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Abstract. On two pages in his lost notebook, Ramanujan recorded several theorems involving the
modified Bessel function K, (z). These include Koshliakov’s formula and Guinand’s formula, both
connected with the functional equation of nonanalytic Eisenstein series, and both discovered by these
authors several years after Ramanujan’s death. Other formulas, including one by K. Soni and two
particularly elegant new results, are stated without proof by Ramanujan. In this paper, we prove all
the formulas claimed by Ramanujan on these two pages.
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1. INTRODUCTION

At a conference held on June 1-5, 1987 at the University of Illinois to commemorate
the centenary of Ramanujan’s birth, R. William Gosper remarked in his lecture that
Ramanujan frequently reaches his hand from his grave to snatch your theorems from
you. In less colorful language, Gosper asserted that it frequently happens that one
proves an important theorem, which later is found to be ensconced somewhere in
Ramanujan’s writings. In other instances, we learn that Ramanujan had anticipated
an important recent development in his own inimitable way.

In this paper, we examine two pages in Ramanujan’s lost notebook [22, pp. 253-254]
on which Gosper’s observation is demonstrated once again. On page 253, Ramanujan
states a version of Guinand’s formula from which N.S. Koshliakov’s formula follows as a
corollary. Although there is no indication that Ramanujan made any connections with
Epstein zeta functions or nonholomorphic Eisenstein series, it is remarkable that with
these two important formulas, Ramanujan anticipated later developments which are
now central in the theory of Maass wave forms on SL(2,Z). On page 254, Ramanujan
gives applications of Guinand’s formula; these results are mostly new.

Koshliakov is chiefly remembered for one theorem, namely, Koshliakov’s formula
[16], which we now see was proved by Ramanujan about ten years earlier. To state
his formula, let K,(z) denote the modified Bessel function of order v [31, p. 78|, and
let d(n) denote the number of positive divisors of the positive integer n. Then, if ~
denotes Euler’s constant and a > 0,

Y~ log (%) + 4n§: d(n) Ko(2ran) — é (v log(dma) + 43 d(n) Ky (2”7”» |
- i (1.1)
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Koshliakov’s proof, as well as most subsequent proofs, depends upon Voronoi’s sum-
mation formula [29]

S dtw)sn) = [ o+ 2)f(@)da

+ Zd(n)/ f(z) (AKo(4mv/nx) — 2nYo(4my/na)) dx, (1.2)

where Y, (z) denotes the Weber-Bessel function of order v, usually so denoted [31,
p. 64]. The prime / on the summation sign on the left-hand side indicates that if a or
b is an integer, then only % f(a) or % f(b), respectively, is counted. For conditions on
f(z) that ensure the validity of (1.2), see, for example, Berndt’s paper [3].

A. L. Dixon and W. L. Ferrar [9] also proved (1.1) by using the Voronoi summation
formula. F. Oberhettinger and K. L. Soni [20] established a generalization of (1.1)
using Voronol’s formula (1.2). Soni [26] derived further identities from Koshliakov’s
formula. In contrast to the work of these authors, Ramanujan evidently did not appeal
to Voronoi’s formula.

Koshliakov’s formula can be considered as an analogue of the transformation formula
for the classical theta function, namely,

Z - /T—\/_ Z T, Re 7 >0, (1.3)

n=—oo n=—oo

which, as is well known, is equivalent to the functional equation of the Riemann zeta
function ((s) given by [28, p. 22]

=8/2] (g) ((s) = 7~ (=921 (1 - ) C(1—s). (1.4)

Ferrar [10] was evidently the first mathematician to prove indeed that (1.1) can be
derived from the functional equation of (?(s). Oberhettinger and Soni [20] showed
that this functional equation and Koshliakov’s formula are equivalent.

On page 253 in his lost notebook [22], Ramanujan states (1.1) as a corollary of a
more general and especially beautiful formula at the top of the same page. This more
general formula is stated in an equivalent formulation in Theorem 1.1 below.

Theorem 1.1. Let o4(n) = >, d*, and let ((s) denote the Riemann zeta function.

If o and B are positive numbers such that a3 = w2, and if s is any complex number,
then

\/_ZU_ K, 2(2na) \/_ZU_ K, /2(2n0)

1

=Zr( ) (B0 = ol 4 3T (—5) C(=s){B02 =ty (15)

The identity (1.5) is equivalent to a formula established by A. P. Guinand [12] in
1955. The series in Theorem 1.1 are remindful of the Fourier expansion of nonanalytic
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Eisenstein series on SL(2,Z), or Maass wave forms [18], [19, 230-232], [17, pp. 15—
16], [27, pp. 208-209]. This Fourier series was published by H. Maass [18] in the
language of Eisenstein series in the same year, 1949, that A. Selberg and S. Chowla
[24], [23, pp. 367-378] published it in the similar vein of the Epstein zeta function, but
with their proof not published until several years later [25], [23, pp. 521-545]. In the
meanwhile, P. T. Bateman and E. Grosswald [2] published a proof. These Eisenstein
series were shown by Maass [18] to satisfy a functional equation for automorphic forms.
C. J. Moreno kindly informed the author that he was easily able to derive Theorem
1.1 from the aforementioned Fourier series expansion and functional equation. One
may then regard (1.5) as an equivalent formulation of the functional equation of these
nonholomorphic Eisenstein series or these particular Maass wave forms. S. Zwegers [32]
has recently found connections between nonholomorphic modular forms and Ramanu-
jan’s mock theta functions. We have been unable to find evidence in Ramanujan’s
work that he made connections of (1.5) with nonholomorphic Eisenstein series or any
other nonholomorphic modular forms. The proof of Theorem 1.1 that we give below is
essentially the same as that of Guinand [12] and is completely independent of any con-
siderations with nonanalytic Eisenstein series or their closely associated Epstein zeta
functions. As is well known, Ramanujan made a large number of original contributions
to analytic Eisenstein series, many of which can be found in his lost notebook [1], [8].

On page 254, Ramanujan records formulas similar to Koshliakov’s formula (1.1) or
to Guinand’s formula (1.5). We show that each of the three main results on this page
can be deduced from Ramanujan’s (and Guinand’s) beautiful generalization (1.5) of
Koshliakov’s formula.

We close this Introduction by mentioning two recent papers by S. Kanemitsu, Y. Tani-
gawa, H. Tsukada, and M. Yoshimoto [13] and S. Kanemitsu, Y. Tanigawa, and
M. Yoshimoto [14], where the formulas of Koshliakov and Guinand are used or gener-
alized.

2. PRELIMINARY RESULTS

The following integral evaluation in terms of the modified Bessel function K,(z) is
the key to proving the primary theorems of this paper, and so we state it as a lemma.

Lemma 2.1. For any complex number s and Re # > 0,Re v > 0,

S v/2
/ ' e Pl gy = 2 (g) K, (2+/ 7). (2.1)
0

We use the well-known fact [11, p. 978, formula 8.469, no. 3]

™
Kl/Q(Z) = Eeiz. (22)

More generally, we need the asymptotic behavior [31, p. 202]

KV(Z> ~ 2_6—27 < — 00,
z
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to ensure the convergence of series and integrals and to also justify the interchange of
integration and summation several times in the sequel. We need several integrals of
Bessel functions beginning with [11, p. 705, formula 6.544, no. §]

/ K, (;) K, (bx)dx gKQV(Q\/%)7 Re a > 0,Re b > 0. (2.3)
0
We also need another related pair [26, p. 544, Equation (8)]
> log(a/b
/0 rKo(az)Ko(bx)dx = ﬁ, a,b>0, (2.4)

and [11, p. 697, formula 6.521, no. 3]

/000 zK,(ax)K,(bx)dr = g(gz)(;y(;(;—_bb:;,

Lastly, we need the evaluation [11, p. 708, formula 6.561, no. 16], for Re a > 0,

o 1 1 —
/ " K, (ax)dr = 2" a " 'T ( iy I/) r ( s V) : Re(p+1+v)>0.
0

2 2
(2.6)

[Re v| <1, Re (a+b)>0. (2.5)

3. A GENERALIZATION OF KOSHLIAKOV’S FORMULA

We begin by stating Ramanujan’s generalization as he recorded it. Theorem 1.1 in
the Introduction is a restatement of this result in terms of modified Bessel functions.

Theorem 3.1. For any complex number s and a > 0, define

os(a) ::/O 25 e P g (3.1)

As usual, let ox(n) =3, d*, and let ((s) denote the Riemann zeta function. If o and

3 are positive numbers such that a3 = 2,

15/220_ ¢STLOZ 15/220_ ¢snﬂ

1

— T (5) LA = 092} 4 2T (<5) (=) (502 — 0492} (3.)

To prove Theorem 3.1, we need the following lemma.

and if s 1s any complex number, then

Lemma 3.2. Let K,(2) denote the modified Bessel function of order v. If x > 0 and
Re v > 0, then

T(v) + Zn ,(2mnx)
- iﬁ(ﬂx)vlp(y +1)+ VT <_)V+1 T(v+3)) (n*+2%) 72 (3.3)
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Lemma 3.2 is due to G. N. Watson [30], who proved it by using the Poisson summa-
tion formula. H. Kober [15] generalized Lemma 3.2 in two different directions. In one
of them, the index n on the left-hand side of (3.3) was replaced by n + a, 0 < a < 1,
and in the other cos(27mn3) was introduced into the summands on the left-hand side of
(3.3). Berndt [4] generalized (3.3) by putting either even or odd periodic coefficients
in the infinite series of (3.3).

Proof of Theorem 3.1. Using the definition (3.1), setting u = 2%, using Lemma 2.1,
and setting n = kd, we find that

o= 3/220_ )os(na) = '~ 5/220_ / A A L
0
_ —(1-s)/2 s/2 1, —u—n?a?/u
= 2a ;J_s(n)/o e du
= \/EZ o_s(n)n"* K, (2na) (3.4)
n=1

- Va i S AT 02K, (2na)

n=1 d|n

- \/ai f: (5)8/2 K.jo(2dka).

d=1 k=1
We now invoke Lemma 3.2 on the right-hand side above to deduce that, for Re s > 0,

all= 5/220 n)os(na)

:ﬁZW(‘N@)‘”F (5) + v w4

+ d()& s/2+1 + 1 00 1
2da (n? + (da/7)2)(s+1)/2
1

1 1 1
_ _ZO‘(_S+1)/2F G) (s) + 702 /AT (8; ) s+ 1)

1 1 1
+ altRyaT (5 il ) § (3.5)
d=1 n=1

(n?m2 4 d2a?)+D)/2

4
1 s+ 1) o= — 1
(—s—1)/2
+ 206 \/_F ( ) ;; (n262/ﬂ.2 4 d2)(s+1)/2
Loy L ooty s+1
= -7 r <§> C(s) + 1 NZaN 5 C(s+1)
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1 S+1) o= — 1
= Als+1)/2
Ty ( 2 ) 22 (T A 30

d=1 n=1

where we used the hypothesis a8 = 7. By symmetry, from (3.5), for Re s > 0,

15/220_ ¢sn5

1

= 3B (5) ¢l + 78IV r( )<<s+1>

1 s+1 1
4+ —p6tn/2 /e § E
2ﬁ \/—I‘( 5 ) (n2 5 5 2)(5 02 (3.7)

d=1 n=1

s+1

Reversing the roles of the summation variables d and n in (3.7), subtracting (3.7)
from (3.6), and rearranging slightly, we deduce that

15)/22J ¢s na 15/220_ ¢s nﬁ

:—ia(”l)/zl“ (5) (s )—i—ia w5 1/2\/_F< )C(s—i—l)
+ iﬁ“sﬂ)ﬂr (g) C(s) — i —s=1)/2, /7] (S i 1) C(s+1). (3.8)

Therefore, using the functional equation (1.4) of ((s) and the fact that a3 = 72, we
find that

1 1 1
2= /2, o (S; ) ((s 1) = a2 Am AT (‘9 (=)

1
_ L sy s+1/2p (5N A
= 20T @) (= 2) ¢(—s)

_ iﬂ(sﬂ)/zp (_g) C(—5). (3.9)

Substituting (3.9) and its analogue with the roles of a and [ reversed into (3.8), we
find that

(1 s)/ZZO_ (bs na 1 s/QZO__ Qbs nﬁ

_ _la(*SJrl)/?[‘ <§> C(s) + lﬁ(sﬂ)mp (_§> C(—s)

4 4
1 1
+36H0r (g) () — otV <_§> ¢(—s). (3.10)

The identity (3.10) is simply a rearrangement of (3.2), and so the proof of (3.2) is
complete for Re s > 0. By analytic continuation, (3.2) is valid for all complex numbers
s. U
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Using Lemma 2.1 and (3.4), we can restate Theorem 3.1 in the equivalent formulation
given in Theorem 1.1 in the Introduction.

Since K,(z) = K_s(z) [31, p. 79, Equation (8)], we see that (1.5) is invariant under
the replacement of s by —s.

Ramanujan completes page 253 with two corollaries, which we now state and prove.

Corollary 3.3. Let a and 3 be positive numbers such that a3 = w2. Then

S _ - —on —a 1 o
;al(n)e na —201(706 2B — %—leOgB (311)

Proof. Let s =1 in Theorem 1.1. From (2.2),

1
VanKp(2na) = 5\/%6‘2”“. (3.12)

) = —2I'(3) = —2y/7 and ((—1) = —F [28, p. 19], and
about s = 1 [28, p. 16, Equation (2.1.16)] in (1.5), we

Using (3.12), the values I'(—
the Laurent expansion of ((s

find that

o —2na - —2n -
za-me D S
n=1

2\/— hmF ( > C(S){ﬁ(lfs)/2 _ Oé(lfs)/Z}

(e (- -

\_/M“—‘

a
= —log —. 3.13
1% 73 (3.13)
We easily see that (3.13) is equivalent to (3.11), and so the proof is complete. O
Corollary 3.3 is equivalent to the identity
= > b—a 1 «
—log —. 3.14
mzzlme%W— mzzlm62m5—1 12 +40gﬁ (3.14)

To see this, expand the summands in (3.14) in geometric series and collect together all
terms with the same exponents in the resulting double series. The formula (3.14) (or
(3.11)) is equivalent to the transformation formula for the logarithm of the Dedekind
eta function. Ramanujan stated (3.14) twice in his second notebook [21], namely as
Corollary (ii) in Section 8 of Chapter 14 [5, p. 256] and as Entry 27(iii) in Chapter
16 [6, p. 43]. He also stated (3.14) in an unpublished manuscript on infinite series
reproduced along with Ramanujan’s lost notebook [22], in particular, as formula (29)
on page 320 of [22]. (See also [7, p. 65, Entry 3.5].)

We next demonstrate that Koshliakov’s formula (1.1) is a corollary of Ramanujan’s
Theorem 3.1.
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Corollary 3.4. Let a and (3 denote positive numbers such that o8 = 7%. Then, if v
denotes Euler’s constant,

va (i'y ~ log(49) + Y d(n)Ko@na))

n=1

_ \/—( 7__1Og (4a) +Zd KO(Znﬂ)>. (3.15)

n=1

Proof. In order to let s — 0 in Theorem 1.1, we need the well-known Laurent expan-
sions [11, p. 944, formula 8.321, no. 1]

1

F(s):g—v—i—"- (3.16)
and [28, pp. 19-20, Equations (2.4.3), (2.4.5)]
1 1
((s) = 3735 log(2m)s + - - - . (3.17)

Hence, letting s — 0 in (1.5) and using (3.16) and (3.17), we find that

Va) " d(n)Ky(2na) — /B d(n)Ko(2n3)

-t ({(Gare) (o)
><(\/5{1—1310gﬁ+~--}—\/5{1—%sloga+--~}>}
(S5m0 ) (4 grostems +)
(VB {1+ Jotogps |- m{1+gsloga+...})})

= VB~ va) - log(@m)(v/F — va) + \/_logﬁ Valoga)
\/— Va) —llog (4aB3) (/B — V) + \/—logﬁ Valoga), (3.18)

where in the last step we used the equality a3 = 72. A simplification and rearrange-
ment of (3.18) yields (3.15) to complete the proof. O

X

H»-lkl»—t

4. KINDRED FORMULAS ON PAGE 254 OF THE LOST NOTEBOOK
Theorem 4.1. For a > 0, define

<1
P(a) ::/0 —emleta/o) gy (4.1)

T
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Recall that d(n) denotes the number of positive divisors of the positive integer n. Then,
if a >0,

[e’e) d >
| s -2
:gzw_;y—(h e Josa— 20T )

2 - a? —n? 4 4r2a 2m2q
n—=

Note, that by (2.1), we can write (4.2) in the form

/OOO (e — 1?(227“1/35 ) =2 Zd(n)KO(zlﬁ\/@)
_ oy dmlogla/n) L <1 1 ) e 800

a? —n? 2

2 ot 4 + Am2q on2a

Proof. Expanding the integrand in geometric series and using (4.1), we find that

o0 dx 0 1 o2 tak/z)
w(ma+ak/x dr
A x(BQTFI 1)(6271'(1/96 1 Z Z/

oo o0

o 1
— Z / —27r(u+akm/u)du
0 u

0o o0 |
_ Z d(n)/ _6—27r(u+an/u)du
0 u

which proves the first part of (4.2).

The second identity in (4.2) was actually first proved in print in 1966 by Soni [26]. Her
proof is short, depends on Koshliakov’s formula (1.1), and uses the integral evaluations
(2.3) with v = 0 and (2.4). We use her idea to prove the second major claim of
Ramanujan on page 254. U

In contrast to the claims on the top and bottom thirds of page 254, the one claim
in the middle of page 254 seems to be missing one element, and so we shall proceed as
we think Ramanujan might have done. Define (as Ramanujan did not)

1 —27(z+a/x)
pla) = —e dx,
o VT

Proceeding as we did above, using (4.3), and employing Lemma 2.1, we find that

o dx 1 <1
— - 7r(u+akm/u)d
/O \/5(6271':(: _ 1)(627Ta/x _ 1 Z Z m A \/ae u

=1 k=1

a>0. (4.3)
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\/a
=3 a-aalaplon

—QZO' 1/2(n K1/2(47T\/CLTL)

oo S
_ Z 0'_1/2<TL) e 27r(u+an/u)du
1 0

- ﬁ Z o_1/9(n)etmVar, (4.4)

where we have used (2.2). Ramanujan’s next claim gives an identity for the last series
above, with a replaced by a/4.

Entry 4.2. Fora >0,

Z o_1/2(n)e e~ 2mVan — KCLZ o —l—Z)(lf;S—?- NG + two trivial terms. (4.5)

Evidently, K on the right-hand side of (4.5) represents an unspecified constant.
Ramanujan does not divulge the identities of the “two trivial terms.” Our calculation
in (4.4) showing a discrepancy with the series on the left-hand side of (4.5) actually
provides a clue that this series in (4.5) should be replaced by the series on the right-hand
side of (4.4). We next state a corrected version of Entry 4.2 providing the identities
of the constant and the “trivial” terms.

Theorem 4.3. Ifa > 0, then
- —amy/an 0-— 1/2
0_1 2(%)6 4
; / Z (n+a) \/_+\/_)

) () () i) oo

Proof. In (1.5), set s = % and o = x, so that 8 = 7%/x. Hence,

0
\/520'_1/2< /K1/4 27137 ZO’ 1/2 /4K1/4(2n7T2/$)
n=1

111ﬁ141117r3/234
- (3)<(2) (W‘“)*rf(‘Z)C(‘é) (F ") 4o
Multiply both sides of (4.7) by

1

WK1/4<QQ7T2/$)
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and integrate over (0, 00). Inverting the order of summation and integration by absolute
convergence, we find that

o0 o0 1
Zal/g(n)n1/4/ ﬁK1/4(2nx)K1/4(2a7r2/x)dx
n=1 0

(o] o0 1
- Z o_12(n)n'/ /0 ;K1/4(2n7r2/x)K1/4(2a7T2/x)dx
n=1

QG e @

where

Ij:/ uj/4K1/4(2a7r2u)du, (4.9)
0

and where, to obtain the four integrals on the right-hand side of (4.8), we made the
change of variable x = 1/u in each one.

We examine each of the six integrals in (4.8) in turn. First, using (2.3) and (2.2),
we find that

<1 1
/ PK1/4(2na7)K1/4(2a7r2/$)d$ = %Kl/g(élm/an)
0

o 1 —4my/an
W (4.10)

Secondly, making the change of variable u = 72?/x and using (2.5), we deduce that
/ —3K1/4(2n7r2/x)K1/4(2a7T2/x)dx = —4/ k4 (2nu) K j4(2au)du
o L ™ Jo

1 7(4na) (2 — /)
7w 2sin(7/4)(4n? — 4a?)

D) -1/4
_ V2 . (4.11)
813 (n + a)(yv/n + va)
In our calculations of [;, j = 3,1,5, —1, we employ (2.6). Thus,
3 1 3
_ o—1/4 2\—7/4 2 2
I3 = 27Y4(2ax?) 74D (1) (4) — 4a7/4ﬂ7/2r (4) , (4.12)
3 1 1 3
_ 73/4 2 75/4 e - o e
e 3 L I By
I; = 2Y4(2an?) 94T 2 (1) = L 2 (4.14)
> 4 4a9/479/2" \ 4 ) '
1 1 1 1
I, =24 2an)Y 3 (2 )T (=)= ——T(=). 4.1
! (2a7) 2) \4) " 137 \4 (4.15)

Using (4.10)—(4.15) in (4.8) and making frequent use of the reflection formula

NI —z2) = sin?wz)7




12 BRUCE C. BERNDT, YOONBOK LEE, JAEBUM SOHN

we deduce that

1 S —tryam 1 S o-1/2(n)
— o_ nje —
4205/ 47 ; 12 () 4v/2a /472 2 (n+a)(v/n + Va)

V2 (1 1 1 V2 1 1 4
= 16° (5) (aww - awﬁ) 16¢ (—5) (——a9/47r2 + —/> - (416)

If we multiply both sides of (4.16) by 4v/2a’*m and rearrange slightly, we obtain (4.6)
to complete the proof. O

We record the last two results on page 254 as Ramanujan wrote them. The constant
K and the “two trivial terms” are not necessarily the same as they are in Entry 4.2.

Entry 4.4. If
x(a) := / e~ 2m(@tale) gy a>0, (4.17)
0

then

/O‘X’ (e2me — 1)023;2m/x 1 > o-i(n)x(an) (4.18)

= Ka? Z n(z;lﬂ + two trivial terms. (4.19)
n=1

+a)

Proof. We prove (4.18). Expanding the integrand in geometric series, setting mz = u,
and invoking (2.1), we find that

m=1 k=1
= i o_1(n) /OO e~ 2r(utan/u) gy,
=> o_1(n)x(an)
=2Va Z o_1(n)vnK,(4r/an).

g

Lastly, we provide and prove a more precise version of (4.19) giving the identities of
the missing terms.
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Theorem 4.5. Let x(n) be denoted by (4.17) for a > 0, and let v denote Euler’s
constant. Then

> o_i(n)x(an) = 2V/a ) o_i(n)v/nK:(4my/an)
_ _“_;; n":—i”a) + o ((loga+7)¢(2) +(2)) + ﬁ(log%w%—v) + 481m.
(4.20)

Proof. In (3.11), set a = z, so that 8 = 72/x. Recalling (2.2), we find that

12 2 T 12z
= Il—f-lg—f—]g. (421)

e¢] 1 2
S ) = (oo )4

3\

Next, multiply both sides of (4.21) by

1

WK1/2(20/7TQ/$)

and integrate over (0, co).

Consider first the series arising on the left-hand side of (4.21). Inverting the order
of summation and integration on the left-hand side by absolute convergence, we arrive
at

% ;ol(n)\/ﬁfom %K1/2(2nx)[(1/2(2a7r2/x)dx = # ggl(n)\/ﬁ[(l(zlﬂ\/%)’

(4.22)
where we have employed (2.3).
Second, the contribution from I3 in (4.21) is given by
T K e )i = T [ K p(2artu)d = ———— (4.23)
12 1/2 anmn /X 12 u 1/2 amu)aun = 96&5/271'5/2’ .

where we used (2.6) in the last step with g = 3/2, v = 1/2, and a replaced by 2an?.
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Third, using (2.2), we find that the contribution from I in (4.21) is equal to al-
lowdisplaybreaks

1 oo
5 / z /2 lOg(l’/?T)Kl/g(QaWz/[B)d[B
0

~2og(x/m)e 2 /" dy

4\/a7r
1 /OO
=— log(2am/u)e™"du
8a3252

1 oo o0
= —— ““log(2am)du — 1 d
RYETET {/0 e “log(2am)du /0 e “logu u}

1 o
= ————— <log(2am) — 1 d
YT { og(2am) /0 e “logu u}

1

since v = — [~ e "logu du [11, p. 602, formula 4.331, no. 1].
Finally, the contribution from I; in (4.21) is given by

1
/ (ZO’ L(n)e 2/ Ex) 172K\ o(2a7? /2)dx. (4.25)

Note that ((2) = 72/6. Thus, we can write

ZO_ . —2n7r 1—1—12%':22%6_27”1—2/1—%1’

n=1 dln
— f: f: 16—2md7r2/1’ 1 T
d 12
d=1 m=1
[ee) o0
1 1 1 T
Sim (Tw)a om
d=1 n=1
Using (4.26) and (2.2) in (4.25), we see that
il Ny | 1 1 x 1 2/, dT
J = - i I —2an?/x Y
/0 <; n e /v — 1 (; n2> 27r2> 2\/ﬁe z?
1 1 2 / dx
= — — arE — | 4.27
2y/ar Jo “—n (eWQ/x —1 2n7r2/x) ‘ x? (4.27)

Since, for z > 0,
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we can change the order of summation and integration by the monotone convergence
theorem. Hence,

1 1 [~ 1 1 2, A
J = - . —2am? [z
2\/am ; n /0 (esz/’” —1 2n7r2/ac) ‘ x?

1 1 [*® 1 1
- = — — 2 ) emw/ngy,. 4.28
4\/57r5/2;n2/0 (e“—l u) ‘ " (4.28)

Consider now two different expressions for the logarithmic derivative of the gamma
function, namely [11, p. 952, formula 8.362, no. 1; formula 8.361, no. §]

I(2) —— z
L(z) _7_;+;n(n+z)
1 *° 1 1
=logz —— — / ( - - —> e "dt,
z 0 et—1 ¢t
where Re z > 0. Hence,

o 1 1
/ ( - —> e~/ dy, = log(a/n) + v —
0

> ey p—— (4.29)

e —1 wu m=1
Putting (4.29) in (4.28), we find that
J— mg% <log(a/n)+7_n§m)
_ m ((bg a+7)¢(2) +{(2) —a g na;zl—frna)>
- _46:;/22 nf; ninli% - 4a1/i7r5/2 ((loga +7)¢(2) + ¢(2)). (4.30)

We now combine all our calculations that arose from (4.21), namely, (4.22), (4.23),
(4.24), (4.25), and (4.30), to deduce that

1 « 1 1
i Z o_1(n)vnK,(47\/an) = e + S22 {log(2am) 4+ ~}
n=1
a'? S o_y(n) 1 ,
T Y v ey * dae (0 0@ £ (@) (43
Finally multiply both sides of (4.31) by 273/2a%? to deduce (4.20) and complete the
proof. O

The authors are pleased to acknowledge the helpful comments of Scott Ahlgren,
Carlos Moreno, and Yoshio Tanigawa.
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