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1. INTRODUCTION

The Eisenstein series in the title, P(q), Q(q), and R(q), are defined by

(1.1) P(q) := 1442@’
k=1
e kqu
(1.2) Q(g) :=1+240) e
k=1
and
o k5qk
(1.3) R(q) :=1 _5O4ZW’
k=1

where |¢| < 1. (The notation above is that used in Ramanujan’s paper [4], [6,
pp. 136-162] and in his lost notebook [7]. In his notebooks [5], Ramanujan
replaced P, @, and R by L, M, and N, respectively.) On pages 44, 50, 51,
and 53 in his lost notebook [7], Ramanujan offers 12 formulas for Eisenstein
series. All are connected with modular equations of either degree 5 or 7.

In a wonderful paper [3] devoted to proving identities for Eisenstein series
and incomplete elliptic integrals in Ramanujan’s lost notebook, S. Raghavan
and S. S. Rangachari employ the theory of modular forms in establishing
proofs for all of Ramanujan’s identities for Eisenstein series. Most of the
identities give representations for certain Eisenstein series in terms of quo-
tients of Dedekind eta-functions, or, more precisely, Hauptmoduls. The very
short proofs by Raghavan and Rangachari depend upon the finite dimensions
of the spaces of the relevant modular forms, and therefore upon showing that
a sufficient number of coefficients in the expansions about ¢ = 0 of both sides
of the proposed identities agree. Ramanujan evidently was unfamiliar with
the theory of modular forms and most likely did not discover the identities
by comparing coefficients.

The purpose of this paper is therefore to construct proofs in the spirit of
Ramanujan’s work. In fact, our proofs depend only upon theorems found
in Ramanujan’s notebooks [5]. Admittedly, some of our algebraic manipu-
lations are rather laborious, and we resorted at times to Mathematica. 1t is
therefore clear to us that Ramanujan’s calculations, at least in some cases,
were more elegant than ours. We actually have devised two approaches.
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In Sections 3 and 4, we use the two methods, respectively, to prove Ra-
manujan’s quintic identities. At the end of Section 3, we prove a first order
nonlinear “quintic” differential equation of Ramanujan satisfied by P(q).
In Section 5, we use the second approach, which is more constructive, to
prove Ramanujan’s septic identities. The new parametrizations for moduli
of degree 7 in Section 5 appear to more useful than those given in [1, Sect.
19]. A subset of the authors plans to utilize these parametrizations in future
work. Section 7 is devoted to proving two new first order nonlinear “septic”
differential equations for P(q).

Page numbers placed after theorem numbers refer to their locations in
the lost notebook [7].

2. PRELIMINARY RESULTS

As usual, set

oo

(a;Q)oo = H(l - aqn)v |Q| <L

n=0

Define, after Ramanujan,

(21) f(_q) — (q’ Q)OO —- 6*27l'i2/24,)7(z)’ q= 6271'22 Im 2 > 07

where 71 denotes the Dedekind eta-function. We shall use the well-known
transformation formula [1, p. 43, Entry 27(iii)]

(2.2) (—1/2) =+/z/in(z
If g = e?>™* Im z > 0, Q(q) and R(q) obey the well-known transformation
formulas [8, p. 136]

(23) Q%) = #1Q(e™)
and
(2.4) R(e™?™/%) = 25R(e”™).
Our proofs below depend upon modular equations. As usual, set
_ T(a+k)

and

(e.¢]
a
Fi(a,b;c;z) =Y~k
ehiatien) = 3

Suppose that, for some positive integer n,
oFi (3,311 — ﬁ)_n2F1(2,271 1—-a)
2F1(§7§71;ﬂ) 2F1(%7%71 Oé)

A modular equation of degree n is an equation involving « and S that is
induced by (2.5). We often say that § has degree n over a.. Also set

(26) 21 = 2F1(2,2,1 a) and Zn = 2F1(2,2,1 ﬂ)

(2.5)
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The multiplier m is defined by
(2.7) mi= —.

4 exp _WQFl(%a 311 —x)
2F1(%7 %) 17$)

and z = gFl(%, %; 1; ), we have the “evaluations”

f=®) = Vz27Y3 @ —a)/q)"",
Q(qQ) = 24(1—a;+a:2),

When

and
(2.10) R(¢*) = 251 + 2)(1 — /2)(1 — 2x).

These are, respectively, Entries 12(iii), 13(i), and 13(ii) in Chapter 17 of
Ramanujan’s second notebook [1, pp. 124, 126].

Next, we record some relations from the theory of modular equations of
degree 5. Set

(2.11) m=1+2, 0<p<2,

and

(2.12) p=(m? —2m? 4 5m)1/2.

Then [1, p. 284, egs. (13.4), (13.5)]

(2.13) oz 1/8_5p+m2+5m 575 1/8_p—m—1
) I6; N 4m? ’ o N 4 ’

(2.14)

(1—-a)d 1/8 5p —m? — 5m (1-p3)° 1/8 p+m+1
LS e W (=i Y L
1-p 4m? 11—«

Furthermore [1, p. 288, Entry 14(ii)]

_ 5
(2.15) da(l—a)=p (12+ 2];)
and
(2.16) 46(1— ) = p° (fé; ) .

Also, from Entry 14(iii) in Chapter 19 of Ramanujan’s second notebook [1,
p. 289]

14 p2\ /2
2.1 1-28=(1 — p? )
(2,17 s=+p—) (12 )
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We also need two modular equations of degree 5 from Entry 13(iv) of
Chapter 18 in Ramanujan’s second notebook [1, p. 281], namely,

m = 4/3 55( ﬁ) e
(2.18) 1+2 < o= o) )
and

5 s (eP1-a)\VH
(2.19) —=1+2 <ﬂ(1—6) > .

For Section 4, we need several modular equations of degree 7 found in
Entry 19(i), (ii), (iii), and (vii) of Ramanujan’s second notebook [1, pp.
314-315]. Thus, if 5 has degree 7 over a and m is the multiplier of degree 7,

(2.20) @)+ {1 -a)(1 - B}/ =1,

(=T
! 4<a<1—a>>
(@B)/8 —{(1 —a)(1 - B)}/*

(2.21) m = —

(2.22) o (@p) - {1 - )1 - p
o7\ 1/8 7\ 1/8
(=) - (%)
233) = m((14 @A)+ {1-a)-p)2) 2)
o7\ /8 (1—a) 1/8
5) _< 1-7 >
221) = (14 @h) - - a?) f2)
and
m— = 2((f)S {1 - a)(1 - B)})
(2.25) x (2 (@B) 4 {1 - ) (1 - B)}Y)

3. QuINTIC IDENTITIES (FIRST METHOD)

Theorem 3.1 (p. 50). For Q(q) and f(—q) defined by (1.2) and (2.1),
respectively,

fm( q) 4 4 2f10( q5)
(3.1) Qq) = =0 +250qf*(—q) f*(—¢") + 3125¢ g
and
5 flo( q) 4 4 flo( Q)
(3:2) Q) = =) +10g/*(=9) f*(—¢°) + 5¢> T
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Proof. Tt is slightly advantageous to first prove (3.2) with ¢ replaced by ¢.
To prove (3.2), we first write the right side of (3.2) as a function of p, where
p is defined by (2.11).

By (2.8),
AL q4z§’2‘10/3(5(1 8)/a°)™°
f(=¢%) 212723 (a(1 — a)/q)"/°
e (BB
(3.3) = 2 8/372( (1_a)) :

where (3 has degree 5 over «, z; and z5 are defined by (2.6), and m is the
multiplier defined by (2.7). Using (2.13), (2.14), (2.12), and (2.11) in (3.3),
we find that

AT st (p2 — (m+ 1>2>4/3
f*(=¢%) m 16
(3.4) _ ommo T s
28m 24(1 4 2p)

Similarly, from (2.8), (2.7), (2.15), (2.16), and (2.11),
SO (=% B (a(l - a))1/2

¢*fo(—q') B(1—p)
_ s 2-p \'_(A+m)2-p)?
(35) - (p(l + 229)) B P> '

Thus, from (3.4) and (3.5),
2= (=) fo(=a%)
7 ( 10y )

q
f2(=¢%) \¢*f12(—¢'9) @ fo(—
dnt 142p)2(2—p)* 14 2p)(2 —p)?
_ %D A+2p)°2—p)° A+ —p)" .
24(1 + 2p) p p?
Z4
— 1 2 48
5

2+p
=% <1+ 4(( +2p))>
= 2(1-6(1-5))
= Q¢"),
where in the penultimate step we used (2.16), and in the last step utilized
(2.9). This completes the proof of (3.2).

To prove (3.1), we first rewrite (3.2) in terms of the Dedekind eta-function,
defined in (2.1). Accordingly,

o 1062) (0N, (1)
(3.6) Qq’) = 72(2) <<n(5z)> +10<n(52)> +5].
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We now transform (3.6) by means of (2.2) and (2.3) to deduce that

; 1 z/1
(52)7462(6727”/(52)) _ (5Z//Z( )) ng( /1;2

" n(—=1/z) /5z/i " n(—1/z) 52/2 ‘
(( 2Ji 1(—1/(52)) > HO( 2fi (= ))) +5)’

Q(e—Zm‘/(Sz)>

_n-1/62) (s n(-1/2) \? n(=1/2) \°
- R (5 i) = (i) +
_ 5 10 (=1/2) 40 Nrd(—1/2 n'%(=1/(52))
I ) R A e e T

or

If we set ¢ = e~2™/(5%) and use (2.1), the last equality takes the shape (3.1),

and so this completes the proof of (3.1). O

Theorem 3.2 (p. 51). For f(—q) and R(q) defined by (2.1) and (1.3),
respectively,

150
Rlg) = (;3((_;;% — 5004/%(—q) f*(—4°) - 15625q2f3(—q)f9(—q5)>

(3.7) X w 19l E0) | g5l D)

f8(—q) f12(=q)

15
R(¢°) = (;3(( ;+4Qf9( )f3(—q5)—q2f3(—q)f9(—q5))

°(=4") 2 I (=0°)
(3.8) \/1+22qf syt Ry

Proof. Our procedure is similar to that of the previous theorem. We estab-
lish (3.8) first, but with g replaced by ¢2.
By (2.8), (2.7), (2.15), and (2.16),

f15(—q2) 15/2 aP(1 — ) 1/4 Z?m3/2 2-p 6
(3.9) F=a") 16232 ( ) N < ) ‘
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Hence, from (3.9), (3.5), (2.7), and (2.11),
_ [P(=) 2 fO(= 1)_ 12 (=d")
e G i iy =)

f8(—¢") F2(=4")

2 4

x\/1+22q e 1 125¢ o)
6

p? pt
g (”4@ T - p? O +2p>2<2—p>4>

p? p
><\/1”2( T2 T mPEe )

6

zy
= = 375 (44 8p — 6p° — 6p° + 9p" — 5p° +p°)

X\/4 + 8p + 12p2 + 12p3 + 9p* + 4p5 + pS
6
“5

= ol Fp—p)(d+4p—6p® +4p° —p')

(3.10) x /(1 +p2) (4 + 8p + 8p% + 4p3 + pt).

Using (2.17) and (2.11), we can write (3.10) in the form

4+4p — 6p +4p —p

F(g) = 25(1-2p) 80 T 20) V4 + 8p + 8p® + 4p® + p*
_ 26(1_25)(4+4p*6p +4p° —ph)(2+2p +p?)
- 5
8(1+ 2p)
8 + 16p + 2p° — p°
= z(1-2
(=205

- 2E2)
= 25(1-20) (1+ 3801 - 5))
= 25(1-20)(1 - 3601 +5)

(311) = R("),

where in the antipenultimate line we used (2.16), and in the last line we used

(2.10). Combining (3.10) and (3.11), we deduce (3.8), but with ¢ replaced

by ¢°.
The proof of (3.7) is almost exactly like the proof of (3.1), but, of course,
we use (2.4) instead of (2.3). O

The next two results are algebraic combinations of the pairs of represen-
tations in Theorems 3.1 and 3.2.
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Theorem 3.3 (p. 51). Let A = Q(q) and B = Q(¢°). Then

VA2 + 94AB + 625B2
(3.12) = 12\f< (= )+26 af (—q) f*(—q )+125q2fw( q))>.

fA(=%) f*(—q
Proof. Set
13 0=FED poypcorcd). ad Bo D
Note that
(3.14) CE = D.
Equalities (3.1) and (3.2) now take the shapes
(3.15) A=C?+250D +3125E? and B =C?+10D + 5E2,
respectively, and the proposed equality (3.12) has the form
(3.16) VA2 + 94AB + 62582 = 12V/5 (C? + 26D + 125E2) .
Substitute (3.15) into (3.16), square both sides, use (3.14), and with just
elementary algebra (3.16) is then verified. O

Theorem 3.4 (p. 51). Let A= R(q) and B = R(q°). Then
V/5(A +125B)% — (126)2AB
252 (flo( 9D | 62qf4(—q) (=) + 125¢° 2= )>

F2(=¢) fA(=q)
10 10(_ 5
(3:17) \/;2<( ;+22 (- >f4(—q5)+125q2j}2§_‘;)).

Proof. We employ the notation (3.13). Equalities (3.7) and (3.8) then may
be written as, respectively,

(3.18) A= (C*-500CD - 5°DE) \/1+ 22E2/D + 125E4/ D2
and
(3.19) B = (C*+4CD — DE) \/1+22E2/D + 125E4/D2,

and the proposed equality (3.17) has the form
VB(A+125B)2 — (126)2AB = 252(C2 + 62D + 125E2)

(3.20) x\/C2 + 22D + 125E2.
Square (3.20), use (3.18), (3.19), and (3.14), and simplify to verify the truth
of (3.20). O

Our next goal is to establish a differential equation satisfied by P(q),
defined by (1.1). We need two lemmas.
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Lemma 3.5. Recall that Q(q) and R(q) are defined by (1.2) and (1.3),
respectively. Let

_ 5\ 6
(321)  wi=f(-f(=a")  ad  Ai=g (J; <(_QQ )>) |
Then
(3.22) Q(q) = u* <i + 250 + 55)\)
and

(3.23) R(q) = uS <i — 500 — 56)\> \/i + 22 4+ 125

Proof. Identities (3.22) and (3.23) are obtained from (3.1) and (3.7), respec-
tively. For example, by (3.1) and (3.21),
6
—-q
Q) = ar -5 ) (=0 + 250 + 31250

1
ut <)\ + 250 + 55>\) .

fﬁ(—q5)>
f8(—q)

Lemma 3.6. Recall that f(—q) is defined by (2.1). Then

o)

[o¢]
qu kq5k
1 + 6;1_qk—30;1_q5k

_ [P0 + 220 (=) (=) +125¢% 1% (—¢°)
=) f*(=¢°)
Lemma 3.6 is part of Entry 4(i) in Chapter 21 of Ramanujan’s second

notebook, and a proof is given in [1, p. 463]. We give here a new short
proof, based on Lemma 3.5.

Proof. Using Ramanujan’s differential equations [4, eq. 30], [6, p. 142],

d PQ—-R dR PR - Q*
(3.24) qdf]) = QT and chq = TQ,
we deduce that
(3.25) Q- R?= 3qRCfZCj — 2qQCf£.
From (3.22) and (3.23), we find that
12
(3.26) Q3 — R? = 17281;—2,

aQ 41 Ndu /1 _\dx
3.27 — =4 — 4+ 2504+ 5%\ | — —— 45| —
( ) d U </\ + + ) dq +u +
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and

dR 1 1 du
3.28) — =6u’ (= —500—5%\]) /= +22+1250—
(3.28) 5 = 6u <)\ ) Vx TeE Ay,

~ 3ul(1 — 152X + 5250\ 4 2500000° + 1953125)") dA

1 d
203/ + 22+ 125) 7

Using (3.22), (3.23), (3.27), and (3.28) to simplify the right hand side of
(3.25), we deduce that

ul? d\

q7.
1 d
N[5 + 22+ 1250 1

Combining this last equation with (3.26) yields

o, 1
3.29 — = UM/ =+ 22+ 125,
( ) qdq U 3 + 22 +

On the other hand, by straightforward logarithmic differentiation,

d dR
@~ R = 3R 20 _ 1728
dq dq

d\ . kgok = kgt
. Z=)[1- — :
(3.30) o )\< 30;1_q5k+6;1_qk
If we combine (3.29) and (3.30), we deduce Lemma 3.6. O
Theorem 3.7 (p. 44). Let P(q) be defined by (1.1). Then
(=)

3.31 P(q) = V14 22X + 125)2 — 30F(\
(3.31) @ =5 ( ™)
and

5y f5(_CJ) 2
(3.32) P() = =) V14220 + 12502 — 6F(\) ),

where X\ is defined in (3.21), and where F(\) satisfies the nonlinear, first
order differential equation

2
(3.33) 1+ ?5)\ + %Fz()\) = F'(O)V1 4 22X + 125)2.
Proof. Assume that F'(\) is defined by (3.31), so that (3.31) is trivially true.

By (1.1) and Lemma 3.6, we have

5P(¢°) = Plg) _ f(=q) ;
1 f(_q5)\/1+22x+125x ,
with A defined by (3.21). If we substitute (3.31) into (3.34) and solve for
P(g%), we deduce (3.32). It remains to prove that F()\) satisfies the differ-
ential equation (3.33).
From (3.24), (3.22), (3.23), and (3.29), we find that, with the prime /
denoting differentiation with respect to g,

(3.34)

/ 2
(3.35) Plg) = 12¢% — 22 \/T + 22\ + 125)2.
u

VA
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Differentiating (3.35) with the help of (3.29), we deduce that
(3.36)

dP W12502 -1 w? [ u"\’
= AT 4 (= ) V1220 + 12502+ 12¢ (¢— ) .
T = 7\ V14 22X +125X2 + 12¢ 0

Next, by using another differential equation of Ramanujan [4, eq. (30)], [6,
p. 142],

ar _ P?-Q
Tag ~ 12

(3.37)

(3.22), (3.23), (3.35), and (3.36), we conclude that

AN I\ 2 4
(3.38) 12¢ (J;) —12 (d‘;) - —2“7 (1+125A2 + 18))..

We now identify Ramanujan’s function F'(A). By comparing (3.31) and
(3.35), we conclude that

(3.39) F(A)——2 E/—AJri\/1+22A+125A2
' 5% W T 10 '

Rewriting (3.39) in the form,

F(N) 1 2 U1
3.40 — = —— 14+ 222+ 12502 = ——q——,
(3.40) 1Y 572

and differentiating with respect to ¢, we deduce that

1 u?2 1422\ 4 125)2 1 dF(\ 2125M2 — 1
_1w¢+ LA pny 4 L EN) w1297 L

2 w1 2 [ u\?
41 S L I P T
(3.41) 5{Q<qu> iy <qu> }
Using (3.38) and (3.40), we may rewrite the right hand side of (3.41) and
deduce that

1 u? 14 22X+ 125\ 1 dF(\) w1252 —1
~5 FO) + a2 = o5
2V A VAT dg 20 A
2 2 2
21+ 18A 4125 L5 eF (\) L2 lt 22X 4 125X

40\ 2 A 40\

1
(3.42) —UQﬁF()\)\/ 1+ 22\ + 125)2,

Simplifying (3.42) with the use of (3.29), we deduce Ramanujan’s differential
equation (3.33). O
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4. QUINTIC IDENTITIES (SECOND METHOD)

The alternative method to proving Theorems 3.1, 3.2, and 3.7 that we
present in this section is more constructive than that in Section 3, but, al-
though no less elementary, is perhaps slightly more removed from procedures
that Ramanujan might have employed. On the other hand, the method here
is more amenable to proving further theorems of this sort, especially if one
does not know their formulations beforehand.

We begin by introducing some simplifying notation and making some
useful preliminary calculations. Set

51— g)5\ V24
(a.1) no= (THo)
a(l —a)
5(1 — )5\ /24
(4.2) Py = <O‘(10‘)> ’
-7
and
5
(4.3) C:= V7 .
16./z1
Observe that, by (2.18) and (2.19), respectively,
m—1
(4.4) b1 = 9473
and
5—m
(4.5) P2 = Sqpg

It follows that

5 5
5 m—=1/(5-m\°  (m—1)(m-—25)
(4.6) ol =) =pips = 24/3 <24/3m> o 162m>

and

24/3m — 162m

m — 5-m m—1)%(m —
(4.7) ﬁ(l—ﬁ)zp"{p2:<24/31> > m — 1) {m — )

We also note that, by (4.3),

(4.8) A o_ A B
' 162m®  16%(z1/25)% 162z
and

(4‘9) Z?; Zg _ zg — (2

162m  162(z1/z5) 1622
Since, by (4.3),

o VA A1
163\/ Zig’ 163 A/ (21/23)3 163m\/ﬁ’
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we find that

6 6 6

4.10 - =2 =
(4.10) 163mS — 163(0/28) 163 Com/im.

We shall use (4.8)—(4.10) in our alternative proofs of Theorems 3.1 and 3.2.
In view of (3.1), it is natural to introduce abbreviated notation for cer-

tain quotients of eta-functions. Our goal is to represent these quotients as

polynomials in the multiplier m. First, by (2.8), (4.3), (4.2), and (4.5),

(=% /A2 B(a(l - a)/q)>?

T FEd0) T m2 BB - B )T
\Fz{’ a®(1—a)? 112
NG ( A1 - >>
16C 5o 16C 4 (5-m
ot R T e (24/3m>
(4.11) = Cm(m —5)?,

and, by (2.8), (4.3), (4.1), and (4.4),
(=) _ 2 V22780 = B)/)°"2
FEA T mr el - @) g/

V& (pa- e\
a 24/3\/2( a(l—a))

_ 160, 16C (m—1 2
- 24/3 24/3 24/3

(4.12) = C(m—-1)>%

T2t = g

Hence, by (4.11) and (4.12),

(4.13) rire = ¢ f1(=¢*) f1(=¢'%) = C®m(m — 5)*(m — 1)%.
The following lemma will be very useful.

Lemma 4.1. Let

6
g(m) := C? <Z ckmk> .

k=0
If furthermore, we set, for some numbers x1,x2, and x3,
_ 2 2
g(m) = z17r{ + x2r172 + 377,
then

1 =cg, T9=c5+20cs, and x3=cy.
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Proof. Since, by (4.11)—(4.13),

xlr% + xorire + .1:37“%
= (2 (23 + m(2529 — 4a3) + m?2(625x1 — 60xo + 63)
+m3(=500x1 + 4625 — 4a3) + m* (1502, — 1229 + x3)
+m5(—20$1 +x9) + m6x1),

by matching the coefficients of m¥, k = 0,...,6, we find that

co = T3,

1 = 25x9 —4xs,

co = 625z —60xzy + 623,
c3 = —500$1 + 46.%2 — 4%3,
cy = 150x7 — 129 + x3,

cs = —20x1 + xo,

Ce — X1.

Therefore, if the system above is not overdetermined, then g(m) can be
expressed as a linear combination of rf, 7179, and r3. By solving the linear
system of equations,

¢ = I3,
cs = —20x1 + xo,
Cc¢ — 1,

for x1, x2, and x3, and noting that c1, ca, c3, and ¢4 are then uniquely deter-
mined, we complete the proof. O

We are now ready for our second proof of Theorem 3.1.
Proof of Theorem 3.1. By (2.9), (4.6), and (4.8),
Q*) = #(1-a(l-a)
—1 —5)°
— (1 e

162mb5

4
z
= 162}1715 (162m5 + (m—1)(m— 5)5)
= C*mb+230m° + .- +5°)

= r% + 253 + 557’5,

upon the use of Lemma 4.1. Replacing ¢?> by ¢, we complete the proof of
(3.1).
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By (2.9), (4.7), and (4.9),

Qq") = z(1-p(1-p))
m —1)%(m — 5)
~ 414 om0

162m
_ B (g 1)%(m — 5
= C*mb —10m® +--- +5)
= r% + 10r17rg + 57"%,

15

by an application of Lemma 4.1. Replacing ¢? by ¢, we complete the proof

of (3.2).

For the proof of Theorem 3.2, it will be convenient to define

D = m?—2m+5,
E = m?42m+5,
F = m2—|—20m—25,

and
G:=m?>—4m —1.

Solving (4.6) and (4.7) and using the notation above, we deduce that

(4.14) o= Ly VD/mE
2" 16m?
and
1 /D/mG
(4.15) B=5+ 1/6m.

(See also [1, p. 289, eq. (14.2); p. 290, eq. (14.4)].)

O

Using the notation above and Lemma 4.1, we may readily deduce the

following lemma

Lemma 4.2. For D, E,F, and G defined above, for C' defined by (4.3), and

forr1 and ro, defined in (4.11) and (4.12), respectively, we have

C2’DE? = 1% + 22ryry + 5513,

C%F(m* — 540m3 + 1350m? — 14 - 5°m 4 5%) = 7 — 4. 531y — 5%°2,

and

C?G(m* —12m> + 54m? — 108m + 1) = r3 + 4ryry — 73



16 B. C. BERNDT, H. H. CHAN, J. SOHN, AND S. H. SON

Proof of Theorem 3.2. By (2.10), (4.14), (4.10), and Lemma 4.2,

R(¢*) = 21 +a)(1-a/2)(1-2a)
= 1V1§3/m6F( D/mF — 24m?)(\/D/mF + 24m?)
= 163 6\/D/ mF((D/m)F? — 24*m*)

= (C*my/m)\/D/mF (E (m* — 540m® + 1350m*
—14-5°m 4+ 5%) /m)
= VC2DE2(C*F(m* — 540m® + 1350m® — 14 - 5°m + 5%))

= \/rl + 227179 + 5372 (r? — 4 - 5%y — 5572)

= \/(r% + 22r179 + 5373) /r - 7"1(7“% — 453y — 567’3).

Replacing ¢? by ¢, we complete the proof of (3.7).
By (2.10), (4.15), (4.10), and Lemma 4.2,

R(¢") = 2801+p8)(1—-p/2)(1-28)
- 5VD/ G\/WG 24)(\/D/mG + 24)

163
= 163\/D/ mG ((D/m)G* — 24?)
= (C*my/m)\/D/mG (E (m* — 12m3+
+54m? — 108m + 1) /m)
= VC2DE?(C*G(m"* — 12m® + 54m* — 108m + 1))

= \/7'% + 227179 + 5372 (r? + drirg — 13)

= \/(T‘% + 227179 + 5313) /r? - r1(r} + dryrg — 13).
Replacing ¢? by ¢, we complete the proof of (3.8). O

We now give an alternate proof of Theorem 3.7. Recall that A is defined
n (3.21). For convenience, define

(4.16) H :=/1+ 22\ + 53\
and

f°(=q)
4.17 = .
(1D f(=¢°)
Then equation (3.1) can be written in the form
(4.18) Qq) = J*(1+2-5°A +5°2?),

and (3.34) takes the shape
(4.19) 5P(¢°) = P(q) +4HJ.
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Furthermore, (3.29) may be written as

dx  AHJ

4.20 -
(4.20) - g

By logarithmic differentiation, we deduce that

1dJ 5§: (—k)g"! i (—5k)g*F 1
Tda N _k T _ 5k
J dg P 1—gq P 1—gq
1 5
= %(5—”(]) —5P(q”))
- i(5p(q) ~ (Plg) +4H.))
24q
1
= —(P(q)—HJ
or
6q dJ 6q dJ
. P H4+ —=— = H4+—=—].
(4.21) (q)=J —i-qu J( J2dq>
Now define
__adJ
5J% dq’
Then, by (4.21),
(4.22) P(q) =J(H —30F)
and
dJ 5J°F
4.23 —_— == .
(4.23) a7 .

Differentiating (4.16) with respect to A, we find that

22 + 253\ 11+53>\
2v/1 + 22\ + 5372 H

Using this, (4.22), (4.23), and (4.20), we deduce that

H'(A) =

dP

d
chq = d*(J(H 30F))
d.J dx d
= d—(H 30F) + dea(H 30F)
2 H
= < o) F) (H —30F) + qJ (AqJ> (H'(\) —30F' (X))
(4.24) = J*(—5FH +150F% + 11\ + 5°A? — 30AF'(\) H).
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On the other hand, by (4.22) and (4.18),

1gp%> Q(a))

= 5 (JQ(H —30F)? — J2(1+2-5°X +5°)%))

2 2
_ ((\/1 + 22X\ + 53)\2) — 60FH + 302F% — (1 4+ 250\ + 55)\2))

12
= J*(=5FH +T75F? — 19X — 2-53)\?).

(4.25)

Equating (4.24) and (4.25) by (3.37), we arrive at

)

2 g2
2\

F(\H =1+ —)\ +

which is (3.33).
By (4.19) and (4.22), we deduce that

P(¢®) = é(P(q) +4HJ) = %(H —30F +4H) = J(H — 6F),

which completes the proof of (3.32).

5. SEPTIC IDENTITIES

Theorem 5.1. For |q| < 1,

. f7( ) 2 r3 3 4 2f( Q)
@1)@@)—-(f(q)+57 PP+ TP @)
f7( q) 3 307 7( q") a
X<f<q>+mf* D (=) + 4905 @)
and
T(_ 7
(5:2Q(") = (Qﬂ;}+mﬁ< D)+ L )
f7(—q) 5 s 2f7( g\
X(ﬂ 7+ 1800 (-0 (=g )+”qf(@> |

We shall prove these identities with g replaced by ¢2.
For convenience, define

VAT
(5.3) C = 1
. 57(1- )T\
no= (i)
and
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By (2.8), (2.7), and the definitions above,
f(=®) _ VA2 (a0l ~a)/g)"

rn = =
O N L K
V232322 (a(1—a)” /12 _ \/Z%Z$m2 (]2>2
122 31— B) 4 4
(5.4) = C3m?pl.
Furthermore,
(5.5) ppz = 16(aB(1-a)(1-8)""
(5.6) re = (=) (—¢") = CPpips,
and
f1(=d") _ 50t
5.7 = ¢* =C
Thus,
74 2
(5.8) 45Ty 4+ Ty = C3 <m2p§ +5-Tpips + mp21)
and
3(, 22 49p7
(5.9) r1+ 13rg + 49r3 = C° | m*p5 + 13p1pa + )
Now define
(5.10) T = (af)/® — (1 —a)/8(1 - p)8.
Then, by (2.21) and (2.22),
1—m
5.11 —T =
(.11) =
and
(5.12) 7T = (1 —pa)m.
Eliminating 7" in (5.11) and (5.12), we deduce that
7 7
(5.13) mp2+ﬂ =m+ —.
m m
By (2.20) and (5.10),
14T
(5.14) COREES
and
1-T
(5.15) (1—a)¥(1—-p)Y8 = —

Thus, by (5.5),

(5.16) pip2 = 16((aB) /3 (1 — ) /3(1 = B)V/®)? = (1 — T2

19
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By (2.25), (5.10), (5.14), and (5.15), we deduce that
2 2
m — ’ =2T 2+ Ehit + -1 .
m 2 2

Rewriting this, we have the following lemma.

Lemma 5.2. For the multiplier m, and T' defined in (5.10),

7
(5.17) m— — = 5T + T3,

m

Applying Lemma 5.2 repeatedly, one can derive the following expressions.

Lemma 5.3.
m? = T+m(5T +1T3),
(35T 4 7T3) + m(7 + 25T% 4+ 10T* + 1),

w

m fry
mt = (49 +175T% + 70T* + 7T°)
+m(70T + 13973 + 7515 + 1577 + T9),

1 1 1

— = ——(T3+5T)+=

- 7( +5T) + =1

1 2 4 6 3

= 1 _ _ )

— 49(7+25T +107* + T°) + o m(—5T — T?)
Lemma 5.4.

49 2

(5.18) m?p3 + 13p1ps + —== = (3 + T%)3.

Proof. By (5.13), (5.17), and (5.16),

49p?

m?p3 + 13pips + 3 p2 + > — Pip2

= < > —Pip2
< > +28 — pip2
(T

= (B3+T77

which completes the proof.

By Lemma 5.4 and (5.9), we find that

34 5T)2 +28 — (1 —T%)7?

1/3
49
(5.19) (r1+13ro+49r3)"/3 = C <m2p§ + 13p1p2 + Wf}) = C(3+1?).

By (5.12),
(5.20) mpy =m — 77T.
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By Lemma 5.4, (5.20), and (5.16),

49p?

(5.21) =B T2)? — (m —7T)* —13(1 — T?)*.

With the help of Lemma 5.3, we can now express each of 1,7y, and r3 in
the form

H(T) +mfa(T).

Lemma 5.5.

ro= C?((49T* 4+ 7) + m(T® — 9T)),
ro = C°((T%-1)?),
03
s = g (7 + 472 — AT* + T) + m(9T — T?)) .

Proof. Use (5.4) and (5.20) to deduce the formula for r;; use (5.6) and
(5.16) to prove the formula for ro; and use (5.7) and (5.21) for the formula

for rs3. O
Lemma 5.6. For the multiplier m, and T defined in (5.10),

(5.22) o= 161m(1 +T)(21 + 8m — 21T + 7172 — 7T3)

and

(5.23) B = (1 + T)(8 — 3m + 3mT — mT? 4+ mT3).

Proof. By (5.14) and (5.15), we deduce that

1/8 13 1-p
< -« ) (1—a) 1 —p)l/s — (1-T)/2’

()" sl
o) (af)E (14 T)/2

(ﬂ)l/g B <aﬂ031/8 T +aT>/2’

(1—a) 1/8_ -« -«
< 1-p ) (- FA =g (1-T)/2
Using these identities, (5.14), and (5.15) in (2.24) and (2.23), and then
solving the linear equations for o and (3, we obtain (5.22) and (5.23). O

and

Lemma 5.7. Let

3 1
g(T) =3 (Z CQkTQk +m Z d2k+1T2k+1> .

k=0 k=0

If

g(T) = x17r1 + xor + 2373,
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for some real numbers x1, s, and 3, then
r1=ds+cg, x2=cq4+4cs, and xz3 = 49c.
Proof. Since

(x17m1 + 2272 + x3r3)/C3

1 4
= (71:1 + x99 + 7x3) + <49:L’1 —2x9 + 49303) T2

4 1
o T4 - T6
+ <x2 49303) + 49;133

9 1
+ m { <9:c1 + 49903> T+ <x1 — 49663> T3} )

by Lemma 5.5, we deduce the following equalities.

B 4
C4 = T2 — Ex?n
1
Ce = Zng’
d3 = I — %{L‘g.
Thus, by solving the linear system above for x1, z2, and z3, we complete the
proof. O

We are now ready to prove Theorem 5.1.

Proof of (5.1). By (2.9), (5.3), (5.22), and Lemma 5.3,

Q?) = Z(1-a+a?)
4
= ( v 1127> (4*'mH (1 - a+a?)
= CY3+T%H(147 4 64m? 4+ 112mT — 24572 — 112mT?
+49T* + 497°)

= C(3+T?)- 03(147 +64(7+m(5T + T%)) + 112mT
24572 — 112mT? + 49T* + 49T6)

= C(B+T?%  C?(595 — 24572 + 49T* + 49T°
+m(432T — 48T?)).

Thus, applying Lemma 5.7, we find that 2, = 1,29 = 5 - 7%, and x5 = 7*.
Since, by Lemma 5.5,

T+ 5 TPry+ Thrg = CF(595 — 24572 + 49T + 49T° + m (4327 — 48T°?)),
we deduce that
QP = CB+TH - (ri+5-Try+7r3)
= (r1+13r2 +49r3) 3 (r1 + 5 T2rg 4 T'r3),
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by (5.19). Thus, replacing ¢ by ¢, we complete the proof of (5.1). [l
Proof of (5.2). By (2.9), (5.3), (5.23), and Lemma 5.3,
Q") = z(1-6+57)
Z127 4%
- () La-sem

4

16

64
- C(3+T2)<m S(-T+T%+3- 5T2+T4+T6>

1
= C'3+1T1? (64(—9(7 + 2572 + 10T + T9)
1 1
+3 m(—5T — T%)) + 16(—?(T3 + 5T) + ?m)(—T +T3)

+3 — 5T? +T4+T6>

CS
= C3+1T?- o (595 + 191572 + 241T* + T°

m(—432T + 487%)).

Thus, by Lemma 5.7, x1 = 1,29 = 5, and z3 = 1.
Since, by Lemma 5.5,

03
rLA Sty = o (595 + 191572 + 241T* + T + m(—432T + 487%)),

we deduce that
Q(¢"™) = CB+T?) - (r1+5ry+7r3)
= (7’1 + 13ry + 497“3)1/3(7’1 + 5ry + 7’3),

by (5.19).
Thus, upon replacing ¢? by ¢, we complete the proof of (5.2). [l

Theorem 5.8. For |q| < 1,
(5.24) R(q) =

¢ D _ 25 4 9y/Mgf(—g) f—a") — 721 + 8V D)
f(=q") f(=q)
f7( )_ 2 3/ N3 3 _ 2f7( q7)
< (FE = 25 - 20 ) - P - svne L))
and
(5:25) R(q) =
f7( q) 3 3/ ( q7)
(ZE8+ 0+ 2vmar-ar-d)+ e svne oL
L LT
x(f(_q) (7= 2 P ) + 21 - sV q)>.

We shall prove the identities with ¢ replaced by ¢2.
By straightforward calculations, we deduce the following lemma.
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Lemma 5.9. If

6 4
ok <Z cor T +m Z dngT%“)

k=0 k=0
= (11 +xar2 + 2373) (11 + Y2r2 + Y373),

for some real numbers xs,x3,y2, and y3, then

6 24

cg = x3+ Y3+ T2y2 — ﬁ($2y3 + x3y2) + T173Y3,

1 8
clp = ﬁ(xzy:a + x312) — ﬁﬂcSyS,

1
Cl2 = ﬁmy&

9 18

di = —126—9(x2 +y2) + 5(56293 + x3Y2) + §933y3-

Proof of (5.24). By (2.10), (5.3), (5.22), and Lemma 5.3,

o R@)
26
- 0716(1 +a)(1—a/2)(1 - 2a)
Z12 6
- (V4107) m?45(1 + a)(1 — a/2)(1 — 2a)

= 75411 — 9513072 — 1841T* + 37807° — 1029T® — 205877
—343T12 4+ m(—82152T — 7734413 — 16816T° — 16077
+34479).

If we use Lemma 5.9 to find real solutions (z2,x3,y2,y3) satisfying zo <
Y2, we find that

py = =T*(5+2V7), 13 =-T"(21+8V7),
Yo = =725 — 2V7),  y3 = —7°(21 —8V7).
By Lemmas 5.3 and 5.5,

1
@(Tl — 72(5 + 2\ﬁ)7’2 — 73(21 + 8\ﬁ)7’3)
x(r1 —T2(5 — 2VT)ry — 73(21 — 8VT)r3)
= —75411 — 9513072 — 18417T* + 37807° — 10297® — 20587°
—343T12 4 m(—82152T — 7734473 — 16816T° — 1607”7

+344719)
= 7R(q2)-

Thus we complete the proof of (5.24) after replacing ¢* by q. O
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Proof of (5.25). By (2.10), (5.3), (5.23), and Lemma 5.3,

1
ER(QM)

= Za+p0-8201-29)
_ (m)“ﬁ

1) S+ 6)(1- /(1 - 26)

= 75411 + 50589072 + 470713T* + 157644T° + 186457 + 498710
—T'2 4 m(—82152T — 77344T3 — 16816T° — 16077 + 344T7).

If we use Lemma 5.9 to find real solutions (z2, 3, y2, y3) satisfying zo >
12, we find that

m2:7+2\ﬁ, x3:21+8\ﬁ,
Yo =T—-2V7, y3=21—-8V7.
By Lemmas 5.3 and 5.5,
%(m +(7+ 2\ﬁ)7‘2 + (21 + S\ﬁ)’l”g)
x (11 + (7= 2VT)rg + (21 — 8V7)r3)
= 75411 4 50589072 + 470713T* + 157644T° + 186457 + 498710
—T'2 4 m(—82152T — 77344T3 — 16816T° — 16017 + 344T7)

1
= @R(QM)-

Thus we complete the proof of (5.25) after replacing ¢ by q. O

6. SEPTIC DIFFERENTIAL EQUATIONS

In this section, we derive two new septic differential equations for P(q),
defined in (1.1). Both involve variations of the same variable, but one is
connected with the beautiful identities in Theorem 5.1, while the other is
connected with an emerging alternative septic theory of elliptic functions,
initially begun in a recent paper by Chan and Ong [2].

Theorem 6.1. For |¢| <1,

2/3
(6.1) P(q) = (?Z(—_QC%) (1+13x+ 49N2)2/3 28F()))

and

2/3
(6.2) P(q") = (;Z(__q‘%) ((1+ 13X +4922)%3 —4F())),

where
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and where F(\) satisfies the nonlinear, first order differential equation

2 F?
(6.3) 1+ 25 - (Ei0) = F'(\) V14 13\ +49)2,
3 3AV1 + 13X + 49)2

For convenience, define

H = /14 13\ + 49)\2
1 (—q)

~ f(=d")
Then the identity (5.1) in Theorem 5.1 can be written in the abbreviated
form

(6.4) Qg) = J*3A+5- A+ TN H.
Lemma 6.2. For |¢| <1,
7P(q7) = P(q) + 6H2J*3.

This lemma is Entry 5(i) in Chapter 21 of Ramanujan’s second notebook
[1, p. 467].

Proof of Theorem 6.1. Since
logA = logg+4log f(—q") —4log f(—q)

= logg+4) log(1—¢™)—4) log(1-q"),
k=1

and

k=1
differentiating both sides with respect to ¢, we deduce that
1 dX 1 o (—Tk)q™ 1 = (—k)gh !
Y~ R Ry
k=1 k=1
1 = kg . k¢*
S (S SrLiseR SR
q( pait peri
(6.5) = H2J?3/q.

Similarly, we deduce that

1dJ — (k)" S (=Tk)g™ !
72( )q _Z( )q

Jdg k=1 1—g* k=1 1—g™
~ 512 (TP@) ~ TP()
- % (7P(@) - (P(a) + 6H2J*%))

Thus,
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Now define
___a dJ
7J5%/3 dq”
Then
(6.6) P(q) = J*? (H* — 28F)
and
dJ  TJ°PF
(6.7) — = :
dgq q
By the fact that
134+2-72))
H2y = o = 2132 TA)
(1) = iR}
and (6.6), (6.7), and (6.5), we deduce that

0 (P@) = ag (JO(H? ~ 28F))

Q

- —1/3> — 28F) + J2/3dA d(H2—28F)

<3 dq d\
< 1/3) ( wJ 5(]/3F ) (H? — 28F)

2 12/3
+qJ*? (MI‘J) ((H?) — 28F")
q

9.J4/3
3
On the other hand, by (6 6) and (6.4),

i(PQ(q) —Q(q)) =

(6.8) (=7TFH? +4-7*F* + AH(13 + 2 - 7*X\ — 42F'H)).

L (JV3(H? — 98F)? — JU3(1 4+ 5 A+ TIAY)H)

12 12
J4/3
=5 ((1+ 13X\ +49X*)H — 56 FH? + 28°F*
—(145- A+ T7\*)H)
2J4/3 2 2 102 2
(6.9) = (=7TFH?*+2-T°F° = XH(29+6 - 7°))).

Equating (6.8) and (6.9) and using (3.37), we obtain

7

/ 2
1LW(A)H_1+—3AJF—BA F

which is (6.3), and by (6.6), we complete the proof of (6.1).

By Lemma 6.2 and (6.6), we deduce that

1 J2/3
P(q") = ;(P(q) +6H2J?) = T(H2 — 28F + 6H?) = J?/3(H? — 4F),

which completes the proof of (6.2). O
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Theorem 6.3. Recall that P(q) is defined in (1.1). Let

[e's)
2 2
5= § : qm +mn+2n

and define x by

1l-z 1 (f(=9\*
@10 =k

Then
P(q) = 22(1 + 12F(2)) and P(q7) = 22(1 + %Fl(a:)),
where Fy(z) satisfies the differential equation

dF(x) 2+ 13z 7 z(3+7)

2
1-— F? _F — =
g 0o F@) sh@) e et g s

Proof. Throughout the proof, the prime / denotes differentiation with re-
spect to q.
In [2, eq. (2.27)] it was shown that
7 — 53z — 322 4
2
= 12¢—.
T it a2 + e

Using the same method that was used in [2], we can also show that

2322 —59x 449 12 2
1 p(g7T) = 2ot T oI AT, e E

(6.13) =77 e 7%

If we write P(q) = H + 7J and P(q") = H + J, we find from (6.12) and

(6.13) that

(6.11)

(6.12) P(q)

4,2 +13z 12 2

H =22 d J=—c2f >
= Al
Hence, we may let

P(q) = z2(1 + 12F(x)) and P(q7) = z2(1 + %Fl(x)),

where
1 22413z q 7
6.14 F; = ——
( ) 1) 3T—x+22 222
Now,
AN _q 2\ 2 PA
9 22 2 22 qz 22 qz
1 2\ 2\ ? 2\ 2
6.15 = ) - ) ol
)

Since [2, eq. (2.30)]
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and, by (6.14),

2
S F
1 37—x+x2+z (@),
we may rewrite (6.15) as
122413z \ 1 A 21% — 21 — 7
F ST N ) 91—
q( l(x)+37—m+x2> 22{ i m)(7—x+x2)2
4 2 2 2
z -+ 13z 4 12 2y =+ 13z
6.16)— —|——— ]| —2°F — = F — .
(6.16) 9 (7—:U+x2> s hi() 3° 1(x)7—m+x2
Simplifying (6.16) with the aid of the differentiation formula [2, Thm. 2.4]
d 2
o _ Z—x(l —x),
dg ¢
we obtain Theorem 6.3. O

The differential equation of Theorem 6.1 was discovered by Raghavan and
Rangachari [3] and can be deduced from (6.11) by setting

(6.17) Fi(x) = —%F(A) (Vieiayae)

where A is given in Theorem 6.1. From (6.17),

(6.18)
dFy  dFyd\
dx  dX dx
:_1 <dF()\) 1 —EF()\) 13 4+ 98\ ) @
3 dx (14 13X+ 49)\2)2/3 3 (I+ 13N+ 49)\2)5/3 dz’
since
ax 1 1
de  7(1—2)%

by (6.10). Substituting (6.18) and (6.17) into (6.11), we easily deduce the
differential equation given in Theorem 6.1.
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