RAMANUJAN’S CONTRIBUTIONS TO EISENSTEIN SERIES,
ESPECIALLY IN HIS LOST NOTEBOOK

BRUCE C. BERNDT! AND AE JA YEE?

1. INTRODUCTION

In contemporary notation, the Eisenstein series Ga;(7) and Esy;(7) of weight 25 on
the full modular group I'(1), where j is a positive integer exceeding one, are defined
for Im7 > 0 by

Ga;(7) = Z (myT +mg)™H
mi,maE€Z
m1,ma27#(0,0)
and
GQ‘(T) 4] o k2jfl€2ﬂ'ik7
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2¢(27) Byj e~ 1—e
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=1-= By, Zazj—l(r)q , g=€ (1.1)
J =1

where By, n > 0, denotes the nth Bernoulli number, and where o, (n) = >_,,, d”. The
latter two representations in (1.1) can be established by using the Lipschitz summation
formula or Fourier analysis. For these and other basic properties of Eisenstein series,
see, for example, R. A. Rankin’s text [45, Chap. 6].

In Ramanujan’s notation, the three most relevant Eisenstein series are defined for
gl <1 by

P(q) —1—24?3 " (1.2)
q - 1 . qu .
k=1
e k3qk
Q@y:1+zm§:1 -, (1.3)
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and
e k,5qk
R(q):==1-1504) g (1.4)
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2 BERNDT AND YEE

Thus, for ¢ = exp(2mit), E4(7) = Q(q) and Eg(7) = R(q), which have weights 4 and 6,
respectively. The function P(q) is not a modular form. However, if ¢ = exp(27iT), with
Im 7 =y, then P(q) — 3/(my) satisfies the functional equation required of a modular
form of weight 2 [45, p. 195]. In his notebooks [43], Ramanujan used the notations
L, M, and N in place of P,(Q, and R, respectively.

Ramanujan made many contributions to the theory and applications of Eisenstein
series in his paper [39], [42, pp. 136-162]. Applications were made to the theory of the
divisor functions o,; the partition function p(n), the number of ways the positive integer
n can be represented as a sum of positive integers with the order of the summands
irrelevant; and ri(n), the number of representations of the positive integer n as a sum
of k squares. Since Ramanujan did not consider any further applications of Eisenstein
series to ri(n) in his lost notebook, we shall not further discuss his work on sums of
squares. However, very exciting research on formulas for ro(n) has recently emerged,
and Eisenstein series play a prominent role. First, Z.—G. Liu [30] has found a simplified
approach to Ramanujan’s work in [39]. Secondly, new infinite classes of formulas for
rox(n) have been discovered by H. H. Chan [20], S. Milne [31], and K. Ono [32].

Among the most useful results on Eisenstein series established by Ramanujan in [39]
are his differential equations [39, egs. (30)], [42, p. 142]

P _ Pq)-Qle)  dQ _ P(@)Q(e)—R(g) . dR _ P(e)R(g) -~ Q*(q)
Tag ~ 12 Tag T 3 AR '

(1.5)
For example, the differential equations for () and R are needed to prove the following
beautiful integral formula found on page 51 in Ramanujan’s lost notebook [44], [37],
[9, Thm. 3.1, pp. 82-83]. If Q(q) and R(q) are defined by (1.3) and (1.4), respectively,

then
T —dl 0%2(q) — R(q)
o2 Q(t)? - 10g (Q3/2(q) + R(q)) ’ |Q| < 1.

Several further results in this paper depend upon the differential equations (1.5).

Ramanujan recorded numerous results on Eisenstein series in his notebooks as well.
Many are dependent on the following basic theorem in the theory of elliptic functions
[3, Entry 6, p. 101]. Let, for 0 < x < 1,

_ 2P (3,311 — )
q"e"p< TLRG L) )

where 5 F} (%, %; 1;1— ZL’) denotes the ordinary or Gaussian hypergeometric function.
Then

2= oF (3,5 L2) = ¢*(a),
where ¢(q) denotes the classical theta function

e(q) = i g

n=—oo

The Eisenstein series () and R can be represented in terms of z and z. These rep-
resentations lead to many further series “evaluations” in terms of z and z; see [3,
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pp. 126-139]. Chapter 21 in Ramanujan’s second notebook [43], [3, pp. 454-488] is
entirely devoted to Eisenstein series. KEisenstein series arise in Ramanujan’s “cubic”
theory of elliptic functions; see [5, pp. 105-108]. Chapter 15 in his second notebook
contains some of the results from [39] and other results not recorded in [39]; see [2,
pp. 326-333]. Our brief summary has been by no means exhaustive; for further results
of Ramanujan on Eisenstein series, consult [2]-[5].

The present survey of results on KEisenstein series found mostly in Ramanujan’s
lost notebook [44] comprises entries of different natures. In Section 2, we discuss
Ramanujan’s formulas for the coefficients of quotients of Eisenstein series. These were
communicated to G. H. Hardy from a nursing home in 1918 and greatly extend the
content of their last joint paper [24], [42, pp. 310-321]. In Section 3, we examine the
role of Eisenstein series in proving congruences for the partition function p(n). This
material is found in a manuscript of Ramanujan on the partition and tau functions first
published in handwritten form in [44] and then in [12] with commentary. The results
in these two sections bring us to the natural investigation of possible congruences for
the coefficients of quotients of Eisenstein series upon which we briefly focus in Section
4. At various places in his lost notebook, Ramanujan gives formulas for Eisenstein
series in terms of quotients of Dedekind eta-functions. Several examples are given in
Section 5. In [39], Ramanujan expresses families of Eisenstein series and related series
as polynomials in P, @, and R. A page in the lost notebook [44, p. 188] is devoted
to another family of series, which in this case is related to the pentagonal number
theorem; see Section 6 for some of these series. On another page in the lost notebook
[44, p. 211], Ramanujan cryptically relates some formulas for Eisenstein series, which
yield approximations to 7 in a spirit not unlike that for approximations to 7 given in his
famous paper on modular equations and approximations to m [38]. We also indicate in
Section 7 how Ramanujan’s ideas lead to new series representations for 1/7. In the final
section, we discuss integrals of Eisenstein series associated with Dirichlet characters.

Lastly, we introduce further notation that we use in the sequel. As usual, set

o0
(@; @)oo = [ J(1 —ag™), gl <1.

n=0

Define, after Ramanujan,
F(=q) = (¢ Qoo =2 € 2(7),  q=¢"7,  Im7>0, (1.6)

where 7 denotes the Dedekind eta-function.

2. FORMULAS FOR THE COEFFICIENTS OF QUOTIENTS OF EISENSTEIN SERIES

In their famous paper [23], [42, pp. 276-309], Hardy and Ramanujan found an as-
ymptotic formula for the partition function p(n), which arises from the power series
coefficients of the reciprocal of the Dedekind eta-function, a modular form of weight
%. As they indicated near the end of their paper, their methods also apply to several
analogues of the partition function generated by modular forms of negative weight that
are analytic in the upper half-plane. In their last published paper [24], [42, pp. 310—
321], they considered a similar problem for the coefficients of modular forms of negative
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weight having one simple pole in a fundamental region, and, in particular, they ap-
plied their theorem to find interesting series representations for the coefficients of the
reciprocal of the Eisenstein series Fg(7). Although there are some similarities in the
methods of these papers, the principal ideas are quite different in [24] from those in
[23]. The ideas in [24] have been greatly extended by H. Poincaré [36], H. Petersson
[33], [34], [35], and J. Lehner [27], [28].

While confined to nursing homes and sanitariums during his last two years in Eng-
land, Ramanujan wrote several letters to Hardy about the coefficients in the power
series expansions of certain quotients of Eisenstein series. These letters are photo-
copied in [44, pp. 97-126] and set to print with commentary in the book by Berndt
and Rankin [13, pp. 175-191]. The letters contain many formulas for the coefficients
of quotients of Eisenstein series not examined by Hardy and Ramanujan in [24]. Many
of Ramanujan’s claims do not fall under the purview of the main theorem in [24]. Ra-
manujan obviously wanted another example to be included in their paper [24], for in
his letter of 28 June 1918 [13, pp. 182-183], he wrote, “I am sending you the analogous
results in case of gy. Please mention them in the paper without proof. After all we have
got only two neat examples to offer, viz. go and g3. So please don’t omit the results.”
This letter was evidently written after galley proofs for [24] were printed, because Ra-
manujan’s request went unheeded. The functions g, and g3 are the familiar invariants
in the theory of elliptic functions and are constant multiples of the Fisenstein series
E4(7) and FEg(T), respectively.

Because the example from Hardy and Ramanujan’s paper [24] is necessary for us in
our examination of the deepest result from Ramanujan’s letters, we state it below.

Theorem 2.1. Define the coefficients p,, by

1 - 2n
where, say, |q| < g < 1. Let
j=1

where a = 0 or 1, p; is a prime of the form 4m + 1, and a; is a nonnegative integer,
1 <j5<r. Then, forn >0,

Pn = Z T,u(n)a
(1)

where p runs over all integers of the form (2.1), and where
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and, for > 2,
2 62n7r/,u

T

where the sum is over all pairs (c,d), where (c,d) is a distinct solution to u = ¢* + d*
and (a,b) is any solution to ad — bc = 1. Also, distinct solutions (c,d) to p = c¢* + d?
give rise to distinct terms in the sum in (2.4).

Tu(”) =

2
g 2 cos ((ac + bd)ﬂ + 8tan ! 2) : (2.4)
0
d

G,

All of Ramanujan’s formulas for the coefficients of quotients of Eisenstein series were
established in two papers by Berndt and Bialek [6] and by Berndt, Bialek, and Yee
[7]. The results proved in the former paper require only a mild extension of Hardy and
Ramanujan’s principal theorem. However, those in the latter paper are more difficult
to prove, and not only did the theorem of Hardy and Ramanujan [24] needed to be
extended, but the theorems of Poincaré, Petersson, and Lehner needed to be extended
to cover double poles.

As one can see from Theorem 2.1, the formulas for these coefficients have a completely
different shape from those arising from modular forms analytic in the upper half-plane.
Moreover, these series are very rapidly convergent, more so than those arising from
modular forms analytic in the upper half-plane, so that truncating a series, even with
a small number of terms, provides a remarkable approximation. This is really very
surprising, for when one examines the formulas for these coefficients, one would never
guess how such amazingly accurate approximations could be obtained from just two
terms.

We now offer an extension of the main theorems of Hardy and Ramanujan [24] and
the aforementioned authors. Our theorem can be extended to vastly more general
groups and to functions having several simple and double poles, but we only need an
application for modular forms with only one double pole on a fundamental region for
['g(2), and so we confine our statement to only this special case.

Theorem 2.2. Suppose that f(q) = f(e™) = ¢(7) is analytic for ¢ = 0, is meromor-
phic in the unit circle, and satisfies the functional equation

o) =0 () e ar,

where a, b, ¢, d € Z; ad — be = 1; ¢ is even; and n € ZT. Assume that ¢(7) has only
one pole in a fundamental region for I'g(2), a double pole at T = «. Suppose that f(q)
and ¢(7) have the Laurent expansions,

T (] ly 2

6(r) = n Fooe= — + -+ =flo).

(7— _ (1)2 T — (q _ €7r7,0¢)2 q— el

cra(n + 2) 1 1
2 _
7” Z { (ca+d)"3  (ca+d+? } 1= (q/q)?

2 1 (Q/Q)2
B Nerew ot mrynE L

Then

¢,



6 BERNDT AND YEE

B ac + b .
=P\ \cagd)™ )

and the summation runs over all pairs of coprime integers (c,d) (with ¢ even) which
yield distinct values for the set {q, —q}, and a and b are any integral solutions of

where

ad — bec = 1.
Furthermore,
’Lgl 262 d 62
Ty = — an ro = —
1 TeTio 7T627”a 2 7T2€27rza
Now define
> (2k — 1)g*!
Blg)=1+24) ~——35— <1,
k=1

and define the coefficients b,, by

1 =
W:;an7

where |q| is sufficiently small. A formula for b, was claimed by Ramanujan in one of
his letters to Hardy and was proved by Berndt, Bialek, and Yee in [7]. We focus in this
survey on the coefficients of 1/B?(q), however.

It is not difficult to see that B(g) is the unique modular form of weight 2 with
multiplier system identically equal to 1 on the modular group I'g(2). It is also easy to
show that B(q) is related to P(q) by the simple formula

B(q) = 2P(¢*) = P(q).
We now state our principal application of Theorem 2.2.

Theorem 2.3. Define the coefficients b, by

where, say, |q| < qo < 1. Then,
Slle
b = 18(2) <n + 5 ) T,.(n), (2.5)
He

where the sum is over all even integers p. of the form (2.1), and where T),,(n) is defined
by (2.2)-(2.4).

Using Mathematica, we calculated b),1 < n < 10, and the first two terms in (2.5).
The accuracy is remarkable.
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n b, 18 ((n + 2)Ts(n) 4 (n + £)Tio(n))
1 —48 —48.001187
2 1,680 1,679.997897
3 —52,032 —52,031.997988
4 1,508, 496 1,508,496.002778
) —41,952,672 —41,952,671.998915
6 1,133, 840,832 1,133,840, 831.996875
7 —30,010, 418, 304 —30,010, 418, 304.008563
8 781,761,426, 576 781,761,426, 576.003783
9 —20,110,673, 188, 848 —20,110,673, 188, 847.986981
10 512,123,093, 263, 584 512,123,093, 263, 584.006307

To further examine the rapidity of convergence of (2.5), we calculated the coefficients
of 1/B?(q) up to n = 50. For n = 20, 30, 40, and 50, the coefficients have, respectively,
29, 43, 57, and 70 digits, while two-term approximations give, respectively, 29, 42, 55,
and 66 of these digits.

3. EISENSTEIN SERIES AND PARTITIONS

Ramanujan utilized Eisenstein series to establish congruences for the partition func-
tion p(n). Among his most famous identities connected with partitions are the following
four identities:

(7 q" (@®4°)3
= =q ) 3.1
" <5> (1—q)? (¢;9) oo (3.1)
=omy ng” (g9)%
,;1(5)1—61" (4% ¢°)oo (3:2)
(7 n L+q" 3 7. 7\3 2(q7;q7)20
)3 =045 )o + 8¢ ——<—, 3.3
;<7> (1—q)? (4 D(053) (430 (3:3)
and
8 — 7i (ﬁ) n2qn —=49q(q; Q)io(q7; 97)20 48 (¢; Q)Zo 7 (3.4)
[ (4747

where |¢| < 1 and <%> denotes the Legendre symbol. Identity (3.1) can be utilized to

prove Ramanujan’s celebrated congruence p(5n + 4) = 0(mod5), while (3.3) can be
employed to establish Ramanujan’s equally famous congruence p(7n +5) = 0 (mod 7).
The identities in (3.2) and (3.4) are Eisenstein series on the congruence subgroups
I'o(5) and I'g(7), respectively. These four identities were first recorded in an unpub-
lished manuscript of Ramanujan on the partition and tau functions, first published in
handwritten form with Ramanujan’s lost notebook [44, pp. 135-177]. Equivalent forms
of (3.1) and (3.3) are offered by Ramanujan in his first paper on congruences for p(n)
[40], [42, pp. 210-213]. Hardy extracted some of the material from this unpublished
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manuscript for Ramanujan’s posthumously published paper [41], [42, pp. 232-238]. A
typed version of Ramanujan’s unpublished manuscript, together with proofs and com-
mentary, has been prepared by Berndt and K. Ono [12]. The latter paper and the new
edition of Ramanujan’s Collected Papers [42, pp. 372-375] contain several references
to proofs of (3.1)—(3.4). H. H. Chan [19] has shown the equivalence of (3.1) and (3.2),
as well as the equivalence of (3.3) and (3.4). To the best of our knowledge, (3.4) was
first proved by N. J. Fine [22]. See also a paper by O. Kolberg [26] for another proof.

We provide here one example from [12] to illustrate how Ramanujan used Eisenstein
series to establish the congruence p(7n +5) = 0 (mod 7),n > 0. Further examples can
be found in [12] and [41].

Ramanujan [39, Table I] evidently was the first to observe that

n7qn

: (3.5)

Q%=1+ 480§:
n=1

The identity (3.5) also follows readily from the theory of modular forms, since both E?
and Fg are modular forms of weight 8 on the full modular group, and the vector space
of these forms has dimension 1. It is easy to see from (3.5) and (1.2)—(1.4) that

P=P+7] and R=1+7/, (3.6)

where J (not the same at each occurrence) is a power series in ¢ with integral coeffi-
cients. It follows from (3.6) that

2_

(1728¢(g;9)%)” = (Q° — R*)* = P® —2PQ + R+ 7. (3.7)
Now [39, Tables II and III, resp.]

PQ— R=T20) nos(n)q" (3.8)
n=1
and
P*—3PQ+2R=—1728) n’oi(n)q". (3.9)
n=1

Furthermore, we easily see that

. \49 49. 49

(¢: @)oo (43 9) oo

It follows from (3.7)—(3.10) that

49. 49

2 (05 q )oo_ > N L
QW‘;{” oi(n) —nos(n)} ¢" +7J.

In other words,

o

(00" Y p(n)g"™? =" {n*o1(n) — nos(n)} ¢" + 7.

n=1
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It immediately follows that, for n > 1,
p(Tn —2) =0 (mod 7),
and, as a bonus,
p(n —2) —p(n —51) — p(n — 100) 4+ p(n — 247)
+p(n —345) — - = n*oi(n) — nos(n) (mod 7),

where 2,51,100,247,... are the numbers of the form %(7y + 1)(21v + 4) and
(v —1)(21v — 4).

4. CONGRUENCES FOR THE COEFFICIENTS OF QUOTIENTS OF KEISENSTEIN SERIES

In calculating the coefficients of the quotients of the Eisenstein series which appear
in [6] and [14], and which we briefly discussed in Section 2, we noticed that for some
quotients the coefficients in certain arithmetic progressions are divisible by prime pow-
ers, usually a power of 3. In view of Ramanujan’s famous congruences for p(n), one
of which we proved in the previous section, it seemed natural for us to systematically
investigate congruences of this type for Eisenstein series. In some cases, it was very
easy to establish our observations, but in other cases, the task was considerably more
difficult. We summarize what we have accomplished [15] in the following table. For
cach quotient, set F'(¢q) = > ", anq".

F(q) n=2 (mod3) n=4 (mod8)
1/P(q) a, =0 (mod3")
1/Q(q) a, =0 (mod 3?)
1/R(q) a, =0 (mod3?) a, =0 (modT7?)
Pq)/Q(q) a, =0 (mod3)
PR | an=0 (mod5)
Q(q)/R(q) a, =0 (mod3’)
P?*(q)/R(q) a, =0 (mod3’)

5. REPRESENTATIONS OF KISENSTEIN SERIES AS (QUOTIENTS OF DEDEKIND
ETA-FUNCTIONS

In Section 3, we offered some identities for Eisenstein series that are useful for the
study of p(n). The eight identities we present in this section are found on pages 44,
50, 51, and 53 in Ramanujan’s lost notebook [44] and were first proved by S. Raghavan
and S. S. Rangachari [37]. Since they used the theory of modular forms, it seemed
desirable to construct proofs in the spirit of Ramanujan to gain a better insight into
how Ramanujan originally discovered them and to also seek a better understanding of
the identities themselves. To that end, Berndt, Chan, J. Sohn, and S. H. Son [11] found
proofs which depend only on material found in Ramanujan’s notebooks [43]. All these
identities for Fisenstein series are connected with modular equations of either degree
5 or degree 7. Z.—G. Liu [29] has recently constructed proofs of Ramanujan’s septic
identities and some new septic identities as well using the theory of elliptic functions,
but employing methods from complex analysis. The methods in [11] do not use complex
analysis.
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We now record the eight identities in four separate theorems, after which we offer a
few words about proofs.

Theorem 5.1 (p. 50). For Q(q) and f(—q) defined by (1.3) and (1.6), respectively,

f(=q) 4 2 [1(=4%)
Q) = oy + 2P0 () (=) + 31256 —
and
5 f1(= q) 4/ 5 2f10(_q5)
Qg’) = =g )+10qf (=9)f*(=4¢") + 5¢q e

Theorem 5.2 (p. 51). For f(—q) and R(q) defined by (1.6) and (1.4), respectively,

Rlg) — (Jf;i(_‘qii 5000 (—) (=) — 15625q2f3(—q)f9(—q5))

£ (=) (=)
\/1+22qf< 9 + 125¢? F2(Zq)

and

R(¢") = <§3(( ;+4qf9( )f3(—q5)—q2f3(—q)f9(—q5))

f6 5 f12 5
x \/ 1 +22¢ f&_@; + 125¢2 fu((_qq)).

Theorem 5.3. For |q| < 1,

Q(Q> = <f7( )_|_5 72 f3( )fS( )+74 2f7E Q>>

f(=q") q)
(gt
and
o) = (FEDwsiparca +ils )
e i)

Theorem 5.4. For |q| < 1,

_ F( )_ 2 3 3(_ 7Ty _ =3 2f7(—q7)
R = (FE8 -7+ 2P - P syt

f7( ) 2K 3 7N _ =3 _ 2f7<_q7>
< (£E8 76 - 2P carca - re-svie 21
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and
N f7(—Q) 3/ 3 ( )
R(q") = (f<_q7) +(T+2VT)af* (—=q) f2(—q") + (21 + 8V/7)¢? 0 )
y (=) _ 3(_ ) £3 _ f7(=4")
( o+ (1= 2D P ) + 21 - sVl )

Two different methods were used in [11] to prove Theorems 5.1-5.4, but both employ
modular equations discovered by Ramanujan and found in his notebooks [43]. The
second method seems more amenable to generalization.

Ramaujan recorded several further, related identities in his lost notebook for P, @,
and R. Some of these involve differential equations satisfied by P. See the paper by
Berndt, Chan, Sohn, and Son [11] for statements and proofs.

6. EISENSTEIN SERIES AND A SERIES RELATED
TO THE PENTAGONAL NUMBER THEOREM

Page 188 of Ramanujan’s lost notebook, in the pagination of [44], is devoted to the
series

TQk _ TQk -1+ Z 1)2kqn(3n71)/2 + (67”& + 1)2kqn(3n+1)/2} 7 ‘q’ < 1.
Note that the exponents n(3n 4+ 1)/2 are the generalized pentagonal numbers. Ra-
manujan recorded formulas for Tox, &k = 1,2,...,6, in terms of the Fisenstein series,
P, @), and R. The first three are given by
T
(¢ @)oo
. Ti(q) 2
il =3P° — 2Q),
() (¢ @)oo
Ts(q)

=15P% — 30PQ + 16R.

iii
() (¢; 9)os
Ramanujan’s work on this page can be considered as a continuation of his study of
representing certain kinds of series as polynomials in Eisenstein series in [39], [42,
pp. 136-162].
The first formula, (i), has an interesting arithmetical interpretation. For n > 1, let
o(n) = > 4, d. and define ¢(0) = — 5. Let n denote a nonnegative integer. Then

(=) (6r —1)2, ifn=rBr—1)/2,
24 Y (=DFo(j) =S (-1 (6r+1)% ifn=r(3r+1)/2, (6.1)
J+k(3k£1)/2=n 0, otherwise,

where the sum is over all nonnegative pairs of integers (j, k) such that j+k(3k+1)/2 =
n.
There are many identities involving the divisor sums oy (n) := 3, d* in the litera-

ture, but we have not previously seen (6.1). Besides (6.1), other identities of Ramanujan
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can be reformulated in terms of divisor sums. In particular, see [2, pp. 326-329] and
the references cited there. The most thorough study of identities of this sort has been
undertaken by J. G. Huard, Z. M. Ou, B. K. Spearman, and K. S. Williams [25], where
many references to the literature can also be found.

In general, Thi(q) can be represented as a polynomial in terms of the form P?*Q** R5¢,
where 2a+4b+6¢ = 2k. It seems to be extremely difficult to find a general formula for
this polynomial, but on page 188, Ramanujan does give the “first” five terms. Define
the polynomials for (P, @, R),k > 1, by

i - 70
Then, for k > 1,
for(P,Q,R) =1-3---(2k — 1) {P’“ - @P”Q G _i;(k —2) prsp
1lk(k = 1)(k —2)(k — 3)Pk—4Q2
210
| 152k (k — 1)(k1;127)5(k —3)(k —4) PESOR } |

Proofs of all the claims in this section can be found in a paper by Berndt and Yee
[14].

7. EISENSTEIN SERIES AND APPROXIMATIONS TO 7

On page 211 in his lost notebook, in the pagination of [44], Ramanujan listed eight
integers, 11, 19, 27, 43, 67, 163, 35, and 51 at the left margin. To the right of each
integer, Ramanujan recorded a linear equation in Q% and R?. The arguments ¢ in these
identities were not revealed by Ramanujan, but ¢ = — exp(—m+/n), where n is the inte-
ger at the left margin. To the right of each equation in * and R?, Ramanujan entered
an equality involving 7 and square roots. (For the integer 51, the linear equation and
the equality involving , in fact, are not recorded by Ramanujan.) The equalities in
the third column lead to approximations of 7w that are remindful of approximations
given by Ramanujan in his famous paper on modular equations and approximations to
7 [38], [42, p. 33].

We offer a general theorem from which all the equalities in the third column follow.
Considerable notation is first needed, however.

Let

P, = P(—e_”ﬁ), Q= Q(—e_”\/ﬁ), and R, := R(—e_”\/ﬁ). (7.1)
Recall that the modular j—invariant j(7) is defined by
Q3(Q) 2miT

J(m) = 1728 , q=e"", Im 7> 0.
") Q*(q) — R*(q)
In particular, if n is a positive integer,
: (34+V—n Q3
= —=— ) =1728 " 2
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where @,, and R,, are defined by (7.1). Furthermore, set
1

Jn = =5 V- (7.3)
Next, define
by = {n(1728 — j,)}'” (7.4)
and . 0 6
=_ 1— == ) .
)

The numbers a,, and b,, arise in series representations for 1/7 proved by D. V. and
G. V. Chudnovsky [21] and J. M. and P. B. Borwein [17].
We now have sufficient notation to state our first theorem.

Theorem 7.1. If P,,b,,a,, and J, are defined by (7.1), (7.4), (7.5), and (7.3), re-
spectively, then

\/227 (\/ﬁPn = g) =n (1 - 62—:) (%j)il) 1/2. (7.6)

3

To illustrate Theorem 7.1, we offer Ramanujan’s eight examples.

Corollary 7.2. We have

V@i )
()
i (e -2)
(5= 2)
\/% (ﬁpw - g) :19\/%
@ (x/ﬁpmg - g) —362 %
\/% (\/%P35 - g) =(2+ V5) %
i () -

Theorem 7.1 leads to the following theorem giving approximations of .

Theorem 7.3. We have
6
TR — = A,

Vn—ry,
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with the error approzimately equal to
Vvn+5r, NG
(Ve —ry)? ’

where 1, is the algebraic expression on the right side in (7.6), i.e.,

1/2
87.)° +1
Tn = \/ﬁ <—(3 S ) 3 .
(57n)
Theorem 7.3 with the examples above lead to approximations of = which we offer in

the next table. Let N,, denote the number of digits of © which agree with the decimal
expansion of A,,.

144

n A, N,
11 3.1538. .. 1
19 3.1423 . .. 2
27 3.1416621 ... 3
43 3.141593 ... 5)
67 3.14159266. . . 7
163 3.14159265358980. . . 12
35 3.141601 . .. 3
51 3.14159289 . .. 6

Although not mentioned by Ramanujan on page 211 in [44], the ideas needed to
prove the results on this page lead to a very general infinite series expansion for 1/x
in the spirit of those given by Ramanujan [38], and later by the Chudnovskys [21] and
Borweins [17]. To state this expansion, we need further definitions.

Let
1728

I(q) = ](?’—_57)

J,=JEe ™™,  n>o0. (7.7)

L = g—: (pn - %) | (7.8)

where P,, @,, and R,, are defined by (7.1).
We now state a general series representation for 1/7.

Theorem 7.4. If J,, and t,, are defined by (7.7) and (7.8), respectively, then

and

Furthermore, let

\/_\/?% i ) (l)kJ’“(6k+1—t) (7.9)

where (a)o :=1 and (a), := ala+1)(a+2)---(a+n —1), for each positive integer n.
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If j,, is defined by (7.2), then

(AL — DO - 1)°

(7.10)

where
ew\/ﬁ/Q f6 (e—w n/S)

"BV e

and f is defined by (1.6). The numbers A, were first defined by Ramanujan on page
212 of his lost notebook, in the pagination of [44]. He recorded an extenssive table of
values which were verified by Berndt, Chan, S.—Y. Kang, and L.—C. Zhang [10] by a
variety of methods.

In [8], Berndt and Chan used Theorem 7.4 to achieve a new “World Record” for the
number of digits of 1/m per term. They used the value,

A1105 = (ﬁ_l_ 1) (44 V17)? (%) (8 + V65)°,

2

in the formula (7.10) to calculate J3315 (defined by (7.7)). Substituting this value for
J3315 and the value of 3315 (defined by (7.8)) in (7.9), Berndt and Chan obtained a
series for 1/7 which yields about 73 or 74 digits of m per term. All the results in this
section were established in a paper by Berndt and Chan [§].

8. INTEGRALS OF EISENSTEIN SERIES

In the Introduction, we gave one beautiful example of an integral of an Eisenstein
series found in the lost notebook. Here we present a different kind of example. At first
glance, it does not appear that there is any connection with Eisenstein series. Recall
that the functions f(—q) and n(7) are defined in (1.6).

Theorem 8.1. Suppose that 0 < g < 1. Then
= L[t fo(=t) dt
1/9 I I 1 — gn)x(mn — —Cn— = J Ny 8.1

where

— %gL(z,X) = L'(—1,%). (8.2)

Here, L(s,x) denotes the Dirichlet L-function defined for Re s > 1 by L(s,x) =
Yo . x(n)/n®. Furthermore, in (8.1) and (8.2), x(n) = <g>, the Legendre symbol.

Cs

This result, found on page 207 of Ramanujan’s lost notebook, was first proved by
Son [46], except that he did not establish Ramanujan’s formula (8.2) for C5. Berndt
and Zaharescu [16] found another proof of Theorem 8.1, which included a proof of
(8.2).
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We now explain the connection of Theorem 8.1 with Eisenstein series. A key to the
proof of (8.1) is the identity

J{;g(( =1- 922 ( ) &q", (8.3)

n=1 djn

which was first proved by L. Carlitz [18] and then by Son [46]. The series on the right
side of (8.3) is an example of an Eisenstein series Ej , (1) of weight k, defined on the
congruence subgroup I'y(N) by

2k ,
By (r) =1 DD x(@d g, g=e, (8.4)

kxn 1 dln

where x is a Dirichlet character of modulus N, and By, denotes the kth generalized
Bernoulli number associated with .
Ramanujan’s identity (3.4), when written in the form,

B =1- 13 Y = T Bpmpan, @9
n=1 djn

provides another example, where now x(n) denotes the Legendre symbol modulo 7.
Then (8.5) leads to the identity

&7 ﬁ(1 — "X = exp ( Cr — 7/,1 {;Z(_t § tf3( )f3(—t7)} %) , (8.6)

n=1

where
Cr=L'(—1,x). (8.7)
Clearly (8.6)and (8.7) are analogues of (8.1) and (8.2), respectively.

S. Ahlgren, Berndt, Yee, and Zaharescu [1] have proved a general theorem from
which (8.1) and (8.6) follow as special cases. The integral appearing in these authors’
general theorem contains the Eisenstein series (8.4). It is only in certain instances
that we have identities of the type (8.3) and (8.5), which enable us to reformulate the
identities in terms of integrals of eta-functions, as we have in (8.1) and (8.6).
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