Differential Geometry: Problem set 6

November 17, 2006

Due Friday, November 13

1. Let V be a finite dimensional vector space. Verify that v A ... Avg € ALV
is nonzero if and only if vy, ..., v are linearly independent.

2. In class we defined a canonical isomorphism indirectly
ARV = Alt(V;R)

where Alt,(V;R) was the space of alternating maps from the k-fold prod-
uct of V' with itself to R. However, the isomorphism was somewhat indi-
rect. To check your understanding, given

w = E Wip,...in€t Ao Ne™ € AFYV

write down the effect of the associated alternating function on the k—tuple
(ejl y ey ejk)'

3. Let U, V and W be finite dimensional vector spaces and T : U — V and
S : V — W are linear maps. Check that the induced maps

T* AV 5> A*U S*: AW = A*V (ST)* : A*W — A*U

satisfy
(ST)* =T*S*

4. Suppose M, N and L are smooth manifolds with smooth maps
F:M—-N G:N—=1L
check that the induced maps
FF: QN> Q*M G :QL->Q'N (GF)*:Q'L—->Q*M

satisfy GF)
GF)* = F*G*



5. Verify that if F: M — N is a smooth map and w € QP(N), then

F*(dw) = dF*(w)

6. In R™, define an n — 1-form

n
w= Z(—l)i“xida:l A.. Adxi A ... A dz"

i=1
(where as usual © means omit -). Consider the standard embedding
f:8" 1 cR®

and prove that f*(w) is a nowhere vanishing top-form, and so S™ is ori-
entable.

7. If n is odd, show that RP" is orientable. Show that when n is even it is
non-orientable. In both cases, it is useful to consider the quotient map
S™ — RP™.

8. Let M be any smooth manifold and 7 : T*M — M its cotangent bundle.
There is a canonically defined 1-form © € Q'(T*M) defined by

®m,a = (dﬂ-(m,a))*a

That is, at the point (m,a), ©n,q) € Ty TM is the pull-back by dr*
of the covector a € T (M). Verify in local coordinates that © is indeed
a (smooth) 1-form. Specifically, if x!,...,z™ are coordinates on M and
2!, .., 2", y', ...,y" are the associated coordinates on T*M, express © in
terms of these coordinates and verify it is smooth. Also compute (in these

coordinates) w = dO© and verify that the n-fold wedge product
WA .AW

is a nowhere vanishing top form.



