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1. Introduction

Let M be a complete connected Riemannian manifold with bounar be
the sectional curvature of the interior, arde the normal curvature @&. The
inradius of M is

inr =sup(d(p,B):peM}.

Thus for everyr < inr there is some metric ball of radiusin M that does not
intersectB. By a thin manifold with boundaryM we mean one for which the
scale-free invariant

inr? max{sup|K |, supx?}

is small. The main purpose of this paper is to prove that a sufficiently thin
manifold with boundary is fibered over a manifold without boundary:

Theorem 1.1.There is a dimension-independent constant-c.Q75 such that

if M satisfiesinr? max{sup|K |, supx?} < c?, then either M is diffeomorphic to
the product of a manifold without boundary and an interval or M can be doubly
covered by such a product.

This theorem, but with a dimension-dependent congiart n—"" was stated
without proof by Gromov in his 1978 address to the International Congress [G,
Theorem 5].

We also show that a complete, connected, simply connected Riemannian
manifold X without boundary is separated by any proper connected hypersurface
H into components that cannot be small relative to the curvatudé ahd the
normal curvature oH . More generally:
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Theorem 1.2. There is a universal constant ¢>(.075 such that if X is a
complete connected Riemannian manifold without boundary MKith< 1 and
Hi1(X;Z/2Z) =0, and H is a smooth connected hypersurface properly imbedded
in X with normal curvatures at modt, then the closure of each component of
X —H has inradius at least c.

By a theorem of Lagunov, iH is a compact connected hypersurface in
E",n > 3, with normal curvatures at most 1, then the bounded component of
the complement oH contains a ball of radius at Iea$(2/\/§) - 1) and
this estimate is best possible [L1], [L2]. Lagunov and Fet showed that the sharp
bound increases to,(3/2 — 1) under assumptions of simple topology [LF1],
[LF2]. (The situation is radically different fon = 2, where the bound is 1
by a theorem of Pestov and lonin [PI]; also see [HT].) It follows from La-
gunov’'s example that the optimal constanin Theorems 1.1 and 1.2 is at most
((Z/ﬁ) — 1) ~ .15. A similar example based on hyperbolic geometry shows
thatc can be at most log(2/3) ~ .144.

As for metric structure in Theorem 1.1, we remark below thator its
double cover need not be close to a metric productcfdor c,) sufficiently
small. However, this holds if there is a uniform bound on diam and in
generalM is Lipschitz close to a manifold with boundary imbedded in a metric
product of the same dimension (see Sect.5).

Recall thatp is a cut pointof the boundaryB if there is a geodesic segment
o realizingd(p, B), but no extension of realizes distance tB. The degreeof
p is the number of such minimizing segmentsfoatpoint of p is the endpoint
on B of such a segment. Theorem 1.1 will be proved by showing that if
is sufficiently small, then every cut point & has degree 2. More generally,
it follows from our argument that there is an increasing sequence of positive
constantg(k), k =2,3,..., such that if the curvature-normalized inradiushbf
is less tharc(k), then the cut points dB have degree at mokt

Section 2 establishes a critical radius for a cut pgnbout to this radius,

a boundary geodesic starting from a footpointpofvill remain visible fromp
through the interior oM, without boundary interference, and will recede frpm

Thus it becomes profitable to consider the manifold with boundary obtained by
lifting to T,M the geodesics from whose relative interiors lie in the interior of

M and whose lengths are less than the critical radius. Our program for bounding
the degree op is to show thatin the boundary of the liftthe footpoints ofp

have injectivity radius uniformly bounded below; and forsufficiently small,

the corresponding normal coordinate neighborhoods subtend large disjoint cones
with vertexp. Our methods are those of comparison geometry; for the injectivity
radius bound, they build on previous work of the authors [ABB], [AB]. Section

3 gives a construction that reduces Theorem 1.1 by comparison arguments to a
model space problem. Section 4 carries out estimates solving this problem.

Below we shall rescale so théiK| < 1 and || < 1. We denote byM;

(0 = +£) a model manifold with boundary, either a closed disk of diamet& in
the 2-sphere of curvature & € +) or the closure of the outside of a horocycle in
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the hyperbolic plane of curvaturel (6 = —). Note that the boundargs of M;
has signed curvature 2 € +) or —1 (0 = —). The relative comparison lemmas in
the following section have independent interest for the study of manifolds with
boundary. Although they are simplified by our curvature normalizations, it will
be clear how to generalize them to arbitrary curvature bounds.

The authors thank Albrecht Dold and Anton Petrunin for clarifying conver-
sations. They are also grateful to the referee for a careful reading and helpful
suggestions.

2. Comparisons of visual distance and angle

Throughout this sectionyl will denote a complete manifold with boundaBy,
having |K| < 1 and|x| < 1. Under these curvature assumptions, the conjugate
distance of the interior oM is at leastr/2 and the focal distance & in M is

at leastr /4. Letp be a point oM whose distance frorB is ro, whererg is less
than the focal distance @& in M. We denote byt(ro) the length of a geodesic

in the model spac®!_ that starts at a distanag from the boundary and ends
tangent to it, touching the boundary only at its endpoint. Tigen log cosht(ro).

Lemma 2.1.Let p be a point of M whose distance from B jswhere p is less
than the focal distance of B in M. Then a geodesic from p of length less than
t(ro) cannot be tangent to B.

The idea here is that, given a boundary tangency closerttmant(rg), we
could force a boundary geodesic closemptthan the allowable distanag; see
the proof below.

Henceforth we assumg < 7 /4.

We say that a point d# is visible from pif it is the endpoint of a geodesic
from p with relative interior in the interior oM (aline of visibility). These lines
of visibility are not required to be minimizers. In this section we study the part
of M visible from p along geodesics of length less thary), where

d(ro) = min{t(ro), g — 1o} 1)

The lines of visibility fromp of length less thaml(ro) lift via the exponential
map atp to a smooth manifold with boundaiy * = M *(p, ro) in T,M carrying
the pullback Riemannian metric, as follows from Lemma 2.1 and the fact that
d(ro) is less than the conjugate distanceMdf Thus exp acts on the boundary
B* =B*(p, ro) of M* as a local isometry, not necessarily injective, iBto

Now consider a geodesig of B*. Let s denote the arclength parameter of
~; r, its radial distance from the origin, which we again denotepbyand ¢,
the angley makes with the outward radial direction from For comparison
purposes, consider a poipg in My and a model curves in the boundary oM
having arclength parametes and the same initial conditions as Namely, at
ss = 0, its distance s from ps; agrees withr (0), and the angles it makes with
the outward radial direction froms agrees withy(0).
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Lemma 2.2.A geodesic of B=B*(p, ro) which starts at a footpoint of p on*B
always recedes from p and may be reparametrized by its radial distance r from
p. Furthermore,

(D) o-(r) < o(r) < pur),
(i) s_(r) <s(r) < s(r).

Proof of Lemmas 2.1 and 2.Birst lety be any geodesic @ that is visible from
p and on whose relative interior the anglewith the outward radial direction
lies in (Q,7/2). By first variation of arclengthdr /ds = cosy > 0, soy may
be reparametrized by the radial distanicéom p. We begin by proving that
satisfies the lefthand inequalities of (i) and (ii)rif< t(rp), and the righthand
inequalities ifr < 7 —ro. (Below, when we say that (i) and (i) are satisfied,
these restrictions will be understood. This is the motivation for the definition of
d(ro) in (1).)

We work in the ruled surfac& whose generators are the lines of visibility
from p to «. The geodesic curvatures of v in S is related to its curvature in
M by |xs| < |k| < 1. Furthermore, whil&S need not inherit the lower sectional
curvature bound oM, the orthogona-Jacobi field along any generator is also
an M -Jacobi field. Therefore by the Rauch comparison theorem, the logarithmic
derivativef = g, /g of its lengthg satisfies

cotr < f(r) < cothr. (2)

Now observe that by expressing in terms of the parameter one obtains
a linear equation in sip. Specifically, write

~" = w(cospE + singF),

whereE, F are orthonormalE points in the outward radial direction, and=
|I¥']l = 1/ cosp. Let Y be a parallel vector field i along~, ¢ be the angle
from Y to v, and @ be the angle fromyY to F. Hence,y) = 0 — 5 + ¢ and
ks =¢' Jw = (¢’ +6')/w. But &’ /w is the rate at whiclF rotates when moving
along any curve with speed; here it can be rewritten & /w = ¢’ /w = f siny,
the rate at whiclE rotates when moving in the direction of. Therefore

ks = (siny)’ +f sing. 3

r

To estimate sip, multiply (3) by expg’r(o)f(u)du) and integrate:

r

r t
S|n<p-exp(/r(0)f(u)du) :Sln<p(0)+/r(o) fas(t)exp(/r(o)f(u)du) dat  (4)

r t

2sincp(0)—/ exp(f/ f(u)du)dt
r(0) r(0)

coshr — coshr (0)
sinhr (0) ’

> singp(0) —
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where the last step is directly from the bouin@) < cothu in (2). Multiplying
by exp fr'(o)f (u)du) > (sinhr (0))/ sinhr gives

sinp(0) - sinhr (0) — (coshr — coshr (0))

sinp > -
v= sinhr

5)
Since the curve/_ in M_ satisfies equality at each step, the right side of (5) is
sinp_(r) for r <t(ro) and hencey satisfies the left side of (i).

In a similar fashion we obtain an upper bound onysirstarting with (4), we
have

r t

sinw-exp(/go)f(u)du) < sin<p(0)+/ exp(/ f(u)du)dt.

©) r(0)

Multiplying both sides by exp{ frr(o)f (u) du) makes the second term on the right
frr(o) exp( [, f(u)du)dt. Replacingf by its lower bound in (2), we conclude
that~ satisfies the right side of (i). Here the restrictios< 5 —rg is imposed by
the range of on the model curve, which lies in the boundary circle of diameter
/2 in M.. Note that (i) impliesds_/dr < ds/dr = secy < ds,/dr, and hence
(ii) follows immediately.

Now suppose a visual tangencyBaoccurred closer tp thant(rg). Letq € B
be a point of visual tangency closesttoand consider thB-geodesic having the
outward radial direction afj as velocity. Running backward fromp along this
geodesic, the choice af guarantees that we remain visible frgarfor as long
asr decreases. Thus there is an open subéar which 0< dr/ds = cosp < 1
and ¢ = 0 at the right endpoint. Moreover;, may be chosen so that is
arbitrarily close tor/2 at the left endpoint, sincg = 0 cannot occur to the left
of g anddr/ds cannot be bounded away from O indefinitely. As we have just
seen,y satisfies the lefthand inequality in (i). Therefore the value dt the
right endpoint of~ is at leastt(fp), whererp denotes the limit of as the left
endpoint moves so that — /2. By hypothesist(fp) < t(ro). But thenrg < ro,
contradicting the definition ofy and proving Lemma 2.1.

Finally consider aB-geodesicy* that is visible fromp along geodesics of
length less thad(rp) and whose starting poiwtrealizes the distanag from p to
B. By Lemma 2.1, sincé(ro) < t(ro) theny # 0 on~*. Sincery is less than the
focal distance oB, we have ¢?r /ds?)(0) > 0. Therefore O< dr /ds = cosp < 1
on an open subarg of v* with q as left endpoint. We have shown above that
(i) and (ii) hold for such subarcs. Applying the righthand side of (i) to these
subarcs, we see that sindéro) < 7 —ro theny # m/2 on~*. This is because
the boundary circl®, of M, has diameterr/2; thereforep., the angle between
B. and the radial direction from a point at distangerom B, is less thanr/2
forro <r < % —ro. Hence (i) and (ii) hold fory*. This completes the proof of
Lemma 2.2. O

Next consider the metric completidﬁ* of M* =M*(p, ro) under the metric
of infimum of pathlengths. Thisisual lift M * is homeomorphic to the closure
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of M* in ToM, and is the lift of the lines of visibility fronp in M of length less

than or equal tal(ro). The boundary points dil * are either inB* or at distance
exactlyd(rp) from p. SinceM * is compact, it is ageodesianetric space in the
sense that any two points are joined by a minimizer. Note that the geodesics of
M*, where they run alon®*, can bend relative to the geometry of the interior
and bifurcate.

Recall that a geodesic metric space basvature< K in the sense of Alexan-
drov if every point has a neighborhood in which for any minimizing geodesic
triangle with vertices in the neighborhood and perimeter less tha/K (= co
if K < 0), the distance between points on the triangle is at most equal to the
distance between corresponding points on the comparison triangle with the same
sidelengths in the model spa&. Here,S¢ denotes the 2-dimensional sphere,
Euclidean or hyperbolic space of constant curvatdreA CAT(K)-spacesat-
isfies in addition the condition that minimizers of length=/v/K are unique
and vary continuously with their endpoints. It is equivalent to say that triangle
comparisons hold globally as well as locally, that is, they hold for all minimizing
geodesic triangles of perimeter less than 2K [Avl], [Av2]. The next theorem
summarizes several results about geodesic metric spaces that will be used in this
paper; part (ii) was proved for Riemannian spaces in [BK, p. 100], [GLP, p. 188],
[J1.

Theorem 2.3.

() [ABB] A complete Riemannian manifold with boundary, regarded as a
geodesic metric space, has curvatgteK in the sense of Alexandrov if and
only if its interior sectional curvatures and its boundary sectional curvatures
on outward-pointing boundary sections are at most K.

(i) [AB] In a complete geodesic metric space with curvatyteK, suppose D
is an open metric ball of radius at mosy2y/K, in which minimizers from
the centerpoint are unique and vary continuously with their right endpoints.
Then D is a CAT(K)-space. Also, the radial distance from the centerpoint is
convex on D and strictly convex on nonradial geodesics.

(iii) [AB] In a CAT(K)-space, a closed, nonconstant curve of geodesic curvature
at most k is no shorter than a complete circle of curvature k yn @he
curve is allowed to join nonsmoothly at the terminus.)

Remark.The geodesic curvature of a curve in a metric space is defined as in
[AB], using arc/chord comparisons to curves of constant curvatugg ift agrees

with the usual notion of geodesic curvature when applied to a smooth curve in
a Riemannian manifold.

Lemma 2.4.The visual liftM * = M*(p, ro), regarded as a geodesic metric space,
has the following properties:

(i) Except possibly at its endpoints, a minimizeNIt lies entirely in the mani-
fold with boundary M.
(i) M*is a CAT@)-space.
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Proof. (i). First note that the uniqueness of minimizers frpnm M * and their
continuous dependence on their righthand endpoints is an automatic consequence
of the exponential lifting that defindd *. Let 8 be a minimizer inM *. We must
show that the distance fromto a relative interior point of; is strictly less than

do. Without loss of generality, it may be assumed thatontains no nontrivial
segment of a minimizer fronp. Consider the ruled surfac in M* whose
generators are the minimizers fromto 5. By the construction oM *, it is

easy to see that the Riemannian metric of its interior may be extended across
its boundary, and henc® may be realized as a ruled surface in a Riemannian
manifold without boundary of curvaturg (1 +¢). Sinceg is continuous and

the minimizers fromp vary continuously with their righthand endpoints, we
may invoke the theorem of Alexandrov stating that ruled surfaces in metric
spaces of curvaturg K inherit the same curvature bound [Av3]. Theref@e

has curvature< (1 +¢). RegardingS as an open metric ball in itself of radius
7/2(1+€)Y? > d(ro) and applying Theorem 2.3(ii), we conclude that the distance
from p to j is strictly convex.

(i). Note that under our curvature bounds, the sectional curvaturBsase at
most 2 by the Gauss equation. Given part (i), the proofith&has curvature< 2

in the sense of Alexandrov follows without essential change the corresponding
proof in [ABB, Sect.2.3] (see Theorem 2.3 (i) above). To show tdtis a
CAT(2)-space, by Theorem 2.3 (ii) it is only necessary to check dtef) <
7/2v/2. Recall that, = log costt(ro). By the definition (1) ofd(ro), and the fact
thatt(ro) is increasing and; — ro is decreasing i, it suffices to display some
value ofrg in (0, 7/4) at which botht(ro) and 5 — ro are less thanr/2v/2. In
particular,ro = 7/6.5 will do. m|

3. Reduction to model spaces
3.1. The construction

For a givenrg, consider a poinp_ in M_ at distance from the boundanB_
(see Fig. 2). Sag is allowablefor rq if a point lying at lengths"alongB_ from
the foot is transversely visible from_. Letr_ =r_(S,rq) be the corresponding
radial distance fronp_; then the allowability condition is_ < t(rg). For a given
s > 0, definev = v(S) andw = w(S) by the following two conditionsG..) (see
Fig. 1):

(C-) In M_, v is the visual tangency distanceBa from a pointg_ at distance
w from B_; that is,v = t(w).

(Cs) In M, v is the distance from a point. satisfyingd(g:, B:) = w to a point
lying at lengths alongB. from the foot.

It can be verified (see Sect. 4) thatand w are increasing functions of for
s< 1
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Fig. 1.

Now fix ro < .075 and an allowabls, and hence_,v andw. Forrg in this
range,d(rg) = t(rg). As in the preceding section, consider a pgnat distance
ro from B, and setM* = M*(p, rp). Let v denote a unitspeeB*-geodesic that
starts at a foot op on B* (so¢ = /2 ats = 0). Sinces is allowable forro, it
follows from the inequalityr _ < t(ro) and the left sides of Lemma 2.2 (i) and
(i) that v can be extended iB* to lengths.

On the minimizer fromp to the foot, take the poing at distancew from
the foot (see Fig. 2). If we observefrom g, then by C_) and the left side of
Lemma 2.2 (i),y remains visible either to its full length, or to a pointm at
radial distancey from q, whichever comes first. ByQd;) and the right sides of
Lemma 2.2 (i) and (ii), the pointn comes first, that is, the lengthof ~ out to
m satisfiess < s. Finally, if we again observe from p, sinces < s and the
radial distance fronp increases along, the radial distance from p to m is at
mostr_. Thus inM* we have a geodesic trianglagpm, lying entirely in the
interior of M * except for the vertexn, with two sidelengthsy — w andwv, and
the third sidelengtlr <r_.

s

Fig. 2.

We shall prove in the next section:

Lemma 3.1.Given fp < .075 there is an allowables such that for the triangle
in S_; with sidelengthsg— w, r_ andwv, the angle opposite the side of length
is greater thanr/3.

Using this lemma, we can prove Theorems 1.1 and 1.2:
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Proof of Theorem 1.1First assume mgsup|K |, supx?} # 0, and rescalé/ so
this maximum is 1. Suppose the inradiusMf is less than075. If p is a cut
point of B in M, thenrg = d(p,B) < .075. LetM* = M*(p, ro). Chooses as
in Lemma 3.1. Sinces is allowable forrg, we have just seen th&* contains,
from each footpoink of p on B*, a B*-geodesic of lengtls in every direction.

We claim that these geodesics sweep out a normal coordinate neighborhood of
x in B*. Otherwise, by a standard argument, there would be a nontrivial geodesic
loop in B* based a with length at most & Here,s < (1 — e 20)l/2 <
(1 — eHY2 ~ 37, as may be verified by settimg = t(ro) in (6) below. But
by hypothesis, the normal curvature i* of this loop is at most 1. Therefore
by Lemma 2.4 (ii), according to whickl * is a CAT(2)-space, and Theorem 2.3
(iii), the length of this loop must be at least the length of a circle of curvature 1
in S, namely+/2r sin(tam* v/2) = 2r/+/3, a contradiction.

Note that the closed normal coordinate balls of radiuis B* centered at
two different footpointsx; and x, of p cannot intersect. If they did, then the
sum of the two distances iB* from x; and x> would have a minimum value
on that intersection of closed balls. At such a minimum the two geodesics must
join smoothly, forming aB*-geodesic joiningx; and x,. Otherwise we could
move in the direction oB* which bisects the angle between the two segments,
thus shortening both while remaining in the intersection of the two balls. This
contradicts Lemma 2.2, according to which the radial distance fscim a B*-
geodesic from a footpoint g always increases.

Now, following our construction, consider a geodesic trianfylgomin M *,
whereq lies on a minimizer fronp to B* at distanceq — w from p, m lies on
a B*-geodesic from the footpoint witlgm| = v, and|pm| =r < r_ (see Fig. 2).

We claim that the angle‘gpm in M* is no less than its comparison angle in
S 1.

SinceM * is a CAT(2)-space, its minimizers of length yzﬁ are unique
and vary continuously with their endpoints. However, these-geodesics may
bifurcate if they touchB*, signifying negatively infinite curvature. We consider
the family of M *-minimizers{g,} from q to the points of the geodesic= mp,
whereu € [0, a] is the arclength parameter enand|3,| < ro+t(ro) < 7/2v/2.

In order to apply Toponogov's theorem, we need to know that this family does
not touchB* (except for the endpoink(0) = m). This will follow by applying

the first variation formula and the convexity of radial distance, first fmrhen
from q, then fromp again.

Specifically, since by Lemma 2.2 the radial distance fioro + is strictly
increasing alongy, the distance fronp to 5y is larger at the right endpoint
than at the left. By convexity and first variation, the anglexéd) between the
velocity vectors ofjp and« is obtuse. By Theorem 2.3 (i) applied to the metric
ball in M* with centerq and radiusr/2+/2, the function|3,| is also convex
in u. Furthermore, sinc@, is varying uniquely and continuously in a geodesic
metric space of curvature at most 2 did| < 7/2v/2, the first variation formula
applies here also (see discussion in [AB]). Therefore the lefigthdecreases for
0 < u < ¢ < a, where eitherc = a or the angle between the velocity vectors of
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B anda is 7/2. Sinceq lies at distancev from B* and|5p| = v = t(w), Lemma
2.1 implies that for O< u < c, the geodesig, does not touch the boundary
B*. Foru > c, the angle between the velocity vectors &f and « cannot be
obtuse. It follows that if we view these geodesigsfrom p, the convex radial
distance function fronp to 3, is nonincreasing. Therefor, lies entirely within
radial distancey — w of p. Sincerg is the distance fronp to B*, for u > ¢ the
geodesics, also cannot touclB*.

Knowing that the family{ 3, } joining g to « = mpruns through the interior of
M *, we can use an Alexandrov-Toponogov construction to progpm > /3.
Consider theAlexandrov developmeit S_; of « from q. By definition, this is a
curved in S_; obtained as follows: associateda pointdin S_;, and associate
to 8, a geodesig3, of the same length frony fo G(u), turning monotonically
in u so thatu is also the arclength parameter af Such a development is
always possible, and unique up to a motion. Furthermore, since the curvature
of the interior of M * is no less than-1, the developmend is convexin the
sense that for sufficiently smal| the curvilinear triangle bounded tﬁ(,ie and
allu — e,u + €] is convex. (See [PR1.4] for a further discussion.)

Note that by first variation, the anglégpm atp between the velocity vectors
of 5, anda is equal to the angle at(d) between the velocity vectors of, and
&. Now take the evolute of the convex curuefrom its endpointaf{a). In this
way we obtain a geodesic triangle $1; whose sidelengths adjacent d&ga)
arero — w and|&| =r respectively, whose angle a{d) is equal toZgpm, and
whose opposite sidelength is at leg%| = v. By the hinge theorem, the triangle
in S_; of sidelengthsy — w, r andv has angle opposite the side of length
no greater thawgpm By Lemma 2.2r9 — w < ro < r. It follows that in the
latter triangle, the angle opposite the side of lengih- w is acute. But then
sincer < r_, the triangle inS_; of sidelengthgy — w,r_ andv also has angle
opposite the side of length no greater than/qpm. Therefore by Lemma 3.1,
Zgpm exceedsr/3.

To summarize, centered at the footpoimtsof p there are disjoint closed
normal coordinate ballsl* in B* of radiuss. EachB*-geodesicy of lengths”
from a footpointx contains a subarc from to the first pointm on ~ for which
lgm| = v. Let N5 be the portion ofB* swept out by these subarcs. Applying
Lemma 2.1, withg andw replacingp andro, we find thatNg is visible from
g, sincev = t(w) = d(w). Moreover by Lemma 2.2 and first variation, the
restriction toNg of the distance functiowl, from g is regular except at, and
its level hypersurfaced,_. defined byd; = v — e intersects every geodesic
from x transversely. Thereford,, _. is an imbedded topologicah(— 2)-sphere,
separating the normal coordinate bilt.

It follows that the unit vectors ai pointing toH,,_. separate the unit tangent
sphereS,. For e sufficiently small, we have seen that the angle subtendpdst
x and any point of the hypersurfatg,_. is greater thanr/3. We conclude that
the closedtf — 2)-spheres of radius/3 in S, about vectors pointing to distinct
footpoints ofp are disjoint. Since for any three points on a unit sphere, there
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exist two at distance at mostr23 apart,p has at most two footpoints d&* and
hence orB.

Thus every cut poinp of B has degree 2. Therefore the cut loctisof B
is locally the zero set of a smooth functién — F, whereF; is the distance to
a connected neighborhodg} in B. Since the gradients never coincide,is a
smooth hypersurface &l which is the image oB under the two-to-one local
diffeomorphism mapping footpoints to cutpoints. A maximal connected subset
B° of B that maps into a component & is a component oB covering a
component ofC. Thus there is either a homeomorphism or a double covering
map fromB° x [—1,1] onto M, which mapsB°® x 0 ontoC and is a local
diffeomorphism orB® x [—1,0] andB° x [0, 1].

In the pullback structure, each vertical curve is a possibly nonsmooth join
of gradient curves of the distance functionsB® x =1 onB°® x [-1,0] and
B° x [0, 1] respectively. Le¥/; andV, denote the corresponding gradient fields,
each of which extends to a neighborhdddof B® x 0inB° x [—1,1]. By our
previous work, we may choodé so that each of the two boundary components
subtends a visual cone angle of at leag8 at every point olU, and hence the
angle betweerV; andV, at anyq € U is at least 2/3. Let F be a function
on B® x [—1,1] that is smooth in the pullback structure, whose values on
B° x [-1,0] are in [1/2,1] and 1 offU, and whose values oB° x [0,1]
are in [01/2] and 0 offU. ThenV = FV; — (1 — F)V, determines a smooth
vector field onB® x [—1,1] of bounded length and whose projections on the
vertical directions are bounded away from 0. Therefore its integral curves run
from one boundary component to the other. By normalizing their parametrization,
we conclude that eithévl or its double cover is diffeomorphic 88° x [—1,1].

It only remains to check the ‘flat/flat’ case, where rsup|K |, sups?} =0
and inr € (0, 0). Again letp be a cut point of the boundam. In this case
all of M is visible fromp, and there is a flat strip * in T,M mapped locally
isometrically ontoM by the exponential map. Here, eithdr or its double cover
is isometric to the product d8° and an interval. O

Proof of Theorem 1.2The topological assumptions of the theorem ensure that the
hypersurfaceH separateX into two components. Indeed, by Alexander duality
[S, Sect. 6.9]H1(X,X —H;Z/2Z) is isomorphic toaH"~%(H; Z /2Z), hence has
dimension 1 sincéd is connected. Then the long exact sequence for the pair
(X,H) shows thatHy(X — H) has dimension 2.

The fact thatH is imbedded properly and smoothly makes it clear that each
component has boundak. Now we apply arguments from the proof of Theorem
1.1 to the closuré of one of these components. If the inradiusvbfwere less
than.075, then the cut locu€ of B = H would be doubly covered bl under
the cutpoint map sincél is connected. Since every point 6f lies at distance
no more than the inradius from its preimagedinandH is properly imbedded
in X, then C is also properly imbedded iX. ThereforeC separatesX into
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two components, both of which interseldt. But thenH is not connected, a
contradiction. O

4. Estimates

This section is devoted to the proof of Lemma 3.1. We begin with a qualita-
tive version, from which it follows that Theorems 1.1 and 1.2 hold for some
dimension-independent constamt We finish with precise estimates an Let
functionsw = w(s),v = v(S) andr_ =r_(S,ro) be defined as in Sect.3. The
defining equations are:

coshr_ = (1 +5%)e +e™)/2 (6)
eV = coshv )
cosv = co$(5/v/2) cosw + sirf(S/v/2) sinw. (8)

The constraints are: @ w < rg, S > 0 and the allowability condition cogsh <
cosht(rg) = e'.

For theS_;-triangle with sidelengthsy —w, r_ andw, let 6 = 6(s, ry) denote
the angle opposite the side of lengthBy the hyperbolic law of cosines

coshr_ coshfg — w) — coshv
sinhr_ sinhfo — w)
(1 +S_2)e4'° + e2r0 _ ((3 _ §2)le0 _ l) e2w

= 9)

((1+82)2f0 — 2(1— )0 +1)% (2o — g2u)

cost

Viewing (8) as a power series equationtify $> andw, and expressing as a
power series inv? via (7), it is easy to see that® and w are analytic ins?.
Specific calculation gives = §2/2 +O(s%), e?* = 1 +s2+ O(5%).

From (1) we can deduce the following qualitative version of Lemma 3.1:
for any e > 0 there is ad > O such that if p < §, thenf(s,rg) > 7/2 — € for
some allowables. The argument becomes clear if we “blow up” the singularity
of 4(S, ro) at the origin by changing to variables, &) wheree?° = 1 +as. Then
the linesry = constant are carried to hyperbolas. Bosufficiently small, the
regionw < ro < 4 in the open first§, ro)-quadrant is carried diffeomorphically
onto a region in the open firss,(@)-quadrant bounded above by the hyperbola
as = €? — 1 and below by a curve (namely the imagergf= w) which lies
below some linea = Cs . It is easily checked that imposing the allowability
condition does not change this general description of the image region. Setting

(€ —1-8)/5*=b

converts equation (1) into



Thin Riemannian manifolds with boundary 67

a’+(1+a® — 2b)s? + a(1 — 3b)s® + bs* + abs®

. — .
(4+a?+6as+(1+2a%)s? + 2as® +a%s*)?(a — S — bs?)

cosh = (10)

Note that the righthand side of (10) extends across the positiagis to an
analytic functionf (s,a) with f(0,a) = a/v4+a? . By the implicit function
theorem, sinceédf /0a(0,a) # 0O, the equation cas = constant definea as an
analytic function ofs'in a neighborhood of any point on the positiexis. Now
our claim is immediate from the fact that such a curve intersects all hyperbolas
as =k for k sufficiently small.

Lemma 3.1 states a specific estimate, namely that for eaeh.075, there
is an allowables for which # > 7/3. Computer experiments indicate that the
constant = .075 given here is the best that can be achieved by our construction.
We will prove the lemma by showing th#& > 7/3 along the curvee?o =
1 +.845s, which runs from the origin in thes(rg)-plane to (.1915,.0752). It is
easily verified that ifa > .2 and 0< s < .2, then the expressioR for cosf
given by (10) satisfie®F /0b < 0. Below we show

b > —.024 for 0O< s < .2. (11)

Thus it suffices to prové=? = P/Q < 1/4 whena = .845b = —.024 and

0 < 5 < .192. This in turn follows from calculations showing that the resulting
polynomial Q — 4P in s is positive ats = 0 and strictly decreasing to its first
positive root ats > .192.

The rest of the section is devoted to proving (11); the argument for this is
rather technical. Assumg < .2. In M., let wg be the projection of &.-arc of
lengths on a radius 0B, (see Fig. 1). Then tamg = tarf(S/+/2). From the series
expansions fow in terms ofs (from (7) and (8)) and fokwg, there is an initial
interval on whichw is increasing andv < wg. On this interval, first variation
givesdv/ds = (—dw/ds)cosa + cosf < 1 wherea and 8 are as in Fig. 1.
Thus whilew < wg holds,v < s andw increases. In addition, sinakw/ds =
(dv/ds)tanhv by (7), v also increases amghv/ds < (dv/ds)tanhs < s, hence
w < §2/2. But since tafp > tanp? for 0 < p < 1, we have tamyg > tan§?/2)
and hencev < wg for s < .2. Thus we have variables in the following range:

z=5<.04

—_ 7

u=v><.04 w<.02 (12)

By (8), (12) and alternating series estimates, one can show that isos
bounded above by - z/2 + z?/12 — .499w? + .505zw and below by
1 — u/2 +.0416u?. Thus

z —7%/6 — 1.01zw + .9980w? < u — .0821%. (13)
Similarly from (7) one obtains both
u/2 +u?/24 < w + .504w? (14)

and 1 +w +w?/2 < 1+u/2+103u?/24, which together imply 2 < u.
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Now we convert (14) to a quadratic upper boundvionu. Sincedv/ds # 0,
(7) and (8) determine a curve in the,(u)-plane, which lies under the hyperbola
defined by the case of equality in (13).uf= 2w + Aw? is the parabola that
makes second order contact with this hyperbola at the origin, #en.673.
Since distinct conics can have at most four intersections, counting multiplicities,
and since this parabola lies above the hyperbola at.2, we can conclude that
it does so on the entire range. (If the parabola were under fas| < €, then
it would have two intersections in addition to a multiplicity three intersection at
the origin; if it were under for O< w < € and over for—e < w < 0, then it
would have one intersection in addition to the multiplicity four intersection at
the origin.) Thus

2w < U < 2w+ Aw?. (15)

Substituting (15) into (13) gives
z/2 —2?/12 - 5052w < w — .3250°. (16)

By the same method as before, (16) may be converted to a quadratic lower bound
in z on w:

z/2+BZ <w (17)

where B = —.255. Now exponentiate the square of both sides of (17), and
substitute the series expansion of the left side, truncated after the fourth order
term. Replacingz® and z* by .04z and .0016z? maintains the inequality and
yields 1 +z — .024z2 < e®*, which is (11).

5. Metric structure

As inr? max{sup|K |, supx?} — 0, one can ask whethé or its double cover
becomes arbitrarily Lipschitz close to a metric product (see [GLP] for a discussion
of Lipschitz distance). This would force the ratio of supremum to infimum of
distances from boundary points to their opposite boundary component to approach
1. A counterexample is provided by the region inrasphere between a great
hyperspherer and an eccentric small hypersphere that convergesitosuch a
way that this ratio approaches. It is also easy to see that the stronger condition
dian? max{sup|K |, supx?} — 0 is not sufficient to forcéM close to a product
structure.

Almost-metric splitting does occur uniformly locally, however, as we now
show. As was proved in the previous section, given 0, there is @ > 0 such
that if ro < 4, then for some allowabls, the triangle inS_; with sidelengths
ro — w, r— andv has angle opposite the side of lengtlyreater thans#/2) — e.
Now supposeM satisfies it max{sup|K |, supx?} < (§/2)? for small 5. By
Theorem 1.1 M is diffeomorphic to a product, wher®l denotesM or its
double cover according to whethé has one or two boundary components
respectively. Moreover, as in the proof of Theorem 1.1yjifare the gradient
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fields of the distance functions from the two boundary compor@nts M , then
Z(V1, —V2) < 2e.

Normalize so that inr = 1. Then the supremanof distances from points of
B, to B; satisfiesa < 2. Since the normal curvatures of the level hypersurfaces
of the distance fronB; are controlled by 1-dimensional Riccati inequalities in
the sectional curvature bounds (see discussion in [K, Sect.1]), these normal
curvatures are arbitrarily close to O férsufficiently small. Since the normal
curvatures are the logarithmic derivatives of the lengths of geodesic projections
between level hypersurfaces, the interioMbfmaps diffeomorphically with local
distortion arbitrarily close to 1 to an open submaniféldf the metric product
B; x [0, a], where

P={(p,t): 0<t <f(p)}

and f (p) is the length of thel\7|-ge0desic normal t@; at p. ThereforeM is
arbitrarily Lipschitz close to the closure Bfin B; x [0, a]. Furthermore, since
the geodesics normal 8, strike B, at angles arbitrarily close ta/2, by first
variation |df| is arbitrarily small.

Thus we obtain the following corollary, where the notation is as in Theorem
1.1. Recall that for sufficiently small,M is diffeomorphic to a product of a
manifold without boundary and an interval, wheve denotesM or its double
cover according to whethé¥l has one or two boundary components.

Corollary 5.1. Given C > 0 ande > 0, we may choosé > 0 (independently
of dimension) such that ifr* max{sup|K |, supx?} < 4, then any metric ball in
M of radius Cinr lies in an open submanifold with boundaryNh that is within
Lipschitz distance of a metric product of a manifold without boundary and a
closed interval.
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