385 Differential Equations and Orthogonal Functions
Assignment 8-solutions

10.1.1
The Theorem 1 in 10.1 implies that all eigenvalues are nonnegative.
If A =0, then the solution of the DE is

y(x) = Az + B.
If A >0 and o = /), then the equation
y' +ay =0
has general solution
y(x) = Acosax + B cosax.
The endpoint conditions give
B =0=sinal,

so aL must be a multiple of nw. Positive eigenvalues are

L2’
associated eigenfunctions are
nmx

yn(z) = cos -

10.1.7
The coefficients ¢, in Eq. (23) of this section is given by Formula
(25) with f(z) = 7(z) = 1,a = 0,b = L and y,(x) = sin 222, Using

L
the fact that tan g, = —g—z, SO
sin 3, _ cos On
B,  hL’
we find that
[ ‘ 1 2 1 L 2
/sin2 %dm = / 5(1 — CoS %x)d:p = 5(37 — %sm %x) L



_ hL + cos® 3,

2h
and
L
/S g Poz L1 —cosf,
in—:dr=———"—.
L Bn
0
The desired eigenfunction expansion is
= 1 —cos (3, . Bnx
1 =2hL .
; Bo(hL +cos2 3y) ' L
10.1.11
If A =0, then the solution of the DE is

y(r) = Az + B.
y(0) = 0 give sB = 0, so y(z) = Az. Hence
hy(L) —y'(L) = A(hL — 1) =0
if and only if AL = 1, in which case Ay = 0 has associated eigen-
function yo(z) = .
10.2.4
The substitution u(z,y) = X (z)Y (y) yields the separated equations
X' +0*’X =0,Y"—a*Y =0

with constant A = a?. Due to example 5 the Sturm-Liouville prob-
lem
X"+ a*’X =0,X(0)=hX(L)+X'(L)=0

has eigenvalues A = %" and eigenfunctions X,,(z) = sin % with 3,
being the positive roots of the equation tanz = —7%. The bounded
solution of ,
" ny __
Y" — T2Y =

is
so the resulting formal series solution is

ch smLIex p(— ﬁny).
L



The coefficients in the eigenfunction expansion are given by

f(z)sin B"Txd:c L

_ 45y, Bn
~ L(20, — sin23,) / cos T

O —t~

Cp =

2
i sin? B"Txdx
0



