GENERALISATIONS OF UNIFORMLY NORMAL
FAMILIES

W.K. HAYMAN AND A. HINKKANEN

In memory of Noel Baker

ABSTRACT. We obtain separation and growth results for mero-
morphic functions f in the unit disk such that for some positive
integer k, f # 0 and f*) # 1 in the disk, or such that f/f* # 1
in the disk. These results are only slightly weaker than those for
functions f such that |f| > J in the disk.

1. INTRODUCTION

In this paper, we prove the following result. We denote the unit disk
by D.

Theorem 1. Suppose that f is analytic in D and that there exist
positive functions §(r) and A(r) defined in (0,1) such that §(r) de-
creases, 0 < 0(r) < 1, A(r) increases, and for all r, 0 < r < 1, the
conditions

(1) |z1] <y 2] <
and
(2) 1f(z0)] < e | f(z)] = )
imply that

29 — 21

1 >(r).
®) 2> 6
Then if |z9| < r and

8A(r)

4 1
( ) Og‘f(z(])’ > 5(7‘) )
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we have

(5) (o)) < 2]

r2 — |20’2

{1og £ ()] +

If A\(r) and &(r) are constant, then the functions f satisfying the
hypotheses of Theorem 1 form a uniformly normal family in the sense
of [1].

In most of the applications we have
8A(r)

(6) —,
a(r) 1—r

where a and b are non-negative constants.

=a+ blog

Corollary 1. Let f, A(r) and §(r) satisfy the hypotheses of The-
orem 1, and also (6). If |z2| =t and r = 1 — $(1 — t)?, then cither
log|f(2)] < A*() or

FEl_ {2 :
) EE < {2 + 8] toslra + w0,

where \*(t) = a + blog 2 4 2blog 145 = a + blog 1. Further we have
in all cases

(8) log |f(2)] < € {3a+8b+log™ |f(0)|}

2|

1+
1 — 7]

2. A SPECIAL CASE

In this section we deal with the case when §(r) and A(r) are constant.

Lemma 1. Suppose that \(r) = X\ and 6(r) = 0, where \ and §
are constants which satisfy the hypotheses of Theorem 1, and that (4)
holds so that

8A
(9) a=log|f(z0)| > =
Then
(10) |f(2)] >¢€*,  when —io <71,
— 20k

where

4 1
11 l—r=—<=.
(11) T <3
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Thus

(12) el < 2ECO0 rog el + 5}

We proceed to prove (10) subject to (11). Since the hypotheses (1) to
(4) are now conformally invariant, we assume without loss of generality
that zp = 0. Let 75 be maximal subject to |f(2)| > e if |z| < rs.

We suppose first that ro < 1. Let r; be the largest number such that

(13) 1f(2)] > e for |z <.
Then 0 < 7 < 79 < 1 and there exists 29 = r9e? such that
|f(22)| = e
We set z; = €. Then (3) yields
22 — Z1 _ o —T1 > 6,
1-— 2_122 1— T1T2 -
ie.,
T+ )
14 > )
( ) "2 = ]_ —I— 57"1

We now apply Harnack’s inequality to log|¢| where
¢(2) = e f(ra2)

and choose z so that |z| = ri/ry and |f(rez)| = €*. This is possible
since r; is maximal subject to (13) Then |¢(2)] > 1 for |z] <1, and so
— |2
15 1
(15 o8 16(:)| = 1 Tog0)].
ie.,
To —T1
16 2\ > A+ «a).
(1) > 22004

If r = 1 and r; is maximal subject to (13), then either r; = 1,
in which case (14) and (16) are trivial, or we can choose z, such that
|z| = 71 and |f(z1)| = e*. Now (15) still holds and we obtain (16) as
before with ro = 1. Thus (16) is always true. Also (14) is true if o = 1
and r; < 1, since § < 1. Thus (14) and (16) always hold.

We substitute 75 from (14) in (16) and obtain

2\ S T +9 . ri+9 L) = o(1 —r})
Ata = \1+or L+or ') 6(1+rd)+2n

5(1—r?) :51—7’1 S0
- (1+’f‘1)2 1+’I"1_2
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Thus
1-— T < L < —)\ <
T A+ a) T da
by (9). This proves (10) subject to (11).
The function

N
N | —

U(z) = e f(r12)
satisfies |W(z)| > 1 if |z| < 1. Thus by Borel’s inequality

[W(0)] < 2[¥(0)[log [W(0)],

O] 2 e 2
Fol S UeElf 1= = 2oy <20y
= 2(04—)\)%—2(04—)\)6064_/\4/\

oo )

since 0 — 4\ > da/2 by (11). This proves (12) if zy = 0. If 25 # 0, we
apply the above result to F instead of f at the origin, where F(z) =
f((z+ 20)/(1 4+ Zpz)). This yields (12) in general.

16aA A
< 2a+6—a—2(a+8—)

3. PROOF OF THEOREM 1

To prove Theorem 1, we fix r with 0 < r < 1, and apply Lemma 1
with F'(z) = f(rz) instead of f(z) and with A = A\(r) and § = §(r).

We write z; = rZy, zo = rZy and suppose that (1) and (2) imply (3).
Thus if |Z1] < 1, |Z2] < 1 and

(17) \F(Z)| < e, |F(Z)| = e,
we deduce that
(18) "H=2)| 4

1— 7“2Z122

with § = 0(r) and A = A(r).
We next prove that

|ZQ — Zl| > T|ZQ — 21’

|1_ZZQ| ‘1_T2ZZQ|'

To see this, note that Z; # Z5 and

11— 122, Z5* — r*|1 — Z1Z)* = (1 — rH)(1 — r2| Z1|*| Zo|*) > O,

(19)
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which yields (19). Thus (18) implies that
Zy — 2y
1— 7,7,
So we can apply Lemma 1 to F(z) = f(rz) instead of f(z), and with
Zo = zo/r instead of zg. This yields (5).
We next prove Corollary 1. We have, with the notation of Corol-
lary 1,

1 1 (1—7r)(1+7)
1—1)

(20) > 6.

1—1t)?
1( ; T =4
5(1—25) 5

212 112 (r—t)(r+1)

<
(141t) —
sincer=1-—2(1—-¢)?>1andr—¢> (1 —1¢).

Thus (5) yields, with o = log | f(z0)|,

21f(= . 1 .

ol < 2 (a0} <2l { 2 + 4} a4 X (O},
This proves (7).

To deduce (8), we fix 6 with 6 € [0,27) and write y(t) = log | f(te®)|
for 0 <t < 1. If y(t) < A*(t) or if t = 0, (8) clearly holds for z = te®.
So we suppose that for some ¢ with 0 < ¢ < 1, we have

y(t) > N (t).

We choose tg to be maximal, subject to 0 < ¢ty < ¢t and y(to) < A*(¢o)-
If y(1) > A*(7) for all 7 with 0 < 7 < t, we set to = 0. Then

y(t) > X" (1) forty <7 <t.

Thus we can apply (7) with 7 instead of ¢ in this range and obtain

2 2 .
y/(T)—{1_72+8}y(7)<{1_T2+8}/\ (1), for tg < T < t.

Multiplying by

—87 -7
1+
and integrating with respect to 7 from ¢y to t we obtain

) w0 < g {swrto) + [ (2 +8) Povar).
If to = 0, we get y(to) P(to) = y(to) < log™ |f£(0)].

If to > 0, we have y(to)P(to) = )\*(to)P(to)
We write

P(r)=e

A (t) = a* + b" log

1—t
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with a* = a + blog 2 and b* = 2b. Then

* o * * 1 1—t —8t
A (t)P(t) = (a +0b 10g1—t> 1€

1 b*
< a"+b" sup(l—t)lo =a" 4+ —.
- 0§t£1( ) gl—t e
Again
! 2 1—t ! 5
— _+3 8tdt</ 10e 8 dt < =
/0 (1—t2+ )1+te ) e 1
while
! 2 1—t 1
8 1 =8t dt
/0<1—752Jr )(1+t0g1—t)e
! 1 8 [1 1
< 2/log dt—i——/ e dt <2+ —.
0 1—-1 e Jo e
Thus

/1 2 +8 P(t))\*(t)dt<§a*+ 2+1 b*
o \1—1¢2 — 4 e)

Hence (21) yields finally
1 b* 5 1
t) < —a"+—+-a" 24+ =) b* +log"t
y(t) < P(t){a+e+4a +<+6) + log |f(0)|}

1
< — b+ log"
< {3a +8b+log™ | £(0)|}
which implies (8).
This proves Corollary 1.

4. APPLICATIONS

Suppose that My and A;, are respectively the families of meromorphic
functions f in D and analytic functions f in D, such that f(z) # 0 and
f®)(2) # 1 for all z € D. Then M and in particular A; are normal
families in D when k& > 1, see, e.g., [3, Corollary 4.5.9, p. 150]. It
follows that there exist positive constants A\, and d, depending only on
k such that if f € M), and |z;| < ¢, for j = 1,2, then we cannot have
|f(21)] < e ™ and |f(z)| > e*. In fact the conclusion must hold for
every sufficiently small d;, and A\ depending on ¢; and k only.

We apply the above conclusion with |z;| < 1 and

(22) F(z) = (1 —|a]) " f(z1 4+ (1 = |21])2)
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instead of f(z). Then clearly F' belongs to M or Ay if f does.
We deduce the following result.

Corollary 2. Ifk is a positive integer and f € My, then 1/ f satisfies
the hypotheses and hence the conclusion of Theorem 1 and Corollary 1
with 6(r) = 30, for 0 <r <1, and

SA(r) 24 1
2 - = 1
(23) 5(r)y o {)\k+k0gl—r}’
(24) )\*(t):%{)\k+klog2+2klog ! },
Ok 1—t

where 0 and N\ are positive constants depending only on k. If f is
also analytic then f satisfies the same conclusions.

We suppose that |z;| < |z3| = r and that f € M. We consider

1
mf(21 + (1= |z)2).

Then clearly F(Z) # 0 and F®O(Z) = f®B(z + (1 — |5])Z) # 1
when Z € D, so that F' € M. In particular if Z; = 0 and Zy =
(22 = 21)/(1 = [21]) and

(25) | Z| < Ok

F(Z) =

we cannot have
(26) |F(Z;)| < e, |F(Zy)| > ™,

where (7, 7') is a permutation of (1,2).
Returning to f, we see that

27)  IfE)l < e ™A= ]zD® and [f(z)] > (1= [al))
imply that

(28) |zjr — 2j] > (1 — |21]),
ie.,
|Z2 —Zl|
29 = > .
( ) 1 — |21’ k

Now if n = |29 — z1|/(1 — |z1|) < 1, we have

1 —Zizm| = |l -Z1i;n+Z12s —Zize| < 1— |22+ | — 2
= (I—]a)(X +[z1] + 1) <3(1 = |z]).
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Thus if |20 — 21| <1 — 2|, we have

29 — 21 ‘22—21| %

3(1—1z|) 3

if (29) holds. We have assumed that |z — 21| < 1 — |z;|. But if this
is false, (30) is still true by the maximum principle. Thus (28) always
implies (30), and so does

[fl)l < @=r)fe™,  |f(z)] > (1 —r)""eM
since this implies (27) and hence (28), because r = max{|z;|, |z;|}.
This proves Corollary 2.

We note that the hypotheses (1) to (3) in Theorem 1 are the same
for f and 1/f. Hence if f satisfies (1) to (3) and 1/f is analytic, then
1/f satisfies the conclusions of Theorem 1. In particular if f € My,
so that f # 0 in D, we can apply the conclusion of Theorem 1 to 1/f
instead of f, with A(r) given by (23) and hence A*(r) by (24).

As another example we have the following result. We denote by M,
and Ay, respectively the family of meromorphic functions f and analytic
functions f in D such that f/(2)f(2)* # 1 in D. By [3, Theorem 4.4.18,
p. 132], the family Ay is normal. For the result that also the family
M, is normal we refer the reader to [4, p. 226] and the references given
therein.

(30)

1 —Z_1Z2

Corollary 3. If k is a positive integer and f € Ay, then f satisfies
the hypotheses and hence the conclusion of Theorem 1 and Corollary 1
with 6(r) = nx, and

1 1

I
k+1 Ogl—r’

where 1, and ;. are positive constants depending only on k.

Ar) = g +

We write F(2) = (1 — |2])"Y®*V f(2; + (1 — |21])2) and proceed as
in the proof of Corollary 2.

The functions in M; and those in M, also have locally bounded
characteristic. This follows directly from Theorem 1 and Theorem 3 of

2]. In fact if
)
ulr) = sup fi(z) = sup - ey

then even for meromorphic f we have under the hypotheses of Corol-

laries 2 and 3 that
1 1
= 1
p(r) 0(1_r)0g1_w
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so that )
/ (1 —7)Y2pu(r)dr < oo
0

which is the hypothesis of Theorem 3 in [2].
For the definition of locally bounded characteristic and other appli-
cations we refer the reader to [2].
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