AN INTEGRAL ANALOGUE OF THETA FUNCTIONS AND GAUSS
SUMS IN RAMANUJAN’S LOST NOTEBOOK
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Abstract. One page in Ramanujan’s lost notebook is devoted to claims about a certain integral
with two parameters. One claim gives an inversion formula for the integral that is similar to the
transformation formula for theta functions. Other claims are remindful of Gauss sums. In this paper,
we prove all the claims made by Ramanujan about this integral.

1. INTRODUCTION

In two papers [3], [4], [5, pp. 59-67, 202-207], Ramanujan examined the properties
of two integrals

7 cos(mtT) e
Ouw(t) .—/0 cosh(mc)e dz, (1.1)
[T sin(ntw) .0

which can be regarded as continuous integral analogues of Gauss sums from one point
of view or of theta functions from another point of view. These integrals are also briefly
discussed in a two-page fragment copied by G. N. Watson from Ramanujan’s “loose
papers” and published with Ramanujan’s lost notebook [6, pp. 221-222]. A thorough
discussion of this two-page fragment can be found in the fourth book by G. E. Andrews
and the first author on Ramanujan’s lost notebook [1].

Page 198 of [6] is an isolated page that is actually part of the original lost notebook,
and its contents are related to the two aforementioned papers by Ramanujan and the
fragment on pages 221-222 of [6]. On this page, Ramanujan records theorems, much
in the spirit of those for ¢, (t) and 1,(t), for the function

F,(t) := /000 %e_”wﬁd% (1.3)

The formulas claimed by Ramanujan on page 198 without proofs are difficult to read,
partly because the original page was perhaps a thin, colored piece of paper, for example,
a piece of parchment paper, that was difficult for the photographers of [6] to photocopy.
Since Ramanujan never discussed the results on page 198 in any of his papers and since
no one else has apparently ever discussed them as well, it is the objective of this paper
to prove them and to also convince readers that F,, () is a beautiful continuous integral
analogue of either theta functions or Gauss sums.
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2. SOME THEOREMS ABOUT ¢,,(t) AND ()

Recall that ¢, (t) and v, (t) are defined by (1.1) and (1.2), respectively. We first
note that

Ow(t) = du(—t) and U (t) = =1y (—1). (2.1)
In this brief section we recall some of Ramanujan’s theorems for these two functions
from [3] and [4]. More detailed proofs can be found in [1].
Theorem 2.1. [5, p. 202, eq. (1)] For w > 0,
1

Pu(t) = ﬁe“W )y (it Jw). (2.2)
Theorem 2.2. [5, p. 202] We have
e/ W) gy (p 4 ) = /(W) <% + ¢w(t)) , (2.3)
Theorem 2.3. [5, p. 203, eq. (4)] We have
3+t = e [y (L)), (24)
Theorem 2.4. [5, p. 203, eq. (5)] We have
Gu(t +1) + du(t — i) = %eﬂﬁ/(‘*w). (2.5)

Theorem 2.5. [5, p. 203, eq. (8)] We have
1 1
ew(t+w)2/(4w) {5 . @ij(t + w)} — en(t—w)Q/(4w) {5 + @ij(t _ w)} . (2.6)

Theorem 2.6. [5, p. 203, eq. (10)] If n is any positive integer,
. on—1
U (t) — o (t + 2n7) = _ﬁ S =+ (2 +1)i)?/ (daw) (2.7)
k=0

Observe that Theorem 2.6 indicates that the function ¥, (t) possesses a “quasi-
period” 2i, and that the right-hand side of (2.7) is an analogue of a Gauss sum.

3. THE CLAIMS ON PAGE 198 IN THE LOST NOTEBOOK

We note immediately from the definition (1.3) that

Fu(t) = —Fy(—t). (3.1)
Entry 3.1. We have
F(t) = —ﬁeﬂﬁ/@w)ﬂ it Jw). (3.2)

The beautiful transformation formula (3.2) shows that F,(t) is an integral analogue
of theta functions.
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Proof. Write

Fo(t) = /°° sin(wtx) cosh(mz) —rua? g
R sinh(7x) ‘ *

_ / sm(w?f:c) COS(Wx)e_”wxzdx
0 sinh(7z)
1 /00 sin(t + )7z + sin(t — i)7x
2 Jo

_ 2
e TWx dx

sinh(7x)
= & (Wl + i) +ult — ), (3.3)
by (1.2). Recall from (2.4) that
% + Yyt +1i) = ﬁefﬁ/(‘*w) {% — V1w (i—t + 2) } . (3.4)

w

Since 9 (t) is odd, we find from (3.4) that
! =t iy = e [ %
5 + Py (t — 1) = 5 Yy(—t+1) = \/Ee 5 V1 +i) . (3.5)

Hence, from (3.3)—(3.5),

e
w w w
_ b (aw) L L
2\/@6 (¢1/w (’LU + |+ wl/w w ?

= —ﬁenﬂ/(w)}?’l/w(it/w),

by (3.3), and this completes the proof. O

Entry 3.2. If n is any positive integer, then

. n /
1

where the prime ! on the summation sign indicates that the terms with 7 = 0,n are to
be multiplied by %

Fy(t) — Fy(t + 2ni) = — e m(t+23)?/(4w) (3.6)

Entry 3.2 is an analogue of Theorem 2.6 and demonstrates that F,(¢) has a quasi-
period 21.
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Proof. Recall from (3.3) that

Fult) = {8l +) + pult = ), (3.7
and so

Fy(t) — Fy(t + 2ni)

1 . :
= g{w(t+9) = ¢u(t+ 20+ 1))} + 5 {%(t — 1) = hu(t + (2n = 1)i)}.
Applying Entry 2.6 on the right side above, we see that
F,(t)—F, (t + 2ni)

. .on—1
1 1 2
_ E —7r(t+(2k‘+2)z) /(dw) _E 6—7r(t+2/m) /(4w)
2 { k— w }

k=0
) N2
Z —7(t4+254)? / (4w)
——) e

This concludes the proof. O
Entry 3.3. If n is a positive integer, then

Fw (t) o 67rn(t+nw)Fw (t + 2nw) —7rt2/ 411))2 t+2]w w (38)

where the prime on the summation sign has the same meaning as in Entry 3.2.
Observe that Entry 3.3 indicates that 2w is a quasi-period for F,,(t). The functions

Gw(t) and 1, (t) also possess the same quasi-period.

Proof. Replacing t by t + ¢ and ¢ — ¢ in Theorem 2.5, we deduce, respectively, that

€7r(t+i+w)2/4w,¢w(t 4+ ’LU) + e7r(t+i—w)2/4w,¢}w(t Y - ’lU)
_ %(eﬂ(t—i-i—‘rw)z/élw . 67T(t+i—w)2/4w)7 (39)

and

et g — o ap) eI A — )

_ %(eﬂ(t—i+w)2/4w . eﬂ'(t—i—w)2/4w>' (310)
Now observe that efmilttw)/dw — pdmilt—w)/dw \jo myltiply e™t—i+w)*/4w ip its two ap-

pearances in (3.10) by e*™(+w)/4 and we multlply em(t=i—w)?/4w i jtg two appearances
in (3.10) by e*m(t=w)/4w Thys, (3.10) can be recast in the form

e7r(t+i+w)2/4ww(t — i+ UJ) + e7r(t+i—w)2/4w1/}<t — - UJ)
%(ew(t+z‘+w)2/4w _ ew(t+i—w)2/4w)_ (3.11)
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Using (3.7), we find that
eﬂ(t+i+w)2/(4w)Fw<t + w) + e7r(t+i—w)2/(4w)Fw(t _ w)

1 . .
- 5{6““*’*@2/4%10@ T4 w) 4 e Ay, (p )

+ eﬂ(t+i7w)2/4www(t +i— U}) + eﬂ(t+i7w)2/4www(t - w)}
1 oo .

_ Z(pm(tHitw)? Aw _ m(ti—w)? /Aw ) 3.12
(e ‘ ) (312)
We now apply (3.12) with ¢ successively replaced by t +w, t+3w, ..., t+ (2n—1)w

to deduce the n equations

ew(t+i+2w)2/(4w)Fw(t + 2w) + eﬂ(t+i)2/(4w)Fw(t)

_ 1(67r(t+i+2w)2/(4w) _ eﬁ(t+i)2/(4w))
2 Y

e7r(t+i+4w)2/(4w)Fw(t + 4w) + 67r(t+i+2w)2/(4w)Fw(t + Zw)

— (ew(t+i+4w)2/(4w) . ew(t+i+2w)2/(4w))

Y

1
2

e7r(t+i+2nw)2/(4w)Fw(t + 27’L'LU) + e7r(t+i+(2n—2)w)2/(4w)Fw(t + (27’L _ 2)’[1))
1(67r(t+i+2nw)2/(4w) . 67r(t+7j+(2n—2)w)2/(4w))‘
2

Alternately adding and subtracting the identities above, we conclude that

67r(t+i)2/(4w)Fw(t)+(_1)n+167r(t+i+2nw)2/(4w)Fw (t + QTLU})

n !
:Z (_1)j+167r(t+i+2jw)2/(4w)’
7=0

that is to say,
n !
Fw(t) _ eﬂ'n(t—i—nw)Fw(t + 27’L'LU) _ _e—7rt2/(4w)z eﬂ(t+2jw)2/(4w)7
=0

which completes our proof. Il

Entry 3.4. Let s = t + 2npymw + 2noni, where 0} = n3 = 1, and where m and n are
positive integers. Then

m !
Fu(s) 4 (1) e 3™ (1) = om0 gre=2im?/ )
7=0
n /!

+ n2(_1)mnle—%wmm(s+t)z e—ﬂ(t+2772ji)2/(4w)7 (3.13)



6 Berndt and Xu

where the prime on the summation signs has the same meaning as in the two previous
entries.

Proof. 1f we examine the proof of Entry 3.3 with n replaced by —n, we see that we
obtain the same result, but with the right-hand side multiplied by —1. Thus, we shall
apply Entry 3.3 with n replaced by m and t replaced by ¢ + 2moni, but since in the
notation of the present entry m > 0, we must multiply the right-hand side by 7;, and
so we obtain

F(t + 2mpna ) —emmmE2mnitmmw) @ /(4 4 9png 4 2nyman)
m !

_ nle—w(t+2n2ni)2/(4w)z 67r(t+2772ni+2771jw)2/(4w)'
§=0
Using the definition of s, we can reformulate the foregoing equality as
Fu(t + 2nomi) — emmms—mme) o ()

m !
(s—2n1mw)?/(4w) Z €7r(572r]1mw+2771jw)2/(4w)

j=0
m !

—W(S—Qmmw)z/(4w)z e (5=2mjw)?/(4w)

J=0

= — 77167

:—7’]16

If we examine the proof of Entry 3.2 with n replaced by —n, we see that the identity
still holds except that the right-hand side must now be multiplied by —1. Since in the
present notation n > 0, then if we apply Entry 3.2 to F,,(t + 2myni) above, we must
multiply the right-hand side by 7,. Hence,

Fw (t) o eﬂ'mm(sfmmw)Fw(S)
m !

—m(s—2m1mw)? /(4w) Z 671'(5 2n14m)?/(4w)

7=0

= — e —m(t4+2n251)2 4w)

—772\/—26

Upon multiplying both sides above by e~™n™(s=mmw) and simplifying, we find that

m !
1 .
Fw(s) + (_1)mn 1,— 27r771m(s+t)Fw(t) _ _n16—7r52/(4w)z 67r(s—2jn1w)2/(4w)
7=0
. 1 n !/
mn_ v —srmm(s+t) w(t+2n244)% / (4w)
T O |

where we used the fact that

1
(_ 1)mn€7 27T771m(8+t) _ effrmm(sfmmw) )

This completes our proof. Il
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4. EXAMPLES

If we set s = ¢ in Entry 3.4, it follows that w = —(neni)/(mm). If we further suppose
that both m and n are odd, then (3.13) reduces to the identity

m ! n !
(1 + e—ﬂ'mmt)Fw(t) _ nle—ﬂt2/4wz eTr(t—?jmw)2/(4w) o 4 —Trmmtz e—rr(t+2n2ji)2/(4w)‘
=0 =0

In the identity above, first let 77, = 1,75 = —1 and multiply both sides by €™. Secondly,
let 71 = —1,72 = 1 and multiply both sides by e™*. Replace ¢ by 2t/ in each identity.
We then respectively obtain the two identities

QCosh(mt)/ tsmfl—x)e_mzdx (4.1)
o tanh(mx)
_ lemt 4 p(m=2)t+ T 6(m74)t+4“7”i NI %emtJrTrmm'
ML e imy | Covmeg-nmag L L me (G mme
n |2 2
and
2cosh(mt)/ tsml(l—a:) T dr (4.2)
o tanh(mx)
_ 1 —mit (2—m)t+T24 (4—m) 44 1 mt+mrmni
= 26 e e + 26
_ /ﬂ{%emtJr(’ZerZ)i_i_e(lZ)mt+[(fr221)T+Z]i+.__+%emt+[(7§n2)7f7:“+:]i}'
n

Next add (4.1) and (4.2), divide both sides by 2, and equate the real and imaginary
parts on both sides to obtain the two identities

[ 2
2 cosh(mt) / sin(2tz) cos d
o tanh(mx) m

1 4
=5 sinh{mt} + sinh{(m — 2)t} cos ULC sinh{(m — 4)t} cos -
m m

1
+ot g sinh{—mt} cos(mmn)

1 2 2 2
+ myZ sinh{—mt} cos miz + il + sinh — — 1) mtpcos L 1 mm + —
n |2 ™ 4 n 2 n

1. 2 2\ m™m 7
+—{—§smh{mt}cos(<ﬁ—n>7+1)} (43)
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and

% qin(2 2
— 2 cosh(mt) / sin(2tr) sin 0 dy
o tanh(mx) m

4 1
= sinh{(m — 2)t}sin ™y sinh{(m — 4)t} sin LT 5 sinh{—mt} sin(mmn)
m m

1 t> 2 t°
5 sinh{—mt} sin (TZ—H + %) + sinh { (E — 1) mt} sin ( (; — 1) % + %)

1 t?
+ et 5 sinh{mt} sin ( (F — n2) % + %) } (4.4)

Using (4.3) and (4.4), we can evaluate several definite integrals. For example, if we
set m =mn =11in (4.3) and (4.4), we find that, respectively,

> sin(2tx) 9 sinh ¢ 2w
2 dr = 1— 4z
/0 tanh(7z) cos(ma”)dx 2 cosh t “o\77T1) )

> sin(2¢ inh ¢ t?
/ sin(2tz) sin(r2?)dr = PIRY gin (— + E) :
0

tanh(mz) 2cosht T 4

These evaluations can be found in [2, p. 542, formulas 3.991, nos. 1, 2|, respectively.
No further cases of (4.3) and (4.4) can be found in [2].

+
BE

and

5. ONE FURTHER INTEGRAL
There is one further integral, namely,
Gw(t) = / Meiﬂ-wzzdm’
o coth(mx)
which can be placed in the theory of ¢, (t), 1¥.,(t), and F,(t). First,

*© sin(wtx) sinh(mz) o
t — TWT d
Gult) /0 cosh(mz) ‘ v

_ —i/ sin(mtx) sm(mx)eﬂwxgd:[
0 cosh(mx)
i /°° cos{mx(t +1i)} — cos{ma(t — i)} __, .»
= — e dx
2 Jo cosh(mx)

— %{¢w(t+i) — du(t — i)}, (5.1)

by (1.1). The formula (5.1) should be compared with (2.5).
The next result shows that the theory of G,,(t) can be recast in the theory of 1,,(t).

Theorem 5.1. If w' :=1/w, then

T L,
Gw(t) — ﬁefﬂt /(4w)ww,<_ltw )
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Proof. Using, in order, (5.1), Theorem 2.1, (2.1), Theorem 2.2, and (2.1), we find that

) 2 w1 1 2 i1
Cu(t) = —emrririawg (LN T ey (0T
®) 2@6 b1/ wow 2\/@6 ¢1/ w * w
l 2 , w1 , w1
_ —7m(t?—1)/(4w) —imt/(2w) e — ) int/(2w) o -
e e () e (G )
? 2 1 it 1 it
— —m(t*=1)/(4w) ) —m/(4w) [ Z _ _ e m/(dw) [ = =
o (g () (e (0)))
P , ,
= m€ /(4w) {@Z)w/(—ztw') — ¢w’ (th/)}
_ ﬁe—ﬂﬁ/@w)ww/(_itw/)?
which completes the proof. Il
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