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Abstract. Let w be a transcendental solution to the second Painlevé
equation. We prove that the order of w is either 3 or 3/2, and
we determine a criterion indicating which of these cases occurs in
terms of the limiting behavior of a well known auxiliary function
outside an exceptional set.

1. Introduction

Painlevé differential equations have been a topic of extensive research
activity since around 1900, and during the last two decades in par-
ticular. Despite this activity, and of the wide-ranged applications of
Painlevé equations into physics, some of the mathematical reasoning
has appeared to be partially defective and some of the gaps have been
filled only recently. In particular, the meromorphic nature of the so-
lutions, usually called Painlevé transcendents, has been rigorously set-
tled during the last decade, see [6]–[9] and [14]. Another aspect of the
field, still somewhat defectively understood, is the growth and value
distribution of transcendental solutions to Painlevé equations. Here
transcendence is to be understood in the sense of the classical function
theory, i.e., as non-rational solutions. As an example, it is well-known
and rigorously proved recently, see [10], [13], and [16], that all tran-
scendental solutions to the second Painlevé equation

(1.0.1) w′′ = 2w3 + zw + α,

where α is a complex parameter, are of order ρ(w) such that 3/2 ≤
ρ(w) ≤ 3. However, it has remained open, whether all transcendental
solutions to (1.0.1) are either of order ρ(w) = 3/2, or of order ρ(w) = 3.
The truth of this claim seems plausible, not the least due to extensive
investigations related to the asymptotic behavior of second Painlevé
transcendents, see, e.g., [1], [2], and [11]. In this paper, a rigorous
function-theoretic proof is given for the following result:
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Theorem 1.1. Let w be an arbitrary transcendental, hence non-rational
meromorphic solution to the second Painlevé equation (1.0.1). Then w
is either of order ρ(w) = 3/2, or of order ρ(w) = 3.

The proof below is, essentially, a combination of two ideas, namely
of the re-scaling device successfully applied by Steinmetz in [15] and of
a careful geometric analysis of the solutions. Before proceeding to the
proof, we would like to point out an interesting intrinsic property of
w separating these two growth alternatives. Indeed, recalling the first
integral

(1.0.2) w′2 = w4 + zw2 + 2αw − U

of (1.0.1), where U ′ = w2, we show that the case ρ(w) = 3 is at hand
exactly when

(A) lim supz→∞,z /∈E

∣∣∣U(z)
z2

+ 1
4

∣∣∣ =: δ0 > 0 and lim supz→∞,z /∈E

∣∣∣U(z)
z2

∣∣∣ >
0,

while we have ρ(w) = 3/2 exactly when either

(B) limz→∞,z /∈E

(
U(z)
z2

+ 1
4

)
= 0. or

(C) limz→∞,z /∈E
U(z)
z2

= 0.

Here

E :=
⋃

w(p)=∞

U(p),

and U(p) stands for a neighborhood of a pole of w at p determined by

|w(z)| > K
√
|z|| for a given positive real number K. What remains

open is whether a solution w of (1.0.1) such that ρ(w) = 3/2 necessarily
is one of the Airy solutions, see [3], Section 21. The three alternatives
(A), (B) and (C) above are conjectured to be dependent on the param-
eter α. However, our proof below does not make explicit use of this
parameter.

Similarly as in the case of the second Painlevé equation, it has re-
mained open, whether all transcendental solutions to the fourth Painlevé
equation

2ww′′ = (w′)2 + 3w4 + 8zw3 + 4(z2 − α)w2 + 2β

are either of order ρ(w) = 2, or of order ρ(w) = 4. It seems to us that a
similar reasoning to what will be presented applied in this paper could
be used to settle the case of the fourth Painlevé equation as well.
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2. Proof of Theorem 1.1

For the convenience of the reader, we first propose to describe the
essentials of the relatively long proof of Theorem 1.1. Indeed, the proof
consists of four sections.

In the Section 3, rescaling arguments are effectively used to show that
whenever a transcendental solution w is relatively small at a point z,
say, then firstly, w has at least one pole close to z and secondly, a zero
close to z as well. The approximate claim concerning the distance to the
pole of w nearest to z then follows in two parts: Lemma 6.1 gives the
required distance estimate under the assumption that |w(z)| = K

√
|z|

for a fixed multiplier K > 0 small enough, while Lemma 6.3 settles the
more general case of |w(z)| ≤ K

√
|z|, again with K sufficiently small.

The approximate claim concerning the distance to a zero of w close to
z then follows in Lemma 7.1.

To make the task of the reader easier, three technical lemmas are pre-
sented separately: Lemma 4.1 essentially presents an integral equation
satisfied by w, obtained by integrating the second Painlevé equation
(1.0.1) twice. Lemma 5.1 then points out that whenever |w(z)−w(ζ)| =
O(
√
|ζ|) in a disc B about ζ, then a lower estimate for |w(z) − w(ζ)|

follows in terms of w′(ζ), w(ζ) and |z − ζ| on a circle about ζ in-
cluded in B. The final technical Lemma 6.2 shows that the lower
estimate, under certain conditions imposed upon z and ζ takes the
form |w(z)− w(ζ)| > 2|w(ζ)|.

In Section 8, we proceed to proving that the sets E1 close to the
points where the solution w takes certain given values, appear indeed
to be small enough to estimate certain error terms. These estimates
are needed in the remaining two sections, where an elliptic integral,
resp., an elementary integral are needed to obtain estimates for suf-
ficiently many counting functions. Via these estimates, the resulting
order estimates complete the proof.

In Section 10, we proceed under the assumption that

(A) lim supz→∞,z /∈E

∣∣∣U(z)
z2

+ 1
4

∣∣∣ =: δ0 > 0, lim supz→∞,z /∈E

∣∣∣U(z)
z2

∣∣∣ > 0.

In this case, if z ∈ B(z0, ε|z0|), then we obtain that

(1 + o(1))(z − z0)
√
z0 =

∫ w(z)/
√
z0

w(z0)/
√
z0

dw/
√
z0√

(w/
√
z0 + 1/2)2 − A

.

Here the right hand side is an elliptic integral, and taking the integral
over its period ω, it is not difficult to conclude that (1 + o(1))|z −
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z0|
√
|z0| = |ω|. We then proceed to conclude that w/

√
z0 takes all val-

ues from a disc B(0, K) approximately µ times in B(z0, ε|z0|), where
µ counts the number of periodicity parallelograms. Taking now a se-
quence of points z0 tending to infinity, we conclude that ρ(w) ≥ 3,
hence ρ(w) = 3.

In the final section the case is treated, when

(B) limz→∞,z /∈E

(
U(z)
z2

+ 1
4

)
= 0 or

(C) limz→∞,z /∈E
U(z)
z2

= 0.
Now the elliptic integral in the previous section reduces, resulting in

a trigonometric situation. Elementary reasoning taking into account
the periodicity sequences shows that ρ(w) ≤ 3/2, hence ρ(w) = 3/2.

3. Upper bounds for the derivative when the solution is
small

Let w be a transcendental solution of (1.0.1). Following Steinmetz
[15], p. 47, we write

(3.0.3) r(z) = min

{
1

|w(z)|
,

1√
|w′(z)|

,
1√
|z|

}
,

so that if w(z) = 0 and |w′(z)| ≥ |z|, then

r(z) =
1√
|w′(z)|

.

Steinmetz [17], Proposition 3.5, p. 79, obtained the following results.

Lemma 3.1. Let w be a transcendental solution of (1.0.1). Then there
are a small positive number κ0 ∈ (0, 1) and large positive numbers
κ1 ≥ 1, κ2 ≥ 1 depending on w such that if the poles of w of modulus
≥ 1 are labelled as pn, then we have

(3.0.4) |w(z)| ≤ κ1
√
|z|

outside the union of disks

(3.0.5) P (κ0) = ∪nB(pn, κ0/
√
|pn|).

Furthermore,

(3.0.6) |w′(z)| ≤ κ2|z|
whenever |z| ≥ 1 and z is outside P (κ0). We may in fact choose κ0
to be any sufficiently small positive number, and then the conclusion
holds with κ1, κ2 depending also on κ0.
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Note that with the definition (3.0.3), r(pn) = 0. Steinmetz defined

separately r(p) = 1/
√
|p| for each pole p of w, and we will also use this

special definition of r(p).
We prove the following more extensive lemma.

Lemma 3.2. Let w be a transcendental solution of (1.0.1). There are
positive numbers L1 ≥ 1 and θ1 ≤ 1 depending on w such that whenever
z 6= 0 and |w(z)| ≤ θ1

√
|z|, we have

(3.0.7) |w′(z)| ≤ L1|z|.

3.1. Proof of Lemma 3.2. To get a contradiction, suppose that
Lemma 3.2 is false. Then there is no θ1, no matter how small, for which
there exists a finite L1 such that (3.0.7) holds. Then there is a sequence

zn such that zn → ∞, |w(zn)|/
√
|zn| → 0, and |w′(zn)/zn| → ∞.

By Lemma 3.1, we may assume that there exists κ′0 ∈ (0, κ0] such
that all the zn are in P (κ′0). We may further assume that |zn| > 1,

|w(zn)| <
√
|zn|, and |w′(zn)/zn| > 1 for all n. Following Steinmetz,

we note that

(3.1.8) r(zn) =
1√
|w′(zn)|

for all n. Furthermore, r2n|zn| = |zn/w′(zn)| → 0 and rn → 0 as n→∞.
For a point z′, let p(z′) denote any one of the poles of w nearest to

z′. The distance |z′ − p(z′)| is well defined and the possible variation
in |p(z′)| is not large. Set

κ3(θ1) = inf
{
|z′ − p(z′)|

√
|p(z′)| : |w(z′)| ≤ θ1

√
|z′|, |z′| ≥ 1

}
.

If κ3(θ1) > 0 for some θ1 > 0, we may replace κ0 by min{κ0, κ3(θ1)}
and achieve the situation where all the points zn are outside P (κ0),
which will finish the proof. Let us therefore assume that κ3(θ1) = 0
for all θ1 > 0. Then we may assume that in addition to all previous
conditions, we have

lim
n→∞

|zn − p(zn)|
√
|p(zn)| = 0.

For each n we choose m = m(n) so that zn ∈ B(pm, κ
′
0/
√
|pm|).

This is possible since all the zn are in P (κ′0). The above argument
shows that by passing to a subsequence of zn, if necessary, which we
do without changing notation, we may assume that

(3.1.9) |zn − pm(n)| = o(r(pm(n))).
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By passing to a subsequence, if necessary, without changing notation,
we may assume that the limits

y0 = lim
n→∞

r(zn)w(zn) = lim
n→∞

w(zn)/
√
|w′(zn)| = 0,

y′0 = lim
n→∞

r(zn)2w′(zn) = lim
n→∞

w′(zn)/|w′(zn)|,

a = lim
n→∞

r(zn)2zn = lim
n→∞

zn/|w′(zn)| = 0

exist. Then |y′0| = 1.
We set, for a complex variable t,

yn(t) = r(zn)w(zn + r(zn)t)

so that

y′′n = 2y3n + r(zn)znyn + r(zn)3tyn + r(zn)3α.

By passing to a subsequence we may assume that the functions yn
converge locally uniformly in C to a limit function y = y(t) satisfying
the differential equation

(3.1.10) y′′(t) = 2y(t)3

together with the initial value conditions y(0) = 0, y′(0) = y′0 6= 0.

Write pm(n) = bn. Note that r(bn) = 1/
√
|bn|. By Lemma 3.1, we

can find a point qn ∈ S(bn, κ
′
0r(bn)) such that |w(qn)| ≤ κ1

√
|qn| and

|w′(qn)| ≤ κ2|qn| ≤ 2κ2|zn|. Thus
(3.1.11)

2√
|zn|
≥ 1√

|qn|
≥ r(qn) ≥ 1

max
{
κ1,
√
κ2
} 1√
|qn|

=
κ5√
|qn|
≥ κ5

2
√
|zn|

,

say.
By passing to a further subsequence, we may assume that the limits

u0 = lim
n→∞

r(qn)w(qn),

u′0 = lim
n→∞

r(qn)2w′(qn),

b = lim
n→∞

r(qn)2qn

exist. Then |u0| ≤ κ1, |u′0| ≤ κ2, and κ25 ≤ |b| ≤ 1. We may also
assume that

r(qn)w(qn + r(qn)t)→ u(t)

locally uniformly in C, where u is meromorphic in C, u(0) = u0, u
′(0) =

u′0, and

(3.1.12) u′′(t) = 2u(t)3 + bu(t).
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We have qn + r(qn)t = bn for t = tn = (bn − qn)/r(qn). Since

|bn − qn| ≤ κ′0/
√
|bn| ≤ 2κ′0/

√
|qn| ≤ 4κ′0r(qn),

the sequence tn is bounded, so by passing to a subsequence we may
assume that tn → τ ∈ C. Since w(bn) = ∞, it follows from uniform
convergence in the disk B(0, 2|τ |) that u(τ) =∞.

We have qn + r(qn)t = zn for

t = vn = (zn − qn)/r(qn) = tn + (zn − bn)/r(qn) = tn + o(1)

by (3.1.9) and (3.1.11). Since |r(qn)w(zn)| ≤ 2|w(zn)|/
√
|zn| → 0, it

follows from uniform convergence in the disk B(0, 2|τ |) that u(τ) = 0.
This is a contradiction. This proves Lemma 3.2.

4. A representation for the solution

We will need to perform several estimates for a solution w of (1.0.1).
In that connection, we will repeatedly need the following representation
of w.

Lemma 4.1. Let w be a solution of (1.0.1). Suppose that ζ ∈ C and
that w has no poles in the disk B(ζ, R). For r, |z − ζ| ∈ [0, R), write

(4.0.13) v(z) = w(z)− w(ζ)

and

(4.0.14) v1(r) = max{|v(z)| : |z − ζ| ≤ r}.

Then, if z ∈ B(ζ, R), we have

w(z)− w(ζ)

z − ζ
− w′(ζ)− α + ζw(ζ) + 2w(ζ)3

2
(z − ζ)(4.0.15)

−w(ζ)

6
(z − ζ)2 =

∫ z

ζ

(∫ y

ζ

X1(t) dt

)
dy,

where, for t ∈ B(ζ, R),

(4.0.16) X1(t) = v(t)
{
ζ + (t− ζ) + 6w(ζ)2 + 6w(ζ)v(t) + 2v(t)2

}
.

Furthermore,
(4.0.17)
|X1(t)| ≤ v1(|t−ζ|)

{
|ζ|+ |t− ζ|+ 6|w(ζ)|2 + 6|w(ζ)|v1(|t− ζ|) + 2v1(|t− ζ|)2

}
.
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4.1. Proof of Lemma 4.1. Let the assumptions of Lemma 4.1 be
satisfied, and let v and v1 be defined by (4.0.13) and (4.0.14). With
z = ζ + s, we can write (1.0.1) in the form

w′′(z) = α + (ζ + s)(w(ζ) + v) + 2(w(ζ) + v)3

= (α + ζw(ζ) + 2w(ζ)3) + sw(ζ) + ζv +D1v,

where

D1 = D1(z) = s+ 6w(ζ)2 + v(6w(ζ)) + 2v2.

We integrate along line segments. It follows that

w′(z)− w′(ζ) =

∫ z

ζ

w′′(t) dt(4.1.18)

=

∫ z

ζ

(
(α + ζw(ζ) + 2w(ζ)3) + (t− ζ)w(ζ) +D1(t)v(t)

)
dt

+ ζ

∫ z

ζ

v(t) dt

= (α + ζw(ζ) + 2w(ζ)3)(z − ζ) +
w(ζ)

2
(z − ζ)2

+

∫ z

ζ

D1(t)v(t) dt+ ζ

∫ z

ζ

v(t) dt.

Therefore

w(z) = w(ζ) + w′(ζ)(z − ζ) +
α + ζw(ζ) + 2w(ζ)3

2
(z − ζ)2(4.1.19)

+
w(ζ)

6
(z − ζ)3 +

∫ z

ζ

(∫ y

ζ

D1(t)v(t) dt

)
dy

+ ζ

∫ z

ζ

(∫ y

ζ

v(t) dt

)
dy

This yields (4.0.15). This completes the proof of Lemma 4.1.

5. Size of the solution on two circles

We now apply Lemma 4.1 as follows. We assume that on a circle
centered at a point ζ, there is at least one point z′ where |w(z′)−w(ζ)|
is large, while inside the corresponding disk, |w(z)− w(ζ)| ≤ |w(z′)−
w(ζ)|. We show that at every point z on a smaller circle centered at ζ,
the quantity |w(z)−w(ζ)| is still sufficiently large. This will show that
a component of the set where w(z) is close to w(ζ) is contained in this
smaller disk. This fact will then be applied in several situations in the
sequel.



SECOND PAINLEVÉ TRANSCENDENTS 9

If w(ζ) 6= ∞, we denote by p(ζ) a pole of w whose distance from
ζ is as small as possible. Even though p(ζ) need not be unique, the
distance |ζ − p(ζ)| is well defined.

Lemma 5.1. Let w be a solution of (1.0.1) with at least one finite pole.
Suppose that ζ ∈ C\{0}, w(ζ) 6=∞, and write R = |ζ−p(ζ)|. Suppose

that C > 0 and define K0 ≥ 0 by |w(ζ)| = K0

√
|ζ|.

Let ρ < R be the largest radius such that for all z ∈ B(ζ, ρ), we have

|w(z)− w(ζ)| ≤ C
√
|ζ|. Then

max

{
|w′(ζ)| ,

∣∣∣∣α + ζw(ζ) + 2w(ζ)3

2

∣∣∣∣ ρ}(5.0.20)

≥
C
√
|ζ|

2ρ
− K0

12
ρ2
√
|ζ| −

ρ2C
√
|ζ|

4

{
ρ+ (1 + 6K2

0 + 6K0C + 2C2)|ζ|
}
,

and if η ∈ (0, 1), then for all z ∈ S(ζ, ηρ), we have

|w(z)− w(ζ)| ≥ ηρ

{∣∣∣∣w′(ζ) +
α + ζw(ζ) + 2w(ζ)3

2
(z − ζ)

∣∣∣∣(5.0.21)

−K0

6
η2ρ2

√
|ζ| −

η2ρ2C
√
|ζ|

2

{
ηρ+ (1 + 6K2

0 + 6K0C + 2C2)|ζ|
}}

.

5.1. Proof of Lemma 5.1. Let the assumptions of Lemma 5.1 be
satisfied, and let v and v1 be defined by (4.0.13) and (4.0.14). Then

there is a point z′ such that |z′ − ζ| = ρ and |w(z′)− w(ζ)| = C
√
|ζ|.

Applying (4.0.15) with z = z′, we obtain∣∣∣∣w(z′)− w(ζ)

z′ − ζ
− w′(ζ)− α + ζw(ζ) + 2w(ζ)3

2
(z′ − ζ)

∣∣∣∣(5.1.22)

≤
∣∣∣∣w(ζ)

6
(z′ − ζ)2

∣∣∣∣+

∫ z′

ζ

(∫ y

ζ

|X1(t)| dt
)
dy.

From (4.0.17) and our assumptions, we obtain, for t ∈ B(ζ, ρ),

|X1(t)| ≤ C
√
|ζ|
{
|ζ|+ ρ+ 6K2

0 |ζ|+ 6K0C|ζ|+ 2C2|ζ|
}

(5.1.23)

= C
√
|ζ|
{
ρ+ (1 + 6K2

0 + 6K0C + 2C2)|ζ|
}
.

Hence∫ z′

ζ

(∫ y

ζ

|X1(t)| dt
)
dy ≤ 1

2
ρ2C

√
|ζ|
{
ρ+ (1 + 6K2

0 + 6K0C + 2C2)|ζ|
}
.
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Thus we have

2 max

{
|w′(ζ)| ,

∣∣∣∣α + ζw(ζ) + 2w(ζ)3

2

∣∣∣∣ ρ}(5.1.24)

≥ |w′(ζ)|+
∣∣∣∣α + ζw(ζ) + 2w(ζ)3

2
(z′ − ζ)

∣∣∣∣
≥
∣∣∣∣w′(ζ) +

α + ζw(ζ) + 2w(ζ)3

2
(z′ − ζ)

∣∣∣∣
=

∣∣∣∣(w(z′)− w(ζ)

z′ − ζ
− w′(ζ)− α + ζw(ζ) + 2w(ζ)3

2
(z′ − ζ)

)
− w(z′)− w(ζ)

z′ − ζ

∣∣∣∣
≥
∣∣∣∣w(z′)− w(ζ)

z′ − ζ

∣∣∣∣− ∣∣∣∣w(z′)− w(ζ)

z − ζ
− w′(ζ)− α + ζw(ζ) + 2w(ζ)3

2
(z′ − ζ)

∣∣∣∣
≥
C
√
|ζ|
ρ
−
K0

√
|ζ|

6
ρ2 − 1

2
ρ2C

√
|ζ|
{
ρ+ (1 + 6K2

0 + 6K0C + 2C2)|ζ|
}

=
C
√
|ζ|
ρ
−
√
|ζ|ρ2

{
K0

6
+

1

2
C
{
ρ+ (1 + 6K2

0 + 6K0C + 2C2)|ζ|
}}

.

This yields (5.0.20).
The inequality (5.1.22) follows immediately from (4.0.15) and (5.1.23).

6. Distance to the nearest pole from points where the
solution is small

Later on, it is necessary for us to know that for every transcendental
solution w of (1.0.1), if |w(z)|/

√
|z| is small, then the distance from z

to the nearest pole of w is O(1/
√
|z|). We will prove such a result in

this Section. First we need to deal with the case when |w(z)|/
√
|z| is

equal to a small but fixed positive number.

Lemma 6.1. Let w be a transcendental solution of (1.0.1). Then there
are a small positive number κ7 ∈ (0, 1) such that for each κ9 ∈ (0, κ7],
there is a large positive number κ8 ≥ 1 depending on w and κ9, such
that if |z| ≥ 1 and |w(z)| = κ9

√
|z|, then

(6.0.25) |z − p(z)| < κ8/
√
|z|.

6.1. Proof of Lemma 6.1. To get a contradiction, suppose that
Lemma 6.1 is false. Then there is no κ9, no matter how small, for which
there exists a finite κ8 such that (6.0.25) holds. Then for each small

κ9 > 0, there is a sequence zn such that zn →∞, |w(zn)|/
√
|zn| = κ9,

and

(6.1.26) |zn − p(zn)|
√
|zn| → ∞.
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We may further assume that |zn| > 1, and |zn− p(zn)|
√
|zn| > 1 for all

n.
Taking κ7, and hence κ9, small enough, by Lemma 3.2 we may as-

sume that |w′(zn)| ≤ L1|zn| for all n. Hence

(6.1.27)
1

√
L1

√
|zn|
≤ r(zn) ≤ 1√

|zn|

for all n.
Following Steinmetz, we note that by passing to a subsequence, we

may assume that the limits

y0 = lim
n→∞

r(zn)w(zn) 6= 0,

y′0 = lim
n→∞

r(zn)2w′(zn),

a = lim
n→∞

r(zn)2zn

exist. Indeed, κ9/
√
L1 ≤ |y0| ≤ κ9. Then by (6.1.27), we have a 6= 0.

We have y′0 = 0 if, and only if, w′(zn)/zn → 0.
We set, for a complex variable t,

yn(t) = r(zn)w(zn + r(zn)t)

so that

y′′n = 2y3n + r(zn)znyn + r(zn)3tyn + r(zn)3α.

By passing to a subsequence we may assume that the functions yn
converge locally uniformly in C to a limit function y = y(t) satisfying
the differential equation

(6.1.28) y′′(t) = 2y(t)3 + ay(t)

together with the initial value conditions y(0) = y0 6= 0, y′(0) = y′0.
Suppose that y(t) is a non-constant solution of (6.1.28). We employ

the usual notation of the Nevanlinna theory. Now, since y′′/y = 2y2+a,
it follows from Nevanlinna’s lemma on the logarithmic derivative that

2m(r, y) = m(r, y2) = m(r, 2y2 + a) +O(1)

= m(r, y′′/y) +O(1) = O(log T (r, y) + log r)

as r → ∞ outside a set of finite linear measure, which implies that
N(r, y) = T (r, y)(1 − o(1)). Thus, if y is transcendental, then y has
infinitely many poles. If y is rational (but non-constant), it still follows
that y has at least one finite pole.

If y′0 6= 0, the solution y(t) to (6.1.28) is a non-constant (elliptic)
function with infinitely many poles.
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We assume for a while that y′0 6= 0. Fix a large but arbitrary R > 0.

For |t| ≤ R, and for all n so large that |zn − p(zn)| > 2R/
√
|zn|, we

have

|(zn + r(zn)t)− zn| ≤ Rr(zn) ≤ R/
√
|zn| < (1/2)|zn − p(zn)|

so that yn(t) 6=∞. Since yn does not converge to the constant infinity,
it follows that y has no poles in |t| ≤ R. Since R is arbitrary, it follows
that y is entire, a contradiction. To reach a contradiction in this way,
we only need to know that y has at least one finite pole. Our remarks
on y being an elliptic function or having infinitely many poles, are
merely side-remarks, so we do not try to justify them.

Suppose then that y′0 = 0. Then the unique solution to (6.1.28)

with the given initial conditions is the constant y(t) ≡ ±
√
−a/2 if

y20 = −a/2, and otherwise y(t) is a non-constant (elliptic) function
with infinitely many poles. In the latter case, we get a contradiction
as above.

Suppose that y(t) is constant. If there are infinitely many n for which

r(zn) = 1/
√
|zn|, we can pass to a subsequence and assume that this

is true for all large n. In that case, |a| = 1 while |y0| = κ9, so that
we cannot have y20 = −a/2 provided that κ9 ≤ κ7 < 1/

√
2. Thus we

may assume that we have r(zn) = 1/
√
|w′(zn)| < 1/

√
|zn| for all n.

But then |y′0| = 1, so y′0 6= 0, a contradiction with the assumption that
y′0 = 0.

So in all cases we get a contradiction. This completes the proof of
Lemma 6.1.

6.2. Estimates on circles. At this point, it is useful to state and
prove yet another lemma, since it will be used in several ways later.

Lemma 6.2. Let w be a transcendental solution of (1.0.1). Let κ =
κ7 ∈ (0, 1) be as in Lemma 6.1. Suppose that C > 1 and that C satisfies
the further conditions to be mentioned later. Suppose that |ζ| ≥ 1 and

0 < |w(ζ)| = κ
√
|ζ|, and that |ζ − p(ζ)| ≤ s0/

√
|ζ| for some s0 > 0.

Let s1/
√
|ζ|, where 0 < s1 < s0, be the largest radius such that for all

z in the disk B(ζ, s1/
√
|ζ|), we have

|w(z)− w(ζ)| < Cκ
√
|ζ|.

Then, provided that |ζ| ≥ Z0, where Z0 is as below, we have

|w(z)− w(ζ)| > 2|w(ζ)|
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for all z with |z − ζ| = ηs1/
√
|ζ|, and the function w has at least one

zero in the disk B(ζ, ηs1/
√
|ζ|), where η ∈ (0, 1) and η and Z0 are

obtained as follows.
If s1 ≤ 0.7, we may use any C ≥ 30 and η ∈ (0, 1/2] as long as

Cκ ≤ 0.01 and Cη ≥ 6. For example, we may take η = 1/2 provided
that κ ≤ 1/3000 and 30 ≤ C ≤ 1/(100κ). Here we take

Z0 = max

{
165000,

(
5000|α|

κ

)2/3
}
.

If s1 > 0.7 and

(6.2.29) |w′(ζ)| ≥ |1 +B1|
κs1|ζ|

2
,

where B1 = (α + 2w(ζ)3)/(ζw(ζ)), we may use any C ≥ 30 and η ∈
(0, 1/2] as long as Cκ ≤ 0.01 and Cη ≥ 21. For example, we may take
η = 1/2 provided that κ ≤ 1/4200 and 42 ≤ C ≤ 1/(100κ). Here

Z0 = max
{

5000C3, s
2/3
0

}
.

If s1 > 0.7 and

|w′(ζ)| < |1 +B1|
κs1|ζ|

2
,

so that

(6.2.30) t0 =
|w′(ζ)|
|1 +B1|κ|ζ|2

< s1,

we assume that Cκ ≤ 1/100, and we set

(6.2.31) Z0 = 23000C2 max
{

1, s20
}
.

Then (i) we may choose any η ∈ (0, t0/(2s1)] if t0 > 0 and if we choose
ηC ≥ 9s1/t0 and (ii) we may choose any η ∈ [2t0/s1, 0.9] if t0/s1 < 0.45
and if we choose η2C ≥ 9.

6.3. Proof of Lemma 6.2. Suppose that |w(z)−w(ζ)| > 2|w(ζ)| for

all z with |z − ζ| = ηs1/
√
|ζ|. Then for these z, we have

|w(z)| ≥ |w(z)− w(ζ)| − |w(ζ)| > |w(ζ)| = |(w(z)− w(ζ))− w(z)|
so that we may apply Rouché’s Theorem to the functions w(z) and

w(z)−w(ζ) in the disk B(ζ, ηs1/
√
|ζ|). We see that in this disk, w(z)

and w(z) − w(ζ) have the same number of zeros, hence at least one
zero, since w(z)− w(ζ) vanishes when z = ζ. We conclude that w has

at least one zero in B(ζ, ηs1/
√
|ζ|). It remains for us to obtain the

lower bound |w(z)− w(ζ)| > 2|w(ζ)| on S(ζ, ηs1/
√
|ζ|).
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Note first that

α + ζw(ζ) + 2w(ζ)3 = ζw(ζ)(1 +B1).

We have

|B1| ≤ 2κ2 +
|α|

κ|ζ|3/2
≤ 1/100

provided that κ ≤ 1/100 and |ζ| ≥ (|α|/(0.0098κ))2/3. The second
inequality holds in all cases as soon as |ζ| ≥ Z0.

We first apply Lemma 4.1, so that 0 < K0 = κ and ρ = s1/
√
|ζ|.

Note that the number that was denoted by C in Lemma 4.1 is now
denoted by Cκ. Now (5.0.20) implies that

max

{
|w′(ζ)| ,

∣∣∣∣α + ζw(ζ) + 2w(ζ)3

2

∣∣∣∣ s1√
|ζ|

}
(6.3.32)

≥ Cκ|ζ|
2s1

− κs21

12
√
|ζ|
− Cκs21

4
√
|ζ|

{
s1√
|ζ|

+ (1 + 6κ2 + 6κ2C + 2C2κ2)|ζ|

}
.

Suppose that s1 ≤ 0.7. Using the fact that |ζ| ≥ Z0, Cκ ≤ 1/100,
and κ < 1, we obtain(

κs21

12
√
|ζ|

+
Cκs21

4
√
|ζ|

{
s1√
|ζ|

+ (1 + 6κ2 + 6κ2C + 2C2κ2)|ζ|

})/
Cκ|ζ|
2s1

≤ 1

6CκZ
3/2
0

+
1

2
√
Z0

{
1

Z
3/2
0

+ 7 + 6/100 + 1/5000

}
≤ 1/100.

Thus

max

{
|w′(ζ)| ,

∣∣∣∣α + ζw(ζ) + 2w(ζ)3

2

∣∣∣∣ s1√
|ζ|

}
≥ 0.99Cκ|ζ|

2s1
.

Suppose that

max

{
|w′(ζ)| ,

∣∣∣∣α + ζw(ζ) + 2w(ζ)3

2

∣∣∣∣ s1√
|ζ|

}
=

∣∣∣∣α + ζw(ζ) + 2w(ζ)3

2

∣∣∣∣ s1√
|ζ|
.

Since |B1| ≤ 1/100, κ ≤ 1/100, and C > 1, we then obtain

1.01s21
0.99

≥ C > 1,

which is a contradiction since s21 ≤ 0.72 < 1/2. Thus

|w′(ζ)| ≥ 0.99Cκ|ζ|
2s1

.
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From (5.0.21) we now deduce that for any η ∈ (0, 1) and for all z

with |z − ζ| = ηs1/
√
|ζ|, we have

|w(z)− w(ζ)| ≥ η
s1√
|ζ|

{∣∣∣∣w′(ζ)− (1 +B1)
ζw(ζ)

2
(z − ζ)

∣∣∣∣
− κη

2s21

6
√
|ζ|
− η2s21Cκ

2
√
|ζ|

{
ηs1√
|ζ|

+ (1 + 6κ2 + 6κ2C + 2C2κ2)|ζ|

}}

≥ η
s1√
|ζ|

0.99Cκ|ζ|
2s1

− η s1√
|ζ|

1.01η
s1√
|ζ|
κ|ζ|3/2

2
− κη2s21

6
√
|ζ|

−η
2s21Cκ

2
√
|ζ|

{
ηs1√
|ζ|

+ (1 + 6κ2 + 6κ2C + 2C2κ2)|ζ|

}}
= A1 − A2,

say, where

A1 = η
s1√
|ζ|

0.99Cκ|ζ|
2s1

=
0.99ηCκ

√
|ζ|

2
.

We have

A2

ηA1

=
1.01s21
0.99C

+
s21

2.97C|ζ|
+

s21
0.99|ζ|

ηs1√
|ζ|

+
s21

0.99
(1 + 6κ2 + 6κ2C + 2C2κ2) < 0.52

since s1 ≤ 0.7, C ≥ 30, Cκ ≤ 1/100, provided that |ζ| ≥ 5000, which
is true for |ζ| ≥ Z0. We deduce that

|w(z)− w(ζ)| ≥
0.99ηCκ

√
|ζ|

2
(1− 0.52η).

Thus

|w(z)− w(ζ)| > 2κ
√
|ζ| = 2|w(ζ)|

provided that

ηC(1− 0.52η) > 4/0.99,

and this holds if η ≤ 1/2 and Cη ≥ 5.5.
Assume next that s1 > 0.7. Suppose first that

|w′(ζ)| ≥ |1 +B1|
κs1|ζ|

2
.

Next, we first consider the case when s21 ≥ C/2.
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From (5.0.21) we obtain, whenever |z − ζ| = ηs1/
√
|ζ|, that (recall

that C in (5.0.21) must be replaced by Cκ)

|w(z)− w(ζ)| ≥ |1 +B1|
ηκs21

√
|ζ|

2
− (1.01)κη2s21

2

√
|ζ| − A3,

where

A3 =
ηs1√
|ζ|

{
κη2s21

6
√
|ζ|

+
η2s21Cκ

2
√
|ζ|

{
ηs1√
|ζ|

+ (1 + 6κ2 + 6κ2C + 2C2κ2)|ζ|

}}

≤ η3s31κ

6|ζ|
+
η3s31Cκ

2|ζ|

(
ηs1√
|ζ|

+ 1.0014|ζ|

)
so that (

(1.01)κη2s21
2

√
|ζ|+ A3

)/
ηκs21

√
|ζ|

2

≤ 1.01η +
η2s1

3|ζ|3/2
+
η3s21C

|ζ|2
+

1.0014η2s1C√
|ζ|

≤ 1.02η

if |ζ| ≥ Z0, since also C ≤ 2s21 < 2s20, by our assumption.
Hence

|w(z)− w(ζ)| ≥ |w(ζ)|s1
2

(0.99− 1.02η)ηs1 > 2|w(ζ)|

if ηs21(0.99− 1.02η) > 4.
Recall that s21 ≥ C/2. If we choose η ≤ 1/2, it suffices to have ηC >

8/(0.99− 0.51) ≈ 16.7. This condition is satisfied by the assumptions
of Lemma 6.2.

If s21 < C/2, then, instead of the above, we use the fact that |w′(ζ)| ≥
(Cκ|ζ|)/(4s1). For if this is not true, let us first note (recall that C in
(5.0.20) must be replaced by Cκ) that the right hand side of (5.0.20)
is

≥ Cκ|ζ|
2s1

− A4,

where

A4 =
κ

12
√
|ζ|
s21 +

s21Cκ

4
√
|ζ|

{
s1√
|ζ|

+ (1 + 6κ2 + 6κ2C + 2C2κ2)|ζ|

}
so that

A4

/
Cκ|ζ|
2s1

≤ s31
6C|ζ|3/2

+
s41

2|ζ|2
+

1.0014

2
√
|ζ|
s31 < 2

s31√
|ζ|

< 2
(C/2)3/2√
|ζ|
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if |ζ| ≥ max{1, s2/30 }, which is true for |ζ| ≥ Z0. Thus for |ζ| ≥ Z0 the
right hand side of (5.0.20) is

≥ Cκ|ζ|
2s1

0.99.

Now, if |w′(ζ)| ≥ (Cκ|ζ|)/(4s1) does not hold, then in view of (5.0.20)
having to be true and the right hand side of (5.0.20) having the above
lower bound, it follows that |w′(ζ)| cannot be the larger term on the
left hand side of (5.0.20), so considering the other term on the left hand
side of (5.0.20), we deduce, also using |1 +B1| ≤ 1.01, that

1.01
s1κ|ζ|

2
≥ Cκ|ζ|

2s1
0.99,

which contradicts s21 < C/2.
Consequently, we must have |w′(ζ)| ≥ (Cκ|ζ|)/(4s1), and hence we

have by (5.0.21) for |z − ζ| = ηs1/
√
|ζ|,∣∣∣∣w(z)− w(ζ)

z − ζ

∣∣∣∣ ≥ 0.99Cκ|ζ|
2s1

− (1.01)κηs1
2

|ζ| − A3/(ηs1/
√
|ζ|),

where A3 is as above, and hence (for |ζ| ≥ Z0 and since s21 < C/2),

|w(z)− w(ζ)| ≥
(

0.99Cη

2
− 1.01

2
η2s21 −

η2s21
200

)
|w(ζ)|

≥ (0.99− 0.51η)
Cη

2
|w(ζ)|.

This will be > 2|w(ζ)| if η ≤ 1/2 and Cη > 4/(0.99− 0.51/2) ≈ 5.442.
Thus we may now assume that s1 > 0.7 and

|w′(ζ)| < |1 +B1|
κs1|ζ|

2
.

so that by (5.0.20), we necessarily have

|1 +B1|
κs1|ζ|

2
≥ 0.99Cκ

2s1
|ζ|

and hence

(6.3.33) 1.01s21 ≥ 0.99C.

Let t0 be as defined in (6.2.30).
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—Suppose that t0 < s1. Suppose that t0 > 0 and that 0 < η ≤
t0/(2s1) < 1/2. Now we obtain for |z − ζ| = ηs1/

√
|ζ|,∣∣∣∣w(z)− w(ζ)

z − ζ

∣∣∣∣ ≥
|w′(ζ)| − |1 +B1|κηs1

2
|ζ| −

A3

√
|ζ|

ηs1

> t0|1 +B1|
κ|ζ|

2
− |1 +B1|κηs1

2
|ζ| −

s1|w(ζ)|
√
|ζ|η2

100

=
κs1|ζ|

2

((
t0
s1
− η
)
|1 +B1| −

η2

50

)
(6.3.34)

> 0.1955s1κ|ζ|
and hence ∣∣∣∣w(z)− w(ζ)

z − ζ

∣∣∣∣ ≥
κs1|ζ|

2

((
t0
s1
− η
)
|1 +B1| −

η2

50

)
≥ κs1|ζ|

2

t0
s1

(
0.99

2
− 1

2000

)
≥ 0.24725κs1|ζ|

t0
s1

so that, also by (6.3.33),

|w(z)− w(ζ)|
2|w(ζ)|

>
0.24725

2
ηs21

t0
s1
> 0.12ηC

t0
s1
> 1

provided that ηC ≥ 9s1/t0.
Then suppose that s1 > 0.7 and that t0/s1 < 0.45, and that η ∈

[2t0/s1, 0.9]. This time we obtain for |z − ζ| = ηs1/
√
|ζ|,

|w(z)− w(ζ)|
2|w(ζ)|

>
ηs21
4

((
η − t0

s1

)
|1 +B1| − 2η2/100

)
≥ (η − (t0/s1))

ηC

8.08
|1 +B1| > η

0.99C

4.04
(0.05 · 0.99− 0.952 · 0.02) > 1

and hence

|w(z)− w(ζ)|
2|w(ζ)|

>
ηs21
4

((
η − t0

s1

)
|1 +B1| −

2η2

100

)
≥ η20.99C

4.04

(
0.99

2
− η

50

)
≥ 0.116η2C > 1
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provided that η2C ≥ 9.
This completes the proof of Lemma 6.2.

6.4. Distance to the nearest pole from points where the solu-
tion is arbitrarily small. We have seen that the nearest pole of w is
not too far away from a point z where |w(z)|/

√
|z| is small but fixed,

and the maximum distance to the nearest pole may, as far as we know,
exhibit a dependence on exactly how small |w(z)|/

√
|z| is. We now

wish to show that there is no such dependence.

Lemma 6.3. Let w be a transcendental solution of (1.0.1). Then there
are a small positive number κ7 ∈ (0, 1) and a large positive number

κ8 ≥ 1 depending on w such that if |z| ≥ 1 and |w(z)| ≤ κ7
√
|z|, then

(6.4.35) |z − p(z)| < κ8/
√
|z|.

Proof of Lemma 6.3. Let κ7 > 0 be as in Lemma 6.1. For the rest
of the proof of this lemma, write κ for κ7.

Suppose that |z0| ≥ 1 and |w(z0)| < κ
√
|z0|. (If |w(z0)| = κ

√
|z0|,

the conclusion follows from Lemma 6.1.)
It may be noted that the conclusion of Lemma 6.3 is not valid for

a rational solution of (1.0.1) since such a solution w has only finitely
many poles while w(z)→ 0 as z →∞.

We first make essential use of the assumption that w be a transcen-
dental solution of (1.0.1). In this case it is known (e.g., [3], Lemma 2.4.2,
p. 39, with f = w, n = 2, P (z, f) = 2w) that w has a small Nevanlinna
proximity function, forcing w to have infinitely many poles. Let p be
a pole of w with |p| ≥ |z0|, not necessarily the pole of w nearest to z0.
Join z0 to p by a path γ such that |z| ≥ |z0| for all z ∈ γ.

If there is no p for which this can be achieved by taking γ to be the
line segment from z0 to p, then we can take γ to be the radial segment
[z0, |p|z0/|z0|] followed by an arc of the circle S(0, |p|) from |p|z0/|z0| to
p.

On γ, when moving from z0 to p, we find the last point ζ such that
|w(ζ)| = κ

√
|ζ| and such that on the part of γ from z0 to ζ, we have

|w(z)| < κ
√
|z|.

Since κ is fixed, there is, by Lemma 6.1, a fixed s0 > 0 such that
|ζ − p(ζ)| ≤ s0/

√
|ζ|. We may have |p(ζ)| < |z0|. Let s1 be as in

Lemma 6.1.
Suppose that |z0 − ζ| ≥ ηs1/

√
|ζ|. The part of the path γ from z0

to ζ then contains a point z on the circle S(ζ, ηs1/
√
|ζ|), at which we

must have |w(z)− w(ζ)| < κ
√
|ζ| = |w(ζ)| by the definition of ζ.
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We now obtain a contradiction by applying Lemma 6.2 to the point
ζ. We only have to assume that κ is so small that Lemma 6.1 and
Lemma 6.2 are both applicable. This means that in addition to the
implicit condition arising from Lemma 6.1, we choose κ ≤ 1/26000.
This choice of κ next gives rise to a number s0. Further, we assume
that C = 137 and

|z0| ≥ max

{
165000,

(
5000|α|

κ

)2/3

, 5000C3, 23000C2 max
{

1, s20
}}

.

Then Lemma 6.2 implies that for all z ∈ S(ζ, ηs1/
√
|ζ|), we have

|w(z)− w(ζ)| > 2|w(ζ)|. This is a contradiction.

It follows that |z0 − ζ| < ηs1/
√
|ζ| < s0/

√
|ζ|. Thus we obtain the

upper bound

|z0 − p(z0)| ≤ |z0 − p(ζ)| < 2s0/
√
|ζ| ≤ 2s0/

√
|z0|

since |ζ| ≥ |z0|, for a certain fixed s0, which proves Lemma 6.3 with
κ8 = 2s0.

7. Distance to the nearest zero from points where the
solution is small

We continue to consider a given transcendental solution w of (1.0.1).
Following Steinmetz, if the zeros of w of modulus ≥ 1 are labelled as
qn, and if κ > 0, we write

Q(κ) = ∪nB(qn, κ/
√
|qn|).

In the definition of Steinmetz, one uses r(qn) instead of 1/
√
|qn| in the

radius of the disks that form Q(κ). In view of Lemma 3.2, it does

not amount to a great change to use 1/
√
|qn|. We prove the following

result.

Lemma 7.1. There is a number κ3 ∈ (0, 1) such that if 0 < κ ≤ κ3,
then there are numbers R0 > 2 and κ4 ∈ (0, 1) depending on w and on

κ such that if |z| > R0 and |w(z)| < κ
√
|z|, then

z ∈ Q(κ4).

Furthermore, we may choose κ4 as a function of κ so that

lim
κ→0

κ4 = 0.

Remark 1. A comment in the paper N. Steinmetz, Value distribu-
tion of the Painlevé transcendents, Israel Journal of Math. 128 (2002),
29–52, contains a claim that implies Lemma 7.1 (it refers to Proposi-
tion 2 in that paper, which is for the first Painlevé equation, and claims
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that the proof is the same for (1.0.1)). However, in the subsequent pa-
per from 2005 cited above, this claim is effectively retracted as it is
replaced by the conclusion, in Proposition 3.2(a) of this more recent
paper, that we only have√

|z| = O(|w(z)−
√
z|)

outside the set corresponding to Q(κ4). But this does not prevent
|w(z)| from being very small outside Q(κ4) even if the zeros of w,
by definition, are contained in Q(κ4). This suggests that a different
method of proof must be considered.

Remark 2. In Lemma 7.1, it is essential that κ3 is small enough.
Namely, by Lemma 3.1, the set {z ∈ C : |w(z)| < κ2

√
|z|} has an un-

bounded component, which cannot be covered by the countable union
of small disjoint disks.

Remark 3. In Lemma 7.1, it is to be expected that R0 → ∞ as
κ→ 0.

7.1. Proof of Lemma 7.1. Let w be a given transcendental solution
of (1.0.1). We assume that the previous lemmas have been applied to
this w, yielding certain numbers as discussed below. Suppose that the
number κ7 ∈ (0, 1) has been chosen to be small enough to satisfy the
conditions of Lemmas 6.3 and 6.1. Suppose that ε ∈ (0, 1). We need
to show that there are numbers κ ∈ (0, κ7] and R0 > 2 such that if
|z0| ≥ R0 and |w(z0)| < κ|z0|, then there is a zero q of w such that

|z0 − q| < ε/
√
|q|. This then means that we may take κ4 = ε in the

statement of Lemma 7.1, and since ε ∈ (0, 1) is arbitrary, this will then
prove Lemma 7.1.

Let κ8 > 1 be the number that arises from Lemma 6.3. Define
η0 = ε/(4κ8) < 1/4. We shall show that we may take

κ = min{κ7, η20/7200}

and, with C = 72/η20,

R1 = max{165000,

(
5000|α|

κ

)2/3

, 5000C3, 23000C2κ28},

R0 = R1 + κ8/
√
R1.

Choose a point z0 with |z0| ≥ R0 and |w(z0)| < κ|z0|. By Lemma 6.3,

the pole p(z0) of w nearest to z0 satisfies |z0−p(z0)| < κ8/
√
|z0|. When

we move along the line segment from z0 to p(z0), let ζ be the first point

z we encounter such that |w(z)| = κ7
√
|z|. Thus |w(ζ)| = κ7

√
|ζ|. We

clearly have |ζ| ≥ R1. We apply Lemma 6.2 to ζ, choosing C as above
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and choosing η as follows. Our choice for C leads to a certain number
s1 with s1 < κ8.

We next explain how we choose η in the various cases when applying
Lemma 6.2 and verify that the required conditions are satisfied for this
choice of η. In all cases below, it is clear that our choice of R1 satisfies
R1 ≥ Z0 (note that s0 ≤ κ8). The condition Cκ ≤ 1/100 is always
satisfied.

If s1 ≤ 0.7, we take η = η0. Then our choice of C is valid provided
that C = 72/η20 ≥ 30 and Cη = 72/η0 ≥ 6. These conditions are
satisfied.

If s1 > 0.7 and (6.2.29) holds, we take η = η0. Then our choice of C
is valid provided that C = 72/η20 ≥ 30 and Cη = 72/η0 ≥ 21. These
conditions are satisfied.

If s1 > 0.7 and (6.2.29) does not hold, so that t0 < s1, suppose first
that 2t0/s1 ≤ η0. Then we take η = η0. Our choice of C is valid
provided that Cη2 = 72 ≥ 9. This condition is satisfied.

Suppose then that s1 > 0.7, that (6.2.29) does not hold, and that
2t0/s1 > η0. Then we set η = η0/4. Our choice of C is valid provided
that Cη = 18/η0 ≥ 9s1/t0. This condition is satisfied.

In each case, we took η = η0 or η = η0/4. Now Lemma 6.2 implies
that

|z0 − ζ| < ηs1/
√
|ζ| < η0κ8/

√
|ζ|

and that there is a zero q of w with |q − ζ| < ηs1/
√
|ζ|. Thus

|z0 − q| < 2η0κ8/
√
|ζ|.

We have |q| < |ζ|+ 1/
√
|ζ| < 2|ζ|, hence

|z0 − q| < 4η0κ8/
√
|q| < ε/

√
|q|,

as required. This completes the proof of Lemma 7.1.

8. Size of the set where the solution is close to a given
value

Let w be a transcendental solution of (1.0.1). In the proof of our main
result, we will need to know that for certain values A of w, if w(z1) = A

and ε1 > 0 is small, the component of the set {z : |w(z)−A| < ε1
√
|z1|}

containing z1 is a subset of a disk of the form B(z1, ε3/
√
|z1|) for a

suitable choice of ε3. Furthermore, we need to know that each point z
with |w(z)−A| < ε1

√
|z| is contained in such a component and hence

in such a disk. This then shows that if we remove from the plane a
small exceptional set, contained in the union of such disks, we will be
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able to avoid the value A for w by a definite amount. This will be
necessary for us to obtain estimates for certain error terms.

If |A|/
√
|z1| is small, we are essentially avoiding the set where w

takes rather small values, and the size of that set has been estimated
already. Hence we assume in this Section that |A|/

√
|z1| is not too

close to zero.
Let us begin with a point z0 with a sufficiently large modulus. We

consider the following at most four distinct numbers

(8.0.36) ±

√√√√z0

(
−1

2
±

√
U(z0)

z20
+

1

4

)
,

and we denote any one of these four values by A. If we choose z0 so
that |w(z0)| ≤ K

√
|z0| for a fixed positive constant K > 3, then for

each of the four choices of A, we have |A| ≤ K1

√
|z0| where K1 depends

only on w and on K.
Note that

(8.0.37)

∣∣∣∣A2

z0
+

1

2

∣∣∣∣2 =

∣∣∣∣U(z0)

z20
+

1

4

∣∣∣∣ .
In the other direction, if we fix a large K and limit our attention to

the set where |w(z)| ≤ K
√
|z|, and if |A|/

√
|z0|−ε1 > K, then we will

have |w(z)−A| ≥ ε1
√
|z| for all z that we consider. Therefore we may

assume that the value A that we consider satisfies |A| ≤ (K+ε1)
√
|z0|.

We choose any ε, εj ∈ (0, 1/100). Thus K + ε1 < K + 1. We set
K1 = (K + 2ε1)/

√
1− ε < 2K − 1. By a result of Steinmetz [17],

Proposition 3.5, p. 79, there is a number K2 > 1 such that |U(z)| ≤
K2|z|2 whenever |w(z)| ≤ 2K

√
|z|. We set K3 = (2K)2 + 2K2, K4 =

2πK3, and K5 = 4K4 + 2K2. Then we take K6 = 79K3 + 2|α| and
set K7 = 1 +

√
K5 +K6. We further write L = 1010K7 and K9 =

Kε3 + Lε3 + L3ε3(3 + 36K2).
So if w and K are given, this determines K2 through K7, and L and

K9.

Lemma 8.1. Let w be a transcendental solution of (1.0.1). Let ε ∈
(1/100), ε0 ∈ (1/100) and ε2 ∈ (1/100) be small positive numbers, and
let K > 3 be a large positive number. Suppose that ε0 ≤ κ7, where κ7
is as in Lemma 6.3. Suppose that ε and ε1 ∈ (1/100) are such that
2ε1 < (1− ε)ε0, 4Kε1 < ε2, ε ≤ ε1, and

ε3 =
106K7

√
ε1

ε0ε2
< 1/100.
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Define L = 1010K7 and

Z1 = max

{
1

ε3
,
512 · 1012K2

9L
6

ε20ε
2
2ε

4
1

(1 + |α|), 16 · 108K2
7(1 + |α|)2

ε1ε20ε
2
2

}
.

Suppose that |z0| ≥ Z1 and |w(z0)| ≤ K
√
|z0|, and let A be any one

of the four numbers given by (8.0.36). Suppose that

ε0
√
|z0| ≤ |A| ≤ (K + ε1)

√
|z0|

and that ∣∣∣∣A2

z0
+

1

2

∣∣∣∣ ≥ ε2.

Suppose that z1 ∈ B(z0, ε|z0|) and that |w(z1)− A| < ε1
√
|z0|.

Then there are a radius ρ ≤ ε3/
√
|z0| and a point z′ such that w(z′) =

A and |z1− z′| < ρ. Furthermore, we have |w(z)−A| > ε1
√
|z0| for all

z with |z − z1| = ρ. Thus the component of the set {z : |w(z) − A| <
ε1
√
|z0|} containing the point z1 is a subset of the disk B(z1, ε3/

√
|z0|).

8.1. Proof of Lemma 8.1. Let the assumptions of Lemma 8.1 be
satisfied. Then

|w(z1)| > |A|− ε1
√
|z0| ≥ (ε0− ε1)

√
|z0| > (1/2)ε0 max{

√
|z0|,

√
|z1|}.

Next, we have

|w(z1)| < (K + 2ε1)
√

1− ε−1
√
|z1| = K1

√
|z1|.

We may join z0 to z1 by a path γ of length ≤ π|z1 − z0| in B(z0, ε|z0|)
such that |w(z)| ≤ K1

√
|z| for all z ∈ γ. On γ, we have(

U

z2

)′
=
U ′

z2
− 2U

z3

so that since U ′ = w2, we have∣∣∣∣(Uz2
)′∣∣∣∣ ≤ K2

1

|z|
+

2K2

|z|
≤ K3

|z|
.

Hence, integrating along a path from z0 to z1 where |w(z)| ≤ K1

√
|z|,

we obtain∣∣∣∣U(z1)

z21
− U(z0)

z20

∣∣∣∣ ≤ ∫ z1

z0

∣∣∣∣(U(z)

z2

)′∣∣∣∣ |dz| ≤ π|z1 − z0|K3

(1− ε)|z0|
= K4

|z1 − z0|
|z0|

< K4ε.

We next note that from (8.0.36), we obtain

(A2 + z0/2)2 = U(z0) + z20/4,

so that
A4 + z0A

2 = U(z0).
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Write w(z1) = A+ θ
√
|z0|, where θ is a complex number with |θ| < ε1.

Since

(w′)2 = w4 + zw2 + 2αw − U,
we get

w′(z1)
2 = (A+ θ

√
|z0|)4 + z1(A+ θ

√
|z0|)2 + 2α(A+ θ

√
|z0|)− U(z1)

= 4A3θ
√
|z0|+ 6A2θ2|z0|+ 4Aθ3|z0|3/2 + θ4|z0|2 + 2αA

+(z1 − z0)A2 + 2θAz1
√
|z0|+ z1θ

2|z0|+ 2αθ
√
|z0|+ U(z0)− U(z1).

We have

|U(z0)− U(z1)| =
∣∣∣∣z21 (U(z1)

z21
− U(z0)

z20

)
+
U(z0)

z20
(z1 − z0)(z1 + z0)

∣∣∣∣
≤ (1 + ε)2|z0|2K4ε+K2ε|z0|2(1 + ε) ≤ K5ε|z0|2.

Furthermore,

|4A3θ
√
|z0|+ 6A2θ2|z0|+ 4Aθ3|z0|3/2 + θ4|z0|2

+(z1 − z0)A2 + 2θAz1
√
|z0|+ z1θ

2|z0|+ 2αθ
√
|z0||

≤ K8 max{ε, ε1}|z0|2 ≤ K6 max{ε, ε1}|z0|2,
where

K8 = 4(K1 + ε1)
3 + 6(K1 + ε1)

2ε1 + 4(K1 + ε1)ε
2
1 + ε31

+(K1 + ε1)
2 + 2(K1 + ε1)(1 + ε) + (1 + ε)ε1 + 2|α|.

Since ε ≤ ε1, we conclude that

|w′(z1)| ≤ (K7 − 1)
√
ε1|z0|+

√
2|α||A|

≤ (K7 − 1)
√
ε1|z0|+

√
2|α|2K

√
|z0| ≤ K7

√
ε1|z0|

if |z0| ≥ Z1.
We remark that this is an essential feature of the situation that we

are considering: at the point z1, the function w takes a value of which
we only know that it is not too large (in relation to the natural measure√
|z1|) but definitely |w′(z1)| is small (in relation to the natural measure

|z1|).
We apply Lemma 5.1 taking ζ = z1, K0 = |w(z1)|/

√
|z1|, so that

ε0/2 < K0 < K1 ≤ 2K.

Recall that L = 1010K7. To get a contradiction, suppose that |w(z)−
w(z1)| < Lε1

√
|z1| in the closed disk B(z1, ε3/

√
|z1|). Then, taking

C = Lε1 in Lemma 5.1, we deduce that ρ > ε3
√
|z1|, where ρ is the

largest radius r such that we have |w(z)−w(z1)| < Lε1
√
|z1| in B(z1, r).
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Thus we may choose η in Lemma 5.1 so that ηρ = η1ε3/
√
|z1|, where

η1 ∈ (0, 1] will be chosen later. In order to apply (5.0.21), we first
estimate some terms on the right hand side of (5.0.21). We have

K0

6
η2ρ2

√
|ζ|+

η2ρ2C
√
|ζ|

2

{
ηρ+ (1 + 6K2

0 + 6K0C + 2C2)|ζ|
}

≤ 2K

6

ε23√
|z1|

2

√
|z1|

+

ε23√
|z1|

2Lε3
√
|z1|

2

{
ε3√
|z1|

+ (1 + 6(2K)2 + 6(2K)Lε3 + 2ε23L
2)|z1|

}
≤ K9ε

2
3

√
|z1|,

where, for |z1| ≥ Z1/2,

K9 = Kε3 + Lε3 + L3ε3(3 + 36K2) ≥ K

3|z1|
+
Lε23
2|z1|

+ L3ε3(3 + 36K2).

We write

t0 =
w′(z1)

z1w(z1)
(
w(z1)2

z1
+ 1

2

) ∈ C.

We will consider two cases regarding |t0|/ρ later.

Thus (5.0.21) yields, for all z ∈ S(z1, η1ε3/
√
|z1|),

Lε1|z1|
η1ε3

≥ |w(z)− w(z1)|
|z − z1|

≥ |z1||w(z1)|
∣∣∣∣w(z1)

2

z0
+

1

2

∣∣∣∣
∣∣∣∣∣t0 − η1 ε3√

|z1|

∣∣∣∣∣
−|α|

2

ε3√
|z1|
−K9ε

2
3

√
|z1|.

We have∣∣∣∣w(z1)
2

z0
+

1

2

∣∣∣∣ ≥ ∣∣∣∣A2

z0
+

1

2

∣∣∣∣−|(w(z1)− A)(w(z1) + A)|
|z0|

≥ ε2−2Kε1 >
ε2
2
.

Thus

Lε1
η1ε3

≥ ε0ε2ε3
4

∣∣∣∣∣t0
√
|z1|
ε3
− η1

∣∣∣∣∣− |α|2 ε3
|z1|3/2

− K9ε
2
3√
|z1|

.

If |t0|
√
|z1|/ε3 ≥ 2/3, we choose η1 = 1/3. If |t0|

√
|z1|/ε3 < 2/3, we

choose η1 = 1. Thus 1/3 ≤ η1 ≤ 1 and |t0
√
|z1|/ε3 − η1| ≥ 1/3.
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Since |z1| ≥ Z1/2, we have

|α|
2

ε3
|z1|3/2

+
K9ε

2
3√
|z1|

< 10−6
ε0ε2ε

2
1

16
< 10−6

ε0ε2ε3
12

.

We conclude that

(8.1.38) (1− 10−6)
ε0ε2ε

2
3

12
< 3Lε1.

From the definition of ε3, we obtain

ε0ε2ε
2
3

12
=

1012K2
7ε1

12ε0ε2
.

This shows that (8.1.38) cannot hold. This contradiction shows that

the largest radius ρ such that we have |w(z) − w(z1)| < Lε1
√
|z1| in

B(z1, ρ), satisfies ρ ≤ ε3/
√
|z1|.

We now apply Lemma 5.1 to our ρ ≤ ε3/
√
|z1| and a point z ∈

S(z1, ρ) such that |w(z) − w(z1)| = Lε1
√
|z1|. We note that (5.0.20)

then yields, in view of the estimate we have obtained for the term
involving α, for |z1| ≥ Z1/2, that

|z1||w(z1)|
∣∣∣∣w(z1)

2

z0
+

1

2

∣∣∣∣max {|t0|, ρ}

= max

{
|w′(z1)|, |z1||w(z1)|

∣∣∣∣w(z1)
2

z0
+

1

2

∣∣∣∣ ρ}
≥
Lε1
√
|z1|

2ρ
− |z1|10−4ε0ε2ε

2
1.

We have
Lε1
√
|z1|

2ρ
− |z1|10−4ε0ε2ε

2
1 ≥

Lε1
√
|z1|

4ρ

since this is equivalent to

|z1|10−4ε0ε2ε
2
1 ≤

Lε1
√
|z1|

4ρ
,

that is,

ρ
√
|z1| ≤

104L

4ε0ε2ε1
,

which is true since ρ ≤ ε3/
√
|z1| and 4ε0ε2ε1ε3 < 104L. We deduce

that

|z1||w(z1)|
∣∣∣∣w(z1)

2

z0
+

1

2

∣∣∣∣max {|t0|, ρ} ≥
Lε1
√
|z1|

4ρ
.
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Write

A′ =
|w(z1)|√
|z1|

∣∣∣∣w(z1)
2

z0
+

1

2

∣∣∣∣ .
If ρ ≥ |t0|, this gives

ρ2|z1| ≥
Lε1
4A′

.

If ρ < |t0|, we obtain
|t0|
ρ
ρ2|z1| ≥

Lε1
4A′

.

We now apply Lemma 5.1 taking in (5.0.21), η = 1/4 if |t0|/ρ ≥ 1/2
(note that we may have |t0|/ρ ≥ 1); and η = 3/4 if |t0|/ρ < 1/2. Hence
|t0 − (z − z1)| ≥ ρ/4 when |z − z1| = ηρ. For certain terms on the
right hand side of (5.0.21), we may thus use the same upper bounds as

before. This shows that for all z ∈ S(z1, ηρ), where ηρ ≤ 3ε3/(4
√
|z1|),

when |z1| ≥ Z1/2, we have

|w(z)− w(z1)|
|z1|ρ

≥ A′
√
|z1|
∣∣∣∣t0ρ − z − z1

ρ

∣∣∣∣ ρ4 − 10−4ε0ε2ε
2
1.

Suppose that ρ ≥ |t0|. Then we obtain

|w(z)− w(z1)|√
|z1|

≥ 1

16
ρ2|z1|A′ − 10−4ρ

√
|z1|ε0ε2ε21

≥ Lε1
64
− 10−4ε3ε0ε2ε

2
1 ≥

Lε1
65

> 3ε1.

Suppose then that ρ < |t0|. Now, with η = 1/4, we use the fact that∣∣∣∣t0ρ − z − z1
ρ

∣∣∣∣ ≥ 3

4

|t0|
ρ
.

Thus we obtain

|w(z)− w(z1)|√
|z1|

≥ 3

16

|t0|
ρ
ρ2|z1|A′ − 10−4ρ

√
|z1|ε0ε2ε21

≥ 3Lε1
16
− 10−4ε3ε0ε2ε

2
1 ≥

Lε1
8

> 3ε1.

Therefore for all z ∈ S(z1, ηρ),

|w(z)− w(z1)| > 2ε1
√
|z0|.

We apply Rouché’s Theorem, comparing the functions w(z)−w(z1)
and w(z)− A in the disk B(z1, ηρ), where 1/4 ≤ η ≤ 3/4, and deduce
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that in the disk B(z1, ηρ) there is a point z′ where w(z′) = A. Also, on
S(z1, ηρ) we have

|w(z)− A| ≥ |w(z)− w(z1)| − |A− w(z1)| > 2ε1
√
|z1| ≥ ε1

√
|z1|

so that any component D of the set {z : |w(z) − A| < ε1
√
|z1|} that

intersects B(z1, ηρ) must be contained in B(z1, ηρ), and hence w maps

such a component onto the set B(A, ε1
√
|z1|). Thus any such D con-

tains a point that w maps to the point A. Letting z′ be such a point in
the component that contains z1, we find that |z′−z1| ≤ ηρ < ε3/

√
|z1|.

This completes the proof of Lemma 8.1.

9. Upper estimates for the number of times a value is
taken in a disk

Let w be a transcendental solution of (1.0.1). We need to know that
in a disk of the form B(z0, ε|z0|), where ε > 0 is small but fixed, while

z0 →∞ outside an exceptional set (so that |w(z0)| ≤ K
√
|z0| for some

large fixed K), the function w does not take any value A too many

times. We only consider values A such that also |A| ≤ K
√
|z0|.

To do this, we need an upper bound for the number of poles of w in
B(z0, ε|z0|) together with considerations from the Nevanlinna theory.
There might be a great temptation to leave the proof to the reader,
but we feel that for clarity, it is best to give the details.

The following result was obtained by Shimomura [12], Proposition 5.1,
p. 266.

Lemma 9.1. Let w be a transcendental solution of (1.0.1). Then there
are fixed numbers r0 > 10 and C1 > 10 depending on w such that if σ
if a pole of w with |σ| > 2r0, then the disk B(σ,C−11 |σ|−1/2) is disjoint
from such disks for other poles of w.

It is essential for us to obtain the estimate in the following lemma
on the number of times that w can take a particular value in a disk
whose radius is small if compared to the modulus of its center.

Lemma 9.2. Let w be a transcendental solution of (1.0.1). Suppose

that K > 3 is a fixed large number and that 1/K ≤ |w(z0)|
√
|z0| ≤ K

and ε0 ∈ (0, 1). Then there are fixed numbers r0 > 10 and K1 > 10
depending on w and K such that if 0 < ε < 1/32, |z0| > 4r0, and

|z0| ≥ ε−20 , and if A ∈ C with |A| ≤ K
√
|z0|, |w(z0)| ≥ ε0

√
|z0|, and

|w(z0)−A| ≥ ε0
√
|z0|, and if, in addition, r ≥ t0 where t0 is such that

T (t, w) ≤ t4 for all t ≥ t0, then in the disk B(z0, ε|z0|), the function w
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takes the value A at most

ν = K ′ε2|z0|3 +K ′(1 + |z0| log |z0|) + 2 log
1

ε0

times, with due count of multiplicity, where K ′ is a positive number
that only depends on K, |α|, and the number C1 in Lemma 9.1.

9.1. A lemma from the Nevanlinna theory. We want to have an
upper bound for m(r, f ′′/f) for a suitable f related to the solution
w of (1.0.1). If we were to obtain such an upper bound in the usual
way by first writing f ′′/f = (f ′′/f ′)(f ′/f), then the upper bound would
involve both 1/|f(0)| and 1/|f ′(0)|. Since we will take f(z) = w(z+z0)
for variable points z0, the upper bound would require us to know that
|w′(z0)| is not too close to zero. To avoid having to deal with such a
problem, we prefer to be more careful when estimating m(r, f ′′/f) so
that only 1/|f(0)| remains in the bound but not 1/|f ′(0)|. This requires
us to go back to basics. Hence we will need to prove the following result
arising from the Nevanlinna theory.

Lemma 9.3. Let f be a meromorphic function, not a polynomial of
degree at most 1, in the closed disk B(0, R), where 0 < R < +∞.
Suppose that f(0) /∈ {0,∞}. Then, if 0 < r < R, we have

m

(
r,

(
f ′

f

)′)
≤ 7 log+ T (R, f) + 7 log+R + 12 log+ 1

R− r
(9.1.39)

+7 log+ log+ 1

|f(0)|
+ 2 log+ 1

r
+ 1 + log 3 + 28 log 2

and

m

(
r,
f ′′

f

)
≤ 15 log+ T (R, f) + 17 log+R + 24 log+ 1

R− r
(9.1.40)

+15 log+ log+ 1

|f(0)|
+ 4 log+ 1

r
+ 29 + log 3 + 29 log 2

< 15 log+ T (R, f) + 17 log+R + 24 log+ 1

R− r

+15 log+ log+ 1

|f(0)|
+ 4 log+ 1

r
+ 50.2.

Proof of Lemma 9.3. We follow the proof of Nevanlinna’s lemma
on the logarithmic derivative. Let the assumptions of Lemma 9.3 be
satisfied. Suppose that 0 < |z| = r < ρ < R. Suppose further that
f(z) /∈ {0,∞}. We denote by aµ the zeros and by bν the poles of f ,
with due count of multiplicity. By the differentiated Poisson–Jensen
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formula ([4], p. 22), we have(
f ′

f

)′
(z) =

2

π

∫ 2π

0

log |f(ρeiϕ)|ρeiϕ

(ρeiϕ − z)3
dϕ(9.1.41)

+
∑
|bν |<ρ

(
1

(bν − z)2
− bν

2

(ρ2 − bνz)2

)

−
∑
|aµ|<ρ

(
1

(aµ − z)2
− aµ

2

(ρ2 − aµz)2

)
.

We have ∣∣∣∣ 2π
∫ 2π

0

log |f(ρeiϕ)|ρeiϕ

(ρeiϕ − z)3
dϕ

∣∣∣∣(9.1.42)

≤ 4ρ

(ρ− r)3

{
m(ρ, f) +m

(
ρ,

1

f

)}
.

If f has no zeros or poles in B(0, ρ), the remaining terms on the
right hand side of (9.1.41) vanish. Suppose that this is not the case.
We denote by δ(z) the distance from z to the nearest zero or pole of f
in B(0, ρ), and write

n = n(ρ, f) + n(ρ, 1/f).

We note that if a is any of the points aµ or bν in B(0, ρ), we have

|ρ2 − az| ≥ ρ2 − ρr = ρ(ρ− r),
∣∣∣∣ a

ρ2 − az

∣∣∣∣ ≤ 1

ρ− r
,

∣∣∣∣ 1

a− z

∣∣∣∣ ≤ 1

δ(z)
.

This gives
(9.1.43)∣∣∣∣(f ′f

)′
(z)

∣∣∣∣ ≤ 4ρ

(ρ− r)3

{
m(ρ, f) +m

(
ρ,

1

f

)}
+

n

δ(z)2
+

n

(ρ− r)3
.

Since T (ρ, f) = T (ρ, 1/f) + log |f(0)|, we obtain
(9.1.44)∣∣∣∣(f ′f

)′
(z)

∣∣∣∣ ≤ 4ρ

(ρ− r)3

{
2T (ρ, f) + log+ 1

|f(0)|

}
+
n

r2
r2

δ(z)2
+

n

(ρ− r)3
.

Thus

log+

∣∣∣∣(f ′f
)′

(z)

∣∣∣∣ ≤ log+ T (ρ, f) + 2 log+ n+ log+ ρ+ 2 log+ r

δ(z)

+ log+ log+ 1

|f(0)|
+ 6 log+ 1

ρ− r
+ 2 log+ 1

r
+ log 48.
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With z = reiθ, we integrate with respect to θ from 0 to 2π. In view of
[4], Lemma 2.2, p. 35, we obtain

m

(
r,

(
f ′

f

)′)
≤ log+ T (ρ, f) + 6 log+ n+ log+ ρ

+ log+ log+ 1

|f(0)|
+ 6 log+ 1

ρ− r
+ 2 log+ 1

r
+ 1 + log 48.

As in [4], p. 37, we have

log+ n ≤ log+ T (R, f)+log+R+log+ 1

R− ρ
+log+ log+ 1

|f(0)|
+2 log 2.

Hence

m

(
r,

(
f ′

f

)′)
≤ 7 log+ T (R, f) + 7 log+R + 6 log+ 1

R− ρ

+7 log+ log+ 1

|f(0)|
+ 6 log+ 1

ρ− r
+ 2 log+ 1

r
+ 1 + log 3 + 16 log 2.

Noting that we may choose ρ = (R + r)/2, we obtain (9.1.39).
By [4], Lemma 2.2, p. 35, we have

m

(
r,
f ′

f

)
≤ 4 log+ T (R, f) + 5 log+R + 6 log+ 1

R− r

+4 log+ log+ 1

|f(0)|
+ log+ 1

r
+ 14.

Since
f ′′

f
=

(
f ′

f

)′
+

(
f ′

f

)2

,

we obtain (9.1.40).
This completes the proof of Lemma 9.3.

9.2. Proof of Lemma 9.2. Pick any s ∈ (0, ε] with s|z0|3/2 ≥ 1. Note
that all poles of w are simple. Let the distinct poles of w in B(z0, s|z0|)
be σj. The area of the disk associated with σj as in Lemma 9.1 is

≥ πC−21 {((1 + ε)|z0|)−1/2}2 ≥ 0.8πC−21 |z0|−1.
Each such disk is contained in the diskB(z0, s|z0|+C−11 (1−ε)−1|z0|)−1/2),
whose area is

≤ πs2|z0|2
(

1 +
1

C1(1− ε)s|z0|3/2

)2

.

By Lemma 9.1, these small disks are disjoint, so that w has at most

2s2|z0|3C2
1
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poles in B(z0, s|z0|). So if f(z) = w(z + z0) and w(z0) 6=∞, we get

N(s|z0|, f) = N(1, f) +

∫ s|z0|

1

n(t, f) dt

t

≤ N(1, f) + |z0|C2
1(s2|z0|2 − 1) < N(1, f) + C2

1s
2|z0|3.

We next apply Nevanlinna’s first fundamental theorem ([4], Theo-
rem 1.2, p. 5) to f(z) = w(z + z0). Assuming that w(z0) 6= A, we
obtain

(log 2)n

(
r,

1

f − A

)
≤
∫ 2r

0

n(t, 1/(f − A)) dt

t
= N

(
2r,

1

f − A

)
≤ T

(
2r,

1

f − A

)
≤ T (2r, f)− log |w(z0)− A|+ log+ |A|+ log 2

= N(2r, f) +m(2r, f)− log |w(z0)− A|+ log+ |A|+ log 2

≤ N(1, f) + 4C2
1r

2|z0|+m(2r, f) + log
2K

ε0
+ log |z0|.

We now have to estimate the terms on the right hand side. We
first estimate N(1, f). Let σ be a pole of w in B(z0, 1), so σ 6= z0 by
assumption. If there are no such poles then N(1, f) = 0. Otherwise,
let first σ0 be such a pole nearest to z0. By Lemmas 4.1 and 4.2 in [13],

we have |z0 − σ0| ≥ C2/(K
√
|z0|) for some positive absolute constant

C2. Also, due to the presence of disjoint disks around the poles as
described in Lemma 9.1, there are at most C2

1(|z0| + 1) poles of w in
B(z0, 1). Hence

N(1, f) =
∑

w(a)=∞, |a−z0|<1

log
1

|a− z0|
≤ C2

1(|z0|+ 1) log
K
√
|z0|

C2

.

Then we consider the term m(2r, f). Since

f 2 =
1

2

f ′′

f
− z

2
− α

2f
,

we see that if |z| = 2r and |f(z)| = |w(z + z0)| ≥ 1, then

2 log+ |f | ≤ log+

∣∣∣∣f ′′f
∣∣∣∣+ log+ r + log+ |α|+ log 6.

Thus by Lemma 9.3, we have for r ≥ 3,

2m(2r, f)− (log+ r + log+ |α|+ log 6)

< 15 log+ T (4r, f) + 17 log+ r + 15 log+ log+ 1

|f(0)|
+ 74.
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Hence

m(2r, f) ≤ 8 log+ T (4r, f) + 38 +
1

2
log+ |α|

+9 log r + 8 log+ log+ 1

|w(z0)|
.

We use Cartan’s identity ([4], Theorem 1.3, p. 8)

T (r, f) =
1

2π

∫ 2π

0

N(r, f, eiθ) dθ + log+ |f(0)|.

We write

ν(r, f, t) =

∫ 2π

0

n(r, f, teiϕ) dϕ

and

A(r, f) =
1

π

∫ r

0

∫ 2π

0

|f ′(teiϕ)|2

(1 + |f(teiϕ)|2)2
t dt dϕ.

Then

T0(r, f) =

∫ r

0

A(t)
dt

t

is the Ahlfors–Shimizu characteristic of f that satisfies ([4], p. 13)

|T (r, f)− T0(r, f)| ≤ log+ |f(0)|+ 1

2
log 2.

We obtain

T (r, f) =

∫ r

0

ν(t, f, 1)
dt

t
+ log+ |f(0)|.

By [5], we have

ν(t, f, 1) ≤ A(ct, f) +
log 2

log c

whenever c > 1. Thus, taking c = 2, we obtain

T (r, f) ≤ T (1, f) + log r + A(2r, f) log r

≤ T (1, f) + log r + (log r)A(|z0|+ 2r, w)

≤ T (1, f) + log r +
log r

log 2

∫ 4r

2r

A(t, w)
dt

t

≤ T (1, f) + log r +
log r

log 2
T0(|z0|+ 4r, w)

≤ T (1, f) + log r +
log r

log 2
T (|z0|+ 4r, w) +

log r

log 2

(
log+ |w(0)|+ 1

2
log 2

)
.

Without loss of generality we may assume that w(0) 6=∞. We replace
above r by 4r. Since the order of w is at most 3, we have T (r, w) ≤ r4
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for all large r. Thus when |z0| is large enough, we have (recall that
r ≥ 3)

log+ T (4r, f) ≤ log+N(1, f) + log+m(1, f) + 4 log(|z0|+ 8r)

+3 log log r + log+ log+ |w(0)|+ log
10

(log 2)2
.

We already have an upper bound for N(1, f) that we can use here.
Going through the arguments above that led to an upper bound for
m(2r, f), but this time with radius 1 instead of 2r, we get

m(1, f) ≤ 8 log+ T (2, f) + 8 log+ log+ 1

|w(z0)|
+

log+ |α|
2

+
log 6

2
+ 37.

Using the fact that T (2, f) ≤ T (4r, f), we then obtain

log+ T (4r, f) ≤ log+ log+ T (4r, f) + log+ log+K + log |z0|

+ log+ log+ 1

C2

+ log log |z0|+ 2 log+C1 + log+ log+ log+ 1

|w(z0)|

+ log+ log+ |α|
2

+ 10.5,

which implies (since log+ x ≤ x/2) that

log+ T (4r, f) ≤ 2 log+ log+K + 2 log |z0|

+2 log+ log+ 1

C2

+ 2 log log |z0|+ 4 log+C1 + 2 log+ log+ log+ 1

|w(z0)|

+2 log+ log+ |α|
2

+ 21.

Therefore

m(2r, f) ≤ 16 log+ log+K + 16 log |z0|

+16 log+ log+ 1

C2

+ 16 log log |z0|+ 32 log+C1 + 16 log+ log+ log+ 1

|w(z0)|

+16 log+ log+ |α|
2

+ 206 +
1

2
log+ |α|+ 9 log r + 8 log+ log+ 1

|w(z0)|
.
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It follows that

(log 2)n

(
r,

1

f − A

)
≤ C2

1(|z0|+ 1) log
K
√
|z0|

C2

+ 4C2
1r

2|z0|

+16 log+ log+K + 16 log |z0|+ 16 log+ log+ 1

C2

+ 16 log log |z0|

+32 log+C1 + 16 log+ log+ log+ 1

|w(z0)|
+ 16 log+ log+ |α|

2

+206 +
1

2
log+ |α|+ 9 log r + 8 log+ log+ 1

|w(z0)|
+ log

2K

ε0
+ log |z0|.

We will have 32r ≤ |z0|. It is clear that for some positive constant C3

depending only on |α|, K, C1, and C2, this results in the estimate

n

(
r,

1

f − A

)
≤ 4

log 2
C2

1r
2|z0|+ C3(1 + |z0| log |z0|)(9.2.45)

+35 log+ log+ 1

|w(z0)|
+

1

log 2
log

1

ε0
.

Now set r = ε|z0|, where 0 < ε ≤ 1/32, and note that |w(z0)| ≥
ε0
√
|w(z0)|. Then

n

(
r,

1

f − A

)
≤ 4

log 2
C2

1ε
2|z0|3 + C3(1 + |z0| log |z0|)(9.2.46)

+35 log+ log+ 1

|w(z0)|
+

1

log 2
log

1

ε0

≤ 4

log 2
C2

1ε
2|z0|3 + C3(1 + |z0| log |z0|)

+35 log+ log+ 1

ε0
√
|z0|

+
1

log 2
log

1

ε0
.

This completes the proof of Lemma 9.2.

10. Integrating outside an exceptional set: elliptic case

Let w be a transcendental solution of (1.0.1), and recall (1.0.2). Sup-
pose that we are in case (A), so that

(10.0.47) lim sup
z→∞,z /∈E

∣∣∣∣U(z)

z2
+

1

4

∣∣∣∣ =: δ0 > 0

and

(10.0.48) lim sup
z→∞,z /∈E

∣∣∣∣U(z)

z2

∣∣∣∣ > 0.
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Then there is a sequence of points an →∞ such that an /∈ E and∣∣∣∣U(an)

a2n
+

1

4

∣∣∣∣→ δ0.

If by passing to a subsequence of an without changing notation we
can achieve

lim sup

∣∣∣∣U(an)

a2n

∣∣∣∣ > 0,

then we assume that we have passed to such a subsequence.
Otherwise, we have U(an)/a2n → 0. However, since (10.0.48) holds

and since the complement of the exceptional set E is connected and
any two points outside E can be connected by a path that does not
deviate too much from the line segment joining the two points, we can

join an outside E to a point bn with |bn| ≥ |an| such that
∣∣∣U(bn)

b2n

∣∣∣ is

close to a value b ∈ (0, 1/5] depending on w. This is because U(z)/z2

is continuous and there are points outside E where |U(z)/z2| gets close
to a fixed positive number. Since |U(z)/z2| is close to zero at the an,
we may stop on such a path on our way from an onwards at a point bn
where |U(z)/z2| is positive but not too large even if |U(z)/z2| were to
get very large at some other points. In this way, by passing to a further
subsequence without changing notation if necessary, we find points bn
such that ∣∣∣∣U(bn)

b2n
+

1

4

∣∣∣∣→ δ1 > 0 and

∣∣∣∣U(bn)

b2n

∣∣∣∣→ δ2 > 0,

that is, both sequences tend to strictly positive limits as n→∞.
We now fix n, write z0 instead of bn (or instead of an if it was not

necessary to replace an by bn), and consider what can be said about
the behaviour of w in a disk B(z0, ε|z0|), where ε > 0 is to be chosen
in a moment.

Let ε0, ε1, ε2, . . . be small positive parameters whose relations we will
fix later. We assume these parameters to be so small that the various
assumptions of the lemmas that we will use will be satisfied. At the
end, each of these parameters will be fixed. We take the view that
after fixing all the parameters, we then perform all considerations only
for points z0 such that |z0| is large enough, depending on these choices.
This is possible since z0 represents a generic point in a sequence that
tends to infinity.

Observe first that we may fix K1 > 0 so that whenever |z| is suffi-

ciently large and z /∈ E, then |U(z)| ≤ K1|z|2 and |w(z)| ≤ K
√
|z|.

Moreover, again if z /∈ E, we conclude from (U/z2)′ = U ′/z2 − 2U/z3
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that

|(U/z2)′| ≤ |w/z|2 + 2K1/|z| ≤ |z|−1(2K1 +K2).

If ε > 0 is small enough and z /∈ E in the disc B(z0, ε|z0|), then
|z − z0| < ε|z0| and so∣∣∣∣U(z)

z2
− U(z0)

z20

∣∣∣∣ ≤ ∫ z

z0

∣∣∣∣(U(t)

t2

)′∣∣∣∣ |dt| ≤ 2K1 +K2

(1− ε)|z0|
K2|z − z0| < K3ε.

Here K2 depends on the length of the path of integration from z0 to z
outside of the set E. Clearly, K3 = (1− ε)−1K2(2K1 +K2). Therefore,
(1.0.2) can be written as (w′/z)2 = Q, where

Q(z) ≡
(
w(z)2

z
+

1

2

)2

−
(
U(z)

z2
+

1

4
− 2αw(z)

z2

)
(10.0.49)

=

(
w(z)2

z0
+

1

2

)2

−
(
U(z0)

z20
+

1

4

)
+ c1,(10.0.50)

where
(10.0.51)

c1(z) =
2αw(z)

z2
−
(
U(z)

z2
− U(z0)

z20

)
+w(z)2

z0 − z
z0z

+w(z)4
(z0 − z)(z0 + z)

z20z
2

.

Thus

(10.0.52) |c1| ≤
2|α||w(z)|
|z0|3/2

(1 + 2ε) +K3ε+K2ε+ 3K4ε ≤ K4ε,

provided that ε > 0 has been suitably fixed first, and then z0 has been
chosen with |z0| large enough.

Denoting now

(10.0.53) Q1 :=

(
w(z)2

z0
+

1

2

)2

−
(
U(z0)

z20
+

1

4

)
we see that √

Q =
√
Q1 + c1 =

√
Q1

√
1 + c1/Q1

and so
1√
Q

=
1√
Q1

1√
1 + c1/Q1

.

Choose now ε1 > 0 small enough and define

E1 =

(
z :

∣∣∣∣∣
(
w(z)2

z0
+

1

2

)2

−
(
U(z0)

z20
+

1

4

)∣∣∣∣∣ < ε1,
|z − z0|
z0

< ε

)
.
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In other words, in the disk B(z0, ε|z0|), we consider small disk-like sets
about the points ζ0 such that

w(ζ0) = ±

√√√√z0

(
−1

2
±

√
U(z0)

z20
+

1

4

)
,

i.e., about points where w takes certain four (fixed) values.
These values w(ζ0) are what were denoted by A in Lemma 8.1. Let

us denote these four values by A1, A2, A3, A4, so that(
w(z)2

z0
+

1

2

)2

−
(
U(z0)

z20
+

1

4

)
=

4∏
j=1

(
w(z)− Aj√

z0

)
.

Here either value for
√
z0 can be used as long as we are consistent.

We consider the separation between any two Aj. If two of them were
very close since the outer square root is close to zero, we would have

−1

2
±

√
U(z0)

z20
+

1

4

close to zero, which means that U(z0)/z
2
0 is close to zero. We have

excluded this, and it follows that any two points like this are separated
by at least η0

√
|z0|, for a fixed η0 > 0. If two points arising from

different signs for
√

U(z0)

z20
+ 1

4
are close to each other, then their squares

are close to each other, so that the two values of
√

U(z0)

z20
+ 1

4
are close

to each other. But this is impossible since U(z0)

z20
+ 1

4
is bounded away

from zero. It follows that

min{|Aj − Ak| : 1 ≤ j < k ≤ 4} ≥ η0
√
|z0|,

for a fixed η0 > 0, independent of the choice of z0 in our sequence.
Indeed η0 depends onlly on δ1 and δ2. It follows that if z ∈ E1, then,
if ε1 is small enough in relation to η0, we have

|w(z)− Aj| <
8ε1
√
|z0|

η30
for exactly one value of j with 1 ≤ j ≤ 4. Here we assume that
ε1 is so small if compared to η0, that for all k 6= j we then have
|w(z)− Ak| ≥ (η0/2)

√
|z0|.

Our assumptions imply further that for some ε2 depending only on
η0, we have |Aj| ≥ ε2

√
|z0| for all j with 1 ≤ j ≤ 4. Similarly, since

U(z)/z2 is bounded outside E, we have |Aj| ≥ K0

√
|z0| for all j with

1 ≤ j ≤ 4, for a fixed K0 > 1.
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Suppose that w(z0) itself is close to one of the values Aj, say |w(z0)−
Aj| < ε2

√
|z0|. Then we modify z0 before proceeding further, as fol-

lows. Move z0 along a line segment towards the nearest pole of w. By
Lemma 8.1, we need to move by a distance less than ε3/

√
|z0| to get

to a point z′ such that |w(z′)−Aj| = ε2
√
|z0|. If ε2 is small enough in

relation to η0, then |w(z′) − Ak| ≥ ε2
√
|z0| for all k with 1 ≤ k ≤ 4,

so that we can replace z0 by z′, without changing notation. We are
staying outside E, and by the analysis above,∣∣∣∣U(z0)

z20
− U(z′)

z′2

∣∣∣∣ ≤ K3
|z0 − z′|
|z0|

≤ K3ε3|z0|−3/2,

so that our assumptions concerning δ1 and δ2 do not change.
After ensuring that z0 is properly chosen as above, the situation now

is addressed by Lemmas 8.1 and 9.2. Once all parameters have been
fixed and |z0| is large enough, it follows that in the disk B(z0, ε|z0|),
there are at most K ′ε2|z0|3 points ζ0 at which w takes any one of the
four values Aj, for a suitable constant K ′ that can be chosen indepen-
dent of ε and the other εj−type parameters (the price for this inde-
pendence is that |z0| must be larger than a number that does depend
also on ε). Furthermore, there are disjoint disks around these points
ζ0, whose union contains E1, such that the total area of the disks does
not exceed

K ′ε2|z0|3π(ε3/
√
|z0|)2 = πK ′ε2ε23|z0|2,

which is a small fraction of the area πε2|z0|2 of the disk B(z0, ε|z0|).
This is because K ′ is independent of ε3, and we can choose ε3 suffi-
ciently small. It follows that

B1 ≡ B(z0, ε|z0|) \ (E ∪ E1)

is a path connected set whose any two points a, b can be connected in
it by a path whose length is at most π|a− b|, and whose area is almost
equal to that of the disk B(z0, ε|z0|).

Suppose now that z ∈ B1. We wish to estimate w(z). In the integrals
below, we integrate from z0 to z along a path in B1 whose length
is not too large, as we just explained. Fix a choice for

√
z0. Write

w̃(z) = w(z)/
√
z0. From (1.0.2), we obtain, with an appropriate local

choice of the square root,

z2 − z20
2

=

∫ z

z0

t dt =

∫ z

z0

dw(t)√
Q(t)

=

∫ z

z0

dw(t)√
Q1

1√
1 + c1/Q1

=

∫ z

z0

dw(t)√
Q1

+

∫ z

z0

dw(t)√
Q1

(
1√

1 + c1/Q1

− 1

)
.
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We can write

1√
Q1

(
1√

1 + c1/Q1

− 1

)
=

1√
Q1

(
1−

√
1 + c1/Q1√

1 + c1/Q1

)
.

We have ∫ z

z0

dw(t)√
Q1(t)

=

∫ w(z)

w(z0)

dw√∏4
j=1

(
w−Aj√
z0

) ,
which is an elliptic integral. With A′j = Aj/

√
z0, it reads

√
z0

∫ w̃(z)

w̃(z0)

dw̃√∏4
j=1

(
w̃ − A′j

) =
√
z0I(w̃(z)),

say. Here the integration variable w follows the path of w(t) as t moves
from z0 to z, and analogously for the variable w̃. In particular, we have
|w̃(t)| ≤ K and |w̃ −A′j| ≥ ε1 for all j, throughout this path. There is
an elliptic function P (w) such that P (I(w)) = w for all w ∈ C. The
function P depends on the four numbers A′j and on the number w̃(z0).
Due to the constraints on the Aj, the period parallelogram of P has
area A′ such that 1/C ≤ A′ ≤ C for some C > 1 depending only on ε2
and K0, hence independent of the point z0 in our sequence.

On our path, we have

|c1/Q1| ≤ K4ε/ε1.

Now we come to the only really subtle point in the argument. We
choose some small value for ε1. We may choose a small extra parameter
η1 ∈ (0, 1/100]. After that, we choose ε so small that K4ε/ε1 < η1.
Here it is essential that the number K ′ was independent of ε and of ε1,
so that we can still guarantee that the set E1 is small.

After these choices, we note that

|1−
√

1 + c1/Q1| ≤ η1, |
√

1 + c1/Q1| ≥ 1− η1,
so that ∣∣∣∣∣1−

√
1 + c1/Q1√

1 + c1/Q1

∣∣∣∣∣ ≤ η1
1− η1

< 2η1.

We obtain

z2 − z20
2
√
z0

= I(w̃(z)) +

∫ z

z0

dw̃(t)√∏4
j=1

(
w̃(t)− A′j

)Q2(t),

where
|Q2(t)| ≤ 2η1
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for all t on our path.
On the set where |w̃| ≤ K, we have |w′(t)| ≤ K6|t| for some K6 > 1.

Thus ∣∣∣∣∣∣
∫ z

z0

dw̃(t)√∏4
j=1

(
w̃(t)− A′j

)Q2(t)

∣∣∣∣∣∣ ≤ π|z − z0|K6(1 + ε)
√
|z0|2η1

ε22

≤ 4πη1K6

ε22
|z − z0|

√
|z0|.

If η2 ∈ (0, 1/100] is another preassigned parameter, we may assume
that η1 was chosen so small that

4πη1K6

ε22
< η2.

We now obtain

w̃(z) = P

(
z + z0
2
√
z0

(z − z0) + A5|z − z0|
√
|z0|
)
,

where the function A5 satisfies |A5| ≤ η2. Hence

w̃(z) = P

(
z + z0
2
√
z0

(z − z0) (1 + A6)

)
= P (

√
z0(z − z0) (1 + A7)) ,

where the functions A6, A7 satisfy |A6| ≤ η2/(1 − ε) < 2η2, |A7| ≤
2η2 + ε.

As z covers the disk B(z0, ε|z0|), the quantity
√
z0(z−z0), and hence

also the quantity

Z =
√
z0(z − z0) (1 + A7) ,

covers a set that is almost equal to a disk centered at the origin and of
radius ε|z0|3/2 and hence of area πε2|z0|3. As z omits the set E ∪ E1,
only a small fraction of this area can be omitted. Thus the quantity Z
covers about

n1 = πε2|z0|3/C

period parallelograms of P , covering, of course, only those parts of
them where |P | ≤ K. Now K is large, so values on the unit circle are
taken by P at least about n1 times in B1. By Cartan’s identity, since ε
is fixed, it follows that T ((1+ε)|z0|, w) is at least a fixed constant times
|z0|3. Since we obtain this result for a sequence of points z0 tending
to infinity, it follows that the order of w is at least 3. This proves
Theorem 1.1 in case A.
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11. Integrating outside an exceptional set:
trigonometric case

11.1. Case B. We give a shorter proof since the details can be filled
in in the same way as in Section 10.

We first consider the case

lim
z→∞,z /∈E

(
U(z)

z2
+

1

4

)
= 0.

We may proceed as in Section 10 up to

(11.1.54) Q =

(
w(z)2

z0
+

1

2

)2

−
(
U(z0)

z20
+

1

4

)
+ c1,

where

|c1| ≤
2|α||w(z)|
|z0|3/2

(1 + 2ε) +K3ε+K2ε+ 3K4ε ≤ K4ε,

provided that ε > 0 has been suitably fixed first, and then z0 has been

chosen large enough. Since limz→∞,z /∈E

(
U(z)
z2

+ 1
4

)
= 0, (11.1.54) takes

the form

(11.1.55) Q =

(
w(z)2

z0
+

1

2

)2

+ c(z),

where we may assume that |c(z)| ≤ Kε for some K > 0 and z /∈ E,
again provided |z| is large enough. Moreover, we may assume that
the exceptional set E includes sufficiently small neighborhoods V (q)
of the zeros q of w(z) to enable the argument below. Denoting now
w̃(z) := w(z)/

√
z0, w0 = w(z0) we first get for z ∈ B(z0, ε|z0|),

(11.1.56)

∫ w

w0

dw√
Q− c

=
√
z0

∫ w̃

w̃0

dw̃

w̃2 + 1/2
.

Writing
√
Q =

√
Q− c

√
1 + c/(Q− c), we have |c/(Q − c)| ≤ K ′ε.

Here we assume that |w(z)| > A
√
|z| for a suitable small constant A

for z /∈ E. Therefore,
√

1 + c/(Q− c) = 1 + o(1) and so

(1 + o(1))

∫ w

w0

dw√
Q

=
√
z0

∫ w̃

w̃0

dw̃

w̃2 + 1/2
.

Observing that w′/z =
√
Q, hence

∫ w
w0

dw√
Q

=
∫ z
z0
zdz, and that |z−z0| <

ε|z0|, we immediately obtain

(1 + o(1))(z − z0)
√
z0 =

∫ w̃

w̃0

dw̃

w̃2 + 1/2
=
√

2

∫ w̃

w̃0

d(w̃
√

2)

(w̃
√

2)2 + 1
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=
√

2(arctan(
√

2w(z)/
√
z0)− arctan(

√
2w(z0)/

√
z0)).

Cover now {z : r < |z| < 2r}\E by a fixed number of discs B(z0, ε|z0|),
ε > 0 small enough. Indeed, we need at most 3/ε2 such discs. Let
now β, say, be an arbitrary value on the unit circle. An elementary
computation shows that there are at most

√
2π−1ε|z0|3/2(1 + o(1)) β-

points of w in the disc B(z0, ε|z0|), and these β-points are simple for
z large enough. Since there are no such β-points in E ∪ E1 for z large
enough, we see that there are at most

3
√

2

ε
|z0|3/2(1 + o(1)) ≤ (2/ε)r3/2

β-points of w in the annulus {z : r < |z| < 2r} for r sufficiently large.
Recalling the Cartan formula, we obtain that

T (r, w) =
1

2π

∫ 2π

0

N(r, eiθ, w)dθ + b,

b a constant, grows at most like r3/2, meaning that ρ(w) ≤ 3/2. Hence
ρ(w) = 3/2.

11.2. Case C. Finally, suppose w(z) is a transcendental solution of
(1.0.1) such that

lim
z→∞,z /∈E

U(z)

z2
= 0.

We proceed to show that ρ(w) = 3/2 in this case as well. (In fact, we
already needed to know this when we dealt with Case A.) Using the
notations of the preceding case, we have

Q =

(
w(z)2

z0
+

1

2

)2

− 1

4
+ c(z),

where the error term c(z) satisfies |c(z)| ≤ K ′ε, hence c(z) = 1 +
o(1), using the same reasoning as above. Denoting this time t(z) =
w(z)/

√
z0, t0 = w(z0), we obtain

(1 + o(1))

∫ w

w0

dw√
Q

=
√
z0

∫ t

t0

dt√
(t+ 1/2)2 − 1/4

=
√
z0

∫ t

t0

dt√
t2 + t

.

Since w′/z =
√
Q, we may integrate the right hand side and use the

previous reasoning to the left hand side to obtain

(1 + o(1))(z − z0)
√
z0 = 2 log(

√
t+
√

1 + t) +O(1).



SECOND PAINLEVÉ TRANSCENDENTS 45

We may write this in the form

(11.2.57)
√
t+
√

1 + t = exp

(
1

2
(1 + o(1))(z − z0)

√
z0 +O(1)

)
.

Covering again the set {z : r < |z| < 2r} \ E by 3/ε2 discs B(z0, ε|z0|)
as in the previous case, taking a value β arbitrarily from the unit
circle, and recalling the periodicity 2πi of the exponential function,
we immediately see that there are at most O(|z0|3/2) β-points of w in
such a disc B(z0, ε|z0|). Since there are no β-points of w(z) in the
exceptional set for z0 large enough, we deduce that n(r, w) = O(r3/2).
Making use of the Cartan formula again, we conclude that w(z) would
be of order 3/2 at most, hence of order ρ(w) = 3/2.
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