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The linear and nonlinear stability of Chapman-Jouguet (CJ) and overdriven

detonations of Zeldovich-von Neumann-Döring (ZND) type are examined in the

context of the idealized condensed phase (liquid or solid) detonation model. This

model includes a two-component mixture (fuel and product), with a one-step irre-

versible reaction possessing a rate that is pressure-sensitive (pn) and has a variable

reaction order (ν). It also assumes a constant-γ caloric equation of state for an

ideal fluid, in which the adiabatic exponent γ = 3, and invokes the strong shock

limit. A linear stability analysis of the steady, planar, idealized condensed-phase

ZND detonation wave is conducted using a normal-mode approach. An asymp-

totic analysis of the perturbation variable structure at the end of the reaction

zone is conducted, and boundedness (or closure) conditions derived, whose precise

form depends on the detonation overdrive (f) and reaction order. Boundedness

conditions must be imposed in the cases where f = 1, 1/2 ≤ ν ≤ 1, and f > 1,

ν = 1, while an acoustic radiation condition, which imposes zero signal amplitude

on the forward-going characteristic at the end of the reaction zone, is required

in the cases where f > 1, 1/2 ≤ ν < 1, for which no boundedness condition

exists. We also find that while the boundedness or radiation conditions can have

a similar structural form for CJ and overdriven waves, they have a different phys-

ical interpretation. The results of the linear stability analysis are presented for
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one- and two-dimensional perturbations, and several differences are highlighted

with the known linear stability characteristics of ZND detonations governed by

the idealized gas-phase detonation model. The long-time nonlinear behavior of

one-dimensional pulsating, idealized condensed-phase detonations are also exam-

ined, and show the prominence of a ‘beating’ instability. These calculations are

conducted using a new, high-order, algorithm that employs a shock-fitting strat-

egy, an approach that has significant advantages over standard shock-capturing

methods for calculating unstable detonations with pressure-sensitive reaction rate

laws.

1. Introduction

A detonation is a form of propagating wave front that can occur in gaseous,

liquid or solid explosives. It has a structure consisting of a lead shock which is

sustained by chemical reaction in a following reaction zone. In gases, detonation

fronts tend to propagate in a highly unsteady manner, the most common illus-

tration of which is the formation of spectacular fish-scale patterns on the walls of

rectangular shock tubes lined with soot-covered aluminum foil (Fickett & Davis

1979). Detonation speeds in gases occur in the range of 1,000-2,000m/s, with peak

shock pressures of the order of 10-100kPa. On the other hand, in solid explosives,

detonation speeds occur in the range 8,000-10,000m/s, with peak pressures of the

order of tens to hundreds of gigapascals (Fickett & Davis 1979).

The mathematical and numerical modelling of detonation waves is almost in-

variably undertaken in the context of the compressible, inviscid Euler equations of

motion accounting for heat addition from chemical reaction. All thermodynamic

variables are assumed to be in local thermodynamic equilibrium everywhere.

Steady, planar detonation wave solutions can be constructed in the context of

this model. The most familiar are known as ZND waves, after Zeldovich, von-

Neumann and Döring (Fickett & Davis 1979). The ZND wave profile consists of

a sharp (discontinuous) shock front, followed by a finite zone of chemical reaction,

in which the flow is subsonic relative to the shock, which terminates at a location

known as the “final point”. The (inert) flow downstream of the final point is de-
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pendent on the nature of the rear boundary. Fickett & Davis (1979) restrict the

term ZND to the case of a single irreversible reaction of positive thermicity (a

quantity which measures the conversion of chemical bond energy to macroscopic

translational energy), and we will adopt this convention in the following. Each

wave of ZND type has a minimum sustainable detonation speed, Dmin, known as

the Chapman-Jouguet (or CJ) speed in which a sonic flow point (relative to the

detonation shock speed) arises at the final point. Such waves have the property

that the reaction zone between the shock and sonic point is acoustically isolated

from the flow structure downstream of the sonic point. Importantly, the speed of

and the thermodynamic state at the final point in the CJ wave are determined

by the initial upstream shock state and by the equation of state for the reaction

products alone. The particular form of the reaction rate law, and the equation

of state for partially reacted material, affect only the interior structure of the

reaction zone. Any ZND wave traveling with a speed higher than Dmin is called

overdriven, and must be mechanically supported in some fashion, e.g by a driving

piston. In this case, the region of flow between the shock and supporting bound-

ary is subsonic, and between the final point and the supporting boundary there

is a region of spatially-uniform flow. For waves of CJ type, the detonation can

be supported, in which case the region downstream of the sonic point consists of

spatially uniform flow, or underdriven, in which case there is a region of unsteady

supersonic flow downstream of the sonic point, where an expansion (or Taylor)

wave connects the state at the final point to the rear boundary. The Taylor wave

may or may not be attached to the final point.

Given that such steady, planar solutions are rarely observed in practice, par-

ticularly so in gaseous explosives, it is clearly of importance to understand the

mechanisms that result in these steady solutions being unstable. Consequently,

the linear and nonlinear stability of steady, planar, gas-phase detonations has

been studied extensively via analytical and numerical investigations. These an-

alyzes are based on a flow model consisting of the reactive form of the Euler

equations, as discussed above, but in addition assume caloric and thermal equa-

tions of state for an ideal reactive gas. The most commonly studied reaction model

involves an assumption of one-step, irreversible, mole-preserving chemistry with

Arrhenius temperature rate form and simple depletion (i.e. a unit reaction order).
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With these assumptions, we will label this system as the ideal gas-phase deto-

nation model. Analyzes of the linear stability properties of detonations governed

by the ideal gas-phase detonation model, that solve the linearized system with-

out asymptotic approximation, include those by Erpenbeck (1964), Lee & Stewart

(1990), Bourlioux, Majda & Roytburd (1991), Bourlioux & Majda (1992), Sharpe

(1997) and Short & Stewart (1998). All these studies, except Erpenbeck (1964),

employ a standard normal-mode approach. These analyzes highlight a bifurcation

parameter family consisting of four primary members: the detonation overdrive,

the activation energy of the reaction, the heat release and the adiabatic exponent.

Although there are exceptions, the basic stability behavior within certain ranges

can be characterized as follows: detonations tend to become unstable to one-

and multi-dimensional disturbances in the limits of decreasing overdrive, increas-

ing heat release, increasing activation energy and decreasing adiabatic exponent.

Several linear stability studies of detonations with more complex reaction models

have also been conducted, including two-step models (e.g. Short & Sharpe 2003),

three-step (e.g. Short & Dold 1996, Short & Quirk 1997) and pathological models

(e.g. Sharpe 1999).

Most of the studies on nonlinear detonation stability have been conducted via

high resolution numerical simulation of detonations governed by the ideal gas-

phase detonation model (e.g. Bourlioux, Majda & Roytburd 1991, Bourlioux &

Majda 1992, Sharpe & Falle 1999, Sharpe 2001, Ng et al. 2005, Hendrick, Aslam

& Powers 2005). These studies appear to be successful in capturing the main

form of (quasi) one-dimensional instabilities observed experimentally, including

single-period limit cycle oscillations, period-doubling bifurcations and apparently

chaotic solutions, as well as the multi-dimensional fish-scale patterns caused by

the propagation of triple shock point interactions transverse to the main deto-

nation front. These basic features remain when multi-step chemistry is employed

(e.g. Radulescu et al. 2002). However, there still remain several questions as to

how well resolved the multi-dimensional calculations are (Sharpe 2001). In addi-

tion to the direct simulation approaches, both one- and two-dimensional weakly

nonlinear evolution equations about linear neutral stability points have also been

constructed (Bourlioux, Majda & Roytburd 1991, Majda & Roytburd 1992). Fi-

nally several asymptotic approaches have been described for investigating the
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linear and nonlinear stability of detonation, that invoke a limiting decomposition

of the underlying steady wave to make analytical progress. Examples include

include low-frequency formulations (e.g. Yao & Stewart 1996, Short & Sharpe

2003), high overdrive limits (e.g. Clavin & He 1996) and weak heat release limits

(e.g. Short & Stewart 1999, Clavin & Williams 2002).

On the other hand, there has been comparatively little work conducted on the

linear and nonlinear stability of detonations in condensed phase (either liquid or

solid) explosive systems. Partly, this is hampered by the lack of knowledge of

detonation structures in such systems, and although there is some evidence of

multi-dimensional instability in liquid systems such as nitromethane, any rela-

tionship between the observed transverse wave structures and those in gaseous

systems has not yet been clarified (Fickett & Davis 1979). In contrast to gas-

phase detonations, the role of the material confiner surrounding the explosive

will likely heavily influence the evolution of any transverse wave instability, the

degree to which will depend on whether the explosive is heavily confined (e.g.

by brass or steel) or weakly confined (e.g. by air). For example, with weak con-

finement, large scale disturbances, known as failure waves, continually form at

the confiner edge and propagate into the interior, interact with each other in a

similar fashion to triple point interactions in gas-phase detonations, and form

patterns similar to those observed on soot foil records (Fickett & Davis 1979).

It is likely though that such patterns are not related to any underlying insta-

bility of the primary detonation wave. At present, the general consensus is that

while detonation wave instabilities may occur in some condensed phase explosive

systems under heavy confinement (W.C. Davis 2004, private communication),

in most practical condensed-phase detonation configurations, there is, as of yet,

no evidence of instability. This can be observed, for example, from the smooth

time-of-arrival data taken from a detonation propagating in a cylindrical stick of

the high-explosive PBX9501 (Bdzil et al. 2003). Consequently, it is important to

determine whether or not the models used for simulating the behavior of detona-

tions in condensed-phase systems give rise to unstable detonation fronts. If they

do, then such models may contain different physics to the real explosives they

are used to describe.

From a modeling viewpoint, the ability to accurately predict detonation be-
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havior in condensed phase explosives is hampered by the lack (and complexity)

of accurate equations of state and of suitable reaction models. One popular,

and straightforward, model that is often used in the context of condensed-phase

detonation modeling consists of a one-step, irreversible reaction with a pressure-

sensitive reaction rate (r) of the form,

r = k(1 − λ)νpn, (1.1)

where k is a rate constant, λ is a reaction progress variable, ν is the reaction

order, and n is a measure of the pressure sensitivity. Upstream pressure is ignored

(the so-called strong shock limit). This model also consists of an assumption of

a constant-γ caloric equation of state appropriate to an ideal gas, in which the

adiabatic exponent γ is assumed to take the value γ = 3. This choice gives a CJ

detonation speed that is in the appropriate range for condensed phase systems.

This model, which we hereafter now refer to as the “idealized condensed-phase

detonation model”, has been extensively used for the theoretical analysis of the

properties of condensed phase detonations (Fickett & Davis 1979, Bdzil et al.

2003). Note that the above pressure-sensitive reaction rate (1.1) is also one of

the primary components of the popular ignition and growth reaction model (Lee

& Tarver 1980, Tarver, Kury & Breithaupf 1997), in which the three stages of

the reaction are modelled with rates of the basic form (1.1), in which different

selections of ν (0 < ν ≤ 1) and n are made to fit a particular explosive. In the

present paper, we will study the linear and nonlinear stability of steady, planar

(ZND) detonations for the ideal condensed phase detonation model, with the

aim of establishing the differences between the stability characteristics of ZND

detonations in the idealized condensed-phase and gas-phase models.

The ZND detonation structure defined by this model has some interesting

properties that distinguishes itself from the ZND detonation structure obtained

from the idealized gas-phase detonation model. For instance, the reaction rate

always takes its maximum at the shock. Also, while for simple depletion (ν = 1)

the reaction zone is formally of infinite spatial extent for both overdriven (f > 1)

and Chapman-Jouguet (f = 1) waves (as it is for ν > 1), for sub-unity reaction

orders, ν < 1, the reaction zone is of finite spatial extent for f ≥ 1. In addition, for

all overdriven waves with ν > 0, the thermodynamic state variables all possess a
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zero spatial gradient at the final point (where λ = 1), as is the case for Chapman-

Jouguet (f = 1) waves with ν > 1/2. For square-root depletion (ν = 1/2) and

f = 1, the thermodynamic variables have a finite spatial gradient at λ = 1, and

for f = 1, ν < 1/2, this spatial gradient is infinite at λ = 1.

The linear stability of the ZND detonation in the ideal condensed phase det-

onation model is first studied using a normal mode approach. In this paper, we

have restricted the reaction order to the range 1/2 ≤ ν ≤ 1. Of particular im-

portance in this analysis is the derivation of appropriate closure conditions at

the end of steady reaction zone for the eigenfunction system contained within

the normal mode decomposition. It transpires that we will need to derive closure

conditions that cover six different cases: for CJ waves (f = 1) with reaction orders

ν = 1/2, 1/2 < ν < 1 and ν = 1, and for overdriven waves (f > 1) with ν = 1/2,

1/2 < ν < 1 and ν = 1. The calculated linear stability properties are found to

be markedly different from that for ZND waves defined by the ideal gas-phase

detonation model. We also compare the predictions of the normal mode analysis

with some one- and two-dimensional direct numerical integration calculations of

the idealized condensed-phase detonation model.

The one-dimensional nonlinear evolution of unstable detonations in the ideal

condensed phase model is also studied. In order to calculate this evolution, which

is characterized by a pulsating instability of the detonation front, we use a new

shock-attached numerical method derived by Henrick, Aslam & Powers (2005),

which provides third-order spatial and temporal accuracy without the shock clip-

ping that occurs for standard shock capturing methods. The latter methods do

not perform well for the current pressure-sensitive reaction rate scheme due to

the reaction rate sensitivity at the shock. Some interesting dynamical features are

identified that do not appear for pulsating detonations in the idealized gas-phase

detonation model.

The paper is laid out as follows: in section 2, we provide a description of a

general ideal detonation model, from which both the ideal condensed-phase and

gas-phase models can be extracted. The ZND structure of the idealized condensed

phase detonation for both CJ and overdriven waves is explored in §3. In §4, we

formulate a normal mode linear stability analysis of the ZND wave for the general

ideal detonation model. In §5, we conduct an equilibrium zone analysis for small
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amplitude perturbations to overdriven waves with sub-unity reaction orders. In

§6, the nature of the propagation of pressure disturbances along the sonic line

in the steady CJ wave for ν ≤ 1 is analyzed. A boundedness analysis for the

linearized perturbations at the end of the reaction zone is conducted in §7, and

various closure conditions for the determination of the linear stability spectra are

derived. In §8, the results of the linear stability analysis of ZND waves defined by

the idealized condensed-phase detonation model are presented, as well as some

comparisons between the predictions of the normal mode analysis and some direct

numerical integrations of the ideal condensed-phase detonation model in one- and

two-dimensions. Finally, some nonlinear one-dimensional pulsating instabilities of

the idealized condensed-phase detonation are analyzed in §9.

2. Ideal detonation model

(a ) Equations

The nondimensional equations of motion coupled with an equation for species

conservation for the two component reaction F → P are given by

DΛ

Dtl
−Λ

(
∇l · ul

)
= 0,

Dul

Dtl
= −Λ∇lp,

De

Dtl
= −pΛ

(
∇l · ul

)
,

Dλ

Dtl
= W̄ (p, Λ, λ),

(2.1)

for the volume Λ, pressure p, specific internal energy e, laboratory frame velocity

ul = (ul, vl) and reaction progress variable λ (= 1−fuel mass fraction). We adopt

the constant-γ caloric equation of state appropriate for an ideal gas,

e = e(p, Λ, λ) =
pΛ

(γ − 1)
− Qλ, (2.2)

where Q is the heat of reaction in converting F to P, and γ is the adiabatic

exponent. The (chemically) frozen sound speed c is obtained from (2.2) as

c2 = Λ2(p + e,v)/e,p = γpΛ. (2.3)

The reaction rate is given by,

W̄ =





kpn(1 − λ)ν exp (−θ/pΛ) , 1/2 ≤ ν ≤ 1;

0, λ = 1,
(2.4)

where λ = 0 represents unreacted fuel, and λ = 1 is fully depleted fuel. This

rate choice has several variable components: an algebraic pressure sensitivity
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measured by n, an Arrhenius temperature sensitivity measured by the activation

energy θ, and a reaction (or depletion) order ν, which we assume to lie in the

range 1/2 ≤ ν ≤ 1.

The above equations have been nondimensionalised such that

Λ =
Λ̃

Λ̃u

, u =
ũ

D̃
, p =

p̃

D̃2/Λ̃u

, x =
x̃

l̃
, t =

t̃

l̃/D̃
,

e =
ẽ

D̃2
, c2 =

c̃2

D̃2
, Q =

Q̃

D̃2
, θ =

Ẽ

D̃2
,

(2.5)

where Λ̃u is the upstream specific volume, D̃ is the dimensional (ZND) planar

steady detonation velocity and Ẽ is the dimensional activation energy. The rate

constant k is determined by a reference length scale which sets λ = 1/2 at x = 1 in

the nondimensionalised ZND wave, i.e. the standard half-reaction length scaling.

For ease of analysis, we now introduce a reaction progress variable transforma-

tion given by,

β =
√

1 − λ, (2.6)

where β = 1 is unreacted fuel and β = 0 is fully depleted reactant, whereupon

the species conservation equation becomes

Dβ

Dt
= −kpn

2
β2ν−1 exp (−θ/pΛ) = W. (2.7)

Note that

W,p =

(
n

p
+

θ

Λp2

)
W, W,Λ =

θ

Λ2p
W, W,β = (2ν − 1)

W

β
, (2.8)

so that W,β = 0 for a square-root depletion order (ν = 1/2).

(b ) Shock relations

The equations of motion are subject to the standard set of Euler conservation

laws across the lead shock front. Given a shock with velocity Vl = Vl(x, t), these

jump relations are:
[
ρ(ul − Vl) · n

]
= 0,

[
ρul(ul − Vl) · n + pn

]
= 0,

[
m

(
e +

1

2
ul · ul

)
+ p(ul · n)

]
,

(2.9)

for shock normal n, where

m = ρ(ul − Vl) · n (2.10)
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is the constant mass flux across the shock. If the shock surface is F (x, t) = 0, the

normal and normal shock velocity are denoted by

n =
∇lF

|∇lF | , Vl · n = − 1

|∇lF |
∂F

∂t
. (2.11)

3. Steady state

The above model supports a one-dimensional, steady, traveling wave solution.

In a reference frame x = xl − tl, with velocity defined as u = ul − 1, the traveling

wave can be described in terms of the reaction variable β through the relations

Λ = −u, p = 1 +
δ

γf
+ u,

u = − γ

(γ + 1)

(
1 +

δ

γf

)
+

(1 − δ)

(γ + 1)
√

f

[
(f − 1)

(1 − δ2/f)

(1 − δ)2
+ β2

] 1

2

.

(3.1)

Here δ (0 ≤ δ < 1) is the inverse square of the Chapman-Jouguet detonation

Mach number (with respect to the upstream mixture state), while f is the usual

detonation overdrive factor, f = D2δ, where D is the detonation Mach number.

The planar Chapman-Jouguet wave has f = 1, and is the limiting steady traveling

wave in which the flow is identically sonic at the point of complete reaction (final

point), or c = −u at β = 0. The scaled heat of reaction Q is related to δ by

Q =
(1 − δ)2

2f(γ2 − 1)
, (3.2)

so that in the strong shock limit (δ = 0), Q = 1/2f(γ2 − 1).

The ideal condensed phase detonation model is obtained from this more general

model by assuming zero temperature sensitivity (θ = 0), the strong shock limit

(δ = 0), and an adiabatic exponent γ = 3. For our purposes, the depletion

order ν and pressure sensitivity n are allowed to vary within the confines of this

model, but, in practice, they would be chosen to fit detonation characteristics

from experimental data on a particular explosive.

Before examining some steady wave profiles, it is of interest to make a few

comments on the differences in the steady wave structure for both unity and

non-unity reaction order. The spatial extent of the steady reaction zone for a

given β is

x =

∫ β

1

u

W
dβ (3.3)
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where for f ≥ 1 as β → 0, W = O(β2ν−1) and u = O(1). Thus, for simple

depletion (ν = 1), x = O(lnβ) as β → 0, and so that the reaction zone formally

has an infinite spatial extent for both Chapman-Jouguet (f = 1) and overdriven

(f > 1) waves. On the other hand, for 1/2 ≤ ν < 1, the integral (3.3) has the

asymptotic behavior x = x0 + O(β2(1−ν)) as β → 0, for a finite constant x0,

so that the reaction zone is of finite spatial extent for both Chapman-Jouguet

and overdriven waves (f ≥ 1). Also, the size of the spatial gradient of u (and

consequently p and Λ from (3.1)) at β = 0 is given by u,x = O(β2ν) for overdriven

waves (f > 1) and u,x = O(β2ν−1) for f = 1. Thus, for depletion orders in the

range 1/2 ≤ ν ≤ 1, the spatial gradients of the thermodynamic variables p, u

and Λ in the steady traveling wave vanish at β = 0 for all overdriven waves,

as they do for Chapman-Jouguet waves provided the depletion order is in the

range 1/2 < ν ≤ 1. However, for ν = 1/2, u,x = O(1) as β → 0, i.e. the spatial

gradients of the thermodynamic variables are finite. Consequently, for supported

Chapman-Jouguet waves there will be a discontinuity in u,x at β = 0 for ν = 1/2,

but u,x is continuous and equal to zero at β = 0 for 1/2 < ν ≤ 1, as is the case for

all overdriven waves with 1/2 ≤ ν ≤ 1. Finally, the reaction rate W̄ = 0 at λ = 1

(β = 0) for 1/2 ≤ ν ≤ 1. However, for ν = 1/2, the rate of change of reaction rate,

W̄,x = O(1) at λ = 1, while W̄,x = 0 as λ = 1 for 1/2 < ν ≤ 1. Thus for ν = 1/2,

the rate of change of reaction rate will be discontinuous at λ = 1. In terms of

the reaction coordinate β, these are equivalent to the conditions W = O(1) for

ν = 1/2 and W = 0 for 1/2 < ν ≤ 1 at β = 0.

We now examine some ideal condensed phase (θ = 0, δ = 0), planar, steady

detonation wave structures. Figure 1(a) shows the pressure variation through

the steady Chapman-Jouguet (f = 1) detonation reaction zone (up to the first

point where β = 0) for three reaction depletion orders, with n = 2 and γ = 3.

Beyond the first equilibrium point (where β = 0), there will be a uniform state

corresponding to that shown at β = 0 for supported Chapman-Jouguet waves, or

typically a non-uniform, unsteady expansion wave state for unsupported waves.

It is clearly seen that the detonation has a finite reaction zone length for ν < 1,

that also increases in length as ν increases. Similarly, fig. 1(b) shows that as n

increases (for fixed ν(< 1) and f(≥ 1)), the reaction zone increases in length,

but also develops a significant reaction tail (e.g. for f = 1, ν = 0.5, γ = 3 and
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Figure 1. Steady wave pressure variation (p) with x for: (a) f = 1, n = 2, γ = 3 and ν = 0.5

(solid), ν = 0.75 (dotted) and ν = 1 (dashed). (b) γ = 3, ν = 0.5, and n = 2, f = 1,

(dash-dot-dot-dot), n = 4, f = 1 (dotted), n = 2, f = 1.1 (solid), n = 4, f = 1.1 (dashed).

n = 8, the steady reaction zone has a formal length of x = −81.72, where one-

half of the fuel (0 ≤ λ ≤ 1/2) is depleted in the range −1 ≤ x ≤ 0, but the rest

(1/2 ≤ λ ≤ 1) is depleted over the much larger range −81.72 ≤ x ≤ −1). For

a fixed value of ν and n, the length of the reaction zone reduces in size as the

wave becomes more overdriven, i.e. as f increases. Also, for square-root depletion

ν = 1/2 and Chapman-Jouguet waves (f = 1), the spatial gradient of pressure

(p,x) is O(1) at β = 0, but for ν > 1/2, p,x = 0 at β = 0 (fig. 1(a)). For overdriven

waves (f > 1), on the other hand, p,x = 0 for ν ≥ 1/2 at β = 0 (fig. 1b).

Although the choice of γ = 3 is a good value for many liquid and solid explosives

(Fickett & Davis 1979), and is the value we use in the ideal condensed phase

detonation model, it is instructive to examine the steady wave variation for other

choices of γ (≥ 2). Figure 2 shows the pressure variation through the steady

detonation wave for f = 1, ν = 1/2 and n = 2 for various γ. For γ = 4, the

shock pressure is lower and the reaction zone length is shorter than that for

γ < 4. Decreasing γ increases the shock pressure, and lengthens the reaction

zone. Finally, figure 3(a) shows the variation in the steady wave reaction rate W̄

for n = 2, f = 1, γ = 3 and ν = 1/2, ν = 3/4 and ν = 1. In all cases, since the

pressure is a maximum at the shock, the reaction rate W̄ is also a maximum there.

This marks an important structural deviation from the standard temperature-

sensitive Arrhenius rate law, where the reaction rate reaches a maximum at a
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Figure 2. Steady wave pressure variation (p) with x for f = 1, n = 2, ν = 0.5 and γ = 2

(dotted), γ = 3 (solid), γ = 4 (dashed).
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Figure 3. (a) Steady wave rate variation W̄ and (b) steady wave rate of change of W̄ , W̄,x,

with x for n = 2, γ = 3, f = 1 with ν = 0.5 (solid), ν = 0.75 (dotted) and ν = 1 (dashed).

point internal to the reaction zone, and typically closer to the final point than

the shock. Figure 3b shows the corresponding rate gradient W̄,x, which is non-zero

for ν = 1/2 at λ = 1, but zero for ν > 1/2 at λ = 1.

4. Stability analysis

Below we outline briefly the normal-mode linear stability analysis for the steady

traveling wave solutions identified in §3. As noted above, this is done for the

generalized ideal detonation model, which incorporates ideal gas and condensed

phase models, but the stability results shown in §8 will be specific to the ideal

condensed phase detonation model.
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(a ) Coordinate transformation

It is convenient to introduce a general coordinate transformation from (xl, yl, tl)

to (x, y, t) such that the shock location is fixed at x = 0, i.e.

x = xl − t − Ψ(y, t), yl = y, tl = t, (4.1)

where xl = tl + Ψ(yl, tl) is the shock locus in the laboratory frame. Thus the

gradient operator ∇ in the new frame is determined by the relations,

∂

∂xl
=

∂

∂x
,

∂

∂yl
= −∂Ψ

∂y

∂

∂x
+

∂

∂y
,

∂

∂tl
= −

(
1 +

∂Ψ

∂t

)
∂

∂x
+

∂

∂t
. (4.2)

We also define a new velocity vector u, where ul = u + i.

(b ) Stability equations

The equations governing small perturbations to the steady traveling wave in

§3 are constructed in the usual way. For the present case, we seek solutions in

the normal mode form,

Ψ = Ψ0 exp(αt + iky), z = z∗ + Ψ0z
′(x) exp(αt + iky), (4.3)

for growth rate α and wavenumber k, where

z = (Λ, u, v, p, β)T , (4.4)

represents the vector of dependent variables, the superscript ∗ refers to the un-

derlying steady wave solution, and the ′ quantities indicate the spatially (x)

dependent eigenfunctions and Ψ0 � 1.

For the present analysis, it will prove convenient to change the independent

variable in the perturbation eigenfunctions from x to β∗, where β∗

,x = W ∗/u∗, so

that

d

dx
=

W ∗

u∗

d

dβ∗
. (4.5)

After some algebra, we arrive at the set of equations that govern the linear sta-

bility of a detonation with the generalized rate (2.4), namely

W ∗η∗

u∗
z′,β∗ = Â∗z′ + ŝ∗, (4.6)
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where the matrix Â∗ is defined in terms of steady state quantities as,

Â =

−




(αη − Wuu,β)/u + 2βQ(γ − 1)W,Λ (−αu2 + Wu,β(c2 − 3u2)/u)/u

c2Wu,β/u2 − 2βQ(γ − 1)W,Λ u(α + 2Wu,β/u)

0 0

−Wu,β(u2 − 2c2)/u2 − 2βQ(γ − 1)W,Λ (αc2 + Wu,β(c2 + u2)/u)/u

−W,Λη/u Wη/u2

iku2 −u(α + γWu,β/u) + 2βQ(γ − 1)W,p 2Q(γ − 1)(W + βW,β)

−ic2k u(α + γWu,β/u) − 2βQ(γ − 1)W,p −2Q(γ − 1)(W + βW,β)

αη/u −ikη 0

−ic2k u(α + γWu,β/u) − 2βQ(γ − 1)W,p −2Q(γ − 1)(W + βW,β)

0 −W,pη/u αη/u − W,βη/u




(4.7)

and the vector s is

s = −
[
αWu,β(3u2 − c2)/u2, −2Wαu,β , ikWu,βη/u,

−αWu,β(c2 + u2)/u2, −αWη/u2
]
.

(4.8)

The variable η is the sonic parameter for the steady wave defined as

η = u2 − c2. (4.9)

(c ) Shock relations

Using the conservation relations (2.9) and expressions for the shock normal

and velocity (2.11), the perturbation variables will satisfy the relations

u′ =
2(1 + δ/f)

γ + 1
α, p′ =

4

γ + 1
α, v′ = −2(1 − δ/f)

γ + 1
ik,

Λ′ = − 4δ/f

γ + 1
α, β′ = 0,

(4.10)

at β∗ = 1, assuming no reaction occurs in the shock.
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5. Equilibrium zone analysis for overdriven waves with sub-unity

reaction orders

An additional boundary condition, applied at β∗ = 0, is required to close the

system (4.6) with (4.10). Nominally, this must ensure spatial boundedness of the

eigenfunctions at β∗ = 0, as is the situation for the previously examined case of

ideal gas-phase detonations for simple depletion (ν = 1) and for either Chapman-

Jouguet (f = 1) or overdriven (f > 1) waves (Sharpe 1997). For overdriven

waves with a sub-unity reaction order, however, it will transpire that all the

eigenfunctions components are spatially bounded at β∗ = 0, and no boundedness

condition can be thus enforced. These cases require special attention, as discussed

below. From this point forward, we drop the superscript ∗ that is used to denote

steady wave solution components.

When ν < 1, the steady traveling detonation has a reaction zone of finite

spatial extent, independent of whether the wave is of Chapman-Jouguet type or

it is overdriven. For overdriven waves, f > 1, there will then be an equilibrium

region of uniform, subsonic flow between the end of the reaction zone and the

supporting piston (say). Unsteady linear perturbations to the uniform state in

this region, of the normal mode form (4.3), will satisfy the equations,

z′a,x = Ã0z
′

a, za = (Λ, u, v, p)T (5.1)

where,

Ã = −1

η




αη/u −αu iku2 −αu

0 αu −ic2k αu

0 0 αη/u −ikη

0 αc2/u −ic2k αu




, (5.2)

and the subscript zero is used to denote steady state conditions at β = 0. Of

course, (5.2) are the standard equations that govern compressible, linear acoustic

perturbations from a uniform, constant state. The eigenvalues of Ã0 are

λ1 = − α

η0
(u0 − c0ω), λ2 = − α

η0
(u0 + c0ω), λ3,4 = − α

u0
, (5.3)
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where

ω =
√

1 − η0k2/α2. (5.4)

The solution for z′a is

z′a =
4∑

i=1

Cirie
λix, (5.5)

where the Ci are complex constants, and the eigenvectors ri are given by

r1 = [−iuα(c − uω)/cηk, iα(u − cω)/kη, 1, iαc(c − uω)/kuη]T0 ,

r2 = [−iuα(c + uω)/cηk, iα(u + cω)/kη, 1, iαc(c + uω)/kuη]T0 ,

r3 = [1, 0, 0, 0]T , r4 = [0, iku/α, 1, 0]T0 .

(5.6)

The solution components corresponding to λ1 and λ2 represent the propagation

of pressure waves in directions toward, and away from, the rear of the reaction

zone respectively along the forward and backward facing dx/dt = u ± c char-

acteristics in the steady wave, while λ3 and λ4 are associated with entropy and

vorticity variations that occur along particle paths. The mode λ1, describing the

propagation of acoustic signals from the equilibrium zone into the rear of the

reaction zone, may be eliminated by multiplying (5.5) by the left eigenvector

corresponding to λ1, and setting the result to zero. This gives

u′ − u0ω

c0
p′ − iku0

α
v′ = 0, (5.7)

a particular integral solution of (5.1) which ensures that the signal on all the

reaction zone-facing characteristics in the equilibrium zone has zero amplitude.

Equation (5.7), also known as the acoustic radiation condition, was first rec-

ognized by Buckmaster & Ludford (1996) as the appropriate closure condition

needed to examine the linear stability of overdriven detonation waves. When no

eigenfunction boundedness condition is available as will occur for f > 1 and

1/2 ≤ ν < 1, this physically derived condition will be enforced.

6. Propagation of disturbances along the sonic line in the steady

Chapman-Jouguet wave for ν ≤ 1.

For Chapman-Jouguet waves f = 1 and a reaction order in the range 1/2 ≤
ν ≤ 1, a spatial boundedness condition on the eigenfunction solutions of (4.6)
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must be enforced. This condition is studied in §7. However, it is of some interest

to examine the nature of the propagation of linearised disturbances that occus

along the sonic line through the final point of the base steady CJ detonation

solution, so that a physical interpretation of the boundedness condition can be

made.

Steady, traveling Chapman-Jouguet waves have a bounding, forward sonic char-

acteristic (where u = −c) at the end of the reaction zone β = 0, which acoustically

isolates the reaction zone from unsteady disturbances that may arise beyond the

reaction termination point. In order to analysis what happens along this charac-

teristic when the steady wave is perturbed, we note that, without approximation,

an equation which describes any forward traveling plane wave in the x−direction

(Roe 1998), specialized to the shock frame (4.1), may be derived from (2.1)–(2.3)

as

p,t + (u + c)p,x + (c/Λ) (u,t + (u + c)u,x) = Ψ,t (p,x + (c/Λ)u,x)

−(c/Λ)v (u,y − Ψ,yu,x) − (c2/Λ) (v,y − Ψ,yv,x) + (γ − 1)(Q/Λ)Dλ/Dt.

(6.1)

When linearized about the sonic line, where u = −c and β = 0, in the steady

Chapman-Jouguet wave, assuming the disturbances decompose into the normal

mode form (4.3), we obtain the equation,

p′+u′− iku

α
v′+

Qν(γ − 1)

αu0

(
2kpnβ2ν−1

)
β′+

u,x

α

(
Λ′ + γp′ + 2(u′ − α)

)
= 0. (6.2)

A less specialized analysis that describes the propagation of any disturbance along

an arbitrary “unsteady sonic surface” is given in Kasimov & Stewart (2004).

Importantly, unlike (5.7), (6.2) is not an integral solution of (6.1), but merely a

consistency solution that recognizes the presence of a sonic characteristic in the

steady CJ wave. In particular, equation (6.2) simply describes how disturbances

are propagated along the sonic locus in the Chapman-Jouguet wave, and does not

imply that the signal strength along the path of the steady sonic characteristic

has zero amplitude, in contrast to condition (5.7) for overdriven waves. Thus

(6.2) is not a radiation condition, and even though for ν > 1/2, the condition

(5.7) limits to that of (6.2) as f → 1, the two conditions have different physical

implications. We comment further on this below.
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Finally, we note that the fourth term in (6.2) arises from perturbations in the

reaction rate, and is only non-zero for square-root depletion ν = 1/2, where the

rate of change of reaction rate in the steady wave is discontinuous at β = 0.

The last term on the left hand side of (6.2) arises if the spatial gradient of the

thermodynamic variables in the steady CJ traveling detonation wave profile are

non-zero at β = 0, and thus this term is again only present if ν = 1/2.

7. Eigenfunction boundedness analysis as β → 0.

We now analyze the asymptotic spatial structure of the solutions of the system

(4.6) in the limit β → 0. Boundedness conditions, where appropriate, on the

eigenfunction structures at β = 0 are then derived. Before proceeding, we shall

require some additional details on the structure of the steady traveling detonation

in various regimes in the limit β → 0.

First, we note some results for steady Chapman-Jouguet detonations (f = 1)

and arbitrary depletion order ν. The steady-state variation with β is obtained

from (3.1), without approximation, as

u = u0 + βu1, p = p0 + βp1, Λ = Λ0 + βΛ1, (7.1)

where

u0 = − γ

(γ + 1)

(
1 +

δ

γ

)
, p0 =

1

(γ + 1)

(
1 +

δ

γ

)
, Λ0 = −u0. (7.2)

Thus u, p, Λ = O(1) as β → 0, i.e have finite amplitude at the end of the reaction

zone. It follows that the sonic parameter (η = u2−c2) in the steady wave is given

by

η = βη̃, where η̃ = η̃0 + βη̃1 and η̃0 = −(1 − δ)(γ + δ)

γ + 1
, (7.3)

so that η = O(β) as β → 0, i.e. vanishes at the end of the reaction zone for

Chapman-Jouguet waves. Also, the velocity gradient with respect to β is given

by

u,β =
1 − δ

γ + 1
= u1, (7.4)

so that u,β = O(1) as β → 0, i.e has a finite amplitude for f = 1 at β = 0.

On the other hand, for overdriven detonations (f > 1), again with arbitrary

depletion order ν, the steady-state thermodynamic variables are expanded in the
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Figure 4. (a) Steady velocity variation with β for n = 2, ν = 0.5 and f = 1 (solid), f = 1.1

(dashed). (b) Steady rate variation with β for n = 2, and f = 1, ν = 0.5 (solid), f = 1, ν = 0.75

(dotted), f = 1.1, ν = 0.5 (dashed) and f = 1.1, ν = 0.75 (dash-dot-dot-dot).

form,

u ∼ u0 + O(β2), p ∼ p0 + O(β2), Λ ∼ Λ0 + O(β2) (7.5)

as β → 0, where

u0 = − γ

(γ + 1)

(
1 +

δ

γf

)
+

(f − 1)(1 − δ2/f)

(γ + 1)
√

f(1 − δ)
, Λ0 = −u0,

p0 =
1

(γ + 1)

(
1 +

δ

γf

)
+

(f − 1)(1 − δ2/f)

(γ + 1)
√

f(1 − δ)
.

(7.6)

In this case, the sonic parameter η = O(1) < 1 at β = 0, i.e. the flow is subsonic at

the final point. The velocity gradient u,β is such that u,β = O(β) as β → 0, i.e. is

zero for overdriven waves at β = 0. Figure 4(a) shows an example of the different

limiting behaviors of the steady velocity gradient near β = 0 for f = 1 and

f = 1.1, under the ideal condensed phase detonation model (δ = 0, θ = 0, γ = 3).

Finally, for arbitrary ν, the reaction rate (W ) has the asymptotic form

W = W̃β2ν−1, where W̃ ∼ W̃0 + βW̃1 + O(β2) and W̃0 = −kpn
0

2
e−θ/p0Λ0 .

(7.7)

For overdriven waves (f > 1), the O(β) correction to W̃ vanishes, i.e. W̃1 = 0,

but for Chapman-Jouguet waves (f = 1), W̃1 = O(1). Also, for depletion orders

in the range 1/2 < ν ≤ 1, W ∼ o(1) as β → 0 with W vanishing at β = 0, but

for square-root depletion ν = 1/2, W ∼ O(1), i.e. has finite amplitude at β = 0.

These various behaviors for W are shown in fig. 4(b).
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With the results (7.1)–(7.7) in hand, an examination of the linear system (4.6)–

(4.9) reveals that there are two potential sources of singular behavior for the

eigenfunctions as β → 0. These are associated with a zero in the steady sonic

parameter, η → 0, which may occur for Chapman-Jouguet waves, and/or a zero

in the reaction rate W → 0, which may occur for depletion orders ν > 1/2. In

all, we have to consider six different cases. As we will see below, for f = 1, β = 0

is an irregular singular point for 1/2 < ν ≤ 1, and a regular singular point for

ν = 1/2. For f > 1, β = 0 is an regular singular point for ν = 1 and an ordinary

point for ν < 1. For each case, asymptotic solutions to (4.6) for β → 0 can be

found in the form

z′ =
5∑

i=1

Ciz
′

hi + z′p, (7.8)

where the z′hi and z′p correspond to homogeneous and particular solutions respec-

tively of (4.6) in the limit β → 0, and the Ci are complex constants.

(a ) ν = 1
2

(i) Chapman-Jouguet f = 1.

For a square-root depletion order and for Chapman-Jouguet detonations, we

have η = O(β) and W = O(1) as β → 0. The system (4.6) may then be written

as

βz′,β = Ãz′ + s̃, Ã =
∞∑

i=0

βiÃi, s̃ =
∞∑

i=0

βis̃i, (7.9)

where each of the Ãi and s̃i are O(1) matrices, independent of β. Thus β = 0

is a regular singular point of (7.9), and solutions can be obtained in a standard

fashion (Wasow 2002). The five independent homogeneous solutions take the form

z′hi ∼ r0i + O(β), i = 1, 2, 3, 4; z′h5 ∼ βλ(r05 + O(β)); (7.10)

as β → 0, with right eigenvectors

r01 = [−α2/α1, 1, 0, 0, 0]
T , r02 = [−α3/α1, 0, 1, 0, 0]

T , r03 = [−α4/α1, 0, 0, 1, 0]
T ,

r04 = [−α5/α1, 0, 0, 0, 1]
T , r05 = [−1, 1, 0, 1, 0]T ,

(7.11)
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where

α1 =
u0u1

η̃0
, α2 =

u0

η̃0

(
αu0

W̃0

+ 2u1

)
, α3 = − iku3

0

η̃0W̃0

,

α4 =
u0

η̃0

(
αu0

W̃0

+ γu1

)
, α5 = −2Q(γ − 1)

u0

η̃0
.

(7.12)

A particular integral can be found in the form,

z′p ∼ z′p0 + O(β), z′p0 = [2αu1u0/η̃0λ, −2αu1u0/η̃0λ, 0, −2αu1u0/η̃0λ, 0]T .

(7.13)

The eigenvalue λ appearing in z′h5 is given by,

λ = −1 − 2αu0

(1 − δ)W̃0

, (7.14)

and since 0 ≤ δ < 1, u0 < 0 and W̃0 < 0, we have that Re(λ) < 0 wherever

Re(α) > −(1 − δ)W̃0/2u0(< 0). Consequently, for neutrally stable or unstable

modes, with Re(α) ≥ 0, the mode z′h5 is spatially unbounded as β → 0. Elimi-

nating this mode results in the compatibility relation,

u′ + p′ − iku0

α
v′ − 2Q(γ − 1)

W̃0

αu0
β′ +

W̃0u1

αu0

(
Λ′ + 2(u′ − α) + γp′

)
= 0 (7.15)

between the components of z′ that ensures only spatially bounded solutions are

present at β = 0. The boundedness condition (7.15) is in fact precisely that

derived in (6.2) when specialized to a square-root depletion law, and thus is

equivalent to the consistency condition (6.2) present when the underlying steady

traveling wave is of Chapman-Jouguet form, containing a steady sonic line at

β = 0.

(ii) Overdriven f > 1

For the overdriven case (f > 1) with square-root depletion, η = O(1) and

W = O(1) as β → 0, and the system (4.6) may be written as,

z′,β = Ãz′ + s̃, Ã =
∞∑

i=0

βiÃi, s̃ =
∞∑

i=0

βis̃i. (7.16)

Thus β = 0 is an ordinary point of the system (7.16), and solutions may be

obtained in a positive integer power series form. Consequently for square-root

depletion (ν = 1/2) and overdriven waves (f > 1), there is no closure condition

that may be obtained by eliminating spatially unbounded eigenfunctions. In this

case, we apply the physically derived condition (5.7) at β = 0, which imposes
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zero signal amplitude on all the forward-going characteristics emanating at β = 0

and from behind the reaction zone.

(b ) 1
2 < ν < 1

(i) Chapman-Jouguet f = 1.

For depletion orders in the range 1/2 < ν < 1 and for Chapman-Jouguet waves,

η = O(β) and W = O(β2ν−1), and the system (4.6) may be expanded in the form,

β2νz′,β = Ãz′ + β2ν−1s̃, Ã ∼ Ã0 + β2ν−1Ã1 + βÃ2, s̃ ∼ s̃0 + βs̃1, (7.17)

as β → 0. Thus β = 0 is an irregular singular point of (7.17). The homogeneous

solutions have the asymptotic form,

z′hi = r0i + O(β2ν−1, β2−2ν), i = 1, 2, 3,

z′h4 = β2ν−1(r04 + O(β2ν−1, β2−2ν)),

z′h5 =
1

β
eλ/β2ν−1

(r05 + O(β2ν−1, β2−2ν)),

(7.18)

where

r01 = [1, 0, 0, 0, 0]T , r02 = [0, 1, 0,−1, 0]T , r03 =

[
0, 1,

2α

iku0
, 1, 0

]T
,

r04 = [0, 0, 0, 0, 1]T , r05 = [−1, 1, 0, 1, 0]T .

(7.19)

The size of the correction terms in (7.18) depend on whether 1/2 < ν < 3/4, or

3/4 < ν < 1. A particular integral is

z′p = β2ν−1
([

−u1W̃0/u0, u1W̃0/u0, 0, u1W̃0/u0, , 0
]T

+ O(β2ν−1, β2−2ν)

)
.

(7.20)

The eigenvalue λ is given by,

λ = 2αu2
0/W̃0η̄0(2ν − 1), (7.21)

so that Re(λ) > 0 when Re(α) > 0. Consequently, for unstable modes, with

Re(α) > 0, the mode z′h5 is spatially unbounded as β → 0. For Re(α) = 0, the

mode z′h5 remains spatially unbounded as β → 0, but algebraically so. Eliminating

this mode results in the compatibility relation,

u′ + p′ − iku0

α
v′ = 0 (7.22)
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between the components of z′ that ensures spatially bounded solutions exist at

β = 0. Again, this condition is simply that of (6.2) with a depletion order in the

range 1/2 < ν < 1.

(ii) Overdriven f > 1

For the overdriven case with a depletion order in the range 1/2 < ν < 1,

η = O(1) and W = O(β2ν−1), and the system (4.6) may be expanded as,

βz′,β = Ãz′ + βs̃, Ã ∼ Ã0 + β2−2νÃ1 + βÃ2, s̃ ∼ s̃0 + βs̃1. (7.23)

Thus nominally it appears that β = 0 is a regular singular point of (7.23). The

homogeneous solutions take the form,

z′hi ∼ r0i + O(β2−2ν), i = 1, 2, 3, 4; z′h5 ∼ r05β
2ν−1 + O(β), (7.24)

where

r01 = [1, 0, 0, 0, 0]T , r02 = [0, 1, 0, 0, 0]T , r03 = [0, 0, 1, 0, 0]T ,

r04 = [0, 0, 0, 1, 0]T , r05 = [0, 0, 0, 0, 1]T .

(7.25)

A particular integral can be obtained in the form,

z′p = β
(
[0, 0, 0, 0, α/u0]

T /(2 − 2ν) + O(β2ν−1,2−2ν)
)

. (7.26)

Thus all the solutions components are in fact bounded at β = 0, and thus the

apparent singularity in (7.23) was removable. In this case, we again apply the

physically derived condition (5.7) at β = 0, which imposes zero signal amplitude

on all the forward-going characteristics emanating both from behind the reaction

zone and at β = 0.

(c ) ν = 1

(i) Chapman-Jouguet f = 1.

For simple depletion (ν = 1) and Chapman-Jouguet waves (f = 1), η = O(β),

W = O(β), and the system (4.6) may be expanded in the form,

β2z′β = Ãz′ + βs̃, Ã =
∞∑

i=0

βiÃi, s̃ =
∞∑

i=0

βis̃i, (7.27)
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as β → 0. Thus β = 0 is an irregular singular point of (7.27). The homogeneous

solutions take the asymptotic form,

z′h1 ∼ β−α/W̃0 (r01 + O(β)) + c1β
1−α/W̃0 log β (r11 + O(β)) ,

z′h2 ∼ βλ1(r02 + O(β)),

z′h3 ∼ β−α/W̃0 (r03 + O(β)) + c2β
1−α/W̃0 log β (r13 + O(β)) ,

z′h4 ∼ β1−α/W̃0(r04 + O(β)), z′h5 ∼ βdeλ2/β(r05 + O(β)),

(7.28)

as β → 0, where the right eigenvectors are,

r01 = [1, 0, 0, 0, 0]T , r02 = [a + b, a − b, 2iαb/u0k,−a − b, 0]T ,

r03 = [0, 1,−iα/u0k, 0, 0]T , r04 = r11 = r13 = [0, 0, 0, 0, 1]T , r05 = [1,−1, 0,−1, 0]T ,

(7.29)

with

a = −α/W̃0, b = −u2
0k

2/2α, c1 = θ/u2
0p0, c2 = −1/u0,

d = −1 +
4α2u0W̃1 − W̃0u1(α

2(3 − γ) − k2u2
0(γ + 1))

2(γ + 1)u1W̃ 2
0 α

.

(7.30)

A particular integral can be found in the form,

z′p = β
[
−u1W̃0/u0, u1W̃0/u0, 0, u1W̃0/u0, , 0

]T
+ O(β2). (7.31)

The eigenvalues λ1 and λ2 are given by,

λ1 = −
(
α2 + u2

0k
2
)

/2αW̃0, λ2 = 2αu2
0/W̃0η̄0, (7.32)

so that for Re(α) > 0, Re(λ1) > 0 and Re(λ2) > 0. For Re(α) = 0, Re(d) < 0,

and consequently only the mode z′h5 is unbounded at β = 0 for Re(α) ≥ 0. Upon

elimination of this mode, we arrive at the compatibility condition

u′ + p′ − iku0

α
v′ = 0, (7.33)

that ensures spatially bounded eigenfunction solutions at β = 0. Once again, this

condition is simply that of (6.2), specialized to simple depletion, ν = 1.
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(ii) Overdriven f > 1.

For simple depletion, ν = 1, and overdriven waves, η = O(1) and W = O(β).

The system (4.6) can then be expanded as

βz′β = Ãz′ + βs̃, Ã =
∞∑

i=0

βiÃi, s̃ =
∞∑

i=0

βis̃i, (7.34)

as β → 0. Thus β = 0 is a regular singular point of (7.34). The homogeneous

solutions take the form,

z′h1 = β−α/W̃0 (r01 + O(β)) + c1β
1−α/W̃0 log β (r11 + O(β)) ,

z′h2 = β−α/W̃0 (r02 + O(β)) + c2β
1−α/W̃0 log β (r12 + O(β)) ,

z′h3 = β1−α/W̃0(r03 + O(β)), z′hi ∼ r0iβ
λi + O(β), i = 4, 5,

(7.35)

as β → 0, where the right eigenvectors r01, r02 and r03 are,

r01 = [1, 0, 0, 0, 0]T , r03 = r11 = r12 = [0, 0, 0, 0, 1]T , r02 = [0, 1,−iα/u0k, 0, 0]T ,

(7.36)

and where the eigenvectors r04 and r05, and the constants c1 and c2, can be

obtained in terms of the ZND state. A particular integral can be found in the

form,

z′p = β
[
0, 0, 0, 0, W̃0/u0

]T
+ O(β2). (7.37)

The eigenvalues λ4 and λ5 are given by

λ4 = − u0α

η0W̃0

(u0 + c0ω), λ5 = − u0α

η0W̃0

(u0 − c0ω), ω =
√

1 − η0k2/α2, (7.38)

so that for Re(α) > 0, Re(λ4) > 0 and Re(λ5) < 0. Consequently only the mode

z′h5 is unbounded at β = 0 for Re(α) > 0. Upon elimination of this mode, we

arrive at the compatibility condition

u′ − u0ω

c0
p′ − iku0

α
v′ = 0, (7.39)

that ensures spatially bounded eigenfunction solutions at β = 0 for Re(α) > 0.

Thus in this case, the boundedness condition coincides with the condition (5.7)

that there should be zero signal amplitude on the forward going characteristic

emanating at the end of the reaction zone β = 0 (x = ∞). For Re(α) = 0, the

mode z′h5 is now bounded, and no boundedness condition can be applied. Thus

in this case, we again apply condition (5.7).
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(d ) Discussion

Two points of interest follow from the general eigenfunction boundedness anal-

ysis described above. First, reaction progress variable perturbations (i.e. those

involving β′), only appear in the case f = 1, ν = 1/2, and not for ν > 1/2, or for

f > 1 with 1/2 ≤ ν ≤ 1. Also, for overdriven waves (f > 1) with reaction orders

1/2 ≤ ν < 1, the condition that is enforced on the linear perturbations at the

end of the reaction zone is the physically derived condition (5.7), which imposes

zero signal amplitude on the forward going characteristic emanating at β = 0.

For f > 1 and ν = 1, the boundedness condition (7.39) is equivalent to having

zero signal amplitude on the forward going characteristic, i.e. (5.7), at β = 0. For

Chapman-Jouguet waves (f = 1) and 1/2 ≤ ν ≤ 1, boundedness conditions must

be imposed on the linear perturbations at β = 0 in all cases. These boundedness

conditions are equivalent to the relation (6.2) which simply defines how linear

disturbances would be propagated along the steady sonic characteristic at β = 0.

Since (6.2) is not an integral solution of (6.1), the condition does not imply that

the signal amplitude on the steady sonic characteristic through β = 0 is zero.

Thus although the overdriven condition (5.7) limits to that of the CJ condition

(6.2) as f → 1 for 1/2 < ν ≤ 1, the two conditions have different physical im-

plications, and thus in general, the CJ condition (6.2), which is not a radiation

condition, should not, in general, be obtained by undertaking the limit f → 1 of

(5.7). That this is true can be seen from the fact that (5.7) does not limit to (6.2)

for ν = 1/2. How, then, the transition in the behavior of the linear disturbances

around β = 0 occurs from f − 1 = O(1) to f = 1 can be ascertained through a

model Burgers equation analysis (Bdzil & Short 2004). For f − 1 << 1 > 0, the

signal amplitude along the forward-facing steady characteristic through β = 0 is

zero. However, there is a boundary layer near β = 0 (i.e. for β � 1), where the

signal amplitude on the forward-facing characteristics in this region rapidly goes

from zero to finite values. When f = 1, the boundary layer disappears, and the

signal strength on the steady sonic characteristic through β = 0 is finite. This

also explains why the relation (5.7) does not limit smoothly to that of (6.2) as

f → 1 when ν = 1/2.
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8. Linear stability of the idealized condensed phase detonation

(a ) Normal-mode analysis

In the following, the solutions of the above linear stability formulation for

ZND detonations described by the ideal condensed phase detonation model are

presented. Thus, unless noted otherwise, the parameter values θ = 0, δ = 0 and

γ = 3 will be assumed. The eigenvalue α, for a given parameter set, is formally

obtained by the integral solution of (4.6) that satisfies the shock conditions (4.10)

at β = 1 and, depending on the parameter values of f and ν, either of the

boundedness conditions (7.15), (7.22), (7.33), (7.39) or the radiation condition

(5.7) at β = 0. In practice, this is done by a shooting algorithm, similar for

example to that described in Short & Stewart (1998).

Figure 5 shows the neutral stability boundaries for two-dimensional perturba-

tions to a CJ detonation in the wavenumber k and pressure-sensitivity n space

for three values of the depletion order ν = 1/2, ν = 2/3 and ν = 1. For all

the CJ detonation parameter sets that have been studied, we have found only

a single unstable mode, and thus each of the boundaries shown in fig. 5a is the

neutral stability curve for that mode. This in contrast to our usual experience

of the stability characteristics of ZND detonations defined by the ideal gas-phase

detonation model, where, for example, the boundary defining detonation stability

to two-dimensional disturbances in activation energy-wavenumber space is typi-

cally defined by the presence of several modes (e.g. Short & Stewart 1998). We

comment further on this point below, in the context of the ZND wave stability

characteristics for increasing overdrive. For one-dimensional disturbances, the CJ

detonation is unstable for n > 5.904 when ν = 1/2 (αi = 0.0629), for n > 7.397

when ν = 2/3 (αi = 0.0774), and for n > 10.151 when ν = 1 (αi = 0.1204). For a

value of n less than the one-dimensional neutral stability point for a given ν, there

is a finite band of wavenumbers for which the detonation is unstable to transverse

disturbances. The two-dimensional CJ detonation neutral stability points occur

at n = 2.168 when ν = 1/2 (where k = 0.851, αi = 0.592), at n = 2.267 when

ν = 2/3 (where k = 1.152, αi = 0.803), and at n = 2.424 when ν = 1 (where

k = 1.855, αi = 1.296). Thus decreasing the reaction order ν tends to render the

ZND detonation less stable, i.e. a lower value of the pressure sensitivity exponent
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Figure 5. (a) Neutral stability boundaries in the n− k plane for k < 2 with f = 1 when ν = 0.5

(dotted), ν = 2/3 (dashed) and ν = 1 (solid). Only the part for n < 3 is calculated for ν = 1.

The circles mark the point of two-dimensional neutral stability in the (n, k) plane for each ν. (b)

Corresponding frequency variation along the neutral stability boundaries over the extent shown

in (a).

n is required for instability. Of particular note is that for n slightly larger than

the two-dimensional neutral stability point, the band of wavenumbers for which

the detonation is unstable increases rapidly. For example, when ν = 1/2 and

n = 2.2, this band of wavenumbers is given by 0.578 < k < 1.320, whereas for

n = 2.4 the band is given by 0.325 < k < 3.018. The growth rates and frequencies

associated with the unstable mode when ν = 1/2 for n = 2.2 and n = 2.4 are

shown in fig. 6. For n = 2.4, the maximum growth rate αr = 0.00915 occurs at

k = 1.134 where αi = 0.791, which translates to an initial detonation cell width

Cw = 5.54 and cell length CL = 7.94. Thus the initial detonation cell spacing and

length are both comparable to the total length LZND = 8.1 (i.e. shock to final

point) of the underlying ZND wave. From a practical viewpoint, when the ideal

condensed-phase detonation model is used to model real explosives, such as liquid

nitromethane or solid PBX9501, a choice of ν = 1/2 and a pressure-sensitivity in

the range n = 1 − 3 is normally taken (Bdzil et al. 2003). In this case, a planar

CJ detonation would only be stable to multi-dimensional disturbances when the

pressure-sensitivity n < 2.168.

Although γ = 3 is a good choice for most liquid and solid explosives under

the equation of state assumption (2.2), it is nevertheless of interest to examine

the variation in the ZND neutral stability boundaries that occur in response to a
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Figure 6. Variation of (a) the growth rate Re(α) and (b) the frequency Im(α) of the unstable

CJ mode with k for f = 1, ν = 0.5 and n = 2.2 (solid), n = 2.4 (dashed).

change in γ. For a CJ detonation, the effect of increasing γ is to decrease the shock

pressure, making the detonation less sensitive to thermodynamic fluctuations at

the shock. Figure 7 shows the two-dimensional neutral stability boundaries for

a CJ detonation with ν = 1/2 when γ = 2, γ = 3 and γ = 4. There is a finite

band of wavenumbers for which the CJ detonation is unstable for n > 1.335

when γ = 2, n > 2.168 when γ = 3, and n > 2.516 when γ = 4. Thus within

the confines of the ideal condensed phase detonation model, a detonation in a

liquid or solid explosive can be made more stable by increasing γ. Similar to the

behavior found for γ = 3, it can be seen that for γ = 2 and γ = 4, small increases

in n above the value for neutral stability results in a rapid increase in the range

of wavenumbers that render the ZND detonation unstable.

Some insight into why there is only a single unstable mode for CJ detona-

tions can be obtained by examining the nature of changes in the linear stability

spectrum when decreasing f from overdriven values (f > 1) to the CJ value

(f = 1). Figure 8 shows the one-dimensional neutral stability boundaries in

pressure-sensitivity (n) and overdrive (f) space for several modes that are un-

stable for f > 1 and ν = 1/2. The modes are labeled by the sequence in which

they become unstable as n is increased for the range of f shown, i.e. for f < 1.2.

Figure 8a shows the neutral stability boundaries of the first three modes in the

range 1 < f < 1.2, while fig. 8b shows modes 3-8 in the range 1 < f < 1.005.

The corresponding frequencies of each of the modes along the neutral stability

boundaries for the ranges shown in fig. 8a and 8b are shown in figs. 8c and 8d
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Figure 7. (a) Neutral stability boundaries in the n−k plane for k < 3 with f = 1 & ν = 0.5 when

γ = 2 (solid), γ = 3 (dotted) and γ = 4 (dashed). The circles mark the point of two-dimensional

neutral stability in the (n, k) plane. (b) Corresponding frequency variation along the neutral

stability boundaries over the extent shown in (a).

respectively. For f = 1.2, the detonation becomes unstable to a single mode at

n = 4.675, and this is the only mode that is unstable for 4.675 < n < 6. The

behavior beyond n = 6 was not calculated. For f = 1.05, mode 1 becomes un-

stable at n = 4.173, a second mode (mode 2) becomes unstable at n = 4.976,

and a third mode (mode 3) becomes unstable at n = 5.714. Of particular in-

terest though is the behavior of the neutral stability boundaries for each of the

modes 1-8 as f is decreased. Concentrating first on mode 1, this mode becomes

unstable for smaller values of n as f is initially decreased from f=1.2, in common

with the known stability trends of the idealized gas-phase detonation, i.e. de-

creasing overdrive tends to be destabilize a detonation. However, beginning with

the turning point at f = 1.056 and n = 4.170, the mode first becomes unstable

for progressively increasing values of n as f is decreased further. Even more inter-

esting is that the boundary does not intersect the f = 1 line, i.e. this mode is not

unstable for CJ detonations, but rather reaches a minimum at f = 1.017 when

n = 5.422. All the neutral stability boundaries associated with modes 1-8 have a

similar structural behavior. Figure 8b also shows that as f approaches f = 1, the

detonation first becomes unstable to a higher numbered mode as n increases for

a fixed f, with f − 1 � 1. For example, with f = 1.003, mode 4 is the first to be-

come unstable as n is increased, for f = 1.001, it is mode 6, while for f = 1.0004,

it is mode 8. Correspondingly, the value of n at the turning point in each of the
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Figure 8. (a,b) Neutral stability boundaries in the n−f plane for several one-dimensional modes

of different frequency identified for ν = 0.5. Modes 1-3 are shown in (a), while modes 3-8 are

shown in (b). The circle in (a,b) indicates the single point of neutral stability present for f=1.

The corresponding frequency variation along the extent of the neutral stability boundaries shown

in (a) and (b) are given in (c) and (d) respectively.

modal neutral stability boundaries shown in fig. 8b, for which further increases in

n lead to the detonation being unstable to that particular mode, moves toward

that of the neutral stability point relevant for CJ detonations (indicated by the

circle in fig. 8b) as f decreases. This trend is also indicated by the behavior of the

mode frequencies along the neutral stability boundaries as f decreases (figs. 8c &

8d). Of significance here is that each of the different modes has similar frequen-

cies for a fixed value of n, that the difference in the frequencies at the turning

point for each neutral stability boundary becomes smaller as the mode numbers

increase (fig. 8d), and that the frequencies appear to be converging to the CJ

value (again indicated by the circle in fig. 8d). One issue that cannot be resolved

by figs. 8b and 8d concerns whether the total number of unstable modes that ap-
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pear in the limit f → 1 is finite or infinite. This cannot be addressed at present

since it is difficult to track the neutral stability boundaries beyond mode 8, due

to the increasingly close frequencies of the different modes. However, in either

case, it appears that the CJ neutral stability point is a degenerate point, and

this highlights why only a single unstable mode is found for the CJ detonation.

In summary, for CJ detonations and ν = 1/2, the neutral stability point occurs

when n = 5.904, and thus fig. 8b shows that the detonation is more unstable

as the overdrive is increased away from f = 1. In fact, for ν = 1/2, the ZND

detonation first becomes unstable to one-dimensional disturbances for f = 1.056

when n = 4.170. This stability characteristic was also observed in the context of

pathological detonations (Sharpe 1999), but is in contrast to the observed linear

stability behavior of ZND detonations in the ideal gas-phase detonation model,

for which increasing overdrive tends to have a stabilizing effect. We also note that

a similar behavior to that shown in fig. 8 for ν = 1/2 also occurs for ν > 1/2.

Figure 9a shows the two-dimensional neutral stability boundaries traced out

in the (n, k) plane by modes 1-3 for ν = 1/2 and f = 1.05. For mode 1 and

n > 2.213, there is a finite band of wavenumbers which renders the overdriven

detonation unstable. The largest wavenumber for which the detonation is unstable

to mode 1 is k = 0.240 and occurs when n = 2.397. A similar behavior is observed

for mode 3. The behavior for mode 2 is different. The neutral stability boundary

for mode 2 for 0 < k < 0.3 is shown in fig. 9a, and for 0.3 < k < 3 in fig. 9b.

Also shown in fig. 9b is the two-dimensional neutral stability for the CJ (f = 1)

detonation. For k > 0.3, the neutral stability boundary for mode 2 with f = 1.05

oscillates close to that for f = 1. It can also be seen that for sufficiently low n

there will, in general, be several distinct regions of wavenumbers where Re(α) > 0.

A similar distribution of neutral stability boundaries are shown in figs. 9c and 9d

for modes 2-5 when f = 1.01. In this case, mode 3 closely follows that of the two-

dimensional neutral stability boundary for CJ detonations, but the amplitude

of the oscillations for f = 1.01 around the boundary for f = 1 is smaller than

that for f = 1.05. The nature of the neutral stability boundaries for the different

modes shown in fig. 9 for f = 1.05 and f = 1.01 for small k again appear to

indicate that the various neutral stability boundaries defined by the overdriven
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Figure 9. (a) Neutral stability boundaries in the n − κ plane for f = 1.05 and ν = 0.5, for the

first three unstable modes identified for k = 0. (b) Continuation of the second mode for larger

k. Also shown is the neutral stability boundary for f = 1 and ν = 0.5 (solid line). (c) Neutral

stability boundaries in the n − κ plane for f = 1.01 and ν = 0.5, for the first four unstable

modes identified for k = 0. (b) Continuation of the second mode for larger k. Also shown is the

neutral stability boundary for f = 1 and ν = 0.5 (solid line).

modes collapse in limit f → 1 to the single neutral stability boundary present for

the CJ detonation.

(b ) Comparison of normal mode analysis with simulation

(i) One-dimensional

Next we show some comparisons between the growth (decay) rates of unstable

(stable) perturbed one-dimensional ZND detonations calculated by the normal

mode analysis and those calculated from a direct numerical integration (DNI) of

the reactive Euler system (2.1)-(2.4) for early times. The simulations were con-

ducted using a new, high-order, shock-attached methodology (Henrick, Aslam &
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Figure 10. Evolution of the detonation front speed Dn for early time calculated by DNI for

f = 1, ν = 0.5, and (a) n = 5.9, (b) n = 5.95 and (c) n = 6. The grid resolution was 80pts/hrl.

Powers 2005), which is described in more detail below. The initial conditions for

the DNI solutions consisted of the ZND detonation structure, with a uniform, con-

stant flow downstream of the final point for f > 1, or a supported CJ detonation

structure for f = 1. A small amplitude quadratic perturbation in the reaction

progress variable λ is added to the ZND structure, and the system allowed to

evolve in time. Figure 10 shows the early time evolution of the detonation shock

speed Dn calculated by DNI for f = 1, ν = 1/2 and for n = 5.9, n = 5.95 and

n = 6. They all show a form of oscillatory, exponential decay or growth. The

growth rates and frequencies of the evolution are obtained by fitting a function

of the form Dn = a0 + a1 exp(a2t) sin(a3t + a4) to the data. The results of this

fitting are shown in table 1 for the three cases in fig. 10 as well as for n = 5.903

and n = 5.906, together with the predictions of the normal-mode analysis. In all

cases, the agreement is excellent.
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Table 1. A comparison of the growth rates and frequencies of the unstable modes predicted

by the linear analysis and those calculated by high resolution DNI. The resolution (points per

half-reaction length) used in the DNI is also shown.

Normal mode analysis DNI

f n Re(α) Im(α) Growth rate Frequency Res

1 5.9 -.0000860 .062878 -.0000861 .062877 80

1 5.903 -.0000179 .062878 -.0000180 .062877 80

1 5.906 .0000503 .062878 .0000502 .062877 80

1 5.95 .0010547 .062870 .0010546 .062867 80

1 6 .0022082 .062837 .0022082 .062834 80

1.01 4.8 -.0000440 .058507 -.0000404 .058506 40

1.01 4.9 .0003275 .056567 .0003337 .056579 40

1.1 4.28 .0001348 .087987 .0001352 .087981 40

Somewhat more interesting is the early evolution of the detonation front speed

for slightly overdriven waves. Table 1 also includes some comparisons for f = 1.1

and f = 1.01, indicating the DNI and normal-mode analysis are in agreement

as to the location of the neutral stability boundaries. The slight discrepancy

in the comparison between the growth rates and frequencies for f = 1.01 is

due the prominence of a multi-mode beating evolution, an example of which is

shown in fig. 11. Figure 11 shows the evolution as calculated by DNI for the

case of f = 1.001 and ν = 1/2, with n = 5.475 and n = 5.525. For f = 1.001,

fig. 8(b) shows that the neutral stability point occurs at n = 5.506 (associated

with mode 6), so that the case n = 5.475 should be linearly stable, and the case

n = 5.525 unstable. Figure 11 shows that this is indeed the case, but the evolution

in both cases in more complicated than that of a straightforward exponential

growth or decay as seen in fig. 10 for the CJ case. In fig. 11a, the amplitude of

the detonation shock speed does decay over a sufficiently long time, but as it does

so, it undergoes a prominent ‘beating’ evolution, and it is the average amplitude

of each beat that decays in time. This can be explained as follows: fig. 8(b)

indicates that there are a large number of stable modes for n = 5.475 each

having similar frequencies. It is this similarity in frequency that gives rise to the

beating evolution. Similarly, in fig 11(b), the amplitude of the detonation shock

speed does increase in time, but again there is a significant beating phenomena to
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Figure 11. Evolution of the detonation front speed in time calculated by DNI for f = 1.001,

ν = 0.5 and (a) n = 5.475 and (b) n = 5.525. The grid resolution was 40pts/hrl.

the evolution, and it is the average amplitude of each beat that grows in time. So

although there is only one unstable mode for n = 5.525, there are also a number

of different stable modes each having similar frequencies to the unstable mode,

and this gives rise to the beating evolution. In any case, the neutral stability

boundaries indicated in fig. 8 are reproduced closely by the DNI.

(ii) Two-dimensional

The next results we present examine the two-dimensional evolution of the ide-

alized condensed-phase detonation for f = 1, ν = 1/2 in a rigid-walled channel

of width 4, for n = 2.1 and n = 2.2. In the former case, the detonation should be

stable to all two-dimensional disturbances, and in the latter there are a band of

wavenumbers for which the detonation is unstable (shown in fig. 6). The channel

width of 4 was chosen so that a detonation half-cell in this channel would corre-

spond closely to the wavelength with the maximum linear growth rate for n = 2.2.

A significantly more detailed analysis of the linear and nonlinear evolution of det-
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onation cells for the idealized condensed-phase detonation will be presented in a

future article. The simulations shown in figs. 12 and 13 were conducted using a

standard 2nd-order Gudonov shock capturing scheme, employing adaptive mesh

refinement giving an effective resolution of 32 points in the half-reaction length of

the ZND detonation (see Sharpe (2001) for details). The initial perturbation was

obtained by placing a sinusoidal density perturbation in the upstream ambient

flow ahead of the ZND wave, with an amplitude 10% of the initial density and

wavelength 8 (Sharpe 2001). The diagnostic that we use to identify the subse-

quent evolution of the detonation front is given by the total heat release function

I in the channel at time t, where

I =

∫ t

QW̄ (x, t) dt. (8.1)

Higher shock intensities then correspond to higher I, and these are shown by the

brighter regions in figs. 12 and 13.

Figure 12 shows the function I in the channel for n = 2.1. The intensity

of I decays, indicating that the CJ detonation is stable. However, one of the

problems associated with verifying two-dimensional neutral stability boundaries

is in demonstrating that the CJ detonation is stable to initial perturbations of all

wavenumbers. In fig. 12 we have shown that it is stable to an initial perturbation

of wavelength 8 (or wavenumber k = 0.785), i.e. it is stable to a wavenumber

that is close to that corresponding to the maximum growth rate for n = 2.2. To

ensure that a broader range of wavelengths are stable, we have also examined

the case for n = 2.1 in a channel of width 20, subject to an initial density

perturbation consisting of the sum of sinusoidal disturbances with a broad range

of wavelengths. In this case, we again find the amplitude of the initial shock

disturbance decays, and thus we are confident that the CJ detonation is stable

at n = 2.1.

Figure 13 shows the total heat release I for the case of n = 2.2. In general, the

detonation cell widths that would be compatible with a channel width Lw having

rigid walls is given by 2Lw/ñ, where ñ is the channel mode number, with ñ = 1

corresponding to a half-cell and ñ = 2 corresponding to a complete cell. The

wavenumber associated with these cell sizes is then given by πñ/Lw. The linear

stability analysis shown in fig. 6 for n = 2.2 indicates that for a channel width
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Figure 12. The variation of the total heat release function I, a detonation cell diagnostic quantity,

in a rigid walled tube for ν = 1/2 and n = 2.1. Higher shock intensities are associated with

brighter white patterns.
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Figure 13. As fig. 18, but for n = 2.2.

Lw = 4, the detonation will be unstable, and we should see a half-cell (or channel

mode 1) develop in the rigid-walled channel, corresponding to a wavenumber

k = 0.785 with period T = 2π/Im(α) = 11.47. Figure 13 indicates that the

detonation is unstable to the initial perturbation of wavelength 8, and a half-cell

does develop. Moreover, the length of the cell is approximately 11.11, close to the

period predicted from the linear stability analysis. In summary, it would appear

that the numerical simulation has established that the two-dimensional neutral

stability boundary for f = 1 and ν = 1/2 occurs between n = 2.1 and n = 2.2,

in comparison with the linear stability prediction of n = 2.168.

9. Nonlinear pulsating instability of the ideal condensed-phase

detonation

Below we present the results of the long-time evolution of one-dimensional

unstable CJ and overdriven detonations in the ideal condensed phase detona-

tion model calculated by direct numerical integration of equations (2.1)–(2.4).

We use a new, high-order, algorithm constructed by Henrick, Alsam & Powers

(2005), that has significant advantages over standard shock-capturing methods
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for pressure-sensitive reaction rate models. The shock-capturing methods tend to

clip the shock pressure, which can lead to significant, numerically induced varia-

tions in the reaction rate at the shock. As a consequence, such methods can fail to

give accurate predictions of the location of the one-dimensional neutral stability

boundaries. The present technique uses a shock-fitting strategy involving a shock-

attached coordinate system. In this system, equations (2.1)-(2.4) are solved with

a method of lines approach, employing a third-order TVD Runge-Kutta temporal

integration (Shu & Osher 1988), with a fifth-order mapped WENO spatial scheme

(Henrick, Aslam & Powers 2004). Except at the shock grid point, the scheme is

fully conservative. The motion of the shock is determined from an equation for

the shock acceleration, given as a function of the momentum flux gradient at the

shock. All other variables at the shock are then calculated in turn as functions of

the shock speed through the standard shock jump conditions. At the shock, and

the adjacent 2 points, special biased stencils are used to calculate flux gradients.

The scheme is fully third order in space and time. All calculations were performed

on a uniform grid, and the resolution is indicated by the number of points per

half reaction length (hrl) that are placed in the initial ZND wave.

Figures 14, 15 and 16 show the long-time evolution of the detonation shock

speed of a supported CJ detonation for ν = 1/2, and n = 5.95, n = 5.975 and n =

6. For n = 5.95 (fig. 14), the linear stage of the growth persists over a long time,

due to the slow growth rate of the unstable mode (Re(α) = 0.00105). The growth

initially appears to saturate at around t = 4500, but there is a second growth

stage for 5500 < t < 6500, before the oscillatory amplitude of Dn saturates, and

the detonation front enters a periodic limit-cycle state with period T = 91.8 and

an amplitude of around 3.5% of the initial CJ velocity. The late-time periodic

behavior for (39000 < t < 40000) is shown in the (dDn/dt, Dn) phase portrait in

fig. 17a. The evolution of Dn for n = 5.975 is shown in fig. 15. The initial stages

of the nonlinear saturation behavior appear to indicate a beating evolution, but

the amplitude of the beating cycle decays in time and for t > 40000, the shock

speed evolution appears to have limited to a single-mode periodic state. The

phase portrait for n = 5.975 where 39000 < t < 40000 is shown in fig. 17b. The

evolution of Dn for n = 6 is shown in fig. 16. Again, after the nonlinear saturation

point for t > 2500, there is a clear beating evolution in the amplitude variation
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Figure 14. Long-time evolution of the detonation front speed calculated by DNI for f = 1,

ν = 0.5 and n = 5.95. The grid resolution was 40pts/hrl.

of Dn. The total amplitude variations of the oscillation in Dn are approximately

4% of the initial CJ speed, with the beating oscillation having an amplitude of

about 1% of the initial CJ speed. In this case, we do not observe any decay of the

beating cycle, and there is no evidence of any periodic behavior for t < 60000.

This apparently multi-mode evolution is observed in the phase portrait shown in

fig. 17c for 39000 < t < 40000.

Finally, figs. 18 and 19 show the long-time evolution of the detonation shock

speed of an overdriven ZND detonation for ν = 1/2, f = 1.001 and n = 5.7 and

n = 5.8. For n = 5.7 (fig. 18), the amplitude of the oscillatory detonation speed

evolution grows in time in association with the beating phenomena discussed

earlier in §8(b). As time proceeds, the amplitude of the beating decays, and the

detonation shock speed eventually limits to a single-mode periodic structure for

t > 5500. The amplitude of the oscillation in Dn is approximately 0.1% of the

initial ZND velocity. For n = 5.8 (fig.19), the beating behavior observed during

the initial stages of the evolution now persists during the nonlinear saturation

stage. The overall amplitude of the shock speed variation is about 0.15% of the

initial ZND speed, while the amplitude of the envelope describing the beating
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Figure 15. Long-time evolution of the detonation front speed calculated by DNI for f = 1,

ν = 0.5 and n = 5.975. The grid resolution was 40pts/hrl.
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Figure 16. Long-time evolution of the detonation front speed calculated by DNI for f = 1,

ν = 0.5 and n = 6. The grid resolution was 40pts/hrl.
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Figure 17. Phase plane (dDn/dt, Dn) representation of the detonation front evolution calculated

by DNI for f = 1, ν = 0.5 and (a) n = 5.95, (b) n = 5.975 and (c) n = 6. The time interval over

which each phase plane is shown is t ∈ [39000, 40000]. The grid resolution was 40pts/hrl.

evolution accounts for approximately one half of the total shock speed amplitude

variation. Thus sufficiently far from the neutral stability boundary, the beating

phenomena observed at early times persists into the nonlinear evolution. This

type of evolution appears to be unique to the dynamics of the idealized condensed-

phase detonation.

10. Summary

We have conducted a linear and nonlinear stability analysis of CJ and over-

driven detonations of ZND type within the context of the idealized condensed-

phase detonation model. This basic model is often used for the purposes of math-

ematical analysis of detonation wave dynamics in real condensed phase systems.

We have provided a detailed examination of the closure conditions required for
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Figure 18. Long-time evolution of the detonation front speed calculated by DNI for f = 1.001,

ν = 0.5 and n = 5.7 The grid resolution was 40pts/hrl.
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Figure 19. Long-time evolution of the detonation front speed calculated by DNI for f = 1.001,

ν = 0.5 and n = 5.8. The grid resolution was 40pts/hrl.

the linear stability analysis that govern the behavior of the perturbation quanti-

ties at the end of the reaction zone for reaction orders ν in the range 1/2 ≤ ν ≤ 1,

and clarified the implications of these conditions from both a physical and math-

ematical (boundedness) viewpoint. The results of the linear analysis highlight

several differences in the global properties of the stability spectra between ideal-

ized condensed-phase and gas-phase detonations. These include: the presence of
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only a single unstable mode for CJ waves; multiple unsteady modes for slightly

overdriven waves, each having similar frequencies; and overdriven ZND waves

that are more unstable than the CJ waves. The results of the normal mode anal-

ysis and those obtained from early time direct numerical integrations of unstable

detonations defined by the ideal condensed-phase detonation model agree well.

Also, long-time direct numerical integrations reveal that for one-dimensional pul-

sating instabilities, the evolution is dominating by a ‘beating’ mode of instability

in many cases, that has not previously been seen in pulsating instabilities of the

idealized gas-phase detonation.

We can draw three main conclusions from this study. Firstly, from a prac-

tical viewpoint, when the ideal condensed-phase detonation model is used to

mimic real explosive systems, such as liquid nitromethane or solid PBX9501,

where a choice of ν = 1/2 and a pressure-sensitivity in the range n = 1 − 3

is normally employed (Bdzil et al. 2003), a planar CJ detonation would only be

stable to multi-dimensional disturbances when the pressure-sensitivity n < 2.168.

Secondly, the generic stability properties of detonations in pressure-sensitive sys-

tems are markedly different to those of detonations in gas-phase systems with

temperature-sensitive reaction rates. Finally, the long-time behavior of both one-

and two-dimensional unstable detonations in the ideal condensed phase model

shows that the amplitude of the shock velocity deviations from its ZND value

are relatively small (typically of the order of a few percent). Again, this rep-

resents a major difference between the condensed- and gas-phase systems. This

property adds to the difficulty of detecting unstable detonation wave structure

in condensed-phase systems, and calls into question whether or not our current

means of recording detonation front structure in condensed phase systems, such

as time-of-arrival information, are sufficiently accurate to detect the small devi-

ations from the ZND state.
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