Problems

In each of Problems 1 through 12 determine the general solution of the given differential o
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equation that is valid in any interval not including the singular point.

1.
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X2y +4xy +2y =0 2 (x+ 1Py +3x+ 1)y +075y=0
X2y —3xy +4y=0 4. x%y" 4+ 3xy + 5y =0
2" —xy+y=0 6. (x—1)%" +8x -1y + 12y =0
2 "+ 6xy —y=0 8. 2x%y" —4xy + 6y =0
2 y' ~5xy'+9y=0 10. (x —2)%y" +5(x—2)y' + 8y =0
2"+2xy+4y 0 12. x2y" —4xy' + 4y =0

In each of Problems 13 through 16 find the solution of the given initial value problem.

13.
14.
15. x
16. x

17.

18.
19.

20.

21.

22,

23.

2x2y" + xy’ — 3y =0, yh=1 yy=4

4x2y” + 8xy + 17y =0, y)=2, y()= -3
2y” —3xy' + 4y =0, yW~-1)=2 y(-1)=3
2 "+ 3xy +5y=0, yl)=1, y(1)=—1

Find all values of « for which all solutions of x2y" + axy’ + (5/2)y = 0 approach zero
as x — 0.
Find all values of p for which all solutions of x2y” + By = 0 approach zero as x — 0.
Find y so that the solution of the initial value problem x2y" — 2y = 0, y(1) = 1, y'(1) = v
is bounded as x — 0.
Find all values of « for which all solutions of x2y” + axy’ + (5/2)y = 0 approach zero
as x = oo.
Consider the Euler equation x?y” + axy’ + By = 0. Find conditions on « and 8 so that
(@) All solutions approach zero as x — 0.
(b) All solutions are bounded as x — 0.
(c) All solutions approach zero as x — 0.
(d) All solutions are bounded as x — oo.
(e) All solutions are bounded both as x — 0 and as x - 0.
Using the method of reduction of order, show that if r, is a repeated roét of r(r — 1) +
ar + B =0, then x™ and x™ In x are solutions of x2y” + axy’ + By = 0 for x > 0.
Transformation to a Constant Coefficient Equation. The Euler equation X2y’ + axy +
By = 0 can be reduced to an equation with constant coefficients by a change of the
independent variable. Let x = ¢, or z = In x, and consider only the interval x > 0.
(a) Show that

dy ldy d dzy 1d% 1dy

ax xdz ™ &2 Tx¥d? Xz
(b) Show that the Euler equation becomes

dzy

dZ

Letting r, and r, denote the roots of r2 + (¢ — )r + f = 0, show that
(c) If ry and r, are real and different, then

d
+a-D+py=0,

y=c €' + ¢, = ¢ x" + ¢, x"2
(d) If r, and r, are real and equal, then

=(c; + cy2)e"* = (¢, + ¢, In x)x".
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F _ (e) If r; and r, are complex conjugates, r, = A + iy, then

y = €*[¢, cos(pz) + ¢, sin(uz)] = x*[c, cos(u In x) + ¢, sin(x In x)]-

g. -n differential In each of Problems 24 through 29 use the method of Problem 23 to solve the given equa-

tion for x > 0.

)y +0.75y =0 2 24. x?y" —2y =0 25. x*y" —3xy' +4y=Inx
) ) _o 4 26. x2y" + Txy’ + S5y =x 27, x2y" —2xy' + 2y =3x2+2Inx
))(’) + 12y = i 28. x2y" + xy' + 4y = sin(ln x) 29. 3x%y" + 12xy’ + 9y =0
VW 8y =0 3 30. Show that if L[y] = x%y"" + axy’ + By, then
Yy + 8y :
0 = LI(=xY] = (~xFF()
value problem. - for all x < 0, where F(r) = r(r — 1) + ar + B. Hence conclude that if r, # r, are roots of
F(r) = 0, then linearly independent solutions of L[ y] = 0for x < 0are (—x)* and (—x)™.
. 31. Suppose that x™ and x" are solutions of an Euler equation, where r, # r,, and r, is
ﬁ an integer. According to Eq. (24) the general solution in any interval not containing
3 the origin is y = ¢,|x|" + ¢,|x|">. Show that the general solution can also be written as
’ y = kyx™ + ky|x|.
= 0 approach zero Hint: Show by a proper choice of constants that the expressions are identical for x > 0,
. <50 . and by a different choice of constants that they are identical for x < 0.
ach zero as -
,y)=1,yQ) =7 g Complex Coefficients. If the constants & and 8 in the Euler equation x2y" + axy' + By =0
i are complex numbers, it is still possible to obtain solutions of the form x". However, in
= 0 approach zero i general, the solutions are no longer real-valued. In each of Problems 32 through 34 deter-
J mine the general solution of the given equation.
q 1
i on « and f so tha E 32, X%y + 2ixy — iy =0 33 X2y + (1 —ixy +2y =0

4. x%y +xy —2iy=0

d. tofrr—1+ F,
»=0for x> 0.

. 2.0 !

tion x2y" + axy + 3 . . . ) .
1 bl;le y t{ange of the ;' We now consider the question of solving the general second order linear equation

petipcRvaliz P(x}y" + Q) + R(x)y = 0 8

5.6 Series Solutions near a Regular Singular Point, Part |

4 in the neighborhood of a regular singular point x = x,. For convenience we assume

3 that xo = 0. If x, # 0, the equation can be transformed into one for which the regular
singular point is at the origin by letting x — x,, equal 1.

f The fact that x = 0 is a regular singular point of Eq. (1) means that xQ(x)/P(x) =

é_ xp(x) and x?R(x)/P(x) = x?g(x) have finite limits as x — 0, and are analytic at x = 0.

2 Thus they have power series expansions of the form

@0

1 that i ; XP(X) = "20 an"a qu(x) = Z qnx"7 (2)

n=0

which are convergent for some interval |x| < p, p > 0, about the origin. To make the
- quantities xp(x) and x2q(x) appear in Eq. (1), it is convenient to divide Eq. (1) by P(x)
-4 and then to multiply by x?, obtaining

X2y + x[xp(aly + [x*g()]y = 0, (3a)
-




