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Math 117 Lecture 3 Notes: 
Geometry comes from two Greek words, “ge” meaning “earth” and “metria” meaning “measuring.”  The 
approach to Geometry developed by the Ancient Greeks has been used for over 2000 years as the basis of 
geometry. 
 
According to NCTM Standards: 
The study of geometry in grades 3-7 requires thinking and doing.  As students sort, build, draw, model, trace, 
measure, and construct, their capacity to visualize geometric relationships will develop. This exploration 
requires access to a variety of tools, such as graph paper, rulers, compass and straightedge, pattern blocks, 
geoboards, and geometric solids, and is greatly enhanced by electronic tools that support explorations, such 
as dynamic geometry software. 
 
Little is known of Euclid of Alexandria (300 B.C.) although legend has it that he studied geometry for its 
beauty and logic.  Euclid is best known for The Elements, a work so systematic and encompassing that many 
earlier mathematical works were simply discarded and lost to all future generations.  The Elements, 
composed of 13 books included not only geometry, but arithmetic and topics in algebra.  Euclid set up a 
deductive system by starting with a set of statements that he assumed to be true and showing that 
geometric discoveries followed logically from these assumptions. Euclidean geometry, or plane geometry, is a 
“complete axiomatic system.”  Non-Euclidean geometry is also a complete axiomatic system.   
 
The second sentence of the United State's Declaration of Independence begins: "We hold these truths to 
be self-evident . . . " and continues with a list of what the authors describe as basic human rights.  Almost 
every system of thought bases its ideas on some fundamental set of beliefs, or axioms. The system of 
thought is consistent if its axioms, and the theorems deduced from those axioms, do not contradict one 
another. 
 
Mathematics itself is a system of thought that has gone through a fundamental change in the last two 
centuries.  It has grown from a science built on a few fixed axiomatic systems into one with a multitude of 
axiomatic systems.  There are no longer strict boundaries between the different branches of mathematics, 
and are now widened areas of application within and outside the field of mathematics. 
 
An Axiomatic (or mathematical) system is a set of undefined terms, some definitions and assumed truths 
(axioms), and theorems which are logically deduced from these definitions and axioms. 
 
Plane (Euclidean) Geometry begins with 3 basic undefined terms: 

Point = a point is a point. 
Line = a line is a line. 
Plane = a plane is a plane. 

and adds defined terms, properties, axioms (statements assumed true without proof), and theorems 
(statements which can be proved true or false through logical reasoning using definitions, axioms, or other 
theorems) to create a complete axiomatic system. 
 
To illustrate what a “complete axiomatic system” means, notice that the solutions to the following problems 
can be deduced logically from established geometric theorems and axioms. 
 
Triangles ABC and CDE are equilateral triangles  
with points A, C and E collinear.   
Find the measure of ∠BCD. 
 A

 

B 

C 
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Problem: Find the measures of angles 1, 2, and 3 given that TRAP is a trapezoid with TR || PA 

 
 
 
 
Problem: 
In ΔABC, AD and BD are angle bisectors.  Suppose that the measures of ∠A and ∠B are not known but that 
of ∠C is.  Can m(∠  D) be found? 
 
 
 
 
 
 
 
 
 
 
 
Golden Ratio = What is the width of a rectangle with the property that if a square is cut out of the 
rectangle, the remaining rectangle has the same length to width ratio as the original rectangle? 
 
 
 
 
 
The Golden Ratio, ø = (1+√5)/2, also called the divine proportion, was known to the Pythagoreans in 500 B.C. 
and has many interesting applications in geometry.  The golden ratio may be found using the Fibonacci 
sequence; ratios of successive terms approach a decimal which is the golden ratio.     
1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, … 
2/1 = 2       21/13 = 1.615   
3/2 = 1.3       34/21 = 1.619 
5/3 = 1.67      55/34 = 1.6176 
8/5 = 1.6       89/55 = 1.618 
13/8 = 1.625     144/89 = 1.618 
 
A Golden Rectangle is one where the ratio of the length of the long side to that of the short side is the 
Golden Ratio.  
The Ancient Greeks thought that the Golden Rectangle was the most aesthetically pleasing of all.   
Along these line, notice how index cards are usually dimensioned 3x5 or 5x8, which happens to be two pairs 
of numbers in the Fibonacci sequence whose quotients approximate ø. 
 
 - Video clip on Golden Ratio - 
 
- Project 1 examples: topic choice: “Verify the existence of the Golden Ratio” 
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Pythagorean Theorem:   

If a right triangle has legs of lengths a and b and hypotenuse of length c, then  c2 = a2 + b2. 
 
There are hundreds of known proofs of the Pythagorean Theorem.   
Henry Perigal, a London stockbroker, discovered what has been called  
the "paper and scissors" proof of the Pythagorean Theorem.   
Please take time to look at the 4 different proofs of the 
Pythagorean Theorem on the posters in room 14 Illini Hall. 
 
 
 
 
 
 
Use the Pythagorean Theorem to find x. 
 
 
 
 
 
 
 
 
Special right triangles: 

45° - 45° - 90° right triangle; sides have ratio 1 - 1 -   

! 

2  

30° - 60° - 90° right triangle; sides have ratio 1 -   

! 

3  - 2 
Problem:  Construct a square with an area of exactly 2 units, given the length of 1 unit. 
                        1 unit 
 
 

Pythagorean Triples are three natural numbers a, b, and c that satisfy the relationship c
2

 = a
2

 + b
2

.  The 

least three numbers that are Pythagorean triples are 3-4-5.  Another triple is 5-12-13 because 13
2

 = 5
2

 + 

12
2

.    Find two more Pythagorean triples. 
Does doubling each number in a Pythagorean triple result in a new Pythagorean triple? 
Does adding a constant to each number in a Pythagorean triple result in a new Pythagorean triple? 
 
An application of the Pythagorean Theorem is the Distance Formula to find the distance between 2 points.   

The distance between the points A(x
1
,y

1
) and B(x

2
,y

2
) is given by    

! 

(x2 "x1 )2 + (y2 " y1 )2  

Problem:  Show that A(7,4), B(–2,1), and C(10,–5) are the vertices of an isosceles right triangle. 
 
Determine whether the following is a right triangle. 
   • • • • • 
   • • • • • 
   • • • • • 
   • • • • • 
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   • • • • • 
The regular solid polyhedra are known as the Platonic solids, after the Greek philosopher Plato.  Plato 
attached a mystical significance to the five regular polyhedra, associating them with what he believed were 
the four elements -   
  Cube = earth 
  Tetrahedron = fire 
  Icosahedron = water 
  Octahedron = air 
  Dodecahedron = universe 
 - suggested that the smallest particles of earth have the form of a cube, the most stable form. Fire, the 
lightest and sharpest, was a tetrahedron. Water, the most mobile, was an icosahedron, the solid most likely 
to roll easily. Air was an octahedron, and the dodecahedron represented the entire universe.  More than 
5000 years ago, Euclid proved that these five solids are the only ones that can be constructed from a single 
type of regular polygon.  The Greeks were not the first to study these shapes.  There is evidence that people 
in China and the British Isles knew about them long before Plato. 
 
Net:  a two-dimensional pattern that can be used to construct three-dimensional figures 
 
 
  Cube           net for a cube 
 
 
 - net handout – terminology handout -           
 
Right polyhedron, such as a right cylinder is where the altitude intersects the base at its center. Oblique 
polyhedron, such as an oblique cylinder is where the altitude does not intersect the center of the base. 
 
A poster in room 14 Illini Hall contains information on Euler’s formula, which is the relationship between 
faces, vertices, and edges of polyhedra. F + V – E = 2   (You should take time to read the poster.)  
 
- Project 1 examples – topic choice: create polyhedron 
 
The perimeter of a simple closed figure is the distance around the figure. 
 
The perimeter of a circle is its circumference. The ratio of a circumference C to diameter d is symbolized as 
π.  This relationship C/d = π is normally written as C = πd or C = 2πr. 
A circle is defined as the set of all points in a plane that are the same distance from a given point, the 
center. 
 
The perimeter of a circle is its circumference.  The ancient Greeks discovered that if they divided the 
circumference of any circle by the length of its diameter, they always obtained approximately the same 
number.  The number is approximately 3.14.  Today, the ratio of circumference C to diameter d is symbolized 
as π (pi).  For most practical purposes, π is approximately, 22/7, 3 1/7, or 3.14.  The ratio c/d is an irrational 
number.  The relationship c/d = π is used for finding the circumference of a circle and normally is written as 
C = πd or C = 2πr because the length of diameter d is twice the radius (r) of the circle.   
 
The length of an arc depends on the radius of the circle  
and the central angle determining the arc and can be found  
by using proportional reasoning. 
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Find the length of a 125° arc of a circle of radius 10 cm. 
Area is measured using square units and the area of a region is the number of square units that cover the 
region without overlapping.   
 
Area activities on a geoboard or dot matrix paper teach the concept of area intuitively, and should precede 
the development of formulas.  (note: you will be using dot matrix paper in lab 3 to find areas) 
addition method:  sum the areas of smaller pieces 
rectangular method: construct a rectangle around the figure and subtract areas of outside regions. 
     . . . . .  
     . . . . .  
     . . . . . 
     . . . . . 
     . . . . . 
 
Draw a triangle on the geoboard grid with an area of 7. 
   • • • • • 
   • • • • • 
   • • • • • 
   • • • • • 
   • • • • • 
How many different size squares can be constructed on a 5x5 dot matrix by connecting the dots with line 
segments? (The corners of the squares must be on a dot)  Find the areas. 
 
   • • • • •    • • • • •    • • • • • 
   • • • • •    • • • • •    • • • • • 
   • • • • •    • • • • •    • • • • • 
   • • • • •    • • • • •    • • • • • 
   • • • • •    • • • • •    • • • • • 
 
You need to know these area formulas: 
Area of a rectangle: 
 
Area of a parallelogram: 
 
Area of a triangle: 
 
Area of a trapezoid: 
 
Area of a regular polygon: 
 
Area of a circle: 
 
- Lecture 3 challenge - 
 
Lab 3: geometry using dot matrix paper (geoboards).  


