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Do ideals generated by powers of linear

forms in P? exhibit the Weak Lefschetz
Property?

Let/ C S =Klzxq,...,x,.| beanideal such that A =
S/I is Artinian. A possesses the Weak Lefschetz
Property (WLP) if there is a linear form ¢ such that,

for all m, the map A,, 4 A, 41 1s either injective or
surjective. If such ¢ exists, then the generic linear
form will also have this property.

We study the WLP for ideals generated by powers
of linear forms. This fits into the framework of the
following known results:

e Anick shows in [1] that if I is generated by
generic forms, then A has WLP. We do not
require the genericity assumption.

Brenner and Kaid [2] show that if the syzygy
bundle of an almost complete intersection in
P? is not semistable, then A has WLP. Our
theorem applies both to semistable and non-
semistable syzygy bundles.

Migliore, Mir6-Roig, Nagel [4] focus on the
case of WLP for monomial ideals, showing
that WLP can change if even in one of the
generators a a factor is replaced by a linear
form. Our approach can be considered a fur-
ther investigative step in this direction.
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e The long exact sequence in cohomology of the restriction of the syzygy bundle to a line L yields:

0 — H"(Syz(I)(m)) — H°(Syz(I)(m + 1))

An Artinian quotient of K|z, y, z| by powers of linear forms has WLP.

¢

"> HO(Syz(I)|r(m + 1)) >

<—> HY(Syz(I)(m)) —— H'(Syz(I)(m + 1))

> H' (Syz(I)[.(m + 1)) >

C—% H?(Syz(I)(m)) — H*(Syz(I)(m + 1)) — H*(Syz(I)|L(m + 1)) = 0.

Therefore injectivity ot A,, — A,,+1 follows from surjectivity ot ¢, and surjectivity from injectivity of ,,,.
e From the knowledge of resolutions of ideals generated by linear forms (see below), we deduce

Syz(I)® S/l ~ S/l(—w —2)* P S/l(—w — 1) 17
e Suppose m < w. Then multiplication by ¢ is injective since the source of ¢,, is zero
H(Syz(D)|r(m+1) ~ H(Op(m —1—-w))*® H°(Op(m —w)))" 1% =0

e If instead m > w, multiplication by ¢ is surjective since, by Serre duality, the target of 1/, is zero

e Definition If [ = (f1,..., fn) with deg(f); = d;
and I is m = (x1,...,x,) primary, then the syzygy
bundle Syz is a rank n — 1 bundle defined via:

n} S(—d;) — S.

1=1

0 — Syz(l) —

At the level of modules the cokernel of the right-
most map is S/I, but upon sheafifying it vanishes.

0 — Syz(I)(m) — 6_9 Op2(m—d;) — Op2(m) — 0.

=1

e Brenner and Kaid [2] show that if A = S/I then

A= D H(Syx()(m))

meZ

e For semistable ideals in in P?, they give sufficient
and necessary conditions for WLP in terms of the
ceneric splitting type of the syzygy bundle.

H'(Syz(D|p(m+1)~ H(Op(—m —1+w)*® H(Or(—m — 2+ w)))" 1% =0

Proposition 1 (Geramita and Schenck, [3]) Given
an ideal of Kly, z] with minimal generating set J =
(A3, .. ), with ; linear forms, J has minimal free
resolution

t
0 — S(—w—2)@S(—w—-1)""1"% - <> S(—a;) — J
i=1

The resolution does not depend on the linear
forms, but only on the arithmetic of the powers.

® WLP need not hold for ideals generated by pow-
ers of linear forms in more than three variables.

Example 1 The ring
A =Klz,y,z,w]/(z%,y%, 2%, w’, (2 +y)*, (z + w)*)

does not have WLP. The Hilbert function of A is
(1,4,8,8,4) and a computation shows that the map
Ay — A5 does not have full rank.

e Although the syzygy bundles studied by us are
tipycally not semistable, this hypothesis is not
sufficient for WLP to hold outside the realm of

complete intersections.

Example 2 The ring
A =Kz, y, 2] /(x°,y°, 2°, %yz, xy°2)

does not have WLP although the syzygy bundle as-
ociated to the monomial ideal is not semistable.

e As shown by authors’ computations, the non-
WLP locus seems to have a combinatorial descrip-
tion in terms of the hyperplane arrangement given
by the linear forms.

e Give a combinatorial characterization of the
non-WLP locus. Discuss connections be-
tween WLP and hyperplane arrangements
theory.

e As shown in Migliore, Mir6-Roig, Nagel [4],
WLP behaves in very subtle ways in positive char-
acteristic.

e What about ideals generated by powers of
linear forms in positive charactersitic?

e As shown by Example 1 the result does not hold
in more than three variables. We ask:

e What further conditions are needed to have
WLP for ideals generatd by powers of linear
forms in higher number of variables?

Computations were performed using Macaulay2, available at: http://www.math.uiuc.edu/Macaulay2/ and
cripts to analyze WLP are available on the second author’s webpage: http://www.math.uiuc.edu/~asecele?




