. Then 1) there exists a
number field K such that f € K[lq]], and 2) f has “bounded denominators”: there
exists M € Z such that M f € Z[[q]].

Modular Forms mod [. (“On [-adic representations and congruences for coefficients
of modular forms”, Swinnerton-Dyer, Springer LN 350.)
We will write .
P=E,=1- 24Zal(n)q",

n=1

Q=E;, =1+ 240203(71)61",
n=1
and .
R=FE;=1- 504205(71)61".
n=1
Review: 1If f € M(T"), then f has a unique expression as an isobaric polynomial of
weight & in @Q and R. (In other words, M (I") has a basis {Q%R}4ar60—k.) Recall the
“handy basis” for M (T"):

{EkEi’naEkEi(n_l)A>7EkAn}:{1+ yqt 7q2+"' 7"'7qn+"'}7

all of which have coefficients in Z. Ej is a product of 0 or 1 R’s and 0, 1, or 2 Q’s.
From this it is easy to prove:

Lemma 55. If f = > a(n)q" is a modular form on SLy(Z), and A is the additive
group generated by {a(n)}, then f has a unique expression as an isobaric polynomial

in AlQ, A] ® RA[Q, A.
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Recall that A = %. We also have the fundamental operators 6 = qd% and

of =120f — kP f, where 0 depends on k.
Lemma 56. If f € My(T'), then 0f € My o(T'). Also, AQ = —4R, and AR = —6Q>.

Set M(T') = @, Mi(T). M(T) is a graded C-algebra; that is, it is a commutative
ring, a C-module (vector space), scalars commute with everything, and M (I")M;(I") C
Mj+;(I"). We call an element of M(I') homogeneous of degree k. Since M), has a basis
{Q°R" : 4a + 6b = k}, we see that M(T') = C[Q, R].

18. F. StaN. 11/5 AND 11/7
Let us denote: P = Fy, () = E4, R = Eg. Then we have :

M(T) = P Mu(I') = C[Q. ]
and © = qd% , 00 a(n)g™) = na(n)q™.
Also 0f =120f — kPf, 0 : My(T') — M o(T).

Lemma 57. Let f = > a(n)q"™ be a modular form on T', A = subgroup generated by
(a(n))n. Then f is isobaric element of AlQ,A] @ RA|Q, A].

Note: 0 is a derivation on M(I'), i.e. a C-module morphism such that

d(fg) = fog+0fg

(easy to check, remember : 0 depends on weight)
MODULAR FORMS MOD [ (I=prime, usually [ > 5)

Q" = local ring at [ :={% € Q : in lowest terms, [ { b}

If2eQ?: :=ab!:=ab"! (modl)
QWY /1IQV ~ Z/1Z = F,
Definition:

1. My:=QW-module of those forms f = > a(n)q" € M (T') such that a(n) € Q¥ |
for all n - N
2. My, :={>_a(n)q" : f=>"a(n)q" € My} CF[d]], a(n) € QWY, a(n) € F,
My, = a F; -vector space (easy to check: dimp, My=dim¢ Mg (I") (Use handy basis)

Notation: If f =" a(n)q" € QWV[[q]], then f =Y a(n)q" € Fy[[q]]

If d(X,Y) € QU[X,Y], then ®(X,Y) € F[[X, Y]] (reduce each coefficient)
Natural arguments for ¢ : @), R. View them as independent transcendentals.
So ®(Q, R) polynomial. ®(Q, R) € F;[[¢]]; substitute Q,R for QR
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If f € My, then exists a polynomial ® such that ®(Q,R) = f

Suppose | > 5 and coefficients of f lie in Q®.

Then f can be written as a polynomial in @, R, A with coefficients in Q) (see Lemma
55)

Recall: A = an? So coefficients of @ lie in Q¥ (recall: ®=unique) and ®(Q, R) = f

Define:

~:éM

k=0

Problem: Determine structure of M (I > 5)

We have a (surjective) ring homomorphism F;[Q, R] — M, sending Q — Q, R — R.
Need to find the kernel.

Denote by B the k' Bernoulli number.

Lemma 58. (Von Staudt-Kummer congruences) (see, e.g. Ireland and Rosen,Chap.
15.2) Let l be a prime

1. If k=0 (mod [ — 1), then IBy = —1 (mod [)
2. If k #2 0 (mod [ — 1), then % is l-integral, and % (mod 1) depends only on k
(mod [ —1)

Corollary. If I > 5 prime then: 1) E;_1 =1 (mod [) ; 2) E;yqy = P (mod [)
E5 is a modular form mod [ , for all [

Proof. 1) Ei_1 =1 — 2(l_1) > 01_2(n)g™ =1 mod [, by part 1
2) B = 1- 20 S g )

B
But oy(n) = o(n) mod [ , because d' = d mod [, for all [, and Lt~ = 2 = —12 (mod
) Bt 2
l
So, Ejp1 =1424> o(n)g" = P (mod 1) O

Notation: Let A,B be polynomials such that A(Q,R) = E;_1, B(Q,R) = E1,
where A, B € QV[Q, R)
Note: 0 induces a derivation on F;[Q, R] and dQ = —R, OR = —6Q?
© extends to Fy[[q]].

Theorem 59. Let | > 5 be a pmme Then

1) AQ.R) =1, B@, R) = ~

2) A(Q,R) = B(Q, R), and 83(@ R) = —QA(Q, R)

3) A(Q R) has no repeated factors and is coprime to B(Q,R)

4) M ~T,[Q,R]/(A—1) and M has a natural grading with values in Z./(1 — 1)Z, i.e.
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can write

~
|
—

M =

Il
o
S)

v

where M, = {f € My, : k=v (mod [ — 1)}
Proof. 1) done

2) Note that OA(Q, R) = 0. (01 =0).

So, DA(Q, R) —(I—=1)P = B(Q, R), hence dA(Q, R) — B(Q, R) = 3 a(n)q", where
a(n) € lQ , for all n
So, 3 #q" € QU[[g]], hence 3= 470q" € QU[Q, A

3) Fact: If f(X,Y) € k[X,Y], (k ﬁeld) homogeneous of degree d, then we have:

~—

FXY) =XV [[(X = ;)

Suppose F(Q, R) isobaric of weight k. Write k = k + 12n, k defined in the 1 section.
Then F(Q, R) = E;G(Q, R), with G isobaric of weight 12m

Typical monomial in G: Q*R* = (Q3)*(R*)®Z | 4a + 6b = 12m , so a = 3A, b = 2B,
and A+ B =m. . .

By fact: F(Q, R) = yQ°R*[[(Q* — C;R?), where C; € F; — {0}

Back to 3)

Suppose A(Q, R) exactly divisible by (Q* — CR?)" n> 0.

Let G = Q3 — CR% Then: A= G"F, 0A=G"OF +nG" '0GF (*) and

G = 3Q%°0Q — 2CROR = —12Q*R + 12CQ*R = 12(C — 1)Q*R

Note: C' # 1, since A(Q,R) =1 (E;_; = 1 has a constant term, so it is not divisible
by ¢q).So G, (‘3G coprime

From (*) we get JA = B is divisible exactly by G™

Suppose n — 1 > 0. By repeating this argument, we get 9B = —QA exactly divisible
by G"2, contradiction. So n = 1, so 3).

Note: the same argument for Q¢, R?

4) Consider map F;[Q, R] — M c F[[¢]], obtained by sending Q@ — Q, R — R

Let ker be a. Show a = (A — 1)

(*) a prime ideal (image an integral domain)

(**) @ not maximal (image not a field: Q — R = 23-3-31¢ 4 23-3%-29¢> # 0, not
invertible.

Krull dimension of a commutative ring R: the longest chain P, € P, € Ps... of prime
ideals.
Fact: If k is a field, then k[X, Y] has dimension 2.
Clear that (A—1) C a. Only need to show that (A—1) is a prime, i.e. A—1 irreducible
over [
If not, let ®(Q, R) € F,[Q, R] be a non-isobaric proper irreducible factor.
Fact: If F(Q,R) is isobaric of weight n, and ¢ € F; — {0}, then F(¢'Q,’R) =
"F(Q, R). So A has weight [ — 1. So ¢/=' = 1.
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So ®(c*Q, °R) is also a factor of A —1

Write ®(Q, R) = ©,(Q, R) + ®,,_1(Q, R) + ... + a, a # 0, where ®,, isobaric of weight
V.

So ®(c'Q, PR) = ¢"®,(Q,R) + " '@, 1(Q,R) + ... + a is not a scalar multiple of
®(Q, R). So it is coprime to ®(Q, R). O

19. E. OWIESNAY. 11/10 AND 11/12

We are currently considering A(Q, R) = E;_; and wish to show A(Q, R) — 1
irreducible in F;(Q, R).

If not, let ¢(Q, R) be a proper irreducible factor. Then

Also, ¢, is isobaric of weight v, n <1 —1, a # 0.
Note that a # 0 since A(Q, ) — 1 has a nonzero constant term. Now note that if C'
in T, is a primitive (I — 1)% root of unity then ¢(C*Q, C°R)|(A — 1).

Note ¢(C*Q,COR) = C"¢(Q,R) + ... + av.
= ¢(C*Q, COR) coprime to ¢(Q, R)
= ¢2|A, contradiction.

Filtrations o 3
M = @ M,. Suppose f € M is a graded element, i.e., f¥ = sum of elements of
k

various My, where the k’s are congruent (mod (I — 1)).
After multiplying the summands by powers of E,_;, assume f € My for some k.

For such an f, define filtration w(f) := inf(k : f € My).

Examplq. Let By € M;_q, El—l S Ml—l
Then w(E;_1) = 0.

Remark. If f € M,, then w(f) =k (mod (I —1)).

Lemma 60. Let [ > 5 be prime. Suppose f € My, has f = ¢(Q,R), ¢ € QY[Q, RY,
f#0. Then w(f) < k < Alo.

Proof. (=) If w(f) < k, then f € Mj_q_1y. This implies 3F(Q, R) € F,[Q, R] that is
isobaric and of weight k — (I — 1) such that F(Q, R) = f = ¢(Q, R).

Theorem 58 = ¢ — F € (A—1)

= 3G € F[Q, R] such that ¢ — F = G(A —1). Write G = Gy, + Gpy + ... with G;
isobaric Vj. Then ¢ = G, A. So A|¢.

(<) Left as exercise. U
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Recall :

120 = 0 + kP where P = E.

So if f € My, then 120f 3f+ka So 120f = E,_,0f + kE 1 f.

Therefore since E;_10f and kEj,,f are both of weight k +  + 1, we have that
129f € Mk+l+1-

Theorem 61. Let I > 5 be prime. Suppose fe M, f+#0. Then 0f € Mk+l+1
Further, we have w(0f) < w(f) + 1+ 1 with equality iff the filtration w(f) # 0
(mod 1).

Remark. w(ff) = w(f) +1+1 (mod (I — 1))
Proof. Suppose w(f) =k. Let f =6(Q, R) be an element of M, which reduces to f.

Then 120 f = 06(Q, R)A(Q, R) + kB(Q, R)p(Q, R).

From here Lemma 59 completes the proof 3 .
wlf) <k+1l4+1< 06(Q, R)AQ, R) + kB(Q, R)¢(Q, R) is divisible by A(Q, R)
& AlkBg

& Alk¢ (note ged(A, B) = 1).

Then w(f) = k = A does not divide Q. So Alk¢ iff k=0 (mod I). O

Application to partitions: Recall: p(n) = number of partitions of n, and

> e = 1

Ramanujan’s congruences:

<(

p(5n +4) =0 (mod 5),
p(Tn+5) =0 (mod 7), and
p(1ln+6) =0 (mod 11).

These follow from letting [ > 5 be prime and setting ¢; = -
Then we have > p(in — §;)¢" =0 (mod 1) for [ = 5,7, 11.

n=0

Ramanujan also speculated that there were noTheorem equally simple properties for
primes [ # 5,7, 11.

Formally:
Conjecture: If p(In +b) =0 (mod [) ¥n, then b = —¢; (mod [) and [ = 5,7, 11.

Kiming and Olsson proved that b = —d; (mod )

Theorem. (Ahlgren, Boylan). The conjecture is true.
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Proof. 1t is enough to prove :

> p(ly—6)¢g" =0 (mod [) =1 =5,7,11.

n=0

Set f; == A% = (q [T (1 —q¢m)**)*.
_1:

1
Note that §; = %

So,
I (1—q™)”
fi=¢t——
nl;ll(l_qn)
— 1:[1(1 _ qn)12 zop(n)qn—i-(gl
= 1:[1(1 — ¢! Zop(n —01)¢" (mod ).
So filUi = [1(1 = ¢")" X p(in — &)g" (mod 7).
n=1 n=0

Note fi|U; =0 (mod [) & i p(ln —0,)¢" =0 (mod 1).

n=0
So it is enough to show f;|U; =0 (mod ) = [ =5,7,11.

Now consider the connections to the #— operator.
Suppose f = Zoa(n)Q" € Z[q])-

[e.9] o0

Then (f|U)! = 3 a(ln)¢'™ = (f|U)' = > a(in)¢™ (mod 1).

z! +y' (mod 1) and Fermat’s Little Theorem gives that

Now (z +y)! =
= > a(n)g" (mod I).

(f100)!

ln

Then,
0=1f =S nl~ta(n)g" = > a(n)¢" (mod 1).
n=0 ln

This implies f — 6'~1f = (f|U;)! (mod ).

Now it is enough to prove:

Proposition 62. If f; = 0'~1f; (mod [), then | =5,7,11.
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Remark. 6'f = i na(n)q"
n=0
=6f (mod )

This gives the “Tate theta cycle”:

fi; 011, T 61 1, 6 f,

Now we require a lemma.
Lemma 63. If m € N then w(0™f;) > w(f)) = 122_1.
Proof. Fact: If f € M, then w(f?) = iw(f). (Proof: Exercise)

This fact implies

w(fy) =w(A”)
=199

24

For the inequality case, let k = w(0™ f;) and set d = dim(My).

Then recall the handy basis:

{I+....g+...,...,q¢7 + ...y = {91, 92, ..., 94} where all the g; have integer
coefficients.

Remark. 0™ f; = 0™(¢0 +...) = 0"¢% + . ...

Since 0; Z 0 (mod [) and 0™ f; = > a;9; (mod 1) with a; € Z, we have:
i=0

o <d-1.

k -1 k
Remark. d§ﬁ+1:> o Sﬁ

Now we can continue with the proof of Proposition 62.

Without loss of generality we may assume [ > 13.

Suppose f; = 0= f; (mod ). Then w(f)) = w(0'~1f).

Also suppose that w(0'=2f;) £ 0 (mod 1).

Then w(#'71f;) = w(6'=2) + [ + 1. This implies w(6'=2f;) < w(f;), which contradicts
Lemma 63.

So we have that w(6'=2f;) =0 (mod ).

Now looking at the filtrations, we can represent them in this table:
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Ji 0fi 0% f; . 0'=2 f,

12

Filtration 122_1 L+(-1) l22_1 +2(1—-1) e 0 (mod 1)

Now we wish to find the least J such that w(#?f;) =0 (mod 1).
Then looking at w(6” f;), we see

w(if) =551 + (1 + 1)

= j=1 (modl)

—~

1

:>j 5

= w(@'f) = 121 + (B3)(1+1) — a(l — 1) for some a > 0.

Then Lemma 63
= (E3)(1+1)—al-1)>0

45 4 4
a < 5+

:>a§“’75sincel>5.

So 6% f; has filtration:

lQT_l—I-(%)(ljtl)—a(l—l) for 0 < o < H5.

Now we wish to show that this is the only such drop.

Let j be least with 1 < j < 52 such that w(® %+ f) =0 (mod I). Note that j = =5
works.

Then,
l+1

w@FH ) =B (B ) (1 4+1) — a(l - 1).

Z+i4+j+a (modl)

(j + @) (mod ).

Soj+a=0 (mod [). Then the size of j and « implies o = &3,

2
Therefore w(@ fl) l2 L 4.

91—1fl

l2

-1
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20. S. CHAIYA. 11/14 AND 11/17

Proof. Continued Poof of Theorem.
Suppose that w(@ > fg) 42 L4

Remark. ZT_l =0 (mod 12).

21 21 2,
Handy basis for Mﬂ;l e {Ey-E,° JE,-AE,® 3, - E4AZT = E,N% = E,f,}.

So 0, = (54)6 " Eyf, mod /.
Since
fo= D% =g (1=q)" = (1= (P = 1)+ )
=g +¢" ... mod/,
SO 63 > fi = 5 ¢ + (6 + 1) 2" 4. mod /.
Also,

) FES =6, (142000 +.)(¢" + ¢ + )

024

= 57(]‘5‘3 + 57241q6‘+1 + ... mod /¢
By comparing coefficient of ¢**', we have
243 243
(0 +1)72 =2416, 2 mod ¢
1 e
(14 5—)% = 241 mod /¢
[
(—23)@ =241 mod ¢
(—23) ( 23)? = 241 mod ¢
+529 = 241 mod /¢
Since 529 + 241 = 770 =2-5-7 - 11 and 259 — 241 = 288 = 2°-32 and ¢ > 5, so /{
can be only 5,7, or 11. We complete the proof. O

Modular forms of half-integral weight (Shimura 1973, Ann. paper).

Prototype: O(z) =3 _, ¢"*. We know ©2 € M;(To(4), x_4) , where x_4(d) = ().

One wants © to be in M, (T'p(4)). Some reasons to look at half-integral weight case:
Fourier coefficients interesting,

Example. ©%(2) = > ri(n)q™ , where ry(n) = the number of representations of n as
sum of k squares of positive integers.

Recall. Jjly, 2) = 99((12)) , v €To(4), z€H. Then
. c, _
jra) = Geivetd
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where v = (CCL ccl) , vV cz + d has positive real part,

Jacobi symbol if d > 0, odd

1 ifd=1mod4 . (Ff”) ifd<0,c>0
Eq:=1R . . ,and (5) = ]
i if d=3 mod4 —(ﬁ) ifd<0,ce<0
1 if c=0and d=+1.

Remark. (=1) = (=1)=" for all odd d.

In general, call J(v, z) an automorphy factor for f if

flye) =J(v,2)f(z)  ¥yel”  (some group).
Remark.
flaB) _ f(algz) (82)
f(2) f(Bz)  flz)

s0 J(af,2) = J(@, B2)-J (5, 2). (4)

One can check that if J(a, z) = v/cz + d, then (A) fails for any congruence subgroup
I''. We showed that if IV C I'g(4) , then (A) holds for j(«, z).

Transformation law.
f transforms in weight k/2 for IV < I'y(4) if

f(v2) =j(v. )" f(z), VWyel.

Definition. 7 := {£1, +i} and
={(a,9(2)) : a € GLF (Q), ¢ is a holomorphic function on H such that
»*(z) = % for some t € {£1}}.

So, Va and Vit € {£1}, one gets two elements (o, £¢(2)) € G.

Proposition 64. G is a group under the operation:

(a, ¢(2))(8,¥(2)) = (af, (B2)Y(2))
with identity ( ((1) (1)) ,1).

Proof. Check closure, associativity, inverses:

‘ _fa b B f B * *
Closure: a—(c d)’ﬁ_(z h)’aﬁ_<ce+d9 Cf—i-dh)’

. tl(CﬂZ + d) ) tg(gZ + h)

= () s dy(ge
Vdet (af) gz +h
t1to
= W((ce +dg)z + cf + dh).
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If v € To(4) then (v, j(v,2)) € G where j(v,2) = (£)e;'Vez +d (a canonical choice
of ¢(2)).
Definition. If vy € T'y(4), define 5 € G by 7 := (v, j(7, 2))-
T <To(4),let I":={5: yeI'} < G.
Definition. Projection map P : G — GL3 (Q) is defined by (o, $(2)) — a.
Then P : IV — I is an isomorphism, i.e., IV =~ I".
Slash operator.
Suppose k € Z and £ = (o, ¢(z)) € G. Define
f 2 [€] = 0(2) 7" f(az).
Transformation law. Say f transforms in weight k/2 w.r.t. IV < I'g(4) if
f i 3] = vj el
Le., flyz) = (v, 2)*f(2).
Remark. (f [r/2 [€&1]) [k/2 [€2] = [ [k/2 [€1€2].

Fourier expansion at cusps.

G ={(7,0(2)) € G:v e SLy(Z)}.
Abuse of notation : If £ = («, ¢(2)), write £z = az.

Goal : for £ = (v, ¢(z)) € G', find Fourier expansion for f |55 [£].

At 0o : Suppose f |y [ = f Vyel’, [To(4): 1] < oo.

Set T'oo = {=( ( (1) } ) )} the stabilizer of co in I'. T',, NI is non-trivial (since Do
is an infinite cyclic, [I' : I] < 00). So ', NI has one of the forms :

{i((é?)>}<<é?)%<—(é?)> (h>0). = =+ h'is the smallest

translation in group.
= -1 0 . =
Remark. —I = (( 0 —1 ) L(L)iT=1) = (=1,1). So f |k [-1]=f.

Also j( < (1) ff)z) =1 Vh. So f | [(Ev’f)} = f(z+h).

Since i( } ill) € I" | one gets f(z+ h) = f(2). So f(z) = > aln)gy ,qn =
e?™2/h is a Fourier expansion at co.

Now suppose s € QU {oo}, s = aco, a € I'. Choose £ = (a, ¢(2)) € G.
Set G :={(7,¢(2)) : v €T} = {( £ ( (1] { ),t) 1j €Lt €T ={£1,+i}}.
Set I := {3 €IV : ys = s}.

Remark. e 5_11:“’85 fizes 0o , i.e., ETE C G
o (TITVE s isomorphic to a 'Ta C Ty under the projection map.



66

e same argument as before, show that a 'T.aNly, is non-trivial ([ : T’] <

00). So, a T has one of the forms:{ +( ( (1) ff ) NI < (1) ’f )>,<—< (1) ff )>,

1 h
01
associates a number h > 0 and an element t € {£1. +i}.

h>0. Hence, £(7'T7¢ has the form (( & < ) ,t)) for some t € T. Then cusp s

Proposition 65. h,t depend only on the " equivalence class of s (and not on choice

of ).
Proof. See Koblitz. O

Expansion at cusps. )
Suppose f |2 [Y] = f, V¥ € ', and 5 := {oo. Set g := f |2 [{]. Then g is
invariant under +£7T7¢.

9 iz [€79:E) = f e [£E€73:€]
=fle2l€]l=9y

21. J. ATKINSON. 11/19 AND 11/21

Review: Let IV < I'y(4) of finite index, s € QU {oo}, I', = {y € I : ys = s},
and I, = {(7,j(1,2)) € G : v € I.}. Then I, = I, and we have shown that if
¢ = (a, ¢(2)) with v € T and aco = s, then ££'T.¢ has the form ((£(}7),t)) with
h > 0 and t € T depending only on the equivalence class of s.

Expansions at cusps: Suppose f|y2[y] = f for all ¥ € I" and s = £oo. Set
g = flk2 []. Then g invariant under :tf_ll:;f. But (£(4%),t) € j:f_ll:gf, SO

9(2) = 9(2) |, o [(E (1), )] =t g(= + 1)

Set t* = €2 where r is 0, 1/4, 1/2, or 3/4. Then e~ %" g(z) is invariant under
z — z + h and has expansion Y a(n)qy. So g(z) has expansion g(z) = > a(n)g™.
We say f is holomorphic at s if a(n) = 0 for all negative n.

Note: If r # 0, then a form that is holomorphic at s must vanish at s.

It may be verified that the order of vanishing depends only on the equivalence class

of s, and not on £&. However, the expansion does depend on &.
Definition. The cusp s is k-reqular if r = 0, and k-irregular if r # 0
Example. For I'y(4),

00 h=1,t=1
0 =4, t=
1/2 h=1,t=1

So 0o and 0 are k-reqular for all k, and 1/2 is k-reqular Zﬁg € 27.
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Definition. Suppose I'" < T'y(4) of finite index. We write f € Myo (f’) if f holomor-

phic on H and at the cusps and fl)2 [Y] = f for all ¥ € I'. We write f € Sk/2 (f’) if,
in addition, it vanishes at the cusps.

Suppose 4|N and x a character modulo N. Define M, (1%,)() to be those

e~

f € My (Fl(N)) such that

Fligs |(20)] = x(@) V(24) € To(N)

As before,

M2 (Fl(N)> = @Mk/z (FO(N),x) ,

X
and the same holds for Sy /,.
Example. Note that 0(z) € M), (F/\(Z)), s0 0%(z) € M, <F/\(Z)> Also, we have seen
that 92(2’) € Ml (F0(4), X_4).
Suppose g € Z and v € T'y(4). We compute
£ ] = 51275 (2)

- (v e

= ez +d) T2 (2)

-(7) et ay ()

= X—4(d)k/2f‘k/27'
This gives the following.

Proposition 66. If 4|N and & € Z then My, (FO(N), x) = M) (FO(N), Xx’i/f).

Structure of M, <F/\(Z)> Let o1(n) = >_,, d and set

F(z) = 201(271 + g

"
= —5; (Ba(2) = 3Ex(22) + 2B5(42))
n°(42)

n®(22)
€ My (Do(4)) = M, (FE)) .

Theorem 67. The dimension of Mj /o (IT?Z)) is given by d =1+ |£| and
{ek Fek—4 F29k—8 Fd—lek—4d+4}
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18 a basis.

Note that this basis has the handy form 1+...,¢+...,¢>+...,....
To prove Theorem 67, we need the following fact.

Remark. If f € My, (FO(N),X) vanishes to order > kl—/; [[':To(N)] at oo, then f is

identically zero.

Proof. Squaring f gives an element of M (To(N),xx*,) that vanishes to order >

£ [0 :To(N)]. So f? =0 and the result follows. O
Proof of Theorem 67. Since 0% FOF—4 F29k—8 Fd=1gk=4d+1 are linearly indepen-

dent, given f € Mj (F0(4)), there is a linear combination so that f — (linear comb.)

vanishes to order at least d. But kl—/; [[:To(4)] =% <1+ %] =d, so by the remark it

follows that f actually equals this linear combination. O

Theta Series (see Shimura, Annals 73; Serre-Stark, SLN 627)
Suppose v is an even primitive character of conductor r = r(1)) (recall that v is

even if ¢(—1) = 1). Set O,(2) == 30°___h(n)g".
Notes:

o 6,(2) = 0(2)
o If ¢ # 1, then f,(2) = 23°°° ¥ (n)q™.
o 04(2) #0(2) @9 = > P(n?)g™
Fact (Shimura): 6y(z) € M/, (F;(Zlﬁ),w).
Define x; := Kronecker character for Q (ﬂ), ie., if D = disc (Q (\/1_5)), then y;(n) =
(£) with conductor |D|.

Example. t = —1,D = —4, x_1(n) = (=}) with conductor 4. x_4 = x_1.

Fact: The operator V; (given by f(2) — f(tz)) takes My, (m,x) to
M (F;(N?), XXf)- Note that yx¥ = x for k an even integer.

Definition.

o
—_—

Oui(2) = 0, ()|Vi= Y $n)g™ € My <F0(4r2t),th>

Recall: f‘kﬂ [—ﬂ = f for all f, so My, (%,X) = {0} unless x is even.
Notation: Suppose 4|N and x an even character modulo N. Define
Q(N,x) :={(¥,t) : t > 1,7 even and primitive, 4r(¢))*t|N,
x(n) = v(n)xi(n) if (n, N) = 1}.
In other words, Q(N, x) is the set of all (,t) such that 8, € M/, (FO(N),X>.

Theorem 68. (Serre-Stark) The theta series 0y, with (1,t) € Q(N, x) form a basts

—_—

for Mo (FO(N),X>.
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Set Q(N) = UX (mod N)Q(N, X)

Corollary 69. The theta series 0., with (1,t) € Q(N) form a basis for M (F/(\/N))

Corollary 70. If f(z) = > a(n)q" € My (1%) then a(n) = 0 unless n = tm? for
some t|5 and some m.

Example. Let N = 4P, P, ... Py where Py, Py, ..., Ps distinct primes. Then (,t) €
Q(N) implies that r(v) = 1, and so v = 1. Also, we must have t|P\P,...P;.

So a basis for M, (FI(N)> is given by {0(tz) : t|P1Py... Ps}. Note that 6(tz) €

M, s (FO(N), Xt) and the x; are distinct, so each M/ (FO(N), Xt) s one-dimensional.

Cusp forms

Definition. If ¥ has conductor r and r = ler p®*, then we can write ¥ = ler Ypor
where Ypep is primitive modulo p*». We call ¢ totally even if all the Yper are even.

Set Qc(N, x) == {(¥,t) € Q(N, x) : ¢ not totally even}.
Theorem 71. The theta series 8y, with (¥,t) € Qc(N, x) form a basis for
51/2 (FO(N)7X>-

The first cusp form: The first even, non totally even v is ¥ = x3 with conductor
12 (x3(n) = (2) = (_—3) (_—4)) So the first N with a nonzero cusp form is N =

n n n

4(12)? = 576. This is the only such N that is smaller than 900.

e~

= (12
Oy (2) =2 (;) ¢ =20-q" ¢+ ¢+ —..) € S <F0(576)> X3>
n=1

Euler showed that 36,,(z) = n(24z).
Weight 3/2: Suppose 9 is a primitive odd character with conductor r. Set hy(2) :=

> Y(n)ng™ . Then hy(z) € S3/2 (FO/(LE), @Z)X_4> (due to Shimura).

Example.
= [—4 2~ 2
hy ,(2) = Z (7) ng™ = Z(_l)k(2k +1)g@k+D
n=—oo k=0

It turns out that hy_,(z) = 1*(8z) € Sy (1%)

22. B. WALKER. 12/1 AND 12/3

Eisenstein Series of Half-Integral Weight
Recall: In the integral weight case with k > 2 even we have

1 1 N
Ek(z):%(k)z(mz—i—n)’f: Z (mz+mn)~".

m,n (m,n)=1
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In the last sum, only one of (m,n) and (—m, —n) is taken into consideration. The last
equality is an exercise in Koblitz.

a

Set J(v,z) = mz + n where v = (m 2) Its easy to check that v; and 7, have the

same bottom row up to sign if and only if v = £+ ((1) ‘{) Y9 i.e. 1,72 are in the same
coset of ', \I'. Thus we obtain

Ep(z)= Y J(v,2)7"
Too\T'

We copy this in the half-integral weight case for I'g(4). A quick check shows that

Ig(4)oe =T = {:t ((1) ‘{) } Now we need to modify the automorphy factor, we set

i(v,2) = (5) €5 (cz + d)'/? where ¢,d, and €' are as usual.

Definition. For k > 5 and odd we define

Proposition 72. Ej5(2) € My2(Io(4)) Note that the series converges absolutely be-
cause k/2 > 2.

Proof. 1f 1 € T'y(4) then we get
Epa k2 [T1] = Erpa(2)i (11, 2) 7" = Z i(v,mz)Fi(n, 2) 7k
T'oo\To(4)
Since j(7, z) is an automophy factor we know this last sum is equal to
> im, )™
T'oo\To(4)

This last sum is just Ej, /o since the sum ranges over the same set. The remaining cusp
condition is an exercise in Koblitz. O

Coset representatives of I',,\I'g(4)
A set of coset representatives for I'o,\I'o(4) is <7?1 z) where 4 | m, (m,n) =1 and n

is odd and strictly greater than zero. Loosely, cusps come in two types, k-regular and
k-irregular. If f is holomorphic at an irregular cusp, then it vanishes. Given a regular
cusp s, one can build an Eisenstein series that vanishes at every other cusp except s.
Thus we have

dim(modular forms) = dim(cusp forms) + number of regular cusps.

The last part is spanned by the Eisenstein series. On I'g(4), there are two k-regular
cusps, 0 and co when k is odd. The above F corresponds to the cusp at oo.
Fricke Involution

Recall ay = (](\)[ _01) Now define py = ((](\)[ _01) ,N1/4zl/2) € G. Then |2 pn
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maps Mj2(To(N), x) to My2(To(N), Xx%) where xy is the quadratic character for
Q(V/N). If N = 4, then p, is an automorphism.

Definition. Define Fyjo = Eij2 |i/2 [pal-
With some work, one can show that
Fypp = 2752 Z -m €k (nz +m) =2
et N

with n odd and positive.
What do the g-expansions of these things look like and is there a connection with
L-series? For a Dirichlet character, recall that L(s,x) = Zn$ has an analytic

continuation to the complex plane if x is non-trivial. If D = disc(Q(y/%)) then D is a

fundamental discriminant. Let x; = xp = (£), the Kronecker character.

Proposition 73. Suppose k/2 =X+1/2, A > 1, and X € Z. Then Ey;, = > a(n)q"
and Fijo = > b(n)q"™ where if D is a fundamental discriminant such that D = (—1)*
or D = 4(—=1) then

a(|D]) = L(1 — A\, xp) X Factor depending on X; | mod 8,
b(|D]) = L(1 — A\, xp) x Different such factor.
Cohen found linear combinations whose coefficient are the L-values.
Definition (Cohen-Eisenstein Series).
Hyjo = C(1 = 2)\)[Egpa + (1 +i¥)27%2F) o)
Proposition 74. If Hyjs = Y c(n)q™ and D is as in Proposition 73, then
c(|D[) = L(1 = A, xp)-

Example. Let

F = Z o1(n)q".

n>0, odd
Note that F' has weight 2. It turns out that Hsjy = 1—;0@5 — %@F and in this case A = 2.
Corollary. If D > 0 is any fundamental discriminant, then
1 1
L(-1 = —7r5(D)— = D — j%).
(=1, xp) 1207°5( ) 6 Z o1 J%)

lil<A/ID|, D—j? odd

Another fact is that £y s, Fy /o and Hy ), all have Euler product representations.

Proposition 75. Suppose (—1)*y is a fundamental discriminant. Then

> c(lon? 1— v
Z c(lon?) = L= A ) H X( I)Alo(p)p
p

A—1—s

ns (1 —p=s)(1 —p>r—s)"

n=1
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An important observation here is that the denominator of the Euler factor does
not depend on ly. Also ¢(l) = 0 if [ is not of the form lyn? for some fundamental
discriminant (—1)*y. In particular, ¢(l) = 0 if (=1)* = 2,3 (mod 4). A final note:

1 S —s
1;[ (1—p=5)(1 —pP-1-3) - ;‘7%—1(”)” .

Notice here that the right hand side looks like 2522*)\). The Euler product is equivalent
to Ly being an eigenform of all the T}, with eigenvalue ogy_1(p). Turns out Hys is an
eigenform of the T} with the same eigenvalues.

Half-Integral Weight Hecke Operators
Reference: Shimura 1973. Goal: Define T}, : My/2(I'1(V)) — My 2(T'1(N)). We start

by setting
o= ((o ) =)<

e~

Next define T, on My 2(I'1(N)) by

T f = 11 f [iga [ (V)G T (V)]

e~~~

But what in the world does this mean? If I't(N)(, 1 (V) = U, I'1(N)(n7; then
T.f = nF/4! Z I k2 [G¥s]
J

e~ e~

Alternatively set T = (;'T1(N)¢, NT1(N). We can then choose §; as coset reps
of T1(N)/T". One fact about these operators is that when (n, N) = 1 and n is not

a perfect square, then T, is the 0 operator. Why? Set a,, = (é 2) and then set

I = a; ' (N)ay, NT1(N). Next we would like to compare I to I™.

Fact. [ < I is the kernel of the map
toT — £1

HA) = (%) when ~ = (CC‘ Z) .

If n is not a square then I has index 2 in [’. Thus each coset appears twice, one with
plus and the other with minus. This then implies the whole sum is zero.

given by

(1) T,,2 commute

(2) Tn2m2 = Tn2Tm2 if (n, m) =1

(3) They preserve My /2(Io(NN), x)

(4) Can always find a basis of eigenforms of all T,» with p{n
(5) Tpof = Uy f if p divides n

(6) T2 generate all T,
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Theorem 76. Suppose 4|N, x a character mod N, and f = a(n)q™ € My2(I'1(N), x).
Then if k/2 = X+ 1/2 we have

Tef=Y { a(p*n) + x(p) <(_3An) p*ta(n) + X (p)p*la (]%)} q"

23. R. AstupILLO. 12/5 AND 12/8
NOTES FROM 12/5/03 AND 12/8/03

—_—

Recall Theorem 76: Suppose that f =Y a(n)¢" € MH%(FO(N), X). Then

Tef =Y (a(™n) + x(0)x(—1pa ()P aln) + x*(p)p™a(n/p*))q"

Example. The function n(24z) = 3 x12(n)g” € S%(F0(576),X12), which is a 1-

dimensional space. Hence for all primes p there exists A\, such that T,n(24z) =
Ap1)(242). In this case we can compute \,, but in general it is not possible.
It is clear that Ay = A3 = 0 (since Ty = Uy and Ty = Uy). For p > 5, write

S x12(n)g” =S a(n)g*. Then
T S aln)a” = 3 (el + o) () 7o) 4 X0l
=2 (') + 2 (p) (%) pla(n®) + x5, () a(n®/p?))q"

since a(n) = 0 when n is not a square. The coefficient of the ¢™° when p | n is thus

_ n _
X12(pn) + p~ ' x12 <5> = (x12(p) + p~"x12(p))x12(n),
and So )\p = Xlg(p) +p_1X12(p).
We now establish the following Euler Product:

Theorem 77. Suppose that t € N, p is a prime, and that f = > a(n)q" €
MH%(FO(N), X) has T f = A\, f. Suppose also that p* | t implies that p | N. Then

o s a(tn? )= 1= x(P)x i e(p)p'*
Za(tn jn=t = Z (tn”) (1_)\pp_s_|_x2(p)p2>\—1—2s)'

(n,p)=1

Corollary 78. If f is an eigenform of all T,2 and t is not divisible by any square
co-prime to N, then

> altn® )™ =a®) ] L= X(ij(—l)At(p)p

. 1— )\pp s 4 XZ(p)pZ)\—l—Qs'

A—1—s




74

Proof of Theorem 77. Let x be an indeterminant. Define H,(z) := > a(tp*™n?)z™.
Then "

Z Z Z tp2mn2 —ms =5

(n,p)=1 (np =1m=0

= Z a(tn®*)n

Claim: H,(x) = a(tn?)A, where A is the given Euler factor at p with p~* replaced by
x. By the last displayed equation, it suffices to prove the claim.
Suppose that T2 = A, f. Theorem 76 says that if p { n then:

(11) a(tp®n®) + x(P)x 1 (p)p*altn®) = Aya(tn®)
and
(12) a(tp®™?n?) + P (p)p™ a(tp®™?n®) = Aa(tp™n?).

Let Ep, and Eg denote the left and right-hand sides of (11), respectively. Similarly, let
E,.r and E,, r denote the left and right-hand sides of (12). The claim follows after
considering the equation

ZL’EL + Z l’m+lEm7L = $ER + Z l’m—HE‘mJ{

and collecting like terms. O

SHIMURA CORRESPONDENCE

Recall the following three facts:

(i) F(z) = > a(n)q" € Sarx(I'o(N), x) being an eigenform of all T, with eigenvalue
n=1
Ap is equivalent to

1
a(n)n™® = :
Z 1;[ 1— )\pp—s + X(p)p2)\—1—25

.. o 1
(11) L(S7 X) - 1;[ 1_X(p)p—s

(iii) f(2) = >_ a(n)q" € SH%(I%, X) is an eigenform for all 7> with eigenvalue
n=1

Ap if and only if for all squarefree ¢ we have
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A—1—s

> a(tn®)n™ = a(t) H L= X)X (p)p

1= App=s 4+ X2 (p)p? 1%

1
=a(t)L(s — A+ 1, xX(—1pe) - —.
(=1 1;[1—)\;;]? 5+X2(p)p2>\ 1-2s

Theorem 79 (Shimura, refined by Cipra, Niwa). Let f(z) = > a(n)q¢" €

n=1

SH%(FO(N),X) with A > 1, and t > 0 squarefree. Define the Shimura lift S, f(z) :=
> Ay(n)q", where
n=1

ZAt L(s—A+1,xx- Za
n=1

Then:
Mo(To(N/2),x*%) if A=1,
ayaﬂ@e{S%@de%%) ifA>1
(2) S; commutes with the Hecke operators, i.e., S(Ty2f) = T,(S¢f). In particular,
if T f = Apf, then T,(Sif) = A (Sif).
(3) If f is an eigenform of all T2, then for ti,ty squarefree we have a(t2)Sy, f =
a(t1)S, f-

Example. It can be shown that Sg (T'o(4)) is the first non-empty space of cuspforms.
We have

;e n'(2z)

- ()

Since the space is of dimension 1, it follows that T2 f = N, f for all p. Note that
in our case X = 4. Then Sif € Ss(I'0(2)), which is 1-dimensional and spanned by
F(z) = n*(2)n°(22).

Write f = > a(n)q™, and F' = > A(n)q". By checking the first coefficient we can
see that S1f = F. Since I is a normalized newform the eigenvalues are the coefficients,
i.e., T,F = A(p)F for all p. Theorem 79 implies that T2 f = A(p)f for all p. Let xo
be the trivial character modulo 2, then

13 3 (el + xol) (g) Pa(n) + X aln/r)d" = Ap) S a(n)q"

Setting n =1 in (13) yields the following identity:

A@%={§% 7o =2,

(p*) +p*  else.

€ Sy(To(1).
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24. H. HAHN. 12/10 AND 12/12

Forms of half integral weight and special values of L-functions

Suppose that
f(2) =D _a(n)q" € S35” (To(N))
is a newform and
L(f,s)=> a(n)n™*

converges for Re (s) > 0. Let D be a fundamental discriminant and let fp := f ® xp
be a quadratic twist. If we set

A(f,s) = (2m) T (s)N*/*L(f, ),

then there exists ¢ € {£1} such that for any D we have the following functional
equation

(14) A(fp,s) = exp(=N)A(fp, 2\ — s).

The central critical value L(fp, A) is the value taken at the fixed point under s «
2\ — s. Note that L(fp,\) =0 if exp(—N) = —1. Let E be an elliptic curve over Q
and L(FE,s) be the L-function of the curve E. Wiles et al. proved that there exists a
weight 2 newform fg such that L(fg,s) = L(E,s).

Weak Birch-Swinnerton-Dyer Conjecture: Let E be an elliptic curve over Q.
Then L(E, 1) = 0 if and only if F has infinitely many rational points (i.e. rank(E) # 0).
The order of L(E,s) at s = 1 is the same as the rank of E.

Congruent number problem
A congruent number d is an integer d arising as area of a right triangle with rational
side lengths. Assume that d is square free, and define

E:y*=2"—z and E(d):y*=2°—d.

Then it is not hard to see that d is a congruent number if and only if £(d) has infinitely
many rational points.

If we assume the Birch-Swinnerton-Dyer conjecture, then we have that d is congruent
< L(E(d),1) = 0. Unconditionally the direction = is known.

If we set

f(2) = n*(42)n*(82) € S3° (To(32))

then it turns out that L(f,s) = L(E, s).
Interested in L(fp,1) as D varies.
Set
Do — |D| if D is odd
0 { % if D is even.

Then we have the following Waldspurger’s theorem
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Theorem 80. Suppose f(z) € S (Io(N)) is a new form. Then there exist a positive
integer M with N|M, a character x modulo 4M, Q; € C*, and an eigenform g(z) =

> b(n)g" € Savl <f0(4M), X) such that there exists arithmetic progressions of D with

1
A—g
0

_ EDL(fD, )\)D
Qy ’
where €p is a root of unity. In particular, b(Dy) = 0 < L(fp,\) = 0.

Tunnell found two forms g;, g corresponding to f(z) = n*(4z)n?(82), where
g1(2) = n(82)n(162)0(22) = Y ba(n)g",
92(2) = n(82)n(162)0(42) = Y ba(n)g".

Tunnell computes that if d is odd and square free, then

L(E(d),1) = 2D

Wi and L(F(2d),1) =

where

< dx
Q:/ — =262

1 Vat—u
Note that if we assume the Birch-Swinnerton-Dyer Conjecture is true, then by(d) = 0
< d is congruent.



