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Let V have basis {e;}} and W basis {f;}}. A linear map
T:V W
is given by the matrix A = (A%) with respect to the bases {e;} and {f;}:
T(e;) = Z Aé' fi
and likewise for the dual

() = DA
J

1 Tensor algebra

The induced maps can be described in terms of the corresponding bases:

T.: TX(V) = T(W)

T*(ejl ® .0 ejr)

<Z A;’;fil> ®..® (Z A;:fw)

il iT‘

Z A LAY fi ©..9 fi

‘We use the shorthand
Ai-l'”ir — Ai_l A’L"r
g1

J1.--Jr
so that this becomes

T(ej,®..@e€;,)= Y Allf@.af
1y
Likewise, the induced map
13 (W) = T5(V)
is given with respect to the basis by

(e f)= Y Al @ ek
jl’»--ajs

J1---Js



2 Exterior algebra

The induced map on the exterior algebra can also be described in terms of bases.
Let ej, A ... Aej,. € A (V) be a basis vector. Then

T*(ejl VANEAN Bjr) = Z A;llz' fil VARPTVAN fir

......

i1, yin

We note that we are not summing over our preferred basis since we don’t
have i; < ... < i,, indeed, we are summing over all i, ...,%,. First, since any
term with some i, = ¢;, ¢ # t, must be zero (f; A f; = 0), we can write this as

T, (6]‘1 VAN €jr) = Z A;llézlf“ VAN fir
i1 seesiiiq it
Therefore, for each i1, ..., %, there is a permutation o;, ;. = o € S, so that
ia(l) <. < ia(r)

So we have
T*(ejl VANTAN ejr)

_ Z (_1)597’7/(0'1'1 ..... iTv)Ailm'l,_..,iT(U“'if’il ..... i (7 f;

) — Joiqg,..., i () Jogy ip (M) 7T in (1)
Zlv"yl'r';Zq?élt

Ao AFi,
1

15 i

(r)

This can be rewritten as

T*(Ejl VANRTRVAN ejT) = Z Z (71)Sgn(J)A;i,.(lllji.jo(T) fil A A fir

11<...<ip 0ES,

Similarly, we can write

T A A fi) = 3 S (—1) @ Al 0 i n i

J1<...<jr c€S,
Ifwelet I =iy < ... <4, and J = j; < ... < j, be multi-indices, so that
ej =e; N...Nej;. and fh=fan A fir

and likewise for f; and e’. Then our expressions for T, and T* take on the

simplified form
Tules) = Y (~1)* DAL ) fr
I o€esS,

T*(fl) _ Z Z (71)5971(0)143(1)6‘]

J o€S,

and

where o(J) and o(I) are the re-orderings of I and J, respectively, determined
by o.



