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Abstract

We show that certain modular equations and theta function identities of Ramanujan imply elegant parti-
tion identities. Several of the identities are for ¢-cores.
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1. Introduction

H.M. Farkas and I. Kra [8] were perhaps the first mathematicians to observe that theta constant
identities can be interpreted as or can be transcribed into partition identities. (Theta constant
identities can be thought of as modular equations, and we use the latter terminology throughout
this paper.) Perhaps the most elegant of their three partition theorems is the following result [8,
Theorem 3, p. 202].

Theorem 1.1. Let S denote the set consisting of one copy of the positive integers and one addi-
tional copy of those positive integers that are multiples of 1. Then for each positive integer k, the
number of partitions of 2k into even elements of S is equal to the number of partitions of 2k + 1
into odd elements of S.
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In [7], the second author observed that two results of Farkas and Kra are equivalent to two
modular equations, both found by both Ramanujan, in his notebooks [13], and H. Schréter, either
in his doctoral dissertation [15] from 1854 or in his papers [16,17] emanating several years later
from his doctoral dissertation. It was furthermore remarked in [7] that there appear to be only
five modular equations of prime degree, namely, degrees 3, 5, 7, 11, and 23, which yield partition
identities of this certain type. It should be emphasized that no two of the five partition identities
have exactly the same structure. We conjecture that in each case, the partition identity is unique.
In other words, for each of the five partition theorems, the prime 3, 5, 7, 11, or 23 cannot be
replaced by any other prime.

M.D. Hirschhorn [12] found a simple proof of the theta function identity equivalent to the
theorem of Farkas and Kra [8]. Furthermore, S.O. Warnaar [19] established an extensive gener-
alization of the partition theorem of Farkas and Kra by first proving a very general theta function
identity. In fact, an equivalent formulation of Warnaar’s theta function identity can be found in
Ramanujan’s notebooks. Thus, the first objective of this paper is to show that Warnaar’s and
Ramanujan’s identities are really the same after a redefinition of variables.

In his notebooks [13], Ramanujan recorded over 100 modular equations, and in his lost note-
book [14], Ramanujan recorded additional modular equations. Proofs for almost all of these
modular equations can be found in the books of Berndt [4—-6] and G.E. Andrews and B.C. Berndt
[2]. Besides the five modular equations mentioned above, it is natural to ask if there are further
modular equations of Ramanujan that yield partition theoretical information. The main purpose
of this paper is to affirmatively answer this question and to present several new partition identities
arising from Ramanujan’s modular equations and/or theta function identities.

In Section 4, we use modular equations to find some identities for 7-cores, and in Section 5,
we derive identities for self-conjugate 7-cores.

One of the identities found by Farkas and Kra arises from a modular equation of degree 3; see
the papers of Warnaar [19] and Berndt [7] for further proofs. In Section 6, we establish three new
theorems on partitions arising from modular equations of degree 3. One of the partition identities
in [7] and another in [8] are associated with modular equations of degree 5. In Section 7, we
derive three new theorems arising from modular equations of Ramanujan of degree 5.

Although we mentioned above that there appear to be only five partition theorems of the type
originally found by Farkas and Kra and associated with modular equations of prime degree,
there is one modular equation of Ramanujan and H. Weber [20] of composite degree of the same
sort, namely, of degree 15. In Section 8, we derive the corresponding partition identity for this
modular equation, and we examine two further modular equations of degree 15 of Ramanujan
and derive two further partition identities. Like those identities derived in Sections 6 and 7, the
latter identities are in the same spirit as the original identities of Farkas and Kra, Warnaar, and
Berndt, but of a slightly different type.

Our findings offered in this paper are by no means exhaustive, and our research continues in
this direction [3]. However, for the theorems proved in this paper, we feel that we have exhausted
the possibilities of more theorems of this sort.

2. Definitions, preliminary results, and notation

Throughout this paper, we assume that |¢g| < 1 and use the standard notation

o0

(@: @)oo == [ [ (1 — ag").

n=0
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We also use the standard notation
(ar,az, ..., ak; q)oo = (a15q9)o00(a2; @)oo -+ - (Ak; §)co-
For |ab| < 1, Ramanujan’s general theta-function f(a, b) is defined by

o0
f(aa b) = Z an(n+1)/2bn(n_1)/2.

n=—oo

Jacobi’s famous triple product identity [4, Entry 19, p. 35] is given by
f(a,b) = (=a;ab)oc(—b; ab)so(ab; ab)oo.

The three most important special cases of f(a, b) are

$@)=fq.0)=1+2) ¢" =(~4:¢>)% (4% 4% .

n=1
S 2. .2
— 3) _ nn1y/2 _ (4734 )
V()= f(q.9°) ,;" G
and
f=) = f(=q.—q*) = > (=D"q"" P =(g: ¢)eo,

@2.1)

(2.2)

(2.3)

2.4)

(2.5)

(2.6)

where the product representation in (2.4)—(2.6) arise from (2.3). The last equality in (2.6) is also
Euler’s famous pentagonal number theorem. In the sequel, we use several times another famous

identity of Euler, namely,
-1
(¢:9%), =(—q; Do
After Ramanujan, we also define
x(@)=(-q:9%),,
In the following two lemmas, we state some properties satisfied by f(a, b).
Lemma 2.1. [4, Entry 30, p. 46] We have
f(a,b) + f(—a,—b)=2f(a’b,ab’)
and
fla,b) — f(=a,—b) =2af (b/a,a’b).
Lemma 2.2. [4, Entry 29, p. 45] If ab = cd, then
fla,b)f(c,d)+ f(=a,=b) f(—c,—d) =2f(ac, bd) f (ad, bc)

and

fla,b)f(c,d) — f(—a,—b) f(—c,—d) =2af (b/c,ac’d) f (b/d, acd?).

We shall also use the following lemma [4, Entries 10(iv), 10(v), p. 262].

2.7)

(2.8)

(2.9)

(2.10)

2.11)

(2.12)
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Lemma 2.3. We have

o*(q) — ¢*(¢°) =4q9f(q.4°) f(a°. ") (2.13)

and
i) —qv*(q’) = f(q.4") F (4% 4°) (2.14)

We next define a modular equation as understood by Ramanujan. To that end, first define the
complete elliptic integral of the first kind associated with the modulus k, 0 <k < 1, by

/2
deo

K :=K(k):= f
. 1 —k2sin%0

The complementary modulus &’ is defined by k" := +/1 — k2. Set K’ := K (k). Let K, K’', L,
and L’ denote the complete elliptic integrals of the first kind associated with the moduli &, k', [,
and [’, respectively. Suppose that the equality
K L
n— = — (2.15)
K L

holds for some positive integer n. Then a modular equation of degree n is a relation between the
moduli k£ and [ that is implied by (2.15). Ramanujan recorded his modular equations in terms of
o and B, where o = k2 and B = [>. We say that 8 has degree n over a.

If ¢ = exp(—7 K'/K), then one of the fundamental results in the theory of elliptic functions
[4, Entry 6, p. 101] is given by

) 2 11 )
¢°(q)=—K(k)=2F1| 5, 55 k"), (2.16)
b4 2 2

where ¢ is as defined in (2.4) and where ; F (a, b; c; z), |z| < 1, denotes the ordinary or Gaussian
hypergeometric series.

The identity (2.16) enables one to derive formulas for ¢, v, f, and yx at different arguments
interms of o, g, and z := F (%, %; 1; o). In particular, Ramanujan recorded the following iden-
tities in his second notebook [13], [4, pp. 122-124].

Lemma 2.4. We have

_ Ve =y

(@) gl (2.17)
f=q)= ﬁa;/f;(qll/_zf) -~ (2.18)
f(=a%) = ﬁ{zl(/l3;171)2}1/12, (2.19)
f(=q*) = ﬁalz/z/(;q;? kg (2.20)
x(q) =2"° a” 2.21)

{1 —a)}t/24’

1/2401 _ o)1/12
N _~l/64 ( @)
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1/12(1 _ o)1/24
2 139 (A —a)
X(—q ) =2l L2 . (2.23)

Suppose that B has degree n over «. If we replace q by q"* above, then the same evaluations hold
with o replaced by B and 7 replaced by z,, := 2F1(%, %; 1; B).

Some of our partition identities involve z-cores, which we now define. A partition A is said to
be a ¢-core if and only if it has no hook numbers that are multiples of ¢; or if and only if A has no
rim hooks that are multiples of ¢. If a;(n) denotes the number of partitions of n that are ¢-cores,
then the generating function for a;(n) is given by [10, Eq. (2.1)]

f1(=q") q)
2.24
Za;(n)q e (2.24)
In particular, for # =3 and 5,
5
Za3(n)q ffE ) and Za5(n)q ffﬁ_q) (2.25)

We also note from [10, Eq. (7.1b)] that, for ¢ odd, the generating function for asc; (n), the number
of t-cores that are self-conjugate, is given by

o -1/
S ase, gt = LT @) (2.26)
= x(g")

3. Equivalence of identities of Warnaar and Ramanujan

In [19], Warnaar proved generalizations of the partition theorems of Farkas and Kra [8,9] via
the following key identity, for which Warnaar supplied three proofs. Recall the notation (2.1).
Then

(—c, —ac, —bc, —abc, —q/c,—q/ac, —q/bc, —q/abc; q) o
— (¢c,ac,be,abe, q/c,q/ac,q/bc, q/abc; )
= 2c(—a, —b, —abc?, —q/a,—q/b, —q/abcz, —-q, —q; q)oo. 3.1)

In this section, we show that (3.1) is equivalent to the following identity recorded by Ra-
manujan in his second notebook [13] and proved by C. Adiga, B.C. Berndt, S. Bhargava, and
G.N. Watson [1], [4, corollary, p. 47]. If uv = xy, then

S, v) f(x,y)f(un,v/n)f(xn,y/n)
- f(—l/t, —U)f(—.x, _)’)f(_u”, —v/n)f(—xn, _y/l’l)
=2uf(x/u,uy) f(y/un,uxn) f(n,uv/n)¥(uv). (3.2)
Set

u=c, v=—, X=—, y=abc, and n=a

c
in (3.2) to deduce that
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f(c.q/c) f(q/abc,abe) f(ca, q/ca) f(q/bc, be)
— f(=¢c,—q/0) f(=q/abc, —abc) f(—ca, —q/ca) f(—q/bc, —bc)
=2cf(q/abc’, abc®) f(b.q/b) f (a.q /)Y (). (3.3)
Employing the Jacobi triple product identity (2.3) and (2.5) in (3.3), we find that

(—c,—ac, —bc, —abc, —q/c,—q/ac, —q/bc, —q/abc; q)x
— (c,ac,bc,abc,q/c,q/ac,q/bc,q/abc; q)so
4* 4%
(g5 Doo(q5 4P)o0

= 2c(—a, —b, —abc?, —q/a,—q/b, —q/abcz; q) 3.4)

Noting that (¢; ) = (¢; qz)oo(qz; q2)oo, we rewrite (3.4) as
(—c, —ac, —bc, —abc, —q/c, —q/ac, —q/bc, —q/abc; q)
— (c,ac,bc,abc,q/c,q/ac,q/bc,q/abc; q)so
—1 —1
= 2c(—a, —b, —abc?, —q/a,—q/b, —q/abcz; q)oo(q; qz)oo (q; qz)oo . (3.5)
Employing Euler’s identity (2.7) in (3.5), we readily arrive at (3.1).

4. Theorems on 3- and 5-cores

Theorem 4.1. If az(n) denotes the number of partitions of n that are 3-cores, then
az(4n+ 1) = az(n). 4.1)

Proof. We begin with the following modular equation of Ramanujan [4, Entry 5(1), p. 230]. If 8
has degree 3 over «, then

1—B8)3\ /8 3\ /8
<( ] _’i) ) — (%) =1. (4.2)
Multiply both sides of (4.2) by
Z§/2ﬁ1/8(1 _ ﬂ)1/8
2173 JZ21q PBal 24(1 — o) 1724
and write the resulting equation in the form
(\/5(1_18)1/6,31/24>3 21/641/24
21/643/24 V(1 —a)l/6g1/24
N B)1/241/6 3 22/341/6
- Zq( 22734316 ) JZi( — o) /24176

B ﬁ(l _13)1/24131/24 3 21/6q1/24
- 21/6q3/24 \/H(l _a)1/24a1/24'

We now use (2.17), (2.18), and (2.20) to write this last equality in the equivalent form
=4 2 =4 _ @)
f(=q) f(=q" f(q)

4.3)
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Employing (2.25), we can rewrite (4.3) as

1 o0 0 0
5 (Z% (n)q" — Z(—l)"a3<n>q”) =q ) a3(mq™". (4.4)
n=0 n=0

n=0

Equating the coefficients of q4”+1 on both sides of (4.4), we readily arrive at (4.1). O
J.A. Sellers [18] has informed us that he has derived a generalization of (4.1).

Theorem 4.2. Let as(n) denote the number of partitions of n that are 5-cores. Then
as(4n + 3) =as2n + 1) 4+ 2as(n). 4.5)

Proof. Entry 13(iii) in Chapter 19 of Ramanujan’s second notebook [4, p. 280] gives the modular
equation

1 B)5\ /8 5\ 1/8 51— )5 1/24
(I-8) B i N VEY i S c) , 4.6)
l—« o a(l —a)
where 8 has degree 5 over o. Now multiply (4.6) by
z§/2(1 _ B)3/2485/24
\/HZZ/SQU _ a)1/24a1/24

and rearrange to obtain the identity
\/E(l _13)1/6131/24 5 21/6q1/24
( 21/645/24 ) V(1 — )76 1724

443 \/5(1_13)1/24131/6 5 22/3q1/6
— ™ 22/345/6 JZ1(L —a) /24176

(ST — NI 21/641/24
- 21/645/24 V(I — o)1 /21724

\/g(l —,3)1/12,3]/12 5 21/3q1/12
—I-ZCI( 21/345/12 ) V11— a)l/12g1/12°

Employing (2.17)—(2.20), we readily find that this last identity can be recast in the form

Py, s ) @) |, e

= . 4.7
T R T S B ey @7
Employing (2.25), we can rewrite (4.7) as
1 0 o0 o0 (0,0)
> (,,2:(:)&5 (mq" — nX:(:)(—l)"as(n)q”) =q ng(:)as(n)qz” +24° ng(:)as (n)g™". (4.8)

Equating the coefficients of g***3 on both sides of (4.8), we readily arrive at (4.5). O
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5. Theorems on 3- and 5-cores that are self-conjugate

Theorem 5.1. If asc3(n) denotes the number of 3-cores of n that are self-conjugate, then

asc3(4n + 1) = ascz(n). (5.1)

Proof. Setting t = 3 in (2.26), we find that

00 _ 6
Zasq (n)q" = w (5.2)
= x(q”)

Applying the Jacobi triple product identity (2.3) and recalling (2.6) and (2.8), we find that

_ (c4149)%(@% 4% _ x@)f(=4°)

fa.4°)=(-a:9°) (-4 4% . (a% a°) .

(—4% 4% o0 x(q?)
(5.3)
From (5.2) and (5.3), we deduce that
Y ascs(mq" = f(q.4). (5.4)
n=0

Now, setting a = ¢ and b = ¢° in (2.10), we deduce that

fa.9°) = f(-a.-a°) =24f(q*. 4*). (5.5)
Employing (5.4) in (5.5), we find that

Zasq (n)q" — Z(—l)"asq (n)q" =2q Zasq (n)g™. (5.6)

n=0 n=0 n=0

4n+1

Comparing coefficients of g on both sides of (5.6), we immediately arrive at (5.1). O

Theorem 5.2. If asc3(n) denotes the number of 3-cores of n that are self-conjugate, then
asc3(8P) =1, (5.7)
where Py is either of the kth generalized pentagonal numbers k(3k == 1) /2.

Proof. Setting a =q and b = ¢° in (2.9), we deduce that

@)+ f(—q.—4°) =21 (4% 4"°). (5.8)

Now, from the definition (2.2) of f(a, b), we see that
0
fla.a%)= Y_ ¢** D2 (5.9)
k=—o00

Employing (5.4) and (5.9) in (5.8), we find that

0 o 0

Zasq(n)q" + Z(—l)”asq(n)q” =2 Z gSkGk=1/2 (5.10)

n=0 n=0 k=—o00

Comparing coefficients of ¢3%% on both sides of (5.10), we readily deduce (5.7). O
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The following identity can be found in a paper by F. Garvan, D. Kim, and D. Stanton [10,
Corollary 2(1)].

Theorem 5.3. If asc5(n) denotes the number of 5-cores of n that are self-conjugate, then

ascs(2n + 1) = ascs(n). (5.11)

Proof. Setting r =5 in (2.26), we find that

00 2. 10
Y ases(n)g" = x@)f (5 9. (5.12)
= x(q”)

Using once again the Jacobi triple product identity (2.3), we find that

£a.0°)F (@ d") = (~4:0") (4% ¢"%) (=47 ") . (=4 ¢") . (¢'% ¢ ')
_ C2:09)%(q"% "% _ x(@) 7 (=¢"")

5.13
(=440 x(q°) 619

From (5.12) and (5.13), we can deduce that
> ases(n)q" = f(q.9°) f(a’. 4"). (5.14)

n=0
Now, settinga =q, b = q9, c= q3, and d = q7 in (2.12), we deduce that
fla.a°)f(a a") = f(—a.-a°) F (=2, —a") =24 (¢° ") f (%, 4"*). (5.15)
Employing (5.14) in (5.15), we find that

ZCISC5 (n)q" — Z(—l)"asq (n)q" =2q Zascs (n)g*". (5.16)
n=0 n=0 n=0

Comparing coefficients of q2”+1 on both sides of (5.16), we deduce (5.11). O

Theorem 5.4. If asc5(n) denotes the number of 5-cores of n that are self-conjugate, and if t,(n)
denotes the number of representations of n as a sum of two triangular numbers, then

ascs(4(5n +1)) =n(5n+ 1) — n(n). (5.17)

Proof. Settinga=gq,b=¢q°,c=¢>,andd =q’ in (2.11), we deduce that

fa.8%) (@ a")+ f(=q.—-4°) F(=a°. —=4") =21 (q*.4"%) F (¢®. ¢"2). (5.18)
With the help of (5.14), we rewrite (5.18) as

> ases(m)g" + Y (—=D)"ascs(mg" =2£(q*.q"°) £ (%, ¢"). (5.19)
n=0 n=0

From the definition of ¥/ (q) in (2.5), it is clear that the generating function for #,(n) is given
by
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vig) =) nnqg". (5.20)

n=0

Thus, (2.14) can be rewritten in the form
o0 o0
fla.q)) (@ 4°) =) nmq" =) nmg". (5.21)
n=0 n=0
Replacing ¢ by ¢* in (5.21), and then using this in (5.19), we find that

D _ases(mg” + ) (=1)"ascs(n)g" = 2(Zt2(n)q4” - th(n)q‘“s"*“). (5.22)

n=0 n=0 n=0 n=0

Comparing the coefficients of 20" +4

the proof. O

on both sides of (5.22), we easily deduce (5.17) to complete

Remark. In a similar way, employing (2.13), we can easily show that

dascs(5n — 1) =ry(5n) — rp(n),
where r;(n) denotes the number of representations of the positive integer n as a sum of two
squares. This result was noticed earlier by Garvan, Kim, and Stanton [10, Eq. (7.3)].

6. New partition identities associated with modular equations of degree 3

Theorem 6.1. Let S denote the set consisting of two copies, say in colors orange and blue, of the
positive integers and one additional copy, say in color red, of those positive integers that are not
multiples of 3. Let A(N) and B(N) denote the number of partitions of 2N into odd elements and
even elements, respectively, of S. Then, for N > 1,

A(N)= B(N).

Proof. From Entry 5(i) of Chapter 19 in Ramanujan’s second notebook [13], [4, p. 230], we note
that, if B has degree 3 over «, then

0(3 1/8 (1 —O[)3 1/8
<_) — <—) =1. (6.1
p 1=p
Multiplying both sides of (6.1) by

(B(1—p))/12
(a(l —a))l/8”’

we obtain the equivalent equation

061/4 (1_[3)1/12 (1—06)1/4 131/12 (5(1_13))1/12

(1—a)l/8 ' pl/24 IV (1= B2~ (a(l—a)l/8" (6.2)
Transcribing (6.2) with the help of (2.21)—(2.23), we find that
_ 3 30 3
x(=q°)  x(=q) _ x'(q) 6.3)

x3(=¢®  x(—=q%  x2(g3)
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Multiplying both sides of (6.3) by x (¢°), we deduce that

@) | =) x(—=q%)

= . 6.4)
x@)  x(=¢>  x(=q?)
Using (2.8) and (2.7), we can write (6.4) in the form
. 23\3 . 2\3 _ 2. .23
(—9:9)% |, @9)% (=979 )5 6.5)

(—4% 4% @% 90  (—q% %0
We can rewrite (6.5) in the form
2 2 2
(=43 0°) o (-0 =4%:0°) oo + (4:07) 0 (9- 473 0°) o = 2(=0% 0*) (=07, —a 1 ¢°) -
(6.6)

It is now readily seen that (6.6) is equivalent to Theorem 6.1.. O

Theorem 6.2. Let A(N) and B(N) be as defined in Theorem 6.1. Let D(N) denote the number
of partitions of 2N into parts congruent to £2, +4, £6, £8, £10, £12, 14, or =16 modulo
36 with parts congruent to 2, +£6, =10, or £14 modulo 36 having one additional color, say
green. Then, for N > 1,

2A(N)=3D(N)=2B(N).

Proof. One of Ramanujan’s modular equations of degree 3 can be written in the equivalent form
[5, Entry 50(1), p. 202]

3 .9
x7(q) 1 31ﬂ(q)

= i 6.7
e ©D
Replacing g by —q in (6.7), we obtain the equation
3 9
X (—q) v(q’)
=1-3 . 6.8
x(=q%) V@ 5
Adding (6.7) and (6.8), we find that
3 3 9 9
x (@) x’(=q) {llf(q ) Y(—q )}
+ =2-3 — i 6.9
@ Ty TN v veo ©
But, from Entry 4(i) in Chapter 20 of Ramanujan’s second notebook [13], [4, p. 358],
9 _9 _ 18
{lﬂ(q)_w( q)}:1_<b( q°) (6.10)
vig)  v(—q) ¢(—q?)
Employing (6.10) in (6.9), we find that
3 3, _ 18
@) x"(=q) _¢(=q7) 6.11)

+ =
x@*  x(=¢> = #(=¢?)
Using (2.8), (2.4), and (6.6), we can deduce from (6.11) that
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2(—¢*; q) (—q* —q*; q)
N2 2
( )oo( q,— ) +(q;q2)oo(q’q5;q6)oo
3
= (g2, 4, q10, g1%, g2 q26 430 434, 436)2 (g4 48 412 416 420 424 28 132, 436)
— 1. (6.12)

We observe now that (6.12) is equivalent to the statement of Theorem 6.2. O
6.1. Example: N =3

Then A(3) = 12 = B(3), with the twelve representations in odd and even elements being
given respectively by
Sotlo=5+1p=5+1,=5+1,=5+1,=5+1,=5+1,=5-+1p
=5 +1,=3,+3p=30+ 1o+ 1+ 1, =3p+ 1, +1p + 1,,
60=6p=4,+2o=4o+2p =4+ 2, =dp+ 2, =4p+2p =4 + 2,
=4 +2,=4+2p=4,+2, =2, +2p+ 2.
Furthermore, D(6) = 8, and the eight relative representations of 6 are given by

6=6,=d+2=4+42,=2424+2=24242,=2+2,+2, =2, +2, +2,.
Corollary 6.3. We have A(N) = B(N) =0 (mod 3) and D(N) = 0 (mod 2).

Theorem 6.4. Let S denote the set consisting of one copy, say in color orange, of the positive
integers and five additional copies, say in colors blue, red, green, pink, and violet, of those
positive integers that are multiples of 3. Let A(N) denote the number of partitions of 2N + 1
into odd elements of S, and let B(N) denote the number of partitions of 2N into even elements
of S. Furthermore, let C(N) denote the number of partitions of N into 4 distinct colors, say
Orange, Blue, Red, and Green, each appearing at most once and only in odd parts that are not
multiples of 3. Then, for N > 1,

C(2N)=A(N) and C@2N + 1) =4B(N).

Proof. One of the many modular equations of degree 3 recorded by Ramanujan in his second
notebook is given by [4, Entry 5(viii), p. 231]

5\ 1/8 /8 _ B3l —a)\'/®
(@) +{d -1 - p)°} (T—ﬂ)) . (6.13)

Dividing both sides of (6.13) by (a(1 — a)B>(1 — B)°)!/?*, we obtain the equivalent modular
equation

061/12 131/12 5+(1—0l)1/12 (1_[3)]/12 5
(1—a)/24 \ (1= p)l/24 al/24 pl/24

1 (1 _ 06)1/3 131/6
T @d-—opSA - Qs (1= p)l
Transcribing (6.14) with the help of (2.21)—(2.23), we find that

(6.14)
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5(.3 5(_ 3 84° x*(—q)
oy (— —¢%) = +2 : 6.15
X@x°(q°) = x (=) x°(=q°) =% T (6.15)

Expressing (6.15) in g-products with the help of (2.8) and (2.7), we deduce that
.2 3. 6\5 .2 3.,6)>
(—=9:07) o (—a7:4°) 5 — (a:47) (473 9°)
(q: 4%

2 2. 2 6. 6\5
=8¢°(—q":9%) (4" q )m+2qm. (6.16)

Replacing g by —q in (6.16), we find that

(45 4%) (4% 4°) — (~4:4%) o (—4%: 4°) 2%

_ 6. 6\5 (—q; %)%
=38¢%(—q% q%) (—4°% 4°) —Zqﬁ-

Subtracting (6.17) from (6.16), we deduce that
.2 3. _6)5 .2 3. 6\5
(=4:47) (-7 0") o = (4:47) o (@75 0°)
(—4:99%  @9D% } 5. 64 5. 64
=q + =q\\—9.-—97:9 )+ 2,973 ¢ : (6.18)
{ (_q3; q6)io (613; q6)zéo {( )oo ( )oo}
On the other hand, adding (6.16) and (6.17), we deduce that
5
84(—q% q%) . (—a% q°),
_ Caad @)
(—q%:49% (@ q%%

It is now easy to see that (6.18) and (6.19) have the two partition-theoretic interpretations
given in the statement of Theorem 6.4. O

(6.17)

= (~4.-¢% 4%, — (4. 4% 4% (6.19)

6.2. Example: N =3

Then C(6) = 16 = A(3), and we have the representations
So+1lo=50+1p=50+1r =50+ 1g, 12 further partitions of the form 5 + 1,
7o =3,4+3p+1,, 14 further partitions of the form 3 + 3 + 1.
Also, C(7) =28 and B(3) =7, which are evinced by the representations
To=Tp=Tpr=T6=50+1o0+1g=50+1o+1g =50+ 10 + 1
=50+ 1p+1r =50+ 1p+ 1g, 19 additional representations of the

form5+1+1,
6o =6, =6, =6, =6, =6, =4, +2,.

7. New partition identities associated with modular equations of degree 5

Theorem 7.1. Let S denote the set consisting of four copies, say in colors orange, blue, red,
and green, of the positive integers and one additional copy, say in color pink, of those positive
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integers that are not multiples of 5. Let A(N) and B(N) denote the number of partitions of 2N
into odd elements and even elements, respectively, of S. Then, for N > 1,

A(N) =2B(N).

Proof. If S has degree 5 over «, then [4, Entry 13(ii), p. 280]

(a—s)l/s_(M)1/8_1+21/3<M)1/z4 y
p i—p ) = ety |
Multiplying both sides of (7.1) by

B — )"
(e(l — )/
we arrive at the equivalent modular equation

al/lZ 5 (1 _13)1/12 B (1 —()5)1/12 5 131/12
(1 —a)l/24 ’ pl/24 l/24 ’ (1—pB)l/2

(B —p)l/

— 2153 (8(1 — g)) />, 7.2
@ —a) (B(1—B)) (7.2)
Transcribing (7.2) with the help of (2.21)—(2.23), we find that
x(—¢°)  xX(—q9) _ xX’@) 2
5 2y 0y = 20,5 5\ (7.3)
x>(=q7)  x(=q¢°) x°(@) x(@)
Multiplying both sides of (7.3) by x (¢°), we deduce that
@) | x°(—q) x(—q'%)
5 5 =75 e (7.4)
x(@q)  x(=q>) x°(—=q°)
Employing (2.8) and (2.7), we can rewrite (7.4) in the form
25 . 2\5 _ 2. 235
(=49;:9)% (4;97)3% (=97 9)% (7.5)

+ +2=4— "1/
(=4%,400 (@4 (—q'9%; ¢19)
which we can rewrite in the form
4 4
(~2:0*) . (-9.-¢°. —4".—q":¢"°)  + (¢:4°)(¢.9°.q". ¢": ¢'°)  +2
4
=4(—¢%q%) . (—4*. —4¢*. —¢° —4*: ¢") . (7.6)

It is now readily seen that (7.6) has the partition-theoretic interpretation claimed in Theo-
rem7.1. O

7.1. Example: N =3

Then A(3) =80, B(3) =40, and we record the representations

S50+ 1,=5,+1p, 18 further representations of the form 5 + 1,
=3,+4+ 3, =3,+3, 8 further representations of the form 3 + 3,
=3,+1,+ 1, +1,, 49 additional representations of the form 3+ 1+ 1+ 1.
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6o =6p=6,=6,=6,=4,+2,=4,+2p=4,+2, =4, + 2
=4, +2,, 20 additional representations of the form 4 + 2,
=2,+2p+2,, 9 additional representations of the form 2 42 + 2.

Theorem 7.2. Let A(N) and B(N) be as defined in Theorem 6.1. Let D(N) denote the number
of partitions of 2N into parts congruent to £2, +4, 6, or =8 modulo 20 having two colors, say

Orange and Blue, with parts congruent to 2 or 6 modulo 20 having two additional colors,
say Red and Green. Then, for N > 1,

2A(N) =5D(N)=4B(N).

Proof. Another of Ramanujan’s modular equations of degree 5 is given by [5, p. 202]

xX(q) v (—q°)

=14+5¢g——"-". 7.7
@) vETE (7.7)
Replacing g by —¢q in (7.7) gives
5 2.5
x (—=q) V= (q)
=1-5 ) 7.8
X (2% vET (7:5)
Adding (7.7) and (7.8), we find that
5 5 2.5 2 5
(@) x’(=q) {w @) Y (—q )}
+ =2 — — } 7.9
x(@)  x(—¢>) N2 ~ V29 (=

Arising in the proof of another of Ramanujan’s modular equations of degree 5 is the identity
[4, Eq. (12.32), p. 276]
q{ V3@ Yi=¢) } _, 924" (7.10)
i) YA(=9q) ¢*(=q?)
Employing (7.10) in (7.9), we find that
@, X _ 97=q')
x(@)  x(=¢> =~ $*(=q*)
Using (2.8), (2.4), and (7.6) in (7.11), we conclude that
4
4(-¢* 4% (-4* =q* —q® —¢% ¢'%) -2
4 4
=(-q0:90%) (9. 4. —q". —¢°:4") . + (1:07) (0. 474" 4" 0"") o,
5
(%45 9", q"%: ¢%)% (g% 48, q"%, 4% ¢20),
The partition-theoretic interpretation of (7.12) in Theorem 7.2 now follows easily. O

3. (7.11)

- 3. (7.12)

7.2. Example: N =3

We have already observed in the previous example that A(3) = 80 and B(3) = 40. We see that
D(3) = 32, and the relevant representations are given by

60 =6p =6p =66 =40 +20, 7 further representations of the form 4 + 2,
=20+20+20, 19 further representations of the form 2 + 2 + 2.
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Corollary 7.3. We have A(N), B(N) =0 (mod 5) and D(N) =0 (mod 4).

Theorem 7.4. Let S denote the set consisting of one copy, say in color orange, of the positive
integers and three additional copies, say in colors blue, red, and green, of those positive integers
that are multiples of 5. Let A(N) denote the number of partitions of 2N + 1 into odd elements
of S, and let B(N) denote the number of partitions of 2N into even elements of S. Furthermore,
let C(N) denote the number of partitions of N into 2 distinct colors, say Orange and Blue, each
appearing at most once and only in odd parts that are not multiples of 5. Then, for N > 1,

C(2N)=A(N) and C@2N +1)=2B(N).

Proof. Recording another of Ramanujan’s modular equations of degree 5 from his notebooks [4,
Entry 13(vii), p. 281], we have

Sc1 N5 1/24
M) ) (7.13)

a(l—B)
Dividing both sides of (7.13) by («(1 — )83 (1 — B)3)1/2*, we obtain the alternative formulation

al/lZ ( 131/12 )3 (1—0{)1/12 ((1—,3)1/12>3

@)+ {1 -1 -p?}) =1 —21/3(

(1 _ O[)1/24 ’ (1— ,3)1/24 al/24 ,31/24
1 | —a)/6 1/12
_ iz B . (7.14)
(a(l —a)B3(1 = p)3)1/24 al/12 (1—pl/e
Transcribing (7.14) with the help of (2.21)—(2.23), we find that
4q° x*(—=q)
@1 (@°) = x(—)x*(-¢°) = +2q5—=. (7.15)
(@) (=) x(=q?) x3(=¢q10) x2(=4°)
Expressing (7.15) in terms of g-products with the help of (2.8) and (2.7), we deduce that
) 5. 10\3 .2 5. 103
(—4:9%) o (—a7107)  —(a:07) o (a7 ")
.22
—4¢%(-¢% 4% (=" ¢"0), +2q7(q5’q1())°§ : (7.16)
(4”595
Replacing g by —¢q in (7.16), we find that
.2 5. 10\3 .2 5. 10)3
(0:47)(@307) 5 — (=05 0%) o (254 7)
e 2\2
—4¢%(—4% ¢%) . (=4'% ¢'°)] _oq TT4)% (7.17)

T (=¢%9"%
Subtracting (7.17) from (7.16), we deduce that
(~4:4%) o (=4°:4"0)%, — (:47) o (@°: 402,
_ { (4% | @)% }
(=45 4'9% (@ 9'%
=q{(~q.—4*. —4". —a*: ")+ (0.4°.4". 4% ¢")2.}. (7.18)
On the other hand, adding (7.16) and (7.17), we deduce that
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. 2\2 . ,2\2
4q _qz;qz _qlo;qlo — _
( )oo( )oo (_qS;qu)CZ>o (qS;QIO)gO
2 2
— (~q.—¢* —q. _q9;q1o)c>o _ (q’q3’q7’q9;q10)oo.
(7.19)

It is now easy to see that (7.18) and (7.19) have the partition-theoretic interpretations claimed
in Theorem 7.4. O

7.3. Example: N =6

Then C(12) =12 = A(6), and we have the representations

llop4+1p=11p+1pg=11p+ 1o =11+ 15=90+30=90 +3 =95+ 30
=95 +3p=T70+30+1lo+1p=70+3+ 10+ 13
=7p+30+1lo+1p=7p+35+ 10+ 18,

130=9%+30+1lo=T0+5%+1o=To+5s+1o=To+5 +1,=T,+5; + 1,

=5,+5p+30=50+5 +30=5,+5; +30=5+5,+ 30
=5p+5g+30=5-+5;+ 3.
Also, C(13) = 14 and B(6) =7, and we have the representations
130 =13g=1lpo+ 1o+ 1p=1lp+lo+1p=% +30+10=9 +30 + 15
=90 4+35+10=904+35+15=95+30+10=95+30 + 15
=9 +3p+10=9+3p+1p=T0+30+3p=7Tp+30+33s,
12, =10, +2, =105 +2, =10, + 2, = 10, + 2, =8, + 4, =6, + 4, + 2,.

8. New partition identities associated with modular equations of degree 15

Theorem 8.1. Let S denote the set consisting of one copy, say in color orange, of the positive
integers and three additional copies, say in colors blue, green, and red, of those positive integers
that are multiples of 3, 5, and 15, respectively. Let A(N) denote the number of partitions of
2N + 1 into odd elements of S, and let B(N) denote the number of partitions of 2N — 2 into even
elements of S, with the convention that B(1) = 1. Then A(0) =1, and for N > 1,

A(N)=2B(N).
Proof. We begin with a modular equation of degree 15 recorded first by Weber [20] and later by

Ramanujan in his second notebook [4, Entry 11(xiv), p. 385]. If B, y, and § have degrees 3, 5,
and 15, respectively, over «, then

@By + {1 —a)(1 = py(1 — )1 —5)}'/*

+21/3{oz/3)/6(1 —a)(1—=B)(1—y)1 — 5)}1/24 _
Multiplying both sides of (8.1) by 2%/3¢ /{aBy8(1 —a)(1 — B)(1 — y)(1 — 8)}"/%*, we find that

1. (8.1)
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4q3al/12 | gl/n
BT — q)1/24 " 21/343/12(1 — B)1/24
y /12 s1/12

21/3g5/12(1 — y)1/24 " 21/3415/12(1 — §)1/24
21/6q1/24(1 _a)1/12 21/6q3/24(1 _ 13)1/12

al/24 p1/24

21/6q5/24(1 _ y)1/12 21/6q15/24(1 _ 5)1/12 X
' y1/24 ' s1/24 29

_ 21/641/24 . 21/643/24 . 21/645/24 | 21/6q15/24 52

{a(l—a)}/24 (B =B/ [y (1 —p)}/2 {51 — )1/ '
Converting (8.2) with the help of (2.21)—(2.23), we find that
2 64QB 10 30 +x ) x(=a)x(=a’)x(—4") + 24
X(=q9) x(=q®) x (=g ") x (—q°°)

=x@x(@")x (@) x(g"). (8.3)

Employing (2.8) and (2.7) in (8.3), we deduce that
(=4:4%) 0o (=071 4°) o (=01 4"°) (-0 ¢™)
- (q; qz)oo(q3; q6)oo(q5; qlo)oo(qls; q30)oo
=29 +49° (-4 q%) (4% 4°) . (=4"% q"%) (-4 ¢) .. (8.4)

It is now easy to see that (8.4) is equivalent to the statement in Theorem 8.1. O
8.1. Example: N =77

Then A(7) =16 and B(7) = 8, and the relevant partitions are given by

15, =15, =15, =15, = 1o+ 30+ Lo =11, 435+ 1o =% + 5, + 1o =9 + 5, + 1,
=95+ 50 + 1o =9 +5¢ + 1o =99 + 36 + 35 = 9 + 3, + 3
=To+50+30=To+ 55 +30="To+ 50 +3p=To +5¢ + 3,

12, =12, =10, +2, =104 +2, =8, + 4, =6, + 6, =6, +4, +2, =65 + 4, + 2,.

Theorem 8.2. Let S denote the set consisting of one copy, say in color orange, of those positive
integers that are multiples of 3 and another copy, say in color blue, of those positive integers that
are multiples of 5. Let A(N) and B(N) denote the number of partitions of 2N into, respectively,
odd elements of S and even elements of S. Furthermore, let C(N) denote the number of partitions
of N into distinct odd parts that are not multiples of 3 or 5. Then, for N > 6,

C(2N)=A(N) and C@2N +1)=B(N).

Proof. By Entry 11(iv) in Chapter 20 of Ramanujan’s second notebook [13], [4, p. 383],

B2y2(1 — B)*(1 — y>2)1/24

ad(l —a)(1 =96) ®-5)

1+ BB +{a-pa—ylt= 22/3(
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where §, y, and 6 have degrees 3, 5, and 15, respectively, over «. Dividing both sides of (8.5) by
(By (1 — B)(1 — y))1/?*, we obtain the equivalent equation

131/12 )/1/12 (1_[3)1/12 (1—)/)1/12 1
A_pUE (U~ g~ 2 (A pd—y)l/A

_pn(Bra=pd -y ”24. 8.6)
ad(1 —a)(1 —8)
Transcribing (8.6) with the help of (2.21)—(2.23), we find that
2g x(@x(q")
3 5 3 5
x(@)x(q”)+x(—=q")x(—q”) + =2 . (8.7)
(@) xla) +x(=a")x(=a") x(=gx(=q'"  x(@®x(q>)
Writing (8.7) in g-products with the help of (2.8) and (2.7), we deduce that
3. 6 5. .10 3. 6 5. .10 6. 6 10. 10
(—4714%) o (=07:0"") oo +(a7:0°) o (@710 7)o +2a(=0% ¢°) ( (=010 )
207914
(=43 4900 (=47 ¢'0) o
=2(-q.—q".—q"". —q¢".—q¢". —¢" . —¢% . =¢®: ) .. (8.8)

Replacing g by —¢q in (8.8) gives
(—a% 4% (=% a") + (a5 4% (@5 9") . —24(—q%q%) . (—4"% q"") .
=2(q.q7. 4" 4", 4", 4", 42 4®:4) .. 89)
Adding (8.8) and (8.9), we deduce that
(=4%4%) o (=071 0"°) o, + (¢%:40%) o (@14 ") ,
— (_q, _q7’ _qll, _ql3’ _ql7, _q19’ _q23’ _q29; q30)
4+ (q’q7,qll’q13’q17’ql9’q23’q29;q30)oo. (810)

On the other hand, subtracting (8.9) from (8.8), we find that

e.)

zq(_qé;qé)w(_qlo;qM)w: (_q’_q7’_q11’_q13’_q17,_q19,_q23’_q29;q

7 11 1 17 1 2 2
—(¢.97.4".4".4".4".4”.4”:¢") . @11

It is now easy to see that (8.10) and (8.11) have the partition-theoretic interpretations claimed
in our theorem. O

30)
00

8.2. Example: N =10

Then C(20) =2 = A(10), and the relevant representations are given by
194+1=13+7, 15,455 =155 + 5p.
Next, C(21) = 1 = B(10), and the single representations are
134+7+1, 20p.
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Theorem 8.3. Let S denote the set consisting of one copy, say in color orange, of the positive
integers and one additional copy, say in color blue, of those positive integers that are multiples
of 15. Let A(N) denote the number of partitions of 2N + 1 into odd elements of S, and let B(N)
denote the number of partitions of 2N into even elements of S. Furthermore, let C(N) denote
the number of partitions of N into odd parts that are not multiples of 3 or 5. Then, for N > 6,

C2N)=A(N) and CQ2N+1)=B(N).

Proof. From Entry 11(v) in Chapter 20 of Ramanujan’s second notebook [13], [4, p. 384],

(8.12)

28201 — aN2(1 — 82\ 1/24
1—<a5>1/8—{(1—a)<1—a>}”8:22/3<a6<1 @)’(l a)) |

By —=p)(1—-y)

where 8, y, and § have degrees 3, 5, and 15, respectively, over «. Dividing both sides of (8.12)
by (@8(1 — ) (1 — 8))!/?*, we obtain the equality

1 a1/12 81/12 (1 —06)1/12 (1— 5)1/12
(a8(1—a)(1—8))1/24_(1—01)1/24.(1—8)1/24_ Ql/24 T sl
(1 —a)(1—8) \/*
:22/3(“( A)( )) . (8.13)
By —pB)1A—-y)
Transcribing (8.13) with the help of (2.21)—(2.23), we find that
2g° x(@)x (@)
x@x (@) = x(=x(—¢") - =2q : (8.14)
(@7) (=a7) x(=g?)x(—q*°) x(@)x(gh)
Writing (8.14) in g-products with the help of (2.8) and (2.7), we deduce that
.2 15. 30 .2 15. 30 2( 2.2 30. 30
(=4:07) o (=0 7107) o = (0:07) (071 47") oo =247 (=q7:47) o (=07 07" o,
_ q(—q3;q6)oo(—q5;q1°)oo
(=45 4% 00(—q"3: 430
2q
T (=g —q7. =g, gD, =g, —q°, g, =2 %) (8.15)
Replacing g by —¢ in (8.15), we find that
.2 15. 30 .2 15. 30 2( 2.2 30. 30
(@:47) (0307 5 = (4 07) o (=075 47°) o, = 2¢° (=% 0%) (o (a7 47
2q
:_(q,q7,q“,q13,q17,q19,q23,q29;q3°)oo' (8.16)
Subtracting (8.16) from (8.15), we find that
. 15. 30 .2 15. 30
(—4:9%) (=0 7147) oo = (4:07) o (073 07") o
1
:q{(q,q7,q“,q13,q17,q19,q23,q29;q30)oo
1
* (—q.—q7, —q'"', —q13, —q'7, —q1%, —¢?3, —¢*°; ¥V } (817

On the other hand, adding (8.15) and (8.16), we deduce that
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29(—4*: 4%) (-4 4°%)

1
T (q,97, 9", ¢"3,97, 419, 423, ¢2; ¢30)
1
- (8.18)
(=g, —q7, —q", —q13, —q'7, —q1%, —¢23, —¢?%; ¢30)

Interpreting (8.17) and (8.18) in terms of partitions, we readily deduce the two respective parti-
tion identities of Theorem 8.3. O

8.3. Example: N =6

Then C(12) =3 = A(6), with the relevant representations being

130:90+30+10:70+50+10a
n+1=7+1+14+1+14+1=14+14+1+14+14+1+1+14+14+1+14+1.

Furthermore, C(13) =4 = B(6), and the representations that illustrate our theorem are given by

12, =10,+4+2, =8, +4, =6, + 4, + 2,,
B=11+14+1=7+1+1+14+1+1+1
=1+1+14+1+1+1+1+1+1+1+1+1+1.

Note added in proof

K. Ono has kindly informed us that Theorems 4.1 and 4.2 follow from results on pages 10
and 9, respectively, of his paper with A. Granville [11].
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