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AN IDENTITY FOR THE DEDEKIND ETA-FUNCTION INVOLVING
TWO INDEPENDENT COMPLEX VARIABLES

BRUCE C. BERNDT anp WILLIAM B. HART

ABSTRACT

The authors prove a new identity for the Dedekind eta-function that involves third powers of the eta-function,
with each of the two cubes being a function of a different complex variable.

1. Introduction

Recall that the Dedekind eta-function 1(7) is defined for ¢ = e*™" and 7 € H = {7 : Im 7 > 0}
by
0(r) = 4" (¢ 4)oc

where
oo

(a:0)e = [] (1~ ag™).

n=0
The purpose of this paper is to prove the following striking identity for the eta-function, of
which we know no other examples of a similar type.

THEOREM 1.1. For w,z € H,

o0 = (1)) o () (1) - (2.

We describe now the genesis of (1.1). In preparing his doctoral thesis [2], the second author
searched for modular equations involving

up(7) == n(r/m) and
n(T)

(and various modular transforms thereof). His goal was to generalize the modular equations of
‘irrational kind’ for the Weber functions

i T+1)/2 T/2 2T

f(T) —e /2477(( )/ )7 fl(T) — 77( / ) fQ(T) — \/57’( )

n(7)
discussed in Section 75 of Weber’s book [3]; that is, the case m = 2 in (1.2). For example, if
n = 3, letting

v1(7) = uy(n7), (1.2)

and

Received 31 March 2006; published online 16 March 2007.
2000 Mathematics Subject Classification 11F20 (primary), 11F27 (secondary).
First author’s research partially supported by grant MDA904-00-1-0015 from the National Security Agency.



346 BRUCE C. BERNDT AND WILLIAM B. HART

one can prove the identity
u?v? = udv? + udv3, TEH.

Generally, Weber’s modular equations depend on n, and increase in complexity as n increases.

In attempting to generalize these modular equations, the second author began with an appro-
priately normalized set of transforms (under modular substitutions) of ug(7) := n(7/3)/n(7).
However, he eventually realized that the modular equations obtained for these ‘generalized
Weber functions’ did not appear to vary as n increased. Moreover, the single identity that
he found was completely general in that the second parameter nT was not related to 7 in any
way; that is, the equation held for two completely independent complex variables. Simplification
then gave the identity for the eta-function given in Theorem 1.1 above. The identity was then
verified in many cases to tens of thousands of decimal places.

2. Proof of Theorem 1.1
Let ¢ = e*™ @Q = €2™#, and p = €>™/3. Then (1.1) is equivalent to the identity
276" Q¥ 0 Q% @) = /7 QY P (g ) (@Y% QO
+ipt g P QY (pg' 3 pg'?)3, (pQY3; pQYP)E,
Lipm VAGHQURA (1 gl /3, gl B3 ()1 QU3 1 Q33
or
270" Q' (¢%; ¢*)%.(Q% Q%)% = (¢"%;¢"*)%. QY% Q)2
+ip'*(pg""%; pa" )% (0QY%; Q)3
—ip A (p g B g Y (pT QY p T QYP)E,. (21)
To prove (2.1), we use Jacobi’s identity [1, p. 285]

o0

(@9)% = Y (=)™ (2n+ 1)g""+D/2, (2.2)

n=0

Observe that

nn+1y/2 _ )L if n=0,2 (mod 3),
g e ifn=1(mod3).

Hence, by (2.2),

oo

(g% g ), = 3 (~1)" (20 + 1) D 2
n=0
= > (FD)@n+ 0" 1 N (1) (2n 4 1)gn TS
nEO,g(:mod 3) nzln(r:n%d 3)
_ (q1/3; ql/S)io + (p _ 1) Z(_1)3n+1(6n + 3)q(3n+1)(3n+2)/6
n=0
00
= (¢"%q"")%, = 3(p = 1)g"* Y (=1)"(2n + 1)g* /2
n=0
= ("4 = 3(p = Da"*(@*: 6", (2.3)

where we used (2.2) twice again. For brevity, set

A= (q"%¢"%,  B=@QY%QV*L, C:=q¢"%d"%, D=QY*Q%Q%i.
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Using the notation above, (2.3), its analogue with p replaced by p~!

q replaced by @, in (2.1), we find that it suffices to prove that
27CD = AB +ip*/* (A —3(p —1)C) (B - 3(p — 1)D)

, and their analogues, with

—ip VH(A=3(p7' —1)0) (B-3(p~' —1)D). (2.4)
Observe that p'/* = (v/3 +14)/2. Thus, the coefficient of AB on the right-hand side of (2.4) is
equal to
. - (V3 i (V3
14 ipt* —ip 1/4:1—%1(%—5—%)—1(%—%):0. (2.5)

Next, the coefficients of AD and BC' on the right-hand side of (2.4) are each equal to
—3ip" " (p—1) +3ip~(p7t — 1)

-5 3) (P (5 D)

The coefficient of C'D on the right-hand side of (2.4) is equal to
9ip'/*(p—1)* = 9ip~/*(p~" = 1)?

()25 (5

_92,(6\/§—6i 6\/§+6z‘)
- 4 4

= 9i(—3i)
=97, (2.7)

Hence, using the calculations (2.5)—(2.7) in (2.4), we see that (2.4) indeed has been shown, and
so this completes the proof.
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