DISPERSIVE ESTIMATES FOR SCHRODINGER OPERATORS IN DIMENSION
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ABSTRACT. We investigate L'(R2) — L°°(R?) dispersive estimates for the Schrédinger operator
H = —A+V when there are obstructions, resonances or an eigenvalue, at zero energy. In particular,
we show that the existence of an s-wave resonance at zero energy does not destroy the t—1 decay
rate. We also show that if there is a p-wave resonance or an eigenvalue at zero energy then there is
a time dependent operator F; satisfying || F¢||;1_, 0 <1 such that

e Poe — Fellp1_poe SIETY,  for |t > 1.

We also establish a weighted dispersive estimate with t—1 decay rate in the case when there is an

eigenvalue at zero energy but no resonances.

1. INTRODUCTION

Consider the Schrédinger operator H = —A +V in R?, where V is a real-valued potential. Let P,
be the orthogonal projection onto the absolutely continuous subspace of L?(R?), which is determined

by H. In [23], Schlag proved that

it
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under the decay assumption |V| < (z)73~ and the assumption that zero is neither an eigenvalue nor
a resonance of H.

Recall that (see, e.g., [14] or Section 5 below) there is a resonance at zero energy if there is a
distributional solution to the equation Hy = 0 where ¢ ¢ L?(R?) but ¢» € LP(R?) for some p € (2, o0].
There are two possible cases, either ¢ € L>°(R?) and ¢ ¢ LP(R?) for any p < oo or ¢ € LP(R?) for all
p € (2,00]. In the case of 1) € L°°(R?) only, the resonance is called an s-wave resonance. In the second
case, we say there is a p-wave resonance. We say that there is an eigenvalue at zero if ¢ € L?(R?).
This definition for resonances differs from the case of dimension n = 3 in which 1 lies in weighted L?
spaces.

We note that in the case of V' = 0 the function ¥ = 1 solves H1 = 0 which corresponds to an
s-wave resonance. It is important to note that in spite of this obstruction, the free evolution decays
in time at the rate ¢~1.

The first author was partially supported by NSF grant DMS-0900865.
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Much is known about dispersive estimates for the Schrodinger equation when zero is regular. The
history goes back to Rauch, [19], who studied the local decay in dimension three. In [19], he noted that
in the generic case, i.e. when there may be eigenvalues or resonances, the evolution decays at a rate
of [t|71/% as t — oo on exponentially weighted L? spaces. In the case when there are no eigenvalues
or resonances, it was shown that the decay rate is |t|~3/2. Jensen and Kato, [13], improved this result
to polynomially weighted L? spaces in dimension three, and higher dimensions, [11, 12]. In [13], it

was noted that the presence of a zero energy eigenvalue or resonance destroys the |t\_3/ 2

decay even
if one projects away from the eigenspace in dimension three.

Local decay estimates in the two dimensional case when zero is regular were studied by Murata
in [18]. Murata was able to prove an estimate on weighted L? spaces that decays like t~*(logt)~2,
which is integrable at infinity. Such estimates have been used in analysis of the stability of certain
two-dimensional non-linear equations.

The first result to discuss global decay, L' — L estimates, was due to Journé, Soffer and Sogge in
[16]. Their result relied on the integrability of t="/2 at infinity and is thus restricted to n > 3. Much
is now known in this direction, mainly in dimension three. Rodnianski and Schlag established such
estimates in dimension three, [21], in addition to establishing Strichartz estimates. Following from
their methods, a great number of results in dimension three followed, particularly [8, 9, 10]. The one
dimensional problem was studied by Weder, [25] and Goldberg and Schlag [10]. Also see [5, 27, 7] for
global estimates in the three-dimensional case when there is an eigenvalue and/or resonance at zero
energy, and [6] for a similar result for the matrix Schrodinger equation.

There have also been studies of the wave-operators in dimension two. In particular Yajima, [26]
established that the wave operators are bounded on LP(R?) for 1 < p < oo if zero is regular. The
hypotheses on the potential V' were relaxed slightly in [15]. This result would imply global dispersive
estimates if extended to the full range of p, 1 < p < co. High frequency dispersive estimates, similar
to those obtained in [23] stated as Theorem 1.3 below were obtained by Moulin, [17], under an
integrability condition on the potential.

In this paper we investigate L' — L dispersive estimates in R? when zero energy is not a regular

point of the spectrum of the operator H = —A + V. Our goal is to prove the following theorem.

Theorem 1.1. Assume that |V (x)| < (x)7P. If there is only an s-wave resonance at zero energy,
then for B > 4, we have
e Poc(H) |1 < [
If there is a p-wave resonance or eigenvalue at zero, then for 3 > 6, there is a time-dependent operator
F} such that
HeitHPaC(H)_Ft”LlHLm S |t|_17 [t] > 1,
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with

Sl;p |[Ftl| e S 1.

~

Note that it is natural to have the t~! decay rate in the case of an s-wave resonance since the free
Schrédinger has an s-wave resonance at zero energy. The reason that we can not get any decay in the
case of a p-wave resonance or the zero eigenvalue is the behavior of the resolvent around zero energy.

In the three dimensional case the resolvent (H — 22)~! has an expansion of the form
(H-2*)"'=—-G 2272+ G 127"+ 0(1), z—0, I(2) > 0.

The most singular term G_5272 gives the Riesz projection to zero energy eigenspace. If one projects

1/2 decay as t — 400, see

away from the zero eigenspace, the worst singularity is %, which allows for |¢|~
[5]. However, in the two dimensional case the resolvent expansion around zero contains logarithmic
terms. In particular, in the general case of zero energy resonances (even if one projects away the
zero energy eigenspace), the most singular term is of the form #g(z), which does not allow for any
polynomial decay in t. It may be possible to get a decay of the form @ as in [18] but we won’t

pursue this issue here. However, it is possible to improve this theorem in the case when zero is an

eigenvalue but there are no resonances at zero. In particular, we show the following.

Theorem 1.2. Assume that |V (z)| < (z)=7 for some 3 > 11. If zero is an eigenvalue of H = —A+V

and there are neither s-wave nor p-wave resonances at zero, then
itH -1
||€ PacHL1’1+—>L°C=*1* 5 |t‘ .

Here LY is the weighted L' space defined by LY (R?) := {f : [o. |f(2)[(x)'" d2 < co}. Simi-
larly, Lo~ 1= = {f : (x)~1= f € L>=}.

Let x is an even smooth function supported in [—A1, A1] and x(z) =1 for |z| < A\1/2. Let K, be
the kernel of e x(H)P,.:

(1) Ka(en) = = [ @V MRG0 - By (02)] )i

where

REN?) = Ry (M2 4i0) = (H — (A2 +0)) "
is the perturbed resolvent. By the limiting absorption principle, these boundary values are bounded
operators on weighted L2-spaces, see e.g. [2].

The high energies were studied in [23]:

Theorem 1.3. [23] Assume that |V| < (z)727, then for any A\ > 0

| Pae — € x(H) Pacl|, . < Cx, It
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Therefore, in the proof of Theorem 1.1 and Theorem 1.2, it suffices to obtain the stated bounds for
the operator K, for some A; > 0. Our analysis relies on expansions of the resolvent operator at zero
energy following those of [14], also see the previous work in [3, 4]. We repeat part of the argument to
obtain more flexible and favorable error bounds for our purposes.

We also note that standard spectral theoretic results for H apply. Under our assumptions we have
that the spectrum of H can be expressed as the absolutely continuous spectrum, the interval [0, o),
and finitely many eigenvalues of finite multiplicity on (—oo,0]. See [20] for spectral theory and [24]
for Birman-Schwinger type bounds.

Our paper is organized as follows. We set out the necessary expansions for the resolvent in Section 2.
We then study K, to establish Theorem 1.1 in the case when there is an s-wave resonance at zero
in Section 3. In Section 4 we establish Theorem 1.1 in the case of a p-wave resonance or eigenvalue
at zero energy. In Section 5 we discuss the spectral structure of —A 4+ V' at zero energy. Finally we

prove Theorem 1.2 in Section 6.

2. RESOLVENT EXPANSIONS AROUND ZERO ENERGY IN THE CASE OF AN S-WAVE RESONANCE

In this section, following [14], we obtain resolvent expansions around the threshold A = 0 in the
case when there is only s-wave resonance at zero (resonance of the first kind, see Definition 2.3 below

and the remarks following it). We now introduce some definitions and notation.

Definition 2.1. We say an operator T : L?>(R?) — L*(R?) with kernel T(,-) is absolutely bounded if
the operator with kernel |T(-,-)| is bounded from L?*(R?) to L*(R?).

It is worth noting that a Hilbert-Schmidt operator is an absolutely bounded operator.
We say that an absolutely bounded operator T'(A)(:,-) is O1(A®) if the integral kernel satisfies the

following estimates:

(2)

. —s|T .. <1 3 =19, T . < 1.
|O<b;1gl>\ TN oy ST Hoslgl/\ ATV G || oo S

If only the first bound in (2) holds, we say that T'(\)(-,-) is O(A*). We also note that we can replace
A~ with f(A)7!in (2), in which case we say T(\)(-,-) is O(f())).
Recall that

)
RE(O)(@,y) = + T HE O — y))
where HgE are the Hankel functions of order zero:

(3) Hyy (2) = Jo(2) £ Y5 (2).
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From the series expansions for the Bessel functions, see [1], as z — 0 we have

(4) Jo(z) =1— iz2 + 6—1424 +0(2%) =1+ 0(z?),
5) Yole) = 2(1o8(e/2) + 1)) + 2 (35 - 135 + )
(6) = 2 log(2) + O(1)

We also have the following estimates for the derivatives as z — 0

7) B2 =0(). H(E)=00), ¥i(:z)=—+0()

Further, for |z| > 1, we have the representation (see, e.g., [1])

(8) Hi (2) = e 2wy (2), [ S +])72 7% £=0,1,2,....

This implies that for |z| > 1

(9) Cl2) = €"wy(2) + e w_(z), WP <O+]2)"27 £=0,1,2,...,

for any C € {Jy, Yy} respectively with different w.
Let U(z) =1if V(2) > 0 and U(z) = —1if V(z) < 0, and let v = [V|'/2. We have V = Uv?. We

use the symmetric resolvent identity, valid for S\ > 0:
(10) Ry (\?) = R5 (A%) — Ry (\)oM*(N)~'wRg (3?),

where M ()\) = U + URSE()\Q)U. The key issue in the resolvent expansions is the invertibility of the
operator M*(\) for small A under various spectral assumptions at zero. Below, we obtain expansions
of the operator M*(\) around A\ = 0 using the properties of the free resolvent listed above. A similar
lemma was proved in [23], however we need to expand the operator further and obtain slightly more

general error bounds. The following operators arise naturally in the expansion of M*()\) (see (4), (5))

(1) Gofla) = —3= | 1ozl = 1) do
(12) Gifa) = [ o= ) do
(13) Gaf (@) = 5= [l = log o — 1 (a) d.

Lemma 2.2. For X > 0 define ME(\) := U4vRE(A\2)v. Let P = v(-,v)|V|{* denote the orthogonal

projection onto v. Then

ME\) = gE (WP +T + ME(N).
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Here g*(\) = aln A + z where a € R\{0} and z € C\R, and T = U + vGov where Gy is an integral
operator defined in (11). Further, for any % <k<2,

Mg (N) = O1(A")
if v(z) < {x)~P for some B > 1+ k. Moreover,
(14) Mg (N) = g (MvGrv + XNvGav + Mi- (A).

Here Gy, Gy are integral operators defined in (12), (13), and giE(\) = A2 (alog A+ where o € R\{0}
and B+ € C\R. Further, for any 2 < £ < 4,

ME(\) = 01(\)
ifB>144¢.

Proof. The first part with k = % was proven in [23, Lemma 5]. To obtain the expansions recall that,

for A > 0,

R 0%)(z,y) = = H Oz — )

Using the definition of Hi (z), and the expansions (4) and (5) around z = 0, we have

LHE() = 4L 1 __ 1 i 2 2 4
(15) :|:4H0 (2) = j:4J0(z) 4Y0(z) =—3- log(z/2) £ 1 or + azlogz + f+z° + O(2" log 2)
_ 1 i Y 2
(16) =3 log(z/2) £+ 1 3. + O(2° log 2)

with @ = 1/87 and 1+ € C. The expansions are now obtained by setting z = Az — y|. In particular,

we see

(1) 7)==Vl (5 Toe(/2) + 37 1)

Noting that

MEN) = [U +vREN)v] — [gF (VNP + U + vGol,

MEN) = [U +vRE(A)v] — [gT (V)P + U + vGov + g (\)vGrv + N2uGyv)].
Using (16) and (15) for My and M; respectively, we obtain for z = Mz — y| < 1 that

| M (M) (@, 9)X afe—yl<1y| S v(@)o(y) Az = y])* log(Mz — y]) S v(@)v(y)(Alz —y])*~,

|MEE () (@, )X ra—yl<1y | S v(@)o(y)(Az — y])* log(Aa —y]) S v(@)v(y) (A —y)*
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For large z, using the expansion of the Hankel function about z = oo, recall (8), we have |H¥ (2)| <1
and |d%H0i(z)| < 2712, So that for large z > 1, for M (z) the log z term dominates and for M (z)
the 22log 2z term in (15) dominates, and we have
| Mg (N (@, )X (alz—yi>13| S v(@)o(y) log(Ae — y)xae—yi>1y S 0(@)o(y) Az = y) " X (rjamy>1},
|MEE (V) (@, 9)xal—y>13 | S 0@)om) Az = y) > Xpaje—y/>1)-
Hence, for any 0 < k£ < 2, and for any 2 < ¢ < 4 we have
IMEN @ )] S 0(@)o) [N = 52 Xoai<ry + Oz = 3D xiatomyion] S v@)o) A — y])*,
IME V), 9)] < 0@ @) M — 9D xeageyicr) + M = 90 Xpuemyion] < @)l (A — )"
This yields the claim for My and M since v(z)v(y)|z —y|* is Hilbert-Schmidt from L?(R?) to L?(R?)

for 8 > 1+ £. For A-derivatives, we note that

(19) s 02l 5 (51

and

NENz —y|) = |z - yld-F(2)

z=Az—y|
For the terms in My and M7 other than Ry, the effect of 0y is comparable to division by A. However,
due to (18), on Alz — y| > 1 we have for any k > 1,

oM )] S vl | (5247 S wladoln e -

Similarly,

o) S oo | (F52) A e )| S @ e a0

We now give the definition of resonances from [14], also see [23]. Recall that @ :=1 — P.

Definition 2.3. (1) We say zero is a regular point of the spectrum of H = —A + V provided
QTQ = Q(U + vGoyv)Q is invertible on QL?*(R?).

(2) Assume that zero is not a regular point of the spectrum. Let Sy be the Riesz projection onto
the kernel of QTQ as an operator on QL*(R?). Then QTQ + Sy is invertible on QL*(R?).
Accordingly, we define Do = (QTQ + S1)~* as an operator on QL?*(R?). We say there is a
resonance of the first kind at zero if the operator Ty := S1TPTS; is invertible on Sy L*(R?).

(3) We say there is a resonance of the second kind at zero if Ty is not invertible on S1L?(R?) but
T5 := SovGvSy is invertible on SQL2(R2), where Sy is the Riesz projection onto the kernel

of T1 (recall the definition of G1 and Ga in (12) and (13)).
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(4) Finally, if Ty is not invertible on SoL?(R?), we say there is a resonance of the third kind at
zero. We note that in this case the operator Ts := SsvGavSs is always invertible on S3L?,

where S3 is the Riesz projection onto the kernel of Ty (see (6.41) in [14] or Section & below).

Remarks. i) In [14], it is noted that the projections S; — Sa, So — S3 and S5 correspond to s-wave
resonances, p-wave resonances, and zero eigenspace respectively. In particular, resonance of the first
kind means that there is only an s-wave resonance at zero. Resonance of the second kind means that
there is a p-wave resonance, and there may or may not be an s-wave resonance. Finally, resonance
of the third kind means that zero is an eigenvalue, and there may or may not be s-wave and p-wave
resonances. We characterize these projections in Section 5.

ii) Since QT'Q is self-adjoint, 57 is the orthogonal projection onto the kernel of QT'Q, and we have
(with Do = (QTQ + S1) )

S1Dy = DyS1 = S5
This statement also valid for So and (T} + S2)~!, and for S3 and (Ty + S3) L.
iii) The operator @Dy@ is absolutely bounded in L?. This was proved in Lemma 8 of [23] in the case
S1 = 0. With minor modifications, the same proof works in our case, too.
iv) The operators with kernel vG;v are Hilbert-Schmidt operators on L*(R?) if v(z) < (z) = for 8 > 2
ifi=1and 8>3 fori=23.
To invert M*(\) = U +vRE (A\?)v, for small \, we will use the following lemma (see Lemma 2.1 in

[14]) repeatedly.

Lemma 2.4. Let A be a closed operator on a Hilbert space H and S a projection. Suppose A+ S has

a bounded inverse. Then A has a bounded inverse if and only if
B:=S—-SA+95)"'s
has a bounded inverse in SH, and in this case
A=A+ 9P+ (A+8)71SBIS(A+95)7 L.

We will apply this lemma with A = M*()\) and S = S;. Thus, we need to show that M*(\) + S;

has a bounded inverse in L?(R?) and
(19) By =51 — Si(M*(\) + 51) 'S

has a bounded inverse in S;L?(R?). We prove these claims and obtain expansions for the inverses for

each type of resonance in Lemma 2.5, Proposition 2.6, and Proposition 4.1 below.
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Lemma 2.5. Suppose that zero is not a reqular point of the spectrum of H = —A+V, and let Sy be
the corresponding Riesz projection. Then for sufficiently small Ay > 0, the operators M*(\) + Sy are

invertible for all 0 < X\ < A1 as bounded operators on L*(R?). Further, one has
(20) =h+(V)7'S + QD@ + O1(AY),

forany & <k <2 ifv(z) < (z)~ M. Here hy(A\) = h_(X) = aln A+ 2 (with a € R\{0} and z € C,
Sz #£0), and
P —PTQDQ
—QDoQTP QDoQTPTQDoQ

(21) S =

s a finite-rank operator with real-valued kernel.

Proof. We will give the proof for M T and drop the superscript “+” from formulas. Using Lemma 2.2,
we write M (A\) + S; with respect to the decomposition L?(R?) = PL*(R?) & QL*(R?).

M(/\)+S1 _ g(A)P—FP(T-FSl)P P(T+51)Q +MO()\)
QT+ S,)P QT+ 51)Q

Noting that @@ > Sy, we have S; P = PS; = 0. Therefore,

M)+ 51 = 9P+ PTP PrQ + Mo(N).
QTP Q(T + S1)Q

2

Denote the matrix component of the above equation by A(\) = {ai;(A)}7 ;-

Since Q(T + S1)Q is invertible, by the Fehsbach formula invertibility of A(X) hinges upon the
existence of d = (a1 — a12a95 az1) "' Denoting Dy = (Q(T + $1)Q)~* : QL? — QL?, we have

d = (g(\)P+ PTP — PTQDyQTP)™ ' =h(\)"'P

with h(A\) = g(\) +Tr(PTP — PTQDoQTP) = aln(\) + z, with a € R and z € C. This follows from
(17) and the fact that Tr(PTP — PTQDyQTP) is A independent and real-valued, as the kernels of
T, QDoQ and v are real-valued. Therefore, d exists if A is sufficiently small.

Thus, by the Fehsbach formula,

_ d —d012a521
AN = ~1 ~1 T |
—Qgy G21d  Goy A21dA12055 + Aoy
P —PTQDyQ
=h7'() i +QDoQ

—QDyQTP QDyQTPTQDyQ

(22) = h"Y(\)S + QDoQ.
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Note that S has rank at most two. This and the absolute boundedness of QDyQ imply that A=*()\) =
O4(1).

Finally, we write
M(X) + 81 = AN) + Mo(\) = [1 4+ Ma(M A= N)]AN).
Since A=1(\) = O;(1) and, by Lemma 2.2, My(\) = O1(\*) provided |v(z)| < (z)~ (%)~ we obtain
(23)  (MEON) +85)7 = AT [1+ MFWAT V)] = he ()71 + QDoQ + 01 (W),
by a Neumann series expansion. O

We now prove the invertibility of the operators B+ = Sy — Sy (M*()\) + S1)~'5;.

Proposition 2.6. Assume that |v(z)| < (x)~'F= for some k € [L,2). Then, in the case of a

~ 27

resonance of the first kind, B is invertible on S1L*(R?) and we have
(24) Bi' = —hi(N\)Dy+ O:1(\Y),

where Dy = Ty ' = (S1TPTSy)~"Y, and he()\) is as in Lemma 2.5.

Proof. We again prove the case of the “4” superscripts and subscripts and omit them from the

notation. Using Lemma 2.5, we obtain
B =5, —S1(h(\)7'S +QDoQ)S; + O1 (A1),

Recall that S1 Dy = DoS; = S;. Further, from the definition (21) of S, and the fact that S1P =
PS, =0, we obtain 51551 = S1TPTS, = T,. Therefore

(25) B = —h(\)718188, + O1 (A1) = —h(N) 7Ty 4+ O, (A\F).

Recall that by the definition of a resonance of the first kind, the leading term 73 in the definition of
B is invertible on Sy L?(IR?). Therefore, for sufficiently small \,

B = —R([T = hNOL )] = —hO)[T; + 01 ()]~ = —h(\)D; + Oy (AF),

Combining Lemma 2.4, Lemma 2.5, and Proposition 2.6, we obtain

Corollary 2.7. Assume that |[v(z)| S (x)~'7*~ for some k € [3,2). Then in the case of a resonance

of the first kind, we have

MEN) "= —hi(V\)S1D1S) — SS1D1S; — S1D1 5,8

—he(N)71SS1D1S1S + ha(N) LS + QDoQ + O1(\F),
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provided that X\ is sufficiently small.

Proof. Combining Lemma 2.4, Lemma 2.5, and Proposition 2.6, we have

MEN) ™= (MF) +51) 7+ (M) + 51) 7 SiBT IS (ME(A) + 51) 7
=hi(A\)7LS + QDoQ — h(A) (he(N\) 1S + QDoQ) S1 D181 (he (V) 'S + QDoQ) + O1(AF)
= —hi(N\)S1D1S1 — SS1D1S; — S1D151S —hie(N)"1SS1D1S1 S
+he(A\) 7S+ QDoQ + 01 (\F).
Here we used the fact that S1QDgQ = QDoQS1 = 5. (Il
Remark. Under the conditions of Corollary 2.7, the resolvent identity

(26) RE(ZN) = Ry (V) = RE(V)o* () oRE ()

1

holds as an operator identity on L22+(R2) — L2~2~(R2), as in the limiting absorption principle, [2].

3. RESONANCE OF THE FIRST KIND

In this section, we establish the estimates needed to prove Theorem 1.1. We assume that there is
a resonance of the first kind, \; is sufficiently small (so that the analysis in the previous section is
valid), and that v(z) < (2)~U+R)~ for k = 1, or equivalently |V (z)| < (x)~*~. Tt suffices to prove
that

Theorem 3.1. Under the conditions above, we have

(27) |<K)\1fvg>| 5 |t|_1a

for Schwartz functions f and g with || f]l1 = ||lg|lL = 1.

This theorem will be established in Propositions 3.2, 3.11, 3.12, and 3.13. All statements in this

section are valid under the conditions above.

Proposition 3.2. The contribution of the first term in Corollary 2.7 in (1) satisfies (27). More

ezxplicitly, we have the bound

‘/ / €M2)\X()\)’C(/\7p>Q)v($1)51D151(951,yl)U(yl)f(x)g(y)d)\dxldyldxdy S
rs Jo

where p = |z — x1], ¢ = [y — y1|, and

(28)  K(A,p,q) = h* (N H (Ap)Hy (Ag) — b~ (\) Hy (Ap)Hy (Aq)

= 2ialog(A)[Yo(Ap)Jo(Aq) + Jo(Ap)Yo(Aq)] + 22[Jo(Ap) Jo(Aq) + Yo (Ap)Yo(Aq)].
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To prove this proposition, we need to consider the high and low energy contributions of the Bessel
functions separately. To this end we use the partitions of unity 1 = x(Ay — v1]) + X(Aly — v1|) and
1 =x(Alz — z1]) + x(Az — z1]). We divide the proof of Proposition 3.2 into Lemmas 3.4, 3.8, 3.10
and their respective corollaries, Corollaries 3.5, 3.9, due to the various terms arising in (28).

For the low energy parts, the following lemma will be useful:

Lemma 3.3. Letp = |z — a1, ¢ = || + 1, and
F(\ m,21) = x(Ap)Yo(Ap) — x(Aq)Yo(Ag),
G(A z,21) == x(Ap)Jo(Ap) — x(Aq) Jo(Aq).
Then for any 7 € [0,1] and A < 2)\; we have

|G()\,.€L‘,CL‘1)‘ 5 )\T<x1>T’ ‘8AG()\7$,331)| 5 <x1>T)‘T_1ﬂ

> =

20
|[F(A\ z,21)| < / |[ONF (N, 2, 21)|dN + |F(0+, 2, 21)| S k(z,21), |[ONF (N z,21)] S
0
Here k(z,z1) = 1+ log" |z + log™ |z — z1|, where log” y = X{o<y<1}|logy| and log*y :=
X{y>1}logy.G

Proof. We start with G. Let g(s) := x(s)Jo(s). We have ¢'(s) = O(1). Therefore, by the mean value

theorem and the boundedness of g, we have
|G()\,CL‘,$1)‘ 5 min()\|p - q|7 1) S., mino‘<xl>’ 1) S )‘T<$1>T7
for any 0 < 7 < 1.
Now consider

|ONG(\, z,21)| = |pg’ (Ap) — a9’ (Aq)|.

Let g1(s) = sg’(s). We have |g1(s)| < 1 and |g](s)| S 1. Therefore, by the mean value theorem and

the boundedness of g1, we have

~

|OANG (N, z,21)| =

Ap) — g1(A min(Ajp —g¢|, 1 T

for any 7 € [0, 1].
The bounds for F' were obtained in [23]. We repeat them for completeness. Note that F'(0+,z,z1) =

log <‘rx_\iil> + ¢ < k(x,x1). Therefore it suffices to bound

2X\1 21 2\
(20) / OVF O, 2,20 < / px (Ap) log (Ap)ldA + / 4’ (M) log(Ag)|dA
0 0 0

21
(30) + /0 %Ix(/\p) = X(Ag)[dA.
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By inspecting the integrands on the right hand side, we see that |0\ F| is bounded by 1/A. To obtain
the statement for |F| first note that, since x’ is supported in the set [A1/2,2\], the first line in (29)
is < 1. To estimate the second line note that x(Ap) — x(\q) is supported on the set [;—;7 2%], which
implies that the last line is < |log (Ir—r1\>‘ S k(z,21). O

|z|+1

Lemma 3.4. We have the bound

B0 | [ [ e ) og Al ¥ — saolen)$i D18 e n)olm)

Jo(Aly = y1)x(Nly — w1]) dAf(2)g(y) doy dyr du dy| < [t

Proof. Since S7 < @ are projections and @ is the projection orthogonal to v, we have

(32) [ v@siDisi e ht)drdy = [ @808 y)oly) dedy =0

R R

for all h € L?(R?). As such, we can subtract functions of z (resp. y) only from xYy (resp. xJo) in the
integrand of (31). We use the functions defined in Lemma 3.3. Thus we replace x (Alx—z1]) Yo (A|x—21])
with FI(\, z,z1) and x(Ay — y1]) Jo(Aly —y1]) with G(A, y, y1) on the left hand side of (31). Therefore
the X integral of (31) is equivalent to

(33) /0 N A () log(WE (A 2, 21)G(A, 1, 1) dA.

We integrate by parts once to get

(34) (33) < Jt] / log A (N) + A~ UIF A, 2, 21) |G v )]
0

(35) e / OV Log IOy F A, 2, 1) |G v, 91)] A
0

(30) [ O g N IF (2.l IsGO )| d
0

There is no boundary term since, by Lemma 3.3, we have that F(0+,y1,y) < k(z,z1) and G(0,y,y1) =

0. From Lemma 3.3 again, we have for any 7 € (0, 1]

21
(34) < / log A+ A~ Jk(z, 20) X (1) dA < (1) k( 21).

Taking 7 = 0+, this term now contributes the following to (31),

(37) <l /RS K, x1)v(z1)| D1z, yu)[o(y) (1) | f (@)lg(y)| doy dys dee dy

Sl sup, 1k, JoC)ll2ll[Dilllz—2llvll 2o+ | £l gl < e~
xTE

For the case of (35) and (36), we again note the bounds in Lemma 3.3, and that on the support of
X(A), [ATlog A| £ 1 for any 7 > 0. The desired bound follows as in (37). O
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We also need the following bounds taking care of the contributions of the remaining terms in (28):

Corollary 3.5. For C(z) = Jo(z) or C(z) = Yo(z), we have the bound

) | [ [ Ml - e - o hote)s Disi (e, m)em)
rs Jo
CAly = y1)x(Ny = y1]) dAf (2)g(y) ey dyy d dy| < [
Proof. Using the notation of Lemma 3.4, we need to bound

‘ / eit)\z/\x(/\)F(/\7 x,ml)F(/\, y,yl) dAl,
0

and the similar term when F' is replaced by G. This follows easily from one integration by parts and

the bounds of Lemma 3.3 as in the previous lemma. (]

We now need to bound the resulting terms when one of the Bessel functions is supported on large
energies. The following variation of stationary phase from [23] will be useful in the analysis. For

completeness we give the proof.

Lemma 3.6. Let ¢'(0) =0 and 1 < ¢”" < C. Then,

A "(\
‘/ cite(N) d/\’ / ) |a()\)|d)\—|—|t\71/ ) <|a(2)| + ‘a( )|>d)\
IN<|t]” % A>3\ A2 Al

Proof. Let n € C(R) be such that n(xz) = 1 if || < 1 and n(z) = 0 if |z| > 2. Let n2(z) =

n(x/2|t|~/?). Writing 1 = 1 + (1 — 12), we rewrite the integral as follows

‘/ ’Lt(b ,\) d)\ ’/ thb()\ ,,72 d)\‘ ‘/ ’Lt¢()\ 1 _ 772()‘)) dA‘

The first term is bounded as in the claim since supp(nz) = [—|¢|~2, [t|~2]. For the second term, we

integrate by parts once in A to bound with

[ oo 2 (400 -0 dA’

-1
g D\ IO

By Taylor’s Theorem,
¢'(N) = ¢'(0) + A¢"(c) = Ad"(c) = A,
Considering the terms when the derivative acts on a(X), 1 —n2(\) and 1/¢'(X) finishes the proof. O

In addition we have the following high-energy analogue of Lemma 3.3. In light of the high energy
representations of the Bessel functions (9), recall that for C € {Jy, Yo, Ho},

COIXW) = ¥wi(y) +e Mo (y), W@ < W)+
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Lemma 3.7. Define for p,qg >0
(39) G (A p,9) = XOp)w(Ap) — 2P DX(Ag)wa (Ag).

with wy as in (9). Then for any 0 <7 <1 and A < 2)\q,

X(Ap) %(/\Q))

G )l < (Ap - q),<

Aoz |Ag|?
~ Y(\ Y (A
hGE O, )| < | q|(X( p) , X ql))
Ap|Z [Aq|2

Proof. We note first that from (9), we have

X(Ap) | X(A\g)
Aoz |Ag|z

(40) G0 p,9)| S
We consider the case of é*, the case of G~ is similar. Define the function
b(s) := X(s)w (s)-
Using (9), one obtains that for £k =0,1,2,...,
p® ()] < Xs)ls| 2.
We now rewrite G in terms of b:
G(Ap.q) = b(p) = b(Aq) + (1= e*P7D)b(Ag).

Note that the absolute value of the last summand is

97(/\61).
|\q|2

S Alp— 4

~

To estimate the difference of the first two we assume without loss of generality that p > ¢ and write

Ap 3
< / T(s)lsHds.
A

q

Ap
bOw) = b0 =| [ ¥ )is

In the case, 1 < A\g < Ap, we estimate this integral by

X(Ag)
Alp — )
b A\g|?
In the case A\g < 1 < Ap, we estimate it as follows
Ap Ap A2 1
/ X(s)[s| "2 ds < X(Ap)/ s732ds < %()\p)%
A 1 A/
— oy Q02— (M) XOp)
Xy SAp—d=F
Op) [ Ap[1/2 | | IAp|

Combining these bounds and interpolating with (40) we obtain the first assertion of the lemma.
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We now turn to the derivative. We note that

HG(\,p,q) =pb' (Ap) — qb'(Aq) + (1 — PP~ )gb' (Aq) — i(p — q)e*P~Db(Aq)
1 — etAp—a)

() —ilp - q)e*P=Db(Ag),

_ %[bl()\p) —bi(Ag)] +

where by (s) := sb/(s) satisfies the same bounds that b(s) does. Therefore the second assertion of the

lemma follows as above. O

Lemma 3.8. We have the bound

(41) ‘/ / ¢ Ay (A) Tog Ay (A — 21 ) Yo (Al — 21 )o(21) S D1 S (21, 31 )0 1)
RrR8 JO
Jo\ly — 1 )X(Ny — v1]) dNf(2)g(y) dzy dys dx dy| < ¢

Proof. Without loss of generality we assume that ¢ > 0. As in the proof of the previous statements,
it suffices to prove that for fixed x,z1,y, y; the A-integral is bounded by k(x,x1)(y;)t~!. This power
of {y1) necessitates extra decay on the potential to push through the L? mapping bounds as in the
previous lemmas. Accordingly, we assume that v(z) < (z) 72~ or equivalently that |V (x)| < (z)~4".

~

Let p = max(Jy — y1],1 + |y|) and ¢ = min(Jy — v1], 1 + |y|). Using (32), it suffices to consider
o
| e A 082 . (o Ap)TOP) =~ o (A0)T(00) 0
where F(A, z,21) is as in Lemma 3.3. The oscillatory term in the definition (9) of Jy for large energies
will move the stationary point of the phase. Pulling out the slower oscillation e***9, we rewrite this
integral as a sum of

/ ¢+ A () log A FO 2, 21) G (A, p, @) dA,
0

where ¢+ (\) = A% £ \gt™!, and G is from Lemma 3.7. Note that this moves the stationary point of
the oscillatory integral to Ao = F5; = :F%w
We first consider the contribution of the term with the phase ¢_()\) in which case the critical point

satisfies \g > 0. Let

a(A) := Ax(A\) log \F( A\, z, 21)G (A, p, q).

Using the bounds in Lemma 3.3 and Lemma 3.7 (with 7 = 04), we have

a < r, X1 1 0+ i()\p) %()\Q) arn

(42) o)1) ) ) (05 4 X540 and
o - X(w)  x(A9)

(43 OV ) ) (T + X0,
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We now apply Lemma 3.6 with a()\) as above to bound the A-integral in this case by

- A la’(\)]
44 / a(\)|dA +t 1/ LICY A,
( ) |)\—)\0\<t*1/2| ( )l IA=Xo|>t—1/2 (|)\— /\0|2 |>\ — )\0|)

Using (42), we bound the first integral in (44) by

a T, T 1 0+
W) e e [

1
[A=Xo|<t™ 2

ﬁ(’z;z) + >7E]A‘1)) d.

There are two cases: Ag = t=2 and Ao S t=2. In the former case, on the support of the integral, we

have A < A\g. Therefore,
(45) < k(a, o) ()TN (7% 4+ ¢ 2) S ¢ (, 20) (1)

In the last inequality, we used p~*Ag < ¢~ 'X\g < t~!. In the latter case, on the support of the integral,
we have A < ¢~ 2. So that

1
t732 ~ -
A A
(5) bz [ VA4 X0 g
0 D2 q2
For the X(Ap) term to have any contribution to the integral, we must have that p=! < t_%, similarly

for ¢~ !. So that,

1 1

(45) < k(z,21)(y)OT (0% + ¢ 2t F < k(1) (y) 0Tt L

It suffices to bound the second integral in (44) by k(x,z1)(y1). We first establish the bounds for
the a(\) term and then consider the derivative a’(\).

We have two cases: \g < +=7% and Ao 2 +=7. In the former case, we have |\ — A\g| & A. Thus, using
(42), we obtain

eI 0t [t (XOP) | X() Y0+
/x_m»—m |)\_>\0‘2d)\§/€( 1) (Y1) +/R)\ ( == )dAgk( L) ()0

In the latter case, we have
la(M)] 0 A (XOw) | X(a)
ey A S () (yn)°F + dX
/IAAo>t1/2 A= ol? Arol>i-F A= A2\ p3 q

Changing the variable s = A — )¢ and recalling that p > ¢, we bound this by

N

1 1
2 A2 1
0 s < ko) () g (V2 + 1202) < k() )0t

e 21) (1) g /

ls|>t~ % s?
The last inequality follows from the assumption t=%/2 < \g = 5=

Now, we consider the contribution of a’(\). Again we have two cases: Ao < ¢~ 2 and Ao > ¢~ 2. In
the former case, we have |\ — A\g| & A. Thus, using (43), we obtain

/| LGS k(m,x1)<y1>/ﬂ@_% (W " %Qq)) PSR )

1 1
A=Xo|>t—1/2 A = Qo p2 qz
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In the latter case, we have

[ O g < ko) | L (%0) , 100,
A

“hol>t-1/2 A = Aol Adol>t 3 [A = Aol A2

S kG [o O [ (R0 KO0 )

3 3 1 1
A=xol>t~2 |A = Xol2 A2\ p2 qz

< k(z,20)(y) [o 264+ 1] < ke, 1) ().

The second inequality follows from P )\(1)‘ 17z S = /\10\ =75 T+ ﬁ, and the last one from the assumption
—1/2 _
T2 < N = 4.
When considering the phase ¢, (\) = A2 + \gt !, integration by parts suffices to obtain the desired

bound since the phase has no critical points on (0, c0). We have

‘/Ooo e+ Mg ()) d)\‘ gt—l(/ooo mcﬂw/f |LZ‘,;((AA))|| dA).

Using (42), (43), and ¢/, (A\) > 2), we bound the right hand side by

e [ (T00) | T0 B
Skt [ a3 (X524 XDy iy g ko) 0

When switching roles of ¥ and y in (41), we note that from (9) the high energy Bessel function
representation holds for Yy(y) as well. The proof will move along the same line, with G(\,y,41) in
place of é(A, y,y1) and using 5’()\, x,21) in place of F'(A, x,z1). The case when both Bessel functions

are Yy or Jy is similar:

Corollary 3.9. For C(z) = Jy(z) or C(z) = Yo(z), we have the bound

o) | [ [T e a0l — aadee — aiote)$iDiSi oot
RS Jo

CA\ly — y1 )Xy — 1)) dAf(2)g(y) dzy dyy dx dy| S [¢]7

We now consider the case when both Bessel functions are supported on high energies. For this we

will use the first line of (28):
Lemma 3.10. We have the bound
an) | [ e O RO — i Qe = 1ol D18 m)ot)
Hy My = 91)XAly — w1]) dA f(2)g(y) day dyy dae dy| S (8]

Proof. Again we assume that ¢ > 0. Recall (8):

(48) Hy (2)X(2) = e wi (2)
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with |(.u§E (2)] < (14]z])~2* As in Lemma 3.8 we need to use the auxiliary function G. Denote py =
max(|z—1], 1+]z]), ps = min(jz—z1], 1+]al), g1 = max(ly—gpn, 1+|y]) and g = min(ly—ys], 1+]y]).
Without loss of generality, p1,p2, g1, g2 > 0. We note that by (32), we can replace Hg[()\|x —x1|) with
G(\, p1,p2) (and similarly replace HE(My — 1)) as in Lemma 3.7. This changes the phase with

d) (A) )\2:|:>\p27tLQ2

We first consider ¢_ (), which has a stationary point at \g = & 2;‘12 > 0. We apply Lemma 3.6 with
a()‘) = )‘X()‘)hi()‘)é(A7pl7p2)é(>" q1, QZ)'

Using the bounds in Lemma 3.7 (with 7 = 0+ for é()\,pl,pg) and 7 = 0 for the other), we have

(49) la(N)| < <$1>0+X(/\)(%(>\p1) + %(Ap2)> <%()‘Q1) + )NC()‘QZ)>7 and

~ 1/2 1/2 1/2 1/2
pl/ p2/ q1/ qz/

o . X)) (XAp1) | X(Ap2)\ (X(Aq1) | X(Aga)
(50) @] G X (p}/g X ) IR )

Let 7 = 2max(\g,t~'/2). Since ¥ is a nondecreasing function supported on [1,00) and A < 7 on the

support of the integral, we have the bound

X(rp1) | X(mp2)\ (X(Ta1) | X(7¢2)
0 [ a0l s e (N X ) (Y 4 X0
0 2 aq; 4

S ()Tt S (),

if 7 = 2¢t=/2. On the other hand if 7 = 2\, we consider the contributions of the products of ¥’s more

carefully. Consider the contribution of
X(Tpi)X(7q;)
172 1/2
(]
o (51). This term is zero unless p; 2 1/Ao and ¢; 2 1/Ag. Therefore, using p1 > po and g1 > g2, we

have

p2+q2Spi+qj:i+i§A0:pz+q2.
Pigqj Pigqj pi g 2t

(52)
Therefore, p;q; 2 t, and we can estimate the contribution of each product to (51) by (z1)" ¢

For the portion of a()) supported on |A — Xg| > ¢ 2, we note that if Ay < ¢~ 2, then [A — Xo| & A
so that

/ _aL_ °+Z/ X(Ag;) dA
A=Ro|>t % |)‘*/\0|2 1/2 g\ A2

1,j=1 45

o 2 (LER) ([55) s

ij=1

A
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On the other hand if \g > ¢~ 2 , we have
2

A

7/\o|>t’% |)‘_)‘0|2 ij=1 |)\7>\0\>t*% \)\—)\0|2

Fix 4,7 and let m = min(p;,q;). We have two cases: A\g < 1/m and A\g 2 1/m. In the former case,

we note that |A — Ag| = 1/m on the support of the cutoffs. Therefore,

/ X(Api)X(Ag;)
|)\7A0‘>t7% |)\_>\0‘2

Nl
ol

_ _ d\ it
(pic;) i < (pigy) / o S ) m <1
A

“xolz1/m 1A =0

In the latter case, using (52), we conclude that p;g; 2 ¢t. This implies the desired bound by ignoring

the cutoffs in the integral.
We now turn to the term in Lemma 3.6 that involves a’(\). Using (50), we have

/ XOpi)X(Ag5)
[A=Xo|>t—1/2

2

/ T o) < i) S ig)

N

“xolzt-1/2 [A = Aol = AA = Aol
2 ~ ~ ~ ~
1 X(Api)X(Ag;) X(Api)X(Ag;)
< (o) (o) @w)z/ XOp)XA5) g XOp)X(Ag;) 1
o 2:21 ’ [ IA=Ao|>t—1/2 A2 Axof>t-1/2 A= Ao? }

The required bounds for each of these terms appeared above in the bound for a(\)/|A — \|? integral.
This establishes the desired bound for the phase ¢_. For the case of ¢, integration by parts and the

bounds on a(A) and a’()\) suffice, we leave the details to the reader. O
With these estimates established, we are ready to prove Proposition 3.2.

Proof of Proposition 3.2. Lemmas 3.4, 3.8, 3.10 and Corollaries 3.5, 3.9 bound each term of (28) as
desired. ]

We now turn to the terms involving 5570157 and S1D151S in Corollary 2.7.

Proposition 3.11. The contribution of the terms SS1D1S1, S1D1515 and QDyQ in Corollary 2.7
in (1) satisfies (27). More explicitly, we have the bound

/ / N M () RE(A2) (2, 21)0(21) S Dy Sy (1, 31 )01
R8 JO

R (N)(y, y1) dNf(2)g(y) day dys dzdy| < J¢]71
The same bound holds when SS1D1S7 is replaced by S1D151S or by QDy(Q.

Proof. The QDy@ term can be handled as in Proposition 3.2, it is in fact easier since there is no

log(\) term.
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The other terms are somehow different since they have a projection orthogonal to v only on one
side. Therefore, one can use (32) only on one side. However, since there is no log(\) term, the bounds

established in in Lemmas 3.4, 3.8, and 3.10 go through. For instance, to establish the bound

/RS /Ooo M MM x(Nz — 1) YoMz — 21])v(21)SS1 D1 S (21, y1)v(y1)

JoAly — yiDx(Mly — w1 |) dXf(2)g(y) dwy dyy da dy| S [t

we can use G(\,y,y1) in place of Jo(Aly — y1|). After an integration by parts the boundary terms
vanish since G(\,y,y1) — 0 as A — 0, and the A-integral can be bounded by

[ s (OO — Yo — DO ) aA S

1
= y1)" (1 +log™ (| — 1)) / (1 + [log(MDA™ X S t7H{y) (1 +log™ (Jo — 21])).
0
Here we used the bounds for G from Lemma 3.3, the bounds (6) and (7), and the following estimate:
(53) XMx Az = z1])log(Alz — 1)) < (1 + [log(A) (1 + log™ (| — z1])).

This estimate follows easily by considering the cases |z — 21| < 1 and |z — 21| > 1 separately.

When we have S;D1.51S instead, we must use F'(\, x, z1) instead of Yo (A|z—x1]), and the boundary
terms are now controlled by [t|™1k(x,z1) as in Lemma 3.3. The other cases when both projections
are onto low energies can be handled similarly.

The case when x is replaced with X on both sides can be handled as in Lemma 15 from [23] since
the argument there does not make use of the projections orthogonal to v.

Similarly, in the case when y is replaced with X on the side which does not have a projection
orthogonal to v, the proof of Lemma 14 from [23] applies.

It remains to prove that
(54) ‘/8/ eit’\QAx()\)X(Mx —z1|)Yo(A|z — z1|)v(21)SS1 D151 (21, y1)v(y1)
RS JO

Jo(Aly — 1 )X(Aly — 1)) dAf(2)g(y) day dyy dady| S [t

Since S is not orthogonal to v, we can not replace xYy with F'. However, we can replace xJy with G
shifting the critical point of the A-integral as in the proof of Lemma 3.8. The argument in the proof

of that lemma relies on the bounds
(55) [log(A\)F (A, x,21)| < log(AN)k(x, x1), lﬁk(log(A)F(A,x,xl))‘ < k(x,z1)log(MA™L.

Since we don’t have an additional log(\) in (54), it suffices to note that x(A)x(A|z —x1|)Yo(A|lz — z1])
satisfies similar bounds as in (55) (with 1+ |log™ (| — z1)| instead of k(z, z1), c.f., (53)). O
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The terms arising from h(A)~1S and h(\)~1SS; D151 S are handled in Lemma 17 in [23], which

we restate below for completeness.

Proposition 3.12. [23] The contribution of the terms ha(X\)™1S and ha(X\)715S1D151S in Corol-
lary 2.7 in (1) satisfies (27). More explicitly, we have the bound

’/OOO eit)\Q)\X()\)< {RJ(V;L?K?(T(V) _ R()_()‘Ql)lvs(ifa()‘Q)]f,g> dA‘ S

A similar bound holds if we replace S with SS1D151S.

Finally the following proposition (Lemma 18 from [23]) takes care of the contribution of the error

term in Corollary 2.7 to (1).

Proposition 3.13. [23] Assume that ®()\) is an absolutely bounded operator on L*(R?) that satisfies
®(N\) = O1(\2). We have the bound

/Rs /Ooo eit*2/\X()‘)R(jJE(/\2)($7331)”(9”1)‘1’()\)(961,y1)v(y1)R5t()\2)(y,yl)d)\

f(@)g(y) doy dyy da dy| < [t] 71
4. RESONANCES OF THE SECOND AND THIRD KIND

We now consider the evolution in the case of a p-wave resonance and/or an eigenvalue at zero.
Recall that this case is characterized by the non-invertibility of 77 = ST PTS;. To obtain resolvent
expansions around zero, we need to invert the operator By, (19). The expansions in this section
are considerably more complicated than those in the case of a resonance of the first kind given in
Proposition 2.6.

Recall the operators S, S3,T5, and T3 from Definition 2.3. With a slight abuse of the notation,
we define Dy := (T} + So)~! = (S{TPTS; + So)~! as an operator on S;L?(R?). We define Dy :=
(Ty + S3)71 = (S2vG1vS2 + S3)~1 on S L?(R?), we will also use Do for T{l when T5 is invertible,
i.e. when Sy = 0. We also define D3 := T3_1 = (S3vGovS3) ™1 on S3L2(R?).

Proposition 4.1. Assume that v(x) < (x)73~. Then, By is invertible on Sy L?(R?). In the case of
a resonance of the second kind, we have
. SQDQSQ

(56) BE ==y

+O0(\?[log A[7?),

where g (\) is as in Lemma 2.2.
In the case of a resonance of the third kind, we have

_ S3D3S3  S3DSs
57 Bil=
0 ST T

Here D = DQ + S3D3S3’UG2’USQD2SgUGQ?)SgD;;Sg - S3D3S3UGQ’USQD2 — DQSQ?)GQUS3D3S3.

+O0(\?[log A 7?),
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Proof. We give the proof for the case of the “+” superscripts and subscripts and omit them from the

proof. Recall the definition (19) of B:
B =S, — Si(M(\)+S;)"*S;.

First we repeat the expansion that we obtained in Proposition 2.6 by keeping track of the error term

better. Using Lemma 2.5, the identity

-1

T ATTO) = AT )M AT () [T 4 MeAT (V)] T,

AT 1+ MeATT (V)]
and the definition (22) of A=1()\), we obtain
(58) B =51 = S1(h(A)"'S +QDoQ)S1 + E(N),
where

-1

(59) E(\) = S1AT A Mo(N AT W) [L+ Mo(M) AT (V)] Sy
= S1AT A Mo(M)ATH (NS — St AT ) [Mo(M)AT (NP1 + Mo(M)A™H(N)] sy

Since v(z) < (z) 737, by Lemma 2.2, we have My = O1(A\?7). Also using A=1()\) = O41(1) (from (22)),

~

we conclude that
(60) B(\) = 0,(X).

Recall that S1Dg = DyS1 = S;. Further, from the definition (21) of S, and the fact that S1 P =
PS; =0, we obtain 51551 = S1TPTS,. Therefore

(61) B =—h(\)"15,881 + E(\) = —h(\) 'S\ TPTS; + E()\).

In the case of a resonance of the second kind (unlike the case of a resonance of the first kind), the

leading term Ty = S1TPTS; above is not invertible. We will invert the operator
B; :=—h(A\)B=T1 — h(ME(N),

by using Lemma 2.4. Let So be the Riesz projection onto the kernel of 77, and let Dy := (T + S3)~ 1.
We have

(Bi+S2) " = [T1 + S2 — h(NEW)] ™" = Di[1 = h(A\)E(\)Dy] ™
(62) — Dy + D1h(\)E(A)Dy + Dy [R(A)E(A)D1]*[1 — h(A)E(A\)Dy] ' = Dy + O(X*").
By Lemma 2.4, Bj is invertible if

32 = S2 — SQ(Bl + 52)7152
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is invertible on SoL?. Using (62), the identities Sy Dy = D1 S = So, and the definition (59) of E()\),

we have

By = —h(N)S2E(N)Ss — S [h(A)E(A) D] [1 — h(A) E(A)Dy] ™S,

= —h(A)S2 A7 (A)Mo(A) AT (N)S2 + E1(N),
where

-1

(63) E1(N) = h(A)Sa A" () [Mo(W) A (NP1 + Mo(A) A~ (V)] ' Ss

-1

— Sy [MA)EN)D]*[1 = h(A)E(\) D] ™" Ss.

We now claim that
(64) PTSy = S;TP=0.

To see this, note that since Sy, T' and P are self-adjoint, and Sy is the projection onto the kernel of

S1TPTSq, we have
(PTSsf, PTSsf) = (SoTPTSaf, f) = (SeS1TPTS1S2f, f) = 0.
Therefore,
(65) ATI(N) Sy = S A7) = Ss.
Using this and the expansion (14) of My, we rewrite By as

B;

—h(N)g1(N)S20G 1085 — A(A)A2S20Ga0Ss — h(A)So My (N) Sy + Ey (N)

=1 —h(N)g1(N) [T + X297 " (A) S2vG2vSs + Ea(N)].

By Lemma 2.2, we have My = O1(A\?7) and h(A\)SoM;(A\)Se = O1(A27). Also using A~1(\) = O1(1)
and (60), we conclude that E;(\) = O1(A17). This yields that Ea(X) = O1(A\?7). In the case of a
resonance of the second kind the leading term is invertible. Therefore, for small A,

L D N ()SGaSy + BV T Dy T

Using Lemma 2.4, (62), (66), and the identities So D1 = D155 = Sa, we have

(67) B™' = —h(N)By" = —h(N)[(B1 + S2) ' + (B1 + S2) ' S2B5 1 Sa(B1 + S2) ]
- SQ.DQSQ

-2
ey + O((Alog A)™9).
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In the case of a resonance of the third kind, the leading term in Bj is not invertible. Analogously,

we will invert the operator
Bs = —h7*(\)gy '(N) By = Ty + X297 (V) S2vGavSs + Ex(N)

by using Lemma 2.4. Let S3 be the Riesz projection onto the kernel of Ty, and let Do := (Ty + S3)~ 1.
We have

(Bs+S3) ! = [Ty + S5 + X297 (V) SovGavSs + Ea(\)] ™

(68) = Dy — A2g7 H(\) D2SovGavSa Dy 4+ A g7 2(N) Da[SovGavSa Da)* 4+ O(|log A|~3).

In the second line we used the definition of g;(\) in Lemma 2.2 and the estimate on Es(\).

By Lemma 2.4, Bj is invertible if
By := S5 — S3(B3 + S3) 1S3
is invertible on S3L?. Using (68), the identities S3Dy = D9S3 = S3, and T3 = S3vG2v.S3, we have
By = g7 (W) T3 — Mgy 2(N)S3[S20G2082 Ds]2 S5 + O(] log A 7).
Since T3 is always invertible (see Section 4 of [14]), By is invertible for small A, and we have
Byt =A"2g1(A\)Ds + D2 + O(|log A| ).

where 52 = D353UG2USQDQSQUG2US3D3.
Using this, Lemma 2.4, and (68), we have

1 1
— Byl=—
(Mg (A) h(N)g1(V)
SngSg . D2 + 53.5253 — SngSg’UGQ’USQDQ — DQSQUGQ?)S;;D;;S{; + 0

C 20 h(N)g1 ()
Using this (instead of (66)) for B~ in (67) yields the assertion of the proposition. O

Byl =-— [(Bs+ S3) "+ (Bs + S3) ' 93B; ' S3(Bs + S3) ']

(A7?[log A[ 7).

Corollary 4.2. Assume that v(x) < (2)73. Then, in the case of a resonance of the second kind, we

have

_ So DS,
(69) ME(\)'="

o) QTY(NQ+ QT (A\) +T5(MQ + T (N

+ (MEQA) +81) 7+ 01(A),

where Fii, i = 1,2,3,4 are absolutely bounded operators on L?(R?) with I’{E()\) = O(A2(log\)72),
TF(A),TE(\) = O(A2(log \)~3), and TE(\) = O(A~2(log \)~%).

In the case of a resonance of the third kind, we have
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 S3D3S5 | SyDS,

(70) MV = == 4 s FQITNQ + QIE () +TE)Q +TE(R)

+ (MEQ) +81) 7+ 01(A),

where D is as in Proposition 4.1, and T'; are absolutely bounded operators on L*(R?). These operators
are distinct from the T'; in the case of a resonance of the second kind, but satisfy the same size

estimates.

Proof. For a resonance of the second kind, combining Proposition 4.1 with Lemma 2.4 and Lemma 2.5

(taking the decay condition on v into account), we have
M) = (M) + 1)+ (M(A) + 1)1 B~ S (M(A) + 51) !

= (M) +S)7" +

e (AN + 01(A27)) 82 D282 (AN) L+ 01(A27))

+ (AN T+ 01 (7)) O((Mog \) ™) (AN ! + O1(N*7))).

Using (65) and the definition (22) of A~1, we obtain

1 S2DyS
91()\)

+(Q@DoQ + O(Jlog A7) O((Aog \) ) (@ Do@ + O(|log A| 1))

M(X) + (M(X) 4+ S1) 7+ 01(37)

The second line leads to four different terms yielding (69).
For the case of a resonance of the third kind, the statement follows similarly using the formula (57)

for B~1. O

We now consider the dispersive estimates in the case when H has a p-wave resonance at zero
energy. Comparing (69) to the expansion in Corollary 2.7, we note that the many of the terms in
the expansion for resonances of the second kind are in the expansion for resonances of the first kind.

Accordingly, it suffices to establish the estimates for the contributions of the terms:

So D25y
gt ()
We start with the following.

+QI1(N)Q + QT2(A) +T3(N)Q + T'a(N).

Lemma 4.3. We have the bound

oo + ()2 + ()2 —(\2 — ()2
(71) ‘/ 6it)\ AX(}\)< |:RO (>\ )US2+D2S2URO (A ) _ RO ()\ )UPQURO (A ):|f,g> d)\‘ 5 1.
0 g1 (\) 91 (A)
Proof. We note that we must exploit some cancellation between the ‘+’ and ‘—’ terms. Recall that
HZE(y) = Jo(y) +iYs(y) and the definition of g ()\) in Lemma 2.2 give us
R (\)R§ (X)) Ry W)Ry (V) _ Jo(Ap)Jo(Ag) — Yo(Ap)Yo(Ag)
gt (V) 91 (M) A2[(log A + ¢1)? + c3]

(72)
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" (Jo(Ap)Yo(Aq) + Yo(Ap)Jo(Ag))(log A + ¢1)
A2[(log A + ¢1)? + c3]

We again must use the cut-offs y and x and consider the different cases depending the supports

of the resolvents. Let us first consider the case when both resolvents are supported on low energy.

Contribution of the first term in (72) satisfies the required bound since Jy = O(1), and m is
integrable on [0, A]. Since the other terms have additional powers log A in the numerator, we need to
use (32) (recall that Sp < Q).

Consider the contribution of the second term in (72). Using (32), we replace xYp with F(X, -, ),
and using Lemma 3.3, we obtain the bound:

> F(>‘7I7x1)F(>‘7y7y1) 1 1
'/0 XN logrt a2 + g 5“5”’““‘)";(3”‘”1)/0 Aiog V2

A 5 k(xaxl)k(yvyl)

The mixed Jy and Y, terms in the second part of (72) are bounded similarly using |G(A, z,21)] <
AOF (21 )0+,

An analysis as in (37) shows that these terms satisfy the desired bound (71).

When one or both of the Bessel functions is supported on high energies, we use the functions
é()\,p, q) from Lemma 3.7. The bound |é(/\,p7 q)| S \%F|p — ¢|°F suffices for obtaining the required
bound. The details are left to the reader. O

Lemma 4.4. For C;(z) = Jo(z) or Yo(z) fori=1,2, we have the bound
\ L[ e e (oanl)oan) @U@, 1)v(un)Ca(My-1l) dAF (@)gly) don dy didy| < 1.
s Jo

Proof. Unlike in Lemma 4.3 we do not need to use any cancellation between the ‘+’ and ‘—’ terms.
We consider the terms that arise when both C; and Cs are supported on small energies. Consider,

/0 N A A APC (Ap)QT (V) Qux(Ag)Ca(Ag) dA,

where p = | — z1|, ¢ = |y — y1]. In the worst case when C; = Cy = Yj, using (32), we replace xYp

with F' to obtain

)‘a x, xl)F()‘a Y, yl)

(73) ‘/O AF(A,x,xl)Fl(A)F(A,y,yl)dA’5’/0 il d\| sup |A%(log \)2T1(N)]

A(log )\)2 0<A<AL
S k(@ 21)k(y,y1) sup |)‘2(10g>‘)2F1()‘)|'
0<A< A,

The last line follows from Lemma 3.3. Since supgy.y, |A?(log A)?I'1(\)| defines a bounded operator
on L%(R?) (by Corollary 4.2), we are done. The other low energy terms are similar using G instead
of F from Lemma 3.3.

For the large energies, we note that the argument runs in a similar manner. Using X(y)(|Jo(y)| +

[Yo(y)]) < 1, and an argument as in (73), it easily follows that the integral is bounded as desired. O
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The following modification of Lemma 4.4 is necessary for the other I';(\) terms.

Corollary 4.5. For C;i(z) = Jo(2) or Yo(z) fori=1,2, we have the bound

/]R / ¢ A (NG Az — 21])0(21) QT3 (A) @1, 510 (1) Co Ny — 11 ]) dA day di| < 1.
s Jo

The same bounds hold when QT'3(\) is replaced by T's(A\)Q or T4(\.

Proof. We repeat the analysis of Lemma 4.4. Consider the case when both C;(\-) are supported on

low energies and both are Y. We note that when A < 1, using (53), we have
(74) Yo(p)x(Ap)[ S (1 + [log A[)(1 + log™ p).
Using this and replacing xYy with F' on one side, we obtain the bound

MR Ax,xp)|(1+log™
/ [F( Bl -8 9 g sup  [N2(log \)*Ta(N)] < k(z, z)k(y, y1) sup  |[A2(log \)3T2 ().
0 >\| log /\| 0<A<A1 0<A<A1

The same bound holds for I'3(A)Q. For the contribution of T'y(\), we have
[ omnriiaog
0

< /1 (1+ |log \D)(1 4+ 1log™ p)(1 + |log A)(1 + log™ q)
0

~

d\ s A2(log M)AT4 (A
Allog Al o<§151| (log A)"Tu(M)|

S k(z,2)k(y,y1) sup  [A%(log A)*Ta(N)].
0< A<

The other cases are similar.
When one of the C;(A-) is supported on high energies, the analysis is less delicate. The required
bound follows from X (y)(|Jo(y)| + |Yo(y)]) < 1. O

This completes the proof in the case of a resonance of the second kind.

We note that the above bounds in Lemma 4.4 and Corollary 4.5 also hold for the I'; term in (70).
Thus for a resonance of the third kind, it suffices to consider the leading A=2 term in (70). Noting
(28) and the fact that the kernel of Dj is real-valued, the following lemma completes the proof. We
will prove in the next section that GovS3D3S3vGq is the projection onto the zero eigenspace whose
contribution disappears since we project away from the zero eigenspace. We will ignore this issue in
the proof below since the eigenfunctions are bounded functions and hence the projection onto the zero
eigenspace satisfies the desired bound, and since removing this operator requires more decay from the

potential, see Section 6.

Lemma 4.6. We have the bound

%, S3D3S
/ / PRI2) )‘X(/\)JO(/\‘-T_JJID'U(JJ) 3)\23 3U(y1)YO(>\|y—y1|)d/\dx1 dy; S 1.
R8 JO

(75)
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Proof. We provide a sketch of the proof. Due to similarities to previous proofs, we leave the details to
the reader. We again consider the case when the Bessel functions are supported on low energy first.

Accordingly, we wish to control

] | e N0 JaAp)oln) o)X ¥ora) 4

5 ‘/ X()\)G()‘7I7x1))\F(>‘7y7yl)
0

AN S (1) K (y, 1)

Where we used (32), Lemma 3.3 with any 7 > 0.

For the case when one function is supported on high energy, we have

[T ORI o) T s i)
g ‘/OOO X(}\)G()‘vmvl'l)AF(A,?hyl)

dX S (1) k(y, y1)-

Similarly one uses é(/\, y,y1) instead of F(\,y,y1) if we have X(Aq).

When both functions are supported on high energy, we have

[T e RO It D s RO o)

<| [T SRRIE R gy ¢

An analysis as in (37) finishes the proof. O

We are now ready to prove the main theorem of this section.

Theorem 4.7. Let V : R? — R be such that |V (x)| < (x) P for some 3 > 6. Further assume that
H = —A 4+ V has a resonance of the second or third kind at zero energy. Then, there is a time

dependent operator Fy such that
sup [Fillpi—r= S 1, 1K = Fillpion= S5 JH > 1.

Proof. If we denote the terms that arise from the contribution of the terms in the first lines of (69)

and (70) as Fy, Lemmas 4.3, 4.4, and 4.6 and Corollary 4.5 show that
SlipHFtHLlﬂLoo SL

As the remaining terms in (69) and (70) are identical in form to those that arise in the proof of

Theorem 3.1, we can use the bounds from the previous section to establish the theorem. (Il

Finally, we note that Theorem 1.1 follows directly from Theorem 1.3, Theorem 3.1, Theorem 4.7,
and the first remark following Definition 2.3.
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5. SPECTRAL STRUCTURE OF —A + V AT ZERO ENERGY

In this section, we prove some of the claims made in the remark following Definition 2.3. In
particular, we show the relationship between the spectral subspaces S;L?(R?) for 1 = 1,2,3 and
distributional solutions to H1 = 0.

Let w = Uv. First we characterize Sy L2.

Lemma 5.1. Ifv < (2)7'~ and if ¢ € S1L2, then ¢ = wi) where 1 € L, Hyp = 0 in the sense of
distributions, and

Y =cy—Govop, co= (v, Tp).

1
4
Moreover, if v < (x) 727, then 1 — cg = —Govd € LP for any p € (2, 00].

Proof. Since ¢ € S1L2%, we have Q¢ = ¢. Using this and P = I — @, we have
0=QTQp=QTop=T¢— PTp=Uo¢+ vGovp — PT¢.
Thus,
¢ = —wGovp + UPTp = —wGovo + wey = wip.

Also note that since v(x) < (z)~'~ and ¢ € L% we have —AGo(v¢) = v¢. Therefore, we see that
H+y = 0 by taking the distributional derivative.

Now we prove that ¢» € L>. The boundedness on B(0,4) is clear. To see that ¢ is bounded for
|z| > 4, use P¢ = 0 to obtain

T —
Gavoa) = 5 loa(le = ) = box(la ()t =~ [ 1og (2 uiwsturan
The bound follows by using the inequality (for |z| > 4)
x— _
(76) og ()| 5 1+ og(t) + 1o~ o)

Note that this only requires that v(z) < (z)~1~.

The final statement follows if we can prove that Govg = O(|z|~!) for large z. To see this, write

Govo(x) = ——/

=/|y|>|w/2log(| |;y|>v(y)¢(y)dy+/lyl<lx/210g<|x|;y|)v(y)¢(y)dy,

The first integral can be estimated by

(y)fb(y)dy

/Mpuﬂmwwmyw—wﬁmﬁm”@—<mm
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On the other hand, the bound for the second integral follows from

‘10g(|$_y‘)| _ ‘log (1+ |z —yl - Iml)‘ :O<Hx—y| - Iml\) — O(yl/la).

|| || ||

O

Lemma 5.2. Let v < (x)~27. Assume that the function 1 = ¢ + Ay + Ao, with Ay € LP, for some

p € (2,00), and Ay € L2, solves Hy = 0 in the sense of distributions. Then ¢ = wyp € S1L%, and

we have ¢ = ¢ — Gyvg, ¢ = W(U,T(ﬁ). In particular, by the previous claim, ¥ — c € LP for any
L

p € (2, 00].
Proof. Since Hip = 0, we have

A =V =ve.

This easily implies that [ v(y)é(y)dy = 0, see [14, Lemma 6.4]. Thus ¢ € QL?.
Now consider the function ¢ + Gouvg. By the calculation above, we see that A(y + Govg) = 0.
Since ¢ + Govg € L? + L™ (by assumption and the proof of the previous claim), we see that it has

to be a constant. Thus
¥ = ¢ — Govo.

Using this, we have

TQo=T¢=Up+vGowop=Udp—vp+cv=U¢dp—U¢+ cv = cv,

and hence QT Q¢ = 0, and ¢ € S;L?. Finally, this implies that ¢ = IIV\lI - (v, T). |
L

Note that Lemma 5.1 and Lemma 5.2 imply that all zero eigenfunctions are bounded. We now

characterize SoL?.

Lemma 5.3. Assume that |v(z)| < (x)73~. Then ¢ = wip € SoL? if and only if v € LP, for all

~

p € (2,00] (or equivalently co = 0).
Proof. Recall that So < S; is projection onto the kernel of S;TPTS;. We have (since S1¢ = ¢)
(77) SiTPTS16 =0 = |PT¢|* = (TPT¢,¢) =0,

and hence ¢y = 0 and ¢ € LP for p > 2.
On the other hand if ¢» € LP for p > 2, we have ¢y = 0. This implies that PT¢ = PTS1¢ = 0 ,and
hence S1TPTS1¢ = 0. O

Lemma 5.4. If v < (z)73 then the kernel of the operator S3vGovSs on S3L? is trivial.
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Proof. Given f in the kernel of S3vG2vSs, we have

(78) fWv(y)dy =0, and SevGivSef =0,
R2

since f € S3L? C QL2
Also note that the expansion we used for Rg' (A2) in the proof of Lemma 2.2 gives that
RE(W)(2,9) = g7 (\) + Go(z,9) + ¢ (N G1(z,y) + N Ga(z,y) + ONT|z — y[*).

3—

This and the assumption v < ()%~ imply that

0 = (SavGavSaf, ) = (vGaof, ) :;%<R3(Az)—g+(A)—Go—gf(A)lef’vf>_

AZ

Now, using (78), we have

. Ro(A\?) — Gy 1 1 1 —
0= (vGovf, f) = Jim <>\2vf, vf )= Jim A2 /Rz 4m2€2 + N2 47262 Jof[*dg

1 1 oo 1 of|?
= i /R eiazez o) T = g /R i &

Where we used the monotone convergence theorem in the last step. By the assumptions on v and f,

vf € L', and hence vf = 0. We also know that f € S;L? and hence f = w1, which implies that
f = 0. This establishes the invertibility of the operator SsvGavSs on S3L?2.
Further, we have the identity for any f € S3L?,

L[ AP L R FON g a1y
e B e R R TAONT)
(79) = (Govf, Govf).

O
Lemma 5.5. Assume that v(z) < (x)73~. Then ¢ = wyp € S3L? if and only if 1 € L? with Hyp = 0.

Proof. For ¢ € S3L? C S1L?, we proved above that ¢ = wt, with

1
Hy =0, ¥=co—Govp, co= W@’T@'

Also note that cg = 0 by (77) since ¢ € SoL?. Therefore, using (79), we have

1112 = (1, %) = (Gove, Govg) = (vGave, d) < 0o

by the decay assumption on v.

On the other hand if we assume that ¢ € L? with Hy = 0, we have that ¢y = 0, and hence by
Lemma 5.3, we have ¢ = wip € Sy L?. We need to prove that SovGivSa¢ = 0. Note that, as operators
on L%, SovG1vSy = SyvWuSs, where W is the integral operator with kernel —2z - y. This is because
Gi(x,y) = |z —y|* = |2|* —22.y+|y|?, and the contribution of |z|?+ |y|? is zero since PSy = SoP = 0.
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We claim that if ¢ € L? with Ht = 0, then
(30) |t =o.
This implies that
SovG1vS2¢ = SevWuSad = —2Sv(x)x - /]R2 yu(y)o(y) dy = 0,

and hence ¢ € S3L2.
It remains to prove the claim above. In what follows below we can assume that |z| > 4 since
1 € L. Define the set B := {y € R? : |y| < |z|/8}. Recall that we have ) = —Gov¢, and as Py = 0

we have

0 v = [ (Yoot dy

4
1 |z — y|? 1 |z — y|?
~5r Jy (g rwewane gz [ (S e

First we note that the second term is in L?. Indeed, using (76), and then 1 < (y)/(z), we see that

| /RQ\B . ('ﬂ;;’ '2)”@)‘“9) | < /RZ\B“ + 1yl + [z — 52 [o(v)é ()| dy

! - 1
)1+ /Rz\3<y>1+(1 T e =yl W)W dy £

We now examine the integral on B. We note that on B, ||y|* — 2z - y|/|z|*> < %, and hence
|z —y|? y>  2x-y\ _ 2z <y>1+
1 =In|(1 — = o .
(M EEE o+ Ol
So that

xr —y|? T 1+,
i Bln< Y )v(y)qﬁ(y)dy:—./Byv(y)qg(y) dy+O(fB<y> | (y)¢(y)|dy)

4 || 27 |x|? ()1t

S e L*(R?).

The error term is in L2. We also note that

1+
[, el s [ )6l dy S (2) € AR,

2\B <.’E
Therefore, we can rewrite the main term as

x
2m|x|?

X

-/Byv(y)qﬁ(y) dy = TN /}RQ yo(y)o(y) dy + Or2(1).

Using this in (81), we obtain

xT

. d
s Lo
with U € L2, As z/|z|? is not in L?(R?), we must have (80). O

la) = (a) -
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Lemma 5.6. The operator GovS3[S3vGavS3]~1S3vGy is the orthogonal projection on L? onto the
zero energy eigenspace of H = —A+ V.

Proof. Let {¢;}}_, be an orthonormal basis for the S3L?, the range of S3. Then, we have
(82) ¢; + wGovg; =0, 1<j<N.
We have ¢; = wi); for each j with ¢; € L?. Since PS3 = 0, we also have

[ v@u@d= [ @iz o

Since {¢; ;-V:l is linearly independent, we have that {1, ;-V:l is linearly independent, and it follows

from (82) that

Using the orthonormal basis for S3L?, we have that for any f € L?(R?), S3f = ijﬂ(f, bj)pj.

Therefore, we have

N N
(83) SsvGof =Y (f.Goves)d; = — > _(f,1;)¢;
j=1 j=1
Let A= {A;}N “j—1 be the matrix representation of S3vG2vS; with respect to the orthonormal basis

of S3L2%. Using (79),
Aij = (¢i, S3vG20S30;) = (Govei, Govd;) = (GoVahi, GoVipy) = (i, ;).

Let P, := GO'USE}[S3’UG2'US3]71$3'UGO. Then by (83)7 for any f € LQ(RQ),

N
Pef = — Z Go’USg [SgUGQUSg]_1¢j <f7 ¢]>

j=1
N
= - Z GovSs(A™)idi(f5) = Y bilA )i (f,45).
i,j=1 i,j=1

Note that for f =1, 1 < k<N,
ewk - Z wz Zj 7/%71/)] Z 1/% ’Lj jk - d}k
,j=1 i,j=1

Thus, we can conclude that the range of P, is equal to the span of {1/13 —; and that P, is the identity

on the range of P,. Since P, is self-adjoint, the claim is proven. O
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6. A WEIGHTED ESTIMATE

In this section we prove Theorem 1.2. Recall that if zero is an eigenvalue but there are neither
s-wave nor p-wave resonances at zero, then S; = Sy = S3 # 0. We note that in this case many terms

in the expansions of M*(\)~! in Corollaries 2.7 and 4.2 disappear. This follows as now
(84) PSl = Slp = O, SlTP = PTSl = 0, Sl’UGﬂ/Sl =0.

We will also need a finer expansion for My(A) then it is given in Lemma 2.2 to prove the theorem.
Define g3 (\) = M (aglog A + by 1) and g3(\) = azA\* with ap,a3 € R\ {0} and by _ = by ;. Also let
G'3 be the integral operator with the kernel |z —y|*, and G4 with the kernel |z —y|* log |z —y|. Similar

to the expansion given in Lemma 2.2 we obtain
(85) MEN) = g (\vGrv + AN20Gav + g (A\vG3v + gs(M)vGav + O1(\Y?),

by expanding the Bessel functions to order z%log z and estimating the error term as in Lemma 2.2.

This requires that |V (z)] < (x)~11.

Proposition 6.1. Assume that S; = So = S3, and that |V (z)| < (x)™11~. Then, By is invertible on
S1L%(R?), and we have
D3 91 (V)?

+

— 92 (N) 1
86) Bi'= =2 DsI's D3 + D3l's D3 + ————=DsI'yD ——DsI'sD
(86) By )\24— N Pale 3+ D3l 3+)\4hi(>\) 3l 3+hi()\) 3l5D3

+
91 ()‘) 1/2
+ JepE (g DoTeDa+ O,

where T'; are real-valued, absolutely bounded operators on L2.

Proof. We will modify the proof of Proposition 4.1. Using (84) in (61) we see that B = E()\) where
(from (59))

E(\) = S1 AT A Mo(W A (NSt — S AT () [Mo(N) A ()2 [1 4+ Mo(M A (V)] 'S5
Since S; = Sy = S3, using (84) and (22) we have
(87) S1ATH(N) = ATH NS, = Ss.
Using this, Lemma 2.2 and the fact that A=1(\) = O1(1), we obtain
(88) B = E(\) = S3My(A\)Ss — SsMy(A\) AT (A) My(N) S5 + O1(A%/?).
Using (85) and the fact that SsvG1vS3 = 0, we get

SgMo()\)Sd = )\QS3UG2’US3 + gg(A)SgUGgUSg + gg()\)S3UG4’USg + 01()\9/2).
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We now note that by writing G1(x,y) = |z|? — 2z -y + |y|?, and using (80) and P L Q > Ss, one

obtains
(89) SgUleQ = Q’UGl’USg =0.

Using this and (84) in (22) and (85), we have

2 4
SgMQ(/\)A_l(/\)MQ()\)Sg = gl(/\) Sg’UlevalUS?, + LS&}UGQUS’UGQ’US?,
h(\) h(\)
)\291()\)

+

h()\) [Sg’l)Gl'USUGQUSg + Sg’UGQ’US’UGl'USg]

+ )\4S3UG2’UQD0QUG2US3 + 01()\6_).

Therefore, using these expansions in (88), we have

g (\)?
=) TR

A Agi (M)
I's + =)

B =Xy + gF (W2 4+ AT + D + 01 (\?),

where I'; are absolutely bounded operators on L? with I'; = S3I';Ss, and 1";1 = Ds3. Inverting this

via Neumann Series yields the claim of the proposition. O

Corollary 6.2. Assume that S; = Sy = S3, and that |V (z)] < (x)~11~. Then

D b
ME -1_ Y3 1 = 1 Ut =
(90) (\) vl + (a1log A+ b1 1)=1 + ( + 3108 A+ b2,:i:) 2
1 _ _
+pEpy et A + 807 + O,

Here, Z; are real-valued absolutely bounded operators, Zo and Z3 have a projection orthogonal to P
on at least one side, and Zy have orthogonal projections on both sides. Further a; € R\ {0} and

bi,+ = bi’, .

We should note that in the statement of the corollary we listed only one term of each form. For

example there are several different terms of the form =5 in the expansion.

3,+
a2 log A+ba 4

Proof of Corollary 6.2. Using (23), (22) and (87), and then (84) and (89), we have

(M(X\) + S1)7 185 = S5+ AL (A)Mo(N\)S3 + O1 (A1)

2
=S5 + ghl((;\)) [PUGll)Sg — QD(]QTP’UGﬂ)Sg} + >\2QD0Q'UG2'U53 + ﬁSUGﬂ)Sg + O, ()\47),
S3(M(N) + S1)7! = S5 4 SsMo(MA™E(N) + 01 (A1)

2
=S5 + ghl((;\)) [Sg'UGl’UP — Sg’UGﬂ)PTQDoQ} + >\2S3UGQUQDOQ + ﬁSB’UGQUS + Oy ()\47).

Using these and (86) yields that
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D
(M(X) + S1) "' SsB~ ' S3(M(X) +51) "' = )\*23 + (a1 log A + b1 1 )=1

b
(1 )E

Es + O1(\?).
azlog A + by 4 3+ Ol )

h=(A)
Applying Lemma 2.4 finishes the proof. a

Using Corollary 6.2 and Lemma 5.6 in (26), we see that the contribution of the D3/\? term can be

written as
RE (202 uRE (V) = 15 (RS O) — g () eDsw (R O) - (V)
(o1) = 55 (RE02) = g% () = Go)oDsw (RS %) = g* () - Go)
(92) + %Gongv(R(J{(AQ) —g9T(\) = Go) + % (RE(N?) — gT(\) — Go)vD3vGo
(93) + %Pe.

In the first line above, we used the fact that PD3 = D3P = 0 to subtract off g™ (\).

Lemma 6.3. Under the assumptions of Theorem 1.2, if we project away from the eigenspace of

H = —-A+YV at zero energy, for Schwartz functions f and g the following bound holds.
Ooeit/\zX(/\) +/12 +712 -2 — 2 -1
XN (g () Dsu RS (V) ~ Ry (o DsvRg (W21, 9) dA| < 1117l gl
0

Proof. First note that since we project away the zero eigenspace, the contribution of (93) cancels out.
To bound the contribution of other terms recall that the expansion for Ry (A\?) used in Lemma 2.2

gives
IR (A (@,y) — gT(A) = Go(z, y)] S A |z —y|"™" S () + ()'h),

0
|55 (BS (V) (@,9) = g7 (V) = Go(,9)) | S A (&) + (m)").
Note that if [®(A\)] + A|®'(N)| < AT and same for ¥, then

< [T (><<A>«I><A>@f(x>>'dAS i

00 LitA?
(04) [T ey (S

Also using that |Ds| : L? — L? and {x)'Tv(x) € L?, the contribution of (91) satisfies the claim of the
lemma.
For the contribution of the terms in (92), we need to use the cancellation between the ‘+’ and ‘-’

terms in Stone’s formula.

GovDsv([Rg (X*) = g7 (V)] = [Rg (\) — g~ (V)

= GoUDgU(2iJ0(/\| . |) - 22%(2)) = 2iGQUD3UJO(>\| . |)
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Where we used (32) in the last step. As in the case of an s-wave resonance, we separate into the high

and low energies. For the low energy part we use (32) and investigate

) e X (M~ oy~ ) = XA+ D) + )

After an integration by parts, the result relies on proving the following bound.

/1d(wa—wD%Qw—wD—XOU+ym%@“+wmn>wx<qw
0

dX A2
We need not consider when the derivative acts on the cut-off function as this restricts us to an annulus

|71 or A~ (1 + |y1])~" and we can bound (95) by

where A ~ |y — y1

/ Syl S i)
Anly—ya |t

The analogous bound holds for A ~ (1 + |y1|)~!. With this in mind, it suffices to prove that
1
fAly =wl) = FAA +y
/ ( | 1|) o ( ( ‘ 1|)) A\ 5<y>2+<y1>1+
0

with f(2) := x(2)[-2Jo(2) + 2J}(z)]. As we are restricted to low energy, we have the expansion for

Jo(z) and its derivative in a powers of z from (4). So that
f(2) = ao + a1z + azz® + O(z*").

Since f(0) = —2Jo(0) = —2 we have that ag = —2. Further f/(0) = —J;(0) + 2J§(z)|._, = 0, and

f"(z) = 2J}"(z). Therefore, we have a; = as = 0, and
fz)==2+0("),  f(2)=0(").

Now,

Aly— y1|
10— = O+l =] [ ey
A(1+|y1])

< )\2+||y -y = (1+ |y1||(|y — '+ <Z/1>1+) SN ) ()
Thus, we have

1 B _ 1
95) < ‘/0 FA\ly —wl) /\3f(>\(1 + [y11)) dA’ < <y>2+<y1>1+/0 AT AN < ()2 ()

as desired.
Now, for the high energy we proceed along the lines of the proof of Lemma 3.8. We employ the
function GE(, [y — 1], 1 + |y1|) of Lemma 3.7. Specifically, we need to bound

/ e (V) Go vD 3”Gi(A ,q) dA
0
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with p = max(|ly — y1|,1 + |y1|) and ¢ = min(Jy — y1|, 1 + |y1]). We will apply Lemma 3.6 to

_ xNGEX)
a(A\) = s

Using the bounds of Lemma 3.7 with 7 = 1, we have

15 10} (g0 + A% ) % ) (ROwVEA + 500V,

) 1 X(Ap) | X(Ag) pX(Ap) | ax(Ag)
M2 A<y>(|Ap1/2 ! |Aq|1/2) < >(|Ap1/2 ! Aqw?)'

Here we used that on the support of X(Ap), we have 1 < Ap. At this point, the proof follows exactly

along the lines of Lemma 3.8 with the extra weights of p + ¢ < (y){(y1), which yields the required
bound. 0

We are now ready to prove the theorem. We provide a sketch, as there is a significant overlap with

the proofs of previous estimates in Section 3.

Proof of Theorem 1.2. We already proved the theorem for the contribution of the D3/\? term in
Corollary 6.2 to (26). The contribution of the =; term and the terms in the second line of (90)

satisfies the dispersive bound by the results of Section 3. It remains to control the contribution of

b
(1+ m)zg.

We will only provide a brief sketch. Recall that =5 has projection orthogonal to P only on one side,
say on the right. On high energy, we can use A|z — x1| 2 1 to extract positive powers of A for the
integration at the loss of a weight as in the proof of Lemma 6.3. The polynomial weights arising are
either ameliorated by the decay of the potential v or goes into the weight of the weighted dispersive
bound. For the low energy part, the worst case is when we have Y;, on both sides. This arises only
with the term containing log A in the denominator due to the cancellation between the + terms. On
the right hand side, using (32), we replace xYy with F' from Lemma 3.3 to reduce to bounding the
following integral

b3

oo
itA?
AxX(A)x( Az — Yo(Alz — —F(A dA|.
[T OO = Yol = ) PO )

After an integration by parts it suffices to prove that

b3

—F(\ dA
QQIOg)\+bQ ( ay7y1)}’

[ ot - savotaie - )
S k@, x)k(y, ya) (@) () () )t
We note, from (5), that

2
YAz — 21 ) YoMz — z1]) = ;[1og/\ +loglz — z1| + 7] + O |z — 24 |'T).
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The first log A is the most troubling, we note that to control it we use the following facts

b3 b3 1
log(A\)————| <1 — | log(A < .
6N Togrr | S b d)\(og( )a21ogA+b2)‘~A(1ogA)2
The contribution of the other terms can be bounded by similar arguments. O
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