385 Differential Equations and Orthogonal Functions
Practice Problems

The following notes sketch solutions to the problems
1.1.32-34

1.2.11-13, 28, 43,

1.3.12,13,

1.4.19-22,

1.5.21-24,

1.6.12, 13, 20, 31, 32,

2.1.12,

2.3.4,

3.1.33.

In an exam you would be required to give more details than are
given here.

1.1.32-34
32. € = k/P.
33. & = ko,

34. 2 = k(250 — v)

1.2.11-13
11. If a(t) = 50, then v(t) = [50dt = 50t + vy = 50t + 10.
Hence

(t)

/(50t 4 10)dt = 25t% + 10t + 39 = 25t* + 10t + 20.

12. If a(t) = —20, then v(t) = [(—20)dt = —20t + vy = —20t —
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15. Hence

x(t) = /(—20t — 15)dt = —10t* — 15t 4+ zy = —10t* — 15t + 5.

13. If a(t) = 3t, then v(t) = [ 3tdt = 3t* + vy = 2¢* + 5. Hence

3 3 1
z(t) = /(5152 + 5)dt = 51&3 + 5t = 51&3 + 5t.

1.2.28

v = —32t — 40 and y = —16t> — 40t + 555. The ball hits the
ground (y = 0) when t = 4.77s, with velocity v = v(4.77) =
—192.64 ft/sec, an impact speed of about 131 mph.

1.2.43

The velocity and position functions for the spacecraft are vy (t) =
0.0098t and zg(t) = 0.0049¢?, and the corresponding functions
for the projectile are v,(t) = s5¢ = 3 x 107 and zp = 3 x 107¢.
The condition that xp = xg when the spacecraft overtakes the
projectile gives 0.0049t> = 3 x 107¢, whence

3 x 107
= ~6.12245 x 10°
t 0.0040 §) 5 x 107 sec
1224 10°
~ 0 0 x 10 ~ 194 years.

(3600)(24)(365.25)
1.3.11
Both f(z) = 22%y* and Z—J; = 422y are continuous in a neigh-
borhood of (1,1), so the theorem guarantees the existence of a
unique solution in some neighborhood of x = 1.



1.3.13

Both f(z) = y'/? and j—f = %y—2/3 are continuous in a neigh-
y
borhood of (0,1), so the theorem guarantees the existence of a

unique solution in some neighborhood of x = 0.

1.3.15

f(z) = (x—y)"?s not continuous at (2,2), because it is not even
defined if z > y. Hence the theorem gives neither existence nor

uniqueness in any neighborhood of x = 2.

1.4.19

1.4.20

R

Too=ye
= % = [e"dx+ C
= lny =e"+InC
= y(x) = Cexp(e’)

Z—gyc = 32%(y? + 1)

i 11‘1;2 = [3a%dz + C
tanly =234+ C

y(x) = C'tan(z® + O)
y(0) =1

C =tan 11 =n/4
y(x) = tan(z3 + 7/4).



1.4.21

2yﬂ - 22-16
= [ 2ydy —f\/xf_—wdx—FC
= =va?2—-16+C
y(d) =
C =1
= 2 — 1+ V72— 16.
1.4.22
Zﬁ—id = 4aty —y
L7/ — 3 _
= [ , = [ 42® — 1dz
= Iny =az*—2z+InC
y(1) =-3
c =-3
= y(r) = —3exp(z! — 7).
1.5.21

- = exp([(=3%)) =27
L(yz3) =cosx

= yx 3 =sinz+C
y(x) = 2?sinx + Ca?
y2r) =0
C =0

= y(z) = 2’ sin .



1.5.22

p = exp( [ —2xdzr) = exp(—a?)
(yexp(—a?) =327
= yexp(—a?) =23+ C
y(x) = (27 + C) exp(a?)
y(0) =5
C =5
= y(z) = (2% 4 5) exp(a?).
1.5.23
p = exp([ 2 — 3dz) = % exp(2x)
L (yr—3exp(2z)) = 4e*
= yz 3exp(2r) = 4e**
y(z) = 223 + Ca? exp(—27)
1.5.24
p = exp([ F5dx) = (x 2 4 4)3/2
d‘fc(y(a: 4 4)3/2) :13(:1: + 4)1/2
= y(z?+4)%? %(x + )24 C
y(z) =1+ C(z?+4)737
C — 16/3
y(z) = % + 13—6(3[:2 4 4)73/2
1.6.12
Homogeneous DE;
v’ =Vv?+4

[T

= Vv24+4 =lhnzx+C
v’ +4 = (Inx+ C)?
422 + 12 = 2*(lnx + C)2
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1.6.13
Homogeneous DE;

v’ =VvZ+1
dv — fd_x
VT :
= In(v+vVv2+1) =lhae+C
v+VUE+1 =Cx
y+ /o2 +yr = Cx?
1.6.17
Substitution v = 4z + y leads to
vV =02+ 4
v o= [#g=gtan 54§

= v =2tan(2z —C)
y =2tan(2zx — C) — 4x.

1.6.20
Bernoulli; Substitution v = y3 leads to

v+ 6xv = 18z
32
p =e
e — 34 Qe 37",

1.6.31

M(z,y) = 2x + 3y, N(z,y) = 3z + 2y.
To verify exactness, just check

oM _oN
oy  Ox’
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To calculate the solution:

F(z,y) = [ 22+ 3ydy = 2* + 3xy + g(y)
F, =3r+4¢(y)=3z+2y=N
q'(v) =2y

9(y) =y’

2?2+ 3xy +y? =C.

1.6.32

M(z,y) =4z —y, N(z,y) = 6y — =.

To verify exactness, just check

oM B ON
oy  Ox
To calculate the solution:
F(z,y) = [4x —ydy = 22 — xy + g(y)
F, =-—1r+g(y)=6y—x=N
9 (v) = 6y
9(y) = 3y°

222 — xy + 3y =C.

2.1.12
Solution of the equation

P'=kP?
by separation of variables gives

1
- C =kt

Now P(0) = 12 implies C' + &, so P(t) = —=2—. Then P(10) =

24 implies that k = 555, so finally P(t) = 2. Hence P = 48

P(t)
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when t = 15, that is, in the year 2003. And obviously P — oo
ast — 20. 2.3.4

Equation:
v = —kv*,v(0) = vy, 2’ = v, 2(0) = x9

Solution:

—[% = [kdt

L =kt+C

C =1

Uo

2'(t) =v(t) = mm

,I(t) = %ln(l + Uokt) + xy.
3.1.33

r?—3r+2=0; ro=12y(z) = ce’ + coe?”



