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Exponential Function Models 
Arithmetic sequences are modeled by polynomial functions: 

  Linear: y = mx + b    or    quadratic: y = ax2 + bx + c 
By examining a table of ordered pairs, you'll notice that as x increments by a constant, either the first 
of second differences of y increases by a constant difference. This is characteristic of arithmetic 
sequences.  
 
Geometric sequences are modeled by exponential functions: 

y = a•b
x  

where b = constant ratio and a is a constant 
By examining a table of ordered pairs, you'll notice that as x increments by a constant, the value of y 
increases by a common ratio. This is characteristic of geometric sequences. 

 
x y  x y 

 –3 11   –3 3 
  –2 6    –2 6 
–1 3  –1 12 
0 2  0 24 
1 3  1 48 
2 6  2 96 
3 11  3 182 

 
Some organizations need to spread information accurately to many people quickly.  So, telephone calling 
trees often are used by the organization.  (diagram on overhead) 
 
 
 

Stage 1 2 3 4 5 6 7 8 9 10 
Members 1 2 4 8 16 32 64 128 256 512 

 
Output is doubled in each stage. 
 
In data plot, output value doubles for each move of 1 unit on x-axis. 
 
This is a geometric sequence where the constant ratio is 2.   
 
Geometric sequences are modeled by exponential functions: 

y = a•b
x  

where b = constant ratio and a is a constant 
 
For this particular data,  b = 2.     Using any ordered pair in the data, such as (1,1)   

1 = a•2
1
     which tells us that a = 1/2 

So the model for this data is:  y = (1/2)•2
x 

 

 

x y 
–3 –3 
–2 –1 
–1 1 
0 3 
1 5 
2 7 
3 9 
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Next, assume every person calls 3 other people. 
 

Stage 1 2 3 4 5 6 7 8 9 10 
Members 1 3 9 27 81 243 729 2187 6561 19683 

 
Output is tripled in each stage. 
 
In data plot, output value triples for each move of 1 unit on x-axis. 
 
This is a geometric sequence where the constant ratio is 3.   
 
Geometric sequences are modeled by exponential functions: 

y = a•b
x  

where b = constant ratio and a is a constant 
 
For this particular data,  b = 3.     Using any ordered pair in the data, such as (1,1)   

1 = a•3
1
     which tells us that a = 1/3 

So the model for this data is:  y = (1/3)•3
x
 

 

Graphing y = a•b
x 

where 
a = 1, b > 1 such as 2,  

i.e.,     y = 1•2
x
 we get: 

 
 
 
 
 

Graphing y = a•b
x 

where 
a = 1, b < 1 such as 1/2,  

i.e.,     y = 1•(1/2)
x

  

or     y = 1•0.5
x

  

or     y = 1•2
– x

   we get: 
 

Why can I write  1•(1/2)
x

 = 1•2
– x 

? 
z 
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Population growth can be simulated with a simple experience that tastes good.  We will model 
population growth as our first model and population decay as our second model.  DO NOT EAT 
the m&m's until we have finished the experiment.  Try not to spill or drop the m&m's on the 
floor.  You will need about 50 m&m's to do this experiment. 
 
Simulation of population growth: 
Drop 1 m&m.   

If it lands with the “m” up, add 1 m&m. 
If it lands with the “m” down, do not add another, and repeat this step. 

Drop 2 m&m’s. 
Add 1 m&m for each m&m that lands with the “m” up. 

Drop however many m&m’s you have. 
Add 1 m&m for each m&m that lands with the “m” up, and continue repeating this step. 

Keep track of the growth of m&m’s in the chart provided. 
 

Stage Growth 
 

Decay 
 

1 
 

 
 

 
 

2 
 

 
 

 
 

3 
 

 
 

 
 

4 
 

 
 

 
 

5   

7   

6   

7   

8   

9   

10   

11   

12   

 
How long did it take your population to grow twice its size?  4 times its size?  8 times its size? 
 



  Math 117 Lecture 9 notes  page 4 

Simulation of population decay: 
Drop your entire set of m&m’s.   

For each m&m that lands with the “m” up, remove those. 
Drop your remaining set of m&m’s. 

For each m&m that lands with the “m” up, remove those. 
Continue this process until you are left with only 1 m&m. 
Keep track of the decay of m&m’s in the chart provided. 
The time needed for the value to decrease to half of the original amount is called the half-life of a 
function.  How long did it take for your population of m&m’s to reach half the original amount?  One-
fourth its original amount?  One-eighth its original amount? 
 
 
Most cars depreciate as they get older.  Suppose that an automobile that originally costs $14,000 
loses one-fifth of its value each year. What is the value after 2 years?  After 2.5 years? 
 
The recursive function doing iteration will easily give us the answer for the first part of this question, 
but not the second.  Fill in the table below and write the instructions that you would need to give 
another person to find the value of the car after x years.  
Original value After 1 year After 2 years After 2.5 years  After 3 years After 4 years 
      
 

The general formula for an exponential function is:  y  = a b
x
 

 
Look at the method used and figure out what each of these variables represent in the formula for 
exponential growth or decay. 
a = 
b = 
x = 
What is the value of the car at 2.5 years? 
 
Solution:   

Since our car depreciation function is y = 14000•(0.8)
x
  

We want to know the value of y when x = 2.5  
Using the calculator to evaluate the function,  

Store 2.5 for x :      2.5  sto  x   enter 
Enter the function:  y1  =  14000 • (0.8) ^x 

Evaluate function when x = 2.5:  YVARS –> Function –> y1 –> enter 

or  y1 (2.5) enter 

 
Why isn’t the answer half-way between the value of y when x = 2 and x = 3? 
 
Approximately when will the car be worth $7000?   
What is the half-life of the car? 
 
Solution:   
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Our car depreciation function is y = 14000•(0.8)
x
  

We want to know the value of x when y = 7000  
Using the calculator to solve the equation,  

If  7000  =  14000 • (0.8) ^x   
then,  0 = 14000 • (0.8) ^x – 7000 

 
Use Solve (14000 • (0.8) ^x – 7000 , x , guess ) enter 
 

The half-life of a decay function is when the value of the function is half its original value.  So y = 
3.106, or about 3 years + 5 weeks. 
 
Radioactivity is measured in units called rads.  A sample of phosphorus-33 is found to give off 480 
rads initially.  The half-life of phosphorus-33 is 25 days. 
 
What continuous function represents the radioactivity measure of this sample? 
Solution:   at period 0, initial is 480     (0,480)  

General exponential decay function is  y = a•b
x
  where 0 < b < 1 

   480 = a•b
0

    tells us that a = 480 
    

at period 25, reading is 240    (25, 240) 

240 = 480 b
25

   
Use solve to find b:  Solve ( 480 • b ^ 25 – 240 , b , guess ) 
 B = 0.9726549 

Our exponential decay model is:  y1 = 480 • (0.9726549)
x
 

Evaulate this function when x = 225:   
225   sto  x   enter 

  YVARS –> function –> y1 enter    and get  y = 9375 rads 

 
A lad by the name of Jack Fum made a shrewd trade of an undernourished bovine for a start in a new 
experiemtnal crop, Legumen magikos.  With the help of his mother, he planted the bean just outside 
his kitchen window.  It immediatley sprouted 2.56 cm above the ground.  Contrary to popular legend, it 
did not reach its full height in one night.  Being a student of mathematics and the sciences, Jack kept 
a careful log of the growth of the sprout.  On the fist day at 8:00 a.m., 24 hours after planting, he 
found the plant to be 6.4 cm tall.  At 8:00 a.m. on the second day, the growing bean sprout was 16 cm in 
height.  At 8:00 a.m. on the third day, he recorded 40 cm.  At the same time on the fourth day he 
found it to be 1 meter (100 cm) tall. 

Time (days) Day 0 Day 1 Day 2 Day 3 Day 4 

Height (cm) 2.56 6.4 16 40 100 

Write an explicit formula for this pattern.   
Solution: 
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If the pattern were to continue, what would be the heights on the fifth and sixth days? 
Solution: 
 
 
Jack's younger brother Phee and Fly measured the plant at 8:00 p.m. on the third day, and found it to 
be about 63.25 cm tall.  Show how this value can be found mathematically. 
Solution: 
 
 
Find the height that Jack's youngest brother, Foe, tried to measure at 12:00 noon on the sixth day. 
Solution: 
 
 
Experiment with the equation to find the day and the time when the stalk reached its final height of 1 
km (100,000 cm). 
Solution: 
 
 
 
When a real-life quantity increases by a fixed percent each year (or other time period), the amount y 
of the quantity after t years can be modeled by the equation  

y = a(1 + r)
t
  

In this model, a is the initial amount and r is the percent increase expressed as a decimal. The quantity 
1 + r is called the growth factor. 
 
Exponential growth functions are used in situations involving compound interest.  Compound interest is 
interest paid on the initial investment, called the principal, and on previously earned interest. (Interest 
paid only on the principal is called simple interest.) 
 
Although interest earned is expressed as an annual percent, the interest is usually compounded more 
frequently than once per year.  Therefore, the formula is modified as      

  

! 

A = P(1 + r

n
)nt  where P is initial principal, r is the annual rate of interest, n is the number of 

compounding periods per year, and A is the amount in the account after t years. 
 
Suppose you deposit $1000 in an account that pays 8% annual interest. Find the balance after 1 year if 
the interest is compounded  
a) quarterly 
 
b)  daily 
 
 
Suppose you want to have $2500 after 2 years.  Find the amount you should deposit for each of the 
situations described. 
a) The account pays 2.25% annual interest compounded monthly. 
 
 
b) The account pays 5% annual interest compounded yearly. 
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The amount g (in trillions of cubic feet) of natural gas consumed in the United States from 1940 to 
1970 can be modeled by 

   G = 2.9(1.07)
t
  where t is the number of years since 1940. 

a) Identify the initial amount, the growth factor, and the annual percent increase.  
 
 

b) Estimate the natural gas consumption in 1955. 
 
 
The student enrollment E of a high school was 1240 in 1990 and increased by 15% per year until 1996.  
Which exponential growth model shows the school's student enrollment in terms of t, the number of 
years since 1990? 

a) E = 15(1240)
t
 

b) E = 1240(1.15)
t
 

c) E = 1240(15)
t
 

d) E = 0.15(1240)
t
 

e) E = 1.15(1240)
t
 

 
 
Practice problems: 
1) In 1965 the federal debt of the United States was $322.3 billion.  During the  

next 30 years, the debt increased by about 10.2% each year. 
a) Write a model giving the amount D (in billions of dollars) of debt t years  

after 1965.  
b) About how much was the federal debt in 1980? 
c) Estimate the year when the federal debt was $2,120 billion. 

 
2) You deposit $2500 in a bank that pays 4% interest compounded annually.  Use the process 

below and a graphing calculator to determine the balance of your account each year.  
a) Enter the initial deposit, 2500, into the calculator.  Then enter the formula ANS + ANS 

X 0.04 to find the balance after one year. 
b) What is the balance after five years? (press Enter five times) 
c) How would you enter the formula in part (a) if the interest is compounded quarterly?  

What would you have to do to find the balance after one year? 
d) Find the balance after 5 years if the interest is compounded quarterly. Compare this 

result with your answer to part (b). 
 
 
Homework #9 is the handout “Exponential Problems.”  Answers are on the course website. 


