
385 Differential Equations and Orthogonal Functions

Exam 3

Total points: 36 (=6 ×6 points). Do all questions. Explain
all answers. No notes, books, calculators or computers are al-

lowed.
To answer the questions, you may use the back of the paper.
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Formulas

In the following, m and n denote positive integers.

π∫

−π

cos mt cos ntdt = 0 if m 6= n

π if m = n
π∫

−π

sin mt sin ntdt = 0 if m 6= n

π if m = n
π∫

−π

cos mt sin ntdt = 0 for all m, n
∫

u cosudu = cos u + u sinu + C∫
u sinudu = sin u − u cosu + C∫
un cos udu = un sinu − n

∫
un−1 sin udu∫

un sin udu = −un cosu + n
∫

un−1 cos udu∫
sin2 udu = 1

2
u − 1

4
sin 2u + C∫

cos2 udu = 1

2
u + 1

4
sin 2u + C.

2



1. Calculate the Fourier Series of the periodic function of period

2 given by

f(t) =
t2

2
on −1 < t < 1.
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2. At which points does the Fourier Series of the following pe-

riod 4 function converge to f (you do not have to calculate

the Fourier Series)?

2, if 1 < t < 2
0, if 0 < t < 1

f(t) = 1, if − 1 < t < 0

−1, if − 2 < t < −1
1

2
, if t = 0,±2,±1
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3.

a)
Calculate the Fourier Sine Series of the function given by

f(t) = 4t

on 0 < t < 1.

b)
Sketch the graph of the odd extension of f .
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4.

a)
Calculate the Fourier Cosine Series of the function given by

f(t) = t, if 0 < 1 ≤ 2
2 − t, if 1 < t < 2

on 0 < t < 1.

b)
Sketch the graph of the even extension of f .
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5. Find a periodic solution of the endpoint problem

x′′ + 4x = F (t)

x(0) = 0 = x(1),

where F (t) = 4t for 0 < t < 1.
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6. We consider a vibrating string fixed at its endpoints 0 and

1. With special initial conditions, this gives rise to a boundary
value problem

utt = uxx

u(0, t) = y(1, t) = 0

y(x, 0) = f(x)
yt(x, 0) = 0,

where f is the function of problem 3. Solve this boundary value

problem by applying the method of separation of variables.

Hint: You may use without calculation, that the eigenvalues

and eigenfunctions of the boundary value problem

X ′′ + λX = 0
X(0) = X(1) = 0

are

λn = n2π2, Xn(x) = sin nπ.
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