AN INTEGRAL OF DEDEKIND ETA-FUNCTIONS IN
RAMANUJAN’S LOST NOTEBOOK

BRUCE C. BERNDT! AND ALEXANDRU ZAHARESCU

Abstract. On page 207 in his lost notebook, Ramanujan recorded a curious formula for an integral
of a certain quotient of Dedekind eta-functions. The formula involves a mysterious constant C', which
Ramanujan claims, with two question marks appended, is a simple multiple of a Dirichlet L-function
evaluated at the argument 2. The integral formula was first proved by S. H. Son, but he did not
establish Ramanujan’s formula for C. We give an entirely different proof of this result which also
shows that Ramanujan’s questioned formula for C is correct.

1. INTRODUCTION

On pages 46 and 207 in his lost notebook [3], Ramanujan recorded eight identities
for integrals of theta functions. One of them was proved by G. E. Andrews [1], while
the remaining seven were established by S. H. Son [4]. One of the formulas on page
207 was particularly troublesome to prove. It involves Dedekind eta-functions in the
integrand and a particular constant C, which Ramanujan claims, with two question
marks appended, is a simple multiple of a value of a Dirichlet L-function evaluated
at the argument 2. Although Ramanujan’s formula was elegantly proved by Son [4],
he could not establish Ramanujan’s queried value of C'. The purpose of this paper is
to give a completely different proof of Ramanujan’s integral formula, which yields the
tenuously claimed value of C' as well.

The Dedekind eta-function 7(z) is defined by

77(2) — e27riz/24 H(l _ eQm’nz) _. q1/24f(_q>7 q= 62772'27 Im 2z > O, (11)
n=1

where we employ Ramanujan’s notation f(—q).
We can now state the integral formula of Ramanujan which we want to prove.

Theorem 1.1. For 0 < g <1,
1— 1—441—77... 1 lfg—t dt
C]l/g(i - q%(l —qqz’)g(l _qqZ)S R 4 (‘C 9 i ﬁ ?) , (1.2)

where

C .= —

n=1

3V3 — <n> 1
3/ n?’

where (g) denotes the Legendre symbol.
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David Masser has kindly informed us that C' also has the representation C' =

L'(=1,x), where x(n) = (%). This can be demonstrated by differentiating the func-

tional equation for the Dirichlet L-function L(s, ).

2. PRELIMINARY RESULTS

To prove his less precise version of Theorem 1.1, Son [4, Lemma 2.5] established the
following lemma using a theorem of N. J. Fine [2, p. 22].

Lemma 2.1. For |q| < 1,

F(=q) _1H§:{m—nwwﬁjm—mww?_ o)

f3( 1 — q3n71 1 — q3n72

In our proof, a different representation for f(—q)/f?(—q?®) arises, and we establish
this in the next lemma.

Lemma 2.2. For |q| <1,

=g . ¢" = ¢*" = 6¢"" — ¢"" + ¢
el 92: (RS TE-IER 22
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Proof. Multiplying numerators and denominators by (1 — ¢")? and then inverting the
order of summation, we find that

i qn o q2n o 6q3n . q4n 4 q5n
(1+q"+¢)°

n=1
_ i g" — 47" + 13¢1" — 13¢7" + g™ — ¢
— (1—gon)3
1 oo oo )
=3 Z m(m — 1) (¢" — 4¢*" + 13¢"" — 13¢°" + 4¢™" — ¢*") g>rm=2)
n=1 m=2

1 & q3mf5 q3mf4 q3m72
D) Zm(m - 1) (1 — pms 41 — gdm—4 T 131 — g2

m=2
3m—1 3m—+1 3Im+2
—13-4 a1 -
1— q3m—1 1 — q3m+1 1— q3m+2
1 00 q3m—2 OO q3m—1
25 Z(m + 1)m1 _ q3m—2 —2 Z(m + 1)m1 _ q3m—1
m=1 m=1
13 00 (]3m_2 13 00 q3m—1
- -1 - — -1
+ 2 mz_:lm(m )1 _ q3m—2 2 mz_:lm(m )1 _ q3m—l
o) qgm_g 1 o0 q3m—1
+2) (m—1)(m—2) e 5 2 (m=1)(m —2)- meT=
m=1 m=1
B f: { (3m - 1)2q3m—1 (3m o 2>2q3m—2 }
- _ 3m—1 o _ 3m—2 ’
m=1 1 q 1 q

where in the last step we merely added together the coefficients of each of the two
distinct g-quotients. The result now follows from Lemma 2.1. O

3. PROOF OF THEOREM 1.1

Our proof will proceed in four steps. First, we show that Ramanujan’s formula (1.2)
implies (2.2), and conversely that (2.2) implies (1.2), except for the identification of the
additive constant C. It then remains to prove that C' has the prescribed value (1.3),
which we do in three steps. We first show that C' can be represented as the limit of a
certain g¢-series as ¢ — 1. Second, we show that this limit can be represented by an
integral. Lastly, we evaluate this integral to prove (1.3).

Proof. Assume throughout the proof that 0 < ¢ < 1. Taking the logarithm of both
sides of (1.2) and using the Taylor expansion of log(1 — z) about z = 0, we find that

logq — Z Z ( ) =—-C— fgg(( 3)) d? (3.1)

n=1 m=1
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It is easy to see that

e
n=1 (mod 3) n=2 (mod 3) q
Differentiating (3.2), we find that
_ 1 + 2q3 o 2q + q4
n—1 n—1
>, T =gy and >, M =g an (33)
n=1(mod 3) <1 q ) n=2 (mod 3) <1 q )
Combining the two equalities of (3.3), we deduce that
% 3
n q—dq
Mpgn= 2190 3.4
;<3)nq (1+q+¢*)? (34)
Using (3.4) in (3.1), we find that (3.1) is equivalent to
0 m 3m 1 r9
q" —q 1 1 f2(=t) dt
=—logg+C+ - —. (3.5)
mZ:l m(l+q"+¢*")* 9 9.y (=) ¢

For brevity, let L and R denote the left and right sides, respectively, of (3.5). Ele-
mentary differentiations show that

dL e (mqm—l o qu3m—1)<1 4 qm + qu) o 2(qm . q3m>(mqm—1 + 2mq2m—1>
q_dq =q E
m=1

m(l+q™ +¢*)?

X m _ 2m _ . 3m _  Am 5m
N 667" g+ g (3.6)
= (1+q™+¢*m)?
and .
dR 1 1 —

Yag — 0 9P
Employing (3.6) and (3.7) in (3.5), we conclude that Ramanujan’s formula (1.2) implies
the equality

X m 2m_63m_ 4m 5m 9/
D i’ Ui Wil :fg(qs). (3.8)
— (L4 g™+ ¢*™) f(=¢*)
Conversely, (3.8) implies that (1.2) holds for 0 < ¢ < 1 and for some constant C.
However, indeed (3.8) is valid by Lemma 2.2. Thus, it remains to prove that C' has the
value given by (1.3), which we now do in the three steps outlined above.

First, by (3.5), it is clear that

0 m 3m

. qa —dq
C = lim : 3.9
g—1- ; m(l +qm™ + q2m)2 ( )

Secondly, we prove that
o sinh u

C = du. 3.10
/oo u(1 + 2 coshu)? N (3.10)
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To prove (3.10), set ¢ = exp(—1/N), where N is a large positive integer. Then (3.9)
may be written in the form
& -m/N __ ,—3m/N 1 o0 -m/N __ ,—3m/N
C=1lim Yy —° c = lim — Y ’ . .
N—oo m(]_ + e—m/N + 6—2m/N)2 N—ooo N — (m/N)(l + e—m/N + 6—2m/N)2

m=1

(3.11)

On the far right side of (3.11), we have a Riemann sum. Taking the limit as N — oo,
we deduce that

00 e U — e—3u o el — e
/0 u(l+ et 4 e~2u)2 " /0 u(et + 1+ e v)?2 "

2/00 sinh u J /OO sinh « J
g u = u
o u(l+2coshu)? —oo w(1 4+ 2coshu)?

since the integrand is even, which establishes (3.10).
The function

(2) sinh z
z) =
J 2(1 4 2 cosh z)?

is meromorphic in the entire complex plane, and has double poles at the points 2min /3,
for each integer n that is not a multiple of 3. Let v, ,1 < m < 0o, be a sequence
of positively oriented rectangles with vertices +v/R,, and £v/R,, + Rel’i, which are
chosen so that the points R¥%i remain at a bounded distance from the points 27in /3,
as m tends to oo. For brevity, let L1 = Li(m) and Ly = Ly(m) denote, respectively,
the left and right sides, and let L3 = L3(m) denote the top side of vg,,. Then, it is not
difficult to see that, for j = 1,2,

/L =)z

J

(3.12)

& RyeVhm, (3.13)

as R,, — oo. It is also not difficult to see that

/L3 g(z)dz

as R, — oo. In summary, the inequalities (3.13) and (3.14) imply that, if 7 =
L1 U L2 U L3, then

1
— 3.14
< R ( )

/ g(z)dz = o(1), (3.15)
YRm
as R,, — oo.

Letting R(a) denote the residue of g(z) at a pole a, we find by the residue theorem
that

1 [V 1 o2min
— dz + — dz = . 1
e S S > R( ; ) (3.16)

1<n<3R3?/(2m)
3tn
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Letting R, tend to oo in (3.16) and using (3.15), we deduce from (3.10) that

oS in(22).
n=1

3tn

(3.17)

In order to compute the residues, we introduce simpler notation. If the positive
integer n is not a multiple of 3, set a = 27min/3 and w = e?™/3 Then e* = w, if
n=1(mod3) and e* = @, if n = 2 (mod 3). We use the Taylor expansions,

1 1 z-—a

== _ . 3.18
z a a? ’ (3.18)
sinh z =sinha + (2 — a) cosha + - - -, (3.19)
and
cosh z =cosha + (z — a) sinha + (2 — a)* cosha + - - - . (3.20)
Since 1+ 2cosha = 0, it follows from (3.20) that
h
1+ 2coshz=2(z —a)sinha (1 +(z— a)2C§ithaa + - ) ,
and so b
1 1—(z—a) csna
— sinh a (321)
(1 4 2 cosh z)? 4(z — a)?sinh*a

Using (3.18), (3.19), and (3.21) in (3.12), we find that

(1+-afper ) (1= ) (1- 6

2) cosha n
sinh a

9(2) = 4a(z — a)?sinha

1_2—0,

a

4a(z — a)?sinha’

and so
1 1

" la?sinha 2a%(e=* —e®)

a

R(a) =

We distinguish two cases. If n = 1 (mod 3), then e~
i 33

2a2/3 8m2n?’
If n =2 (mod3), then e — e* = w — w = iv/3, and hence
i 33

202\/3  8m2n?
Using (3.22) and (3.23) in (3.17), we conclude that

3vV3 = (ny 1

=503 (5)

 4r 3) n2’

E(a)

R(a) =

—e* =w—w = —iV3, and hence

(3.22)

(3.23)
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which is (1.3). This then completes the proof of Theorem 1.1.
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