NEW THEOREMS ON THE PARITY OF PARTITION FUNCTIONS

BRUCE C. BERNDT!, AE JA YEE?, AND ALEXANDRU ZAHARESCU

Abstract. Working in the ring A of formal power series in one variable over the field of two elements,
we have recently established lower bounds for both the number of even values and the number of
odd values for a wide variety of partition functions. Here, we introduce two further ideas, differential
equations in A and finite perturbations, to prove theorems on the parity of a considerably larger class
of partition functions.

1. INTRODUCTION

Let p(n) denote the ordinary partition function, i.e., the number of ways a positive
integer n can be represented as a sum of positive integers. It is expected that p(n) is
even approximately half of the time, or, more precisely,

#{n < N :p(n)is even} ~ i N, (1.1)
as N — oo. Numerical computations of T. R. Parkin and D. Shanks [13] seem to indi-
cate that indeed (1.1) holds. The parity of p(n) has been investigated by a number of
authors, including O. Kolberg [6], J. Fabrykowski and M. V. Subbarao [4], M. Newman

[8], L. Mirsky [7], J.—L. Nicolas and A. Sarkézy [10]. Greatly improving on previous
results, Nicolas, I. Z. Ruzsa, and Sarkozy [9] proved that

#{n < N :p(n) is even } > VN (1.2)
and, for each € > 0,
#{n < N :p(n) is odd } > vV Ne 182 TosTos ¥ (1.3)
In an appendix to their paper [9], J.—P. Serre proved that
< N : i
lim #{n < N :p(n) is even } —

N—oo \/N

At present, this is the best result for even values of p(n). The lower bound (1.3) has
been improved by S. Ahlgren [1] who proved that

(1.4)

VN
log N’
The lower bound (1.5) is currently the best known result for odd values of p(n).

#{n < N :p(n) isodd } > (1.5)
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Subbarao [14] conjectured that in every arithmetic progression n = r (modt) there
are infinitely many values of n such that p(n) is even and that there are infinitely
many values of n for which p(n) is odd. The most significant quantitative work on the
parity of p(n) in arithmetic progressions has been accomplished by K. Ono [11], [12]
and Ahlgren [1] via the theory of modular forms. More details can be found in our
first paper [2] and, of course, in the aforementioned authors’ papers.

In [2], the authors developed new methods, which are simple and apply to more gen-
eral partition functions. In particular, explicit results were proved in [2] on the parity
of several classes of partition functions, such as: the number p(r, s;n) of partitions of n
into parts congruent to r, s, or r + s modulo r + s; the number c3(n) of partitions of n
into three colors; the number of partitions of n into parts which are coprime to a given
fixed integer b; and the number of partitions of n into parts which are square-free and
coprime to a fixed integer b. For the latter problem, see also [15].

In the present paper we use new ideas, which allow us to develop the theory in a
more systematic way, and this leads in turn to vast generalizations of many of the
results from [2].

As in [2], all our work is effected in the ring A of formal power series in one variable
over the field of two elements Z/2Z. A key ingredient in the present work is a certain
differential equation in A, which is studied in Section 3 below. Other essential tools
in our investigation are two maps, introduced in Section 4. In Section 5 we define the
concept of a finite perturbation, which gives more flexibility to our method. We then
prove some general results on the parity of partition functions. In Section 6 we show
how the results from the previous sections can be extended to the more general context
of partition functions with colors. Lastly, in Section 8 we prove a theorem on the parity
of the number of partitions with all parts belonging to a given arithmetic progression.

2. THE RiNG A

Let A := F5[[X]] be the ring of formal power series in one variable X over the field
with two elements Fy = Z /27, i.e.,

A={f(X)=) a,X":a, €F, forall n}. (2.1)
n=0
The ring A is an integral domain. It is also a local ring, with maximal ideal generated
by X. An element f(X) = "> a,X™ € A is invertible if and only if ay = 1. Since 0
and 1 are the only elements of Fy, we may write any element f(X) € A in the form

fX)=X" 4 X" 4. (2.2)
where the sum may be finite or infinite and 0 < ny; < ny < --- . For any f(X) € A,
F(X) = f(XP). (2.3)

In other words, if f(X) is given by (2.2), then
fAHX) = X2 4 X2 (2.4)
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We need to know the shape of a series f(X), given by (2.2), when divided by 1 — X.
For any integers 0 < a < b, we have in A
Xe+ X X(1- X0
1-X 1-X
We put together pairs of consecutive terms X"2k+1 + X"26+2 and obtain
f(X) X + X2 X3 + X4 X M2k+1 + X "2k+2
= + +oe
1-X 1-X 1-X 1-X
— (X”l 4+ Xxmtl _|_..._|_X”2—1) + (X”S _|_..._|_X"4—1) 4o
+ (Xn2k+1 et X"2k~+2—1> R
If the sum from the right side of (2.2) which defines f(X) is finite, say f(X) = X" +
X" 4 ... 4+ X" then

f(X) _ (an +Xn1+1+___+Xn2—l)+“'+(Xn5,1 +Xn571+1+"'+XnS_1)7

1-X
(2.7)

= X% Xt XL (2.5)

Yo (2.6)

if s is even, and

f(X)

= (an +...+X”2—1) N (X"s—2 _‘_.‘_+an_1—1> + Z X", (2.8)

if s is odd. On A we have a natural derivation which sends an f(X) € A to f'(X) =
% € A, namely,

FX) =) a, X" — f(X) =) na, X" (2.9)
n=0 n=1
Note that for any f(X) € A,
f(X)=0. (2.10)
Let us also remark that for any f(X) given in the form (2.2), the condition
F(X)=0 (2.11)

is equivalent to the condition that all the exponents n; are even numbers.

3. SOLVING A DIFFERENTIAL EQUATION IN A

Relevant to our study is the differential equation
Y'(X) =h(X)Y(X), (3.1)

where h(X) is a given nonzero element of A. There are two primary problems. The first
one is to establish necessary and sufficient conditions in order for the equation (3.1)
to have nonzero solutions Y (X) € A. The second problem is to find all the nonzero
solutions of (3.1), provided such solutions exist. The first problem is solved by the
following observation. If 0 # Y (X) € A is a solution to (3.1), then using (3.1) twice in
combination with (2.10), we see that

0=Y"(X) = K(X)Y(X)+ h(X)Y'(X) = K (X)Y(X) + h2(X)Y(X) (3.2)
= (W(X) + P*(X))Y(X).
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Since A is an integral domain and Y (X) # 0, it follows that 2/(X) + h?(X) = 0, which
can also be written as

R'(X) = h*(X). (3.3)
Note that (3.3) has the same shape as (3.1), with Y(X) = h(X). Therefore if the
equation (3.1) has nonzero solutions, then h(X) itself is a solution of (3.1). This solves
the first problem mentioned above: the equation (3.1) has nonzero solutions if and
only if h(X) satisfies (3.3), and in that case a particular solution to (3.1) is given by
Y (X) = h(X). We now proceed to find the general solution to (3.1), assuming that
(3.3) holds. Note that the first nonzero term in h(X) has an even exponent. Indeed, if
this exponent is odd, say

X)) = X4 XM 4 X" o (3.4)

with 2k +1 < n; < ny < ---, then the first nonzero term in //(X) will be X?* while
the first nonzero term in h%(X) will be X**2 and 4k+2 > 2k for any k > 0. Therefore

the first term in h(X) has an even exponent, and we write h(X) in the form
h(X) = X*ho(X), (3.5)

for some integer k > 0 and ho(X) invertible in A. Next, we claim that hg is also a
solution of (3.1). For, by (3.3) and (3.5),

X**h(X)ho(X) = h*(X) = B'(X) = (X**) ho(X) + X**h(X) = X hy(X),  (3.6)
which implies that

ho(X) = h(X)ho(X), (3.7)

and so ho(X) is also a solution to (3.1). We note in passing that if the equation (3.1)

has nonzero solutions, then it has a solution, namely hy(X), which is invertible in A.

Let us take now a general solution Y (X) of (3.1). Since ho(X) is invertible in A, we
may write Y (X) in the form

Y(X) = ho(X)E(X), (3.8)

for some F(X) € A. Say,
E(X)=X"+ X2 4. (3.9)
with 0 < by < by < ---, where, as usual, in such a representation the sum which

appears on the right side of (3.9) may be finite or infinite. Differentiating (3.8), we
obtain

Y/(X) = hy(X)E(X) + ho(X)E'(X). (3.10)
Using (3.1) and (3.7) in (3.10), we find that
M(X)Y(X) =Y (X) = h(X)ho(X)E(X) + ho(X)E'(X). (3.11)

Using (3.8) in (3.11), we find that ho(X)E’'(X) = 0. This further implies E'(X) = 0,
from which it follows that all the exponents b; which appear on the right side of (3.9)
are evern.

Conversely, let E(X) be given by (3.9) with all the b; even, and define Y (X) by
(3.8). Differentiating the equality (3.8), we obtain the relation (3.10). Here the last
term vanishes by our assumption on E(X), and so

Y'(X) = hy(X)E(X). (3.12)
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Using (3.7) and (3.8) in (3.12), we see that
Y'(X) = h(X)ho(X)E(X) = h(X)Y (X), (3.13)

and so Y (X) satisfies (3.1). In conclusion, the general solution to (3.1) is given by
(3.8), where ho(X) is uniquely determined in terms of h(X) by (3.5), and E(X) is any
element of A with all the exponents b; in the representation (3.9) even numbers.

In applications to parity problems for partition functions, the differential equation
(3.1) appears in a slightly different form. Namely, we will be interested in a function
F(X) € A which is invertible in A and satisfies an equality of the form

XF'(X) = F(X)H(X). (3.14)

Here we suppose that H(X) is known, and we want to be able to say something about
F(X). First, since X divides the left side of (3.14), X has to divide H(X), since F(X)
is invertible. So we assume this condition in what follows. Then H(X)/X will be a
well defined element of A, denoted by h(X), i.e.,

H(X) = Xh(X). (3.15)
The equation (3.14) is then equivalent to
F'(X)=h(X)F(X). (3.16)

As we know, this equation has nonzero solutions if and only if h(X) satisfies the con-
dition (3.3). Let us write this condition in terms of our function H(X). Differentiating
(3.15) and using (3.3), we find that

H'(X) =h(X)+ XKW(X) = h(X)+ Xh*(X). (3.17)
Here we multiply the equality by X and use (3.15) to find that
XH'(X)=H(X)+ H*(X). (3.18)

Conversely, if X divides H(X), and H(X) satisfies (3.18), then if h(X) is defined
by (3.15), the series h(X) will satisfy (3.3). Indeed, from (3.15) it follows on one hand
that

H(X)+ H*(X) = X(h(X) + Xh*(X)), (3.19)
and on the other hand it follows that
XH'(X)=X(h(X)+ XhW(X)). (3.20)

Combining (3.19), (3.20), and (3.18), we see that h(X) satisfies (3.3). In conclusion
the equation (3.14) has solutions with F(X) invertible in A if and only if X divides
H(X) and H(X) satisfies (3.18).

Assuming that these conditions are satisfied, we attempt to find the general solution
of (3.14). We know that the first nonzero term in the series which gives H(X) has an
odd exponent, and so we may write

H(X) = X*Hy(X), (3.21)

where k£ > 0 is an integer, and Hy(X) is an invertible element of A. Of course, by (3.15)
it is clear that in the representations (3.5) and (3.21), k is the same and Hy(X) = ho(X).
We know that the general solution to (3.1) is given by (3.8), where E(X), in the
representation (3.9), has all its exponents b; even. Since the equations (3.1) and (3.16)
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are the same, except for the constraint on F(X) to be invertible in A, we conclude
that the general solution of (3.16), and therefore also the general solution of (3.14), is
given by

F(X) = Hy(X)E(X), (3.22)
where FE(X) is any invertible element of A which, in the representation (3.9), has all
its exponents b; even. We collect these results in the following theorem.

Theorem 3.1. Suppose that H(X) € A has a divisor X. The equation

XF'(X)=F(X)H(X) (3.23)
has solutions, with F(X) invertible in A, if and only if H(X) satisfies the condition

XH'(X)=H(X)+ H*X).

If this condition holds, then the general solution F(X) of (3.23), with F(X) invertible
in A, is given by

F(X) = Ho(X)E(X),
where Hy(X) is the unique invertible element of A for which

H(X) = X* 1 H(X),
for some integer k > 0, and E(X) is any element of A of the form

E(X):1_|_Xb1 Xl X ,

where b; is an even positive integer and b; < bjyq for j > 1.

4. THE MAPS S +— Fg(X) AND Syqq — Hg(X)

Let N ={0,1,2,3,...} and N* = {1,2,3,... }. For any subset S of N* we denote by
ps(N) the number of partitions of n with all parts in S. We begin with the generating

function
1
nes
and compute
o0 qnm
o8 Fy(0) =~ Yol —q7) = 051
nes nesS m=1 m

By applying the operator qdi we obtain

qFi(q d

e TCTETURD D) DTAES SUD DT ALTUIIE
FS(Q) dq nes m=1 = nes,nlk

where og(k) is the sum of those divisors of k£ which belong to S. Let Fg(X) be the

image of Fs(q) in A. Then, by (4.1), Fs(X) will satisfy a differential equation of the

form

XFg(X) = Fs(X)Hs(X),
where Hg(X) is the image in A of the series on the far right side of (4.1). For any subset
S of N* we denote by S,4q the set of elements of S which are odd numbers, and by
Seven the set of elements of S which are even numbers. For any set Y, let P(Y') be the
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set of subsets of Y; we let A* denote the multiplicative group of invertible elements
of A; and we denote by H the additive subgroup of A consisting of those elements
H(X) which satisfy the equation X H'(X) = H(X) + H?*(X). We now describe a few
properties of these maps.

(1) The map from P(IN*) to A* given by S +— Fg(X) is bijective.

To prove that this map is injective, take two sets S and S’ such that Fg(X) = Fg/(X)
and show, by induction on n, that n belongs to S’ if and only if it belongs to S. To show
that the map is surjective, take any invertible element F'(X) =14 X™ +--- in A and
then construct a set S for which Fg(X) = F(X). In doing this, use again induction on
n. Assume that the elements of S which are strictly smaller than n have been already
chosen, so that the series Fs(X) coincides with F(X) modulo X". Then one decides
whether to put n in S or not, so that Fg(X) is congruent to F(X) modulo X", In
conclusion the map above is bijective. Also note that this map satisfies a multiplicative
property. More precisely, if S and S’ are disjoint then Fgs/(X) = Fg(X)Fs/(X).

(2) We now turn to the map S — Hg(X). For any S and 5" with Spgq = 57,4, we
see that og(n) and og (n) have the same parity for any n. Therefore Hg(X) = Hg (X).
As a consequence, we have a well defined map, say ¥, from P(N?,,) to H, such that
U(Soaa) = Hg(X) for any subset S of N*. Next, we show that the map ¥ is bijective.
To show that this map is injective, take two subsets S and S” of N* for which Hg(X) =
Hg (X), that is, for which og(n) and og/(n) have the same parity for each n. Then we
prove, again by induction, that a positive odd integer 2k + 1 belongs to .S if and only if
it belongs to S’. To show that the map W is surjective, let H(X) € H. From Theorem
3.1 we know that there exists F'(X) invertible in A such that X F'(X) = F(X)H (X).
By the bijection from (1) above we further deduce that there exists a subset S of N*
for which Fs(X) = F(X). Then XF{(X) = Fs(X)H(X), which in turn forces the
equality H(X) = Hg(X). So W is surjective. Note also that U satisfies an additive
property. More precisely, if S and S’ are such that S,qq and S/, are disjoint, then
v ((S U S/)odd) = \I/(Sodd) + \Il(sgdd)' In other words, HSUS’(X) = Hs(X> + HS/(X).

(3) Using the results above one obtains generalizations of some of the results from
[2]. For example, the proof given in Section 4 of [2], combined with the considerations
from the present section, give the following results.

Corollary 4.1. For any set S of positive integers which contains all the odd numbers,
and for N sufficiently large,

#{n < N : pg(n) is even } > V/'N.

Corollary 4.2. For any set S of positive integers which contains all the odd numbers,
we have, for each fized ¢ > 2log 2 and all sufficiently large N,

#{n < N :pg(n) is odd } > N2 Tglogw

In particular, the two results above apply to the number of partitions of a positive
integer into odd parts, which equals the number of partitions of a positive integer into
distinct parts.
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Corollary 4.3. There exists a set S of positive integers, containing all the odd numbers,
for which for N sufficiently large,

#{n < N : pg(n) is odd } < ¢V/'N.

In order to prove Corollary 4.3, we appeal to Theorem 3.1 above which tells us that
one particular solution to our differential equation is Hy(X). Note that og(m) is odd
if and only if each odd prime factor of m has an even exponent in m. In other words,
os(m) is odd if and only if m = 2"(2n + 1)? for some integers 7,n > 0. It follows that

H(X) = i X"+ i x> (4.2)
n=1 n=1

and Hy(X) = H(X)/X. Next, by the bijection (1), there exists an S for which Fg(X) =
Hy(X). Of course, by the bijection (2) above it follows that this set S contains all the
odd numbers, since its associated series Hg(X) coincides with the initial H(X) given
by (4.2). Finally, since Fg(X) coincides with Hy(X), which has less than 2¢/N nonzero

terms up to X, we conclude that there are less than 2v/N integers n less than N for
which pg(n) is odd.

5. FINITE PERTURBATIONS

For any two sets S and S’ we denote
A(S, 8 =(S\SHU(S'\S)=(SUS)\(SnS.

We say that S’ is a finite perturbation of S provided A(S, S’) is a finite set. If A(S,S")
has an even number of elements, we say that S’ is an even (finite) perturbation of S,
while if the number above is odd, then we say that S’ is an odd (finite) perturbation
of S. In this section we take a set S for which the sequence of terms from Hg(X) is
sparse. Then we consider sets S” for which 5], is a finite perturbation of S,4, and
investigate the parity of the corresponding partition functions pg/(n). We emphasize
that the corresponding series Hg/(X) are not sparse. In fact, it is impossible that, for
two sets S and 5" with A(S,44, S,,) nonempty and finite, that the nonzero terms in
both Hs(X) and Hg/(X) have zero density. Indeed, let us assume that there are sets of
positive integers S and S’ such that S/, is a finite perturbation of Syqq, S’y # Sodd,
and such that the nonzero terms in both series Hg(X) and Hg/(X) have zero density.
Say A(Sedd, Shyg) = {b1,b2,..., b}, where 1 < by < by < --- < b;. Choose any positive
integer a which is relatively prime to the product b, ---b; and set n = ab;. The point
here is that b; is an odd divisor of n which belongs to exactly one of the sets S,5’,
while any other odd divisor of n either belongs to both sets S, .S, or it belongs to none
of them. Therefore o5(n) and og (n) have different parity. It follows that for any such
n, X™ is a nonzero term in exactly one of the series Hg(X) and Hg/(X), and hence it
is a nonzero term in the sum Hg(X) + Hg/(X). Since the set of integers a which are
relatively prime to bs - - - b; has positive density, equal to ¢(be---b;)/(by---b;), we see
that the set of nonzero terms in Hg(X) + Hg/(X) has positive density. Thus for at
least one of the series Hg(X) and Hg (X), the sequence of nonzero terms has positive
density.
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In the sequel, we then prove the following results, which generalize Theorems 5.1,
5.2, and 5.3 from [2].

Theorem 5.1. Let S be a set of positive integers. Then for each set of positive integers
S" for which S. ;,; is nonempty and is a finite perturbation of Seqq, there exists a constant
c1 > 0, depending on the set A(S,S’) only, such that for large N,

c1B(Hg(X),N)

D(Hs(X),N)
Theorem 5.2. Let S be a set of positive integers. Then for each set of positive integers
S" for which S. ,; is an even finite perturbation of Seqa, there exist constants co > 0,c3 >
0, depending on A(S,S") only, such that for N sufficiently large,
CQN — CgB(Hs(X), N))
I+ B(Hs(X). N)

Theorem 5.3. Let S be a set of positive integers, containing at least one odd element,
for which the sequence of nonzero terms of Hs(X) has zero density. Then,

(i) for any set of positive integers S' for which S, is nonempty and is a finite
perturbation of Soqq, there are infinitely many positive integers n for which pg/(n) is
odd, and

(i) for any set of positive integers S" for which S!,, is an even finite perturbation of
Sedd, there are infinitely many positive integers n for which ps/(n) is even.

#{n < N :pg/(n) is odd } >

#{n < N : pg/(n) is even } >

We can apply the results above to some of the sets S considered in [2], for which the
corresponding sequences of nonzero terms in Hg(X) were sparse.

For example, we can derive in this way a result for the parity of the number of parti-
tions of n with all parts larger than 2002, say. Thus we take here S” = {2002, 2003, ... },
which is a finite perturbation of S = N*, and then use the estimates for B(Hg(X), N)
and D(Hg(X),N) from [2]. Note that in this particular case S, is an odd finite
perturbation of Sy4q; thus only Theorem 5.1 (and not Theorem 5.2) is applicable. If
we consider more generally the number of partitions of n with all parts larger than or
equal to a given positive integer r, then this is realized by taking S = {r,r +1,...}.
Here again we let S = IN*. Then Theorem 5.1 is always applicable, while Theorem 5.2
is applicable provided r is congruent to 0 or 1 modulo 4.

Similarly, we can prove a result on the parity of the number of partitions in square
free parts, all larger than a given fixed integer r.

Before we begin the proofs of Theorems 5.1, 5.2, and 5.3 , let us remark that, by the
additive property of the map ¥ from the previous section, it follows that for any sets
S and 5,

Hs(X) = Hs\s/(X) + Hsns (X)),
Hg(X) = Hsns(X) + Hsns (X),
and
Has,5(X) = Ho\g/(X) + Hgns(X).
Keeping in mind that we work in A, we find from the equalities above that

Hg/(X) = Has,sn(X) + Hs(X). (5.1)
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Next, if S! ,, is a finite perturbation of S,qq4, say, A(S! 4, Seda) = {b1, b2, ..., b}, then,
by the same additive property of ¥, we know that

Has,51(X) = Ha(5,00,50,0)(X) = Y Hipy (X). (5.2)

For each fixed j, we see that oy, 1(m) = 1, if m is a multiple of b;, and og,3(m) = 0,
it m is not a multiple of b;. Thus,

fe’e) . Xb]_
Hy,y (X) =) XM = ——. (5:3)
k=1
If we introduce the rational function
I
X0i
Roa(X) = _— 5.4

then from (5.1)—(5.4), we conclude that

Hg(X) = Rs,sr(X) + Hs(X). (5.5)
We now make a remark which will be needed later. Suppose an odd integer b is chosen
such that b is divisible by each of the numbers by, ..., b;. Then clearly

(1 - X")Rs.5/(X) =: Psg 5(X) (5.6)

is a polynomial in X. We claim that, if S/, is an even finite perturbation of S,4q, in
other words if [ is even, then Pg g ;(X)/(1 — X) is also a polynomial in X. Indeed, for

each j, the expression
b/b;

(1_Xb Xb kb;
1_Xb ZX

is a polynomial in X which has an odd number of nonzero terms. If we add these
polynomials for j = 1,2,...,[, then, [ being even, the total number of nonzero terms
will be even. Some of these terms may cancel, but when they cancel they do so in
pairs. We conclude that the polynomial Pgg ;(X) has an even number of nonzero
terms. This implies that Ps g ,(X)/(1 — X) is also a polynomial, as we saw in (2.7).

We are now ready for the proofs of the stated results. For the proof of Theorem 5.1,
we use the known differential equation associated to S’, namely,

XFév/(X) = FS/(X)HS/(X)
Here we insert (5.5) for Hg/(X) to obtain
XFy(X)+ Fs(X)Rss/(X) = Fo(X)Hs(X). (5.7)

Next, we choose an odd positive integer b which is divisible by each of the numbers
by, ..., b, and multiply both sides of (5.7) by 1 — X°. We find that, by (5.6),

X(1 - X")Fy(X) + Fo(X)Ps,g5(X) = (1 — X")F(X)Hg(X). (5.8)
We now write (1 — X°)Fs (X)), which is an invertible element of A, in the form
(1-X")Fs(X)=1+X" + X" 4 4 X 4o
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We also write Hg(X) as
Hg(X)=X™ 4+ X™ 4o+ X™ 4o
Using the last two equalities in (5.8), we derive
X(1 = X")Fu(X) + Fsr(X)Psgrp(X) + (X™ + -+ X™ + - )Hg(X)  (5.9)
=Hg(X)=X™+ X" ... 4 X" 4....

The remainder of the proof is a counting argument, which goes as follows. If Fg (X) is
sparse, then both series X (1 — X*)F.,(X) and Fg/(X)Ps s 4(X) are sparse, the second
one being sparse because Pg g ,(X) is a polynomial of fixed degree, as N — oo. Then
the series (X™ + -+ + X™ + ---)Hg(X) on the left side of (5.9) cannot match the
right side, given by X" + X™2 4 ... 4+ X"™ + ... if the n; are sparse. Thus, the n’s
are not sparse. But then, the series Fg (X) also cannot be sparse, because the series
1+ X™ 4+ X" 4 ... 4+ X" 4 ... was obtained by multiplying Fe(X) by (1 — X?°).
A straightforward computation, based on the reasoning above, completes the proof of
the theorem.

In order to prove Theorem 5.2, we start by introducing a series, call it G/(X), for

which the set of nonzero terms is the complement of the set of nonzero terms in Fs/(X).

Thus 1

Since pgr(n) is even if and only if X™ appears as a nonzero term in G (X), what we
need in the following is to provide, for a given large positive integer N, a lower bound
for the number of nonzero terms up to X% in G (X). We differentiate (5.10) and

obtain
1

T X2
Then we solve for Gg(X) and G’ (X) in (5.10) and (5.11) and introduce the corre-
sponding expressions in (5.7) to find that

5(X) + Fo(X) = (5.11)

X 1
———— - XGy(X) = —= -G (X)) (Rs.s/(X) + Hg(X)). 5.12
o~ XG0 = (2 - G ) (Res () + He(X). G12)
Next, with b, ..., b having the same meaning as in the previous proof, we select an

odd positive integer b which is divisible by each of the numbers by,...,b;. We then
multiply (5.12) by (1 — X?), use (5.6), and rearrange terms in the form
Ps s 5(X) (1 - X" Hg(X)
550 AX)Pe o (X

% +G o (X)Ps,srp(X) + T x

+Gs(X) (1 - X*) Hs(X) :)al—_X);) _X +X1 ‘_f’X + X |

Let M be the number of nonzero terms up to X* in the series Gs/(X). The left side of
(5.13) is a sum of five expressions. Let us denote, in order, by M, ..., M, the number
of nonzero terms up to X* in these five series. Clearly, G% (X) has no more than M
nonzero terms up to XV, and so M; < 2M. Recall that under our assumption that S’ ,;
is an even finite perturbation of Syu4, Ps.s5(X)/(1—X) is a polynomial in X of degree

X(1—-X"G%(X) + (5.13)
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at most b, and so it follows that My < b. Next, again, since Pg g 5(X) is a polynomial
of degree at most b, M3 < (1 + b)M. The fourth term is a product of Hg(X) and a
polynomial of degree b — 1; hence My < bB(Hg(X), N). For the fifth term on the left
side, we have M5 < 2M B(Hg(X), N). Now the point is that on the right side of (5.13),
the numerator has an odd number of nonzero terms. As a consequence, its division by
(1 — X) will have the shape described in (2.8). That is, for any n > b, X™ appears as
a nonzero term on the right side of our equality. So on the right side, the number of
nonzero terms up to X% is at least N —b. Finally, by comparing the estimates obtained
on the left side and, respectively, on the right side, we deduce Theorem 5.2.

We now turn to the proof of Theorem 5.3. Clearly, part (ii) follows directly from
Theorem 5.2 above. In order to prove part (i), we use (5.7),

XFL(X) + Fo(X)Rss (X) = Fo (X)Hs(X).
Next, after choosing b as before, we again obtain (5.8), i.e.,
X(1— X")FL(X) 4 Fs(X)Psg(X) = (1 — X°)For(X)Hg(X). (5.14)
Now the idea is is as follows. If we assume that Fs/(X) is a polynomial in X, then the

entire left side of (5.14) will also be a polynomial in X. On the other hand, the product
(1 — X*)Fs/(X) is also a polynomial, say,

(1-X"YFg(X)=1+X™ 4+ X" 4 ... 4 X", (5.15)

Since the sequence of nonzero terms of Hg(X) is assumed to have zero density, there
must be gaps larger than ny between consecutive terms in Hg(X). Let us choose such
a gap, say,

Hg(X)=X"™ 4+ 4 XM 4 Xt o0 (5.16)
where mg 1 — mg > ng. Consider now the product (1 — X®)Fs/(X)Hg(X). The point
here is that the term X" obtained by multiplying X" from the right side of (5.15)
with X™ from the right side of (5.16), cannot be canceled by any other term. Therefore
X"t appears as one of the nonzero terms on the right side of (5.14). Clearly no
term from the left side of (5.14) can have such a high exponent. In conclusion, Fs/ (X)
must have infinitely many nonzero terms, and this completes the proof of Theorem 5.3.

6. PARTITION FUNCTIONS WITH COLORS

In this section we consider partitions with colors. Given a map C' : N* — N, we
denote by pc(n) the number of partitions of n with C(m) colors, where m is any
positive integer. The generating for pc(n) is clearly

Fo(q) =1+ ZPC(”)Q” = H (1771”)0(7”) (6.1)

As usual, Fi-(X) denotes the image of F(¢q) in A. Denote by C the set of maps C' as
above. Note that C has a natural structure of monoid with respect to addition, defined
by (C' 4+ C")(m) = C(m) + C'(m) for any m € N*. We remark that the map from C to
A* given by C +— F¢(X) is a morphism of monoids, that is,

Fove(X) = Fo(X) Fo (X), (6.2)
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for any C,C" € C. If we apply the operator qdilq to (6.1) and then send the resulting

equality to A, we find, as before, that F(X) satisfies a differential equation of the
form

XFo(X) = Fo(X)He(X). (6.3)

It is easy to see that the map from C to H given by C +— Hg(X) is also a morphism
of monoids, in other words,

Hevo(X) = He(X) + Ho(X), (6.4)

for any C,C" € C.

Note that P(IN*) naturally injects in C, by sending any subset S of N* to the map
Cs : N* — N, given by Cs(m) = 1if m € S and Cg(m) = 0 if m ¢ S. In what
follows we will identify each S with the corresponding element C's of C. Let us remark
that Fg(X) and Hg(X) are left unchanged by this identification, in the sense that
FS(X) = FCS(X) and HS(X) = HCS(X)

Next, we take any element C' of C and write it uniquely in the form

C=20"+8, (6.5)

where C' € C and S is, via the above identification, a subset of N*. Here C’'(m) =

[c«m)
2

is odd. In order to avoid possible confusion we sometimes denote by S(C) the set S
defined by (6.5).

Combining (6.5) with (6.4) and using the fact that A is a ring of characteristic 2, we
find that

] for any m € N*, while S consists of those positive integers m for which C'(m)

He(X) = Hyo)(X), (6.6)

for any C' € C. Therefore the series Fio(X) and Fg()(X), although distinct in general,
are solutions of the same differential equation

XY'(X) = Y (X)Hyo)(X). (6.7)

This fact has a number of consequences. More precisely, all our results for partition
functions associated to sets S of positive integers which have been obtained by studying
the corresponding differential equations, can now be generalized to partition functions
with colors.

For example, by applying these considerations to Corollaries 4.1 and 4.2 above, and
using at the same time the perturbation results from Theorems 5.1 and 5.2, we derive
the following results.

Theorem 6.1. Let C' : N* — N be such that C(m) is odd for all but finitely many odd
numbers m. Then, for each fixed c, with ¢ > 2log2, and for any N sufficiently large,

#{n < N :pc(n) is odd } > N7 Togtoew | (6.8)

Theorem 6.2. Let C': N* — N be such that C(m) is odd for all but an even number
of odd numbers m. Then, for all N large enough,

#{n < N : pe(n) is even} > VN, (6.9)
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7. PARTITIONS IN PARTS FROM A GIVEN ARITHMETIC PROGRESSION

In this section we investigate the parity of the number of partitions with all parts in
a given arithmetic progression. Thus, given two positive integers a, b, we let S be the
arithmetic progression

S:={neN":n=a(modbd)}, (7.1)

and consider the associated partition function pg. Note that if (a,b) = D > 1, then
one has pg(n) = 0 unless n is a multiple of D. On the other hand, if n is a multiple of
D, say, n = Dny, and if we set

S":={neN":n=a;(modby)}, (7.2)

where a = Day, b = Dby, then (ay,b1) = 1 and pg(n) = pg(n1). Thus the parity
problem for pg reduces to the parity problem for pg.. For this reason, in what follows
we may assume that a and b are relatively prime. Fix now a and b with (a,b) = 1 and
define S by (7.1). We show that the nonzero terms of the corresponding series Hg(X)
have zero density. Then using Theorem 5.3 above we obtain the following result.

Theorem 7.1. Let a,b be two relatively prime positive integers and let S be the arith-
metic progression given by (7.1). Then there are infinitely many positive integers n for
which ps(n) is even, and there are infinitely many positive integers n for which ps(n)

18 odd.

In order to complete the proof of Theorem 7.1, it remains to prove the claim above
on the density of nonzero terms of Hg(X). Thus for any positive integer m we examine
the parity of og(m), with the intention of showing that og(m) is even for almost all
values of m. By definition, we have

og(m)= Y  d. (7.3)

d=a (modd)
dlm

We now bring into play Dirichlet characters y modulo b, in order to put the right side
of (7.3) in a more convenient form. By the orthogonality of characters, we know (see
eq. (4), p. 31 of [3]) that

o x(a)x(n)={(1): | = atmodd) (7.4

Using (7.4) in (7.3), we deduce that

as<m>=2% S @), (7.5)

x mod b

x mod b

dlm

Here we interchange the order of summation and put (7.5) in the form

¢(b)os(m) =Y x(a) ) _dx(d). (7.6)

x mod b dlm
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Next, we use the fact that each character y is multiplicative in order to write the
corresponding inner sum on the right side of (7.6) as a product. If m = pf* ... pks is
the prime decomposition of m, then we have

¢(b)os(m) = > x(a)G(x,m), (7.7)

x mod b

where

Goxm) =]] (1 +pix(pj) + -+ +p§jx(pj)kf>- (7.8)

j=1

Now let K be the cyclotomic extension of the field Q of rational numbers, obtained
by adjoining the roots of unity of order ¢(b), and denote by Ok the ring of integers of
K. Then x(n) € Ok for any Dirichlet character y mod b and any positive integer n. It
follows that G(x, m) € Ok for any y and m as above. Fix a prime ideal Z of Ok which
divides 2, and denote by e the ramification index of Z. Denote also by k& the exponent
of 2 in ¢(b), and then choose a positive integer m. If og(m) is odd, then the exact
power of 2 which divides the left side of (7.7) is 2%, and consequently the exponent of
T on the left side of (7.7) equals ke. We will show that for almost all m, the exponent
of Z on the right side of (7.7), call it [,,, is at least ke + 1. This will force o5(m) to be
even for all these values of m. For any positive integer m and any Dirichlet character
x mod b, denote by [, ,, the exponent of Z in G(x, m). Since the numbers y(a) are
algebraic integers, it follows that for any m,

> i . .
L > min le7m (7.9)

We will show that for any Dirichlet character xy mod b,
#{m < M : 1y, < ke} _0

Jim = (7.10)
Then from (7.9) and (7.10) it will follow that
<M:l[, <
Jim- #im < = bn S ke} (7.11)

and we are done. It remains to prove (7.10). In what follows, let x be a fixed Dirichlet
character mod b. We need to show that

#{m < M : 1, < ke} <eM, (7.12)

for any € > 0 and any M large enough in terms of €. Fix € > 0. Denote by D, the set of
those positive integers m which have a divisor d > 1+ 2/¢ for which d? is also a divisor
of m. We claim that for any positive integer M,

M
#{1§m§M:meD€}§€T. (7.13)
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Indeed, for any positive integers d and M, there are [M/d?] positive integers m < M
which are divisible by d?. Therefore

#{l<m<M:meD}< ) [%}0\4 Z / —dX— :
142/e<d<vVM d21+2/6
(7.14)
which proves (7.13).
We now make the following observation. Let m be a positive integer and let m =
p]fl - p¥ be the prime decomposition of m. Suppose thereis a j € {1,...,s} such that
p; = 1 (modb), p; is odd, and such that k; = 1. Then x(p;) = 1, and the corresponding

factor (1 +pix(p;) +--- +pfjx( ;)" ) from the right side of (7.8) reduces to 1 + pj,

which is an even number, and so it is divisible by J¢. Suppose now that there are
at least k + 1 distinct prime factors of m, namely, py,...,pry1, such that for any
j € {1l,...,k+ 1}, we have p; = 1(modb), p; is odd and k; = 1. Then, for each
j € {l,...,k+ 1}, the corresponding factor on the right side of (7.8) is divisible by
J¢. The exponent of J in each of the remaining s — k — 1 factors on the right side
of (7.8) is nonnegative, and so I, > (k + 1)e for such values of m. Denote by G the
set of positive integers m having this property, that is, integers m which have at least
k + 1 distinct odd prime factors p; which are congruent to 1 modulo b and such that
none of the numbers p? divides m. The discussion above shows that

Lym > (k+ e, (7.15)

for any m € G.
Next, we fix a prime number py > k + 2 such that py does not divide b, and consider
the arithmetic progressions modulo bpy given by

= {(1 +7b) + bpon : n € N}, (7.16)

forr =0,1,...,po—1. Note that the sets S, are disjoint. Since b is not a multiple of py,
there is exactly one value of r, call it ry, for which py divides 1+ rob. Since py > k + 2,
we may choose a subset R of {0,1,...,pp — 1}, not containing ry, and having k + 1
elements. The set R will be fixed in what follows. Since (1 4 rb,bpy) = 1 for any
r € R, by the Prime Number Theorem for arithmetic progressions (see, for example,
[3], Ch. 20, p. 123) we know that as x — oo,

v
&(bpo) logx”

For any r € R, denote by E(e,r) the set of positive integers which are not divisible
by any prime number p > 1+ 2/e which belongs to S,. Taking (7.17) into account, by
sieve theory (see Halberstam and Richert’s text [5], Thm. 8.4, p. 236) we know that
each such set £(¢,r) has zero density. Thus, there exists an M, depending on a, b, py,
and €, such that

#{p < x:pprime ,p €S}~ (7.17)

eM

#{m < M:me&(er)} < ET1)

(7.18)
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uniformly for any M > M, and any r € R. Set
H="D.| &) (7.19)

reR
By (7.13) and (7.18), we see that

#{m < M:meH} <eM, (7.20)

for any M > M. Finally, we claim that any positive integer m which does not belong
to H, will necessarily lie in G. Indeed, let m ¢ H. Then for each r € R, m ¢ E(e,r);
thus m has a prime factor ¢. > 1+2/e with ¢, € S,. These prime factors g, with r € R
are distinct, and each of them is congruent to 1 modulo b. Moreover, since m ¢ D,
and each ¢, satisfies the inequality ¢, > 1 + 2/e, it follows that none of the numbers
¢? divides m. In conclusion m lies in G, and so our claim is proved. Using this claim,
in combination with (7.15) and (7.20), we deduce that (7.12) holds for any M > M.
This completes the proof of the theorem.
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