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We construct new monomorphisms between mapping class gaigprfaces. The
first family of examples injects the mapping class group ofoged surface into
that of a different closed surface. The second family of gxlasare defined on
mapping class groups of once-punctured surfaces and haeeqgtious behaviour.
For instance, some pseudo-Anosov elements are mapped tietwists. Neither

of these two types of phenomena were previously known to lssiple although
the constructions are elementary.
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1 Introduction

Let Xqx be the closed orientable surface of germiswith k marked points and
Homeogyk) the group of homeomorphisms &Iy which map the set of marked
points to itself. If we endow Homehj k) with the compact open topology then
Home@(X4k), the connected component of the identity, is the normafjsauip con-
sisting of those elements which are isotopic to the idengitgtive to the marked points.
The (extended) mapping class groupXQfy is the quotient group

Mod(Xg k) = HomeoEgk)/Homea(Xq k).

Throughout this note we will assume without further mentibat eitherg > 2, or
g=1andk>2,org= 0 andk > 5.

The problem of studying homomorphisms between mapping gesips has received
considerable attention. Automorphisms of mapping classigs were classified by
Ivanov [L8] and McCarthy P6]; and injections from finite index subgroups of a map-
ping class group to itself by Ivanod 9], Irmak [16, 17], Behrstock-Margalit 1] and
Shackleton 30]. Recently Harvey-KorkmazlH] proved that there are no non-trivial
homomorphisms Mod{g o) — Mod(Xh) with h < g andg > 3.


http://www.ams.org/mathscinet/search/mscdoc.html?code=57M07,(32G15, 57R50)

Besides the Harvey-Korkmaz theorem, the situation for hoormhisms between
distinct mapping class groups is not well-understood andhraf the research has
focused on injective homomorphisms. For example, the faat évery finite sub-
group of Modgy 1) is cyclic implies that there are no injective homomorptesm
Mod(Xg,0) — Mod(Xy 1); see P8]. A stronger result is due to lvanov-McCarthg(],
who proved that there are no injective homomorphisms Mggdf — Mod(Xy )
for all but finitely many pairs ¢, k) and @, k') such that  + k —3g — k = 1.
However, in the same paper they observed thitif O then every characteristic cover
Yy — Xgk induces an injective homomorphism Matl{x) — Mod(Xy v); see
Section2. The presence of marked points is crucial to their consactThe first goal
of this note is to construct examples of injective homomapis between mapping
class groups of surfaces without marked points.

Theorem 1 For everyg > 2 there isg’ > g and an injective homomorphism

¢ : Mod(3g,0) — Mod(Xy o).

As in Ivanov-McCarthy 20], the idea of the proof of Theorerh is to construct a
finite-sheeted coveringy o — Xg,0 With the property that every € Homeog g o)
has a distinguished lift. In order to do so we combine eleargntovering theory and
basic finite group theory such as the Sylow theorems.

Once the existence of injective homomorphism between magppass groups has been
sufficiently established, it is an interesting problem tadgthow these homomorphisms
arise. Letp : Mod(Xgx) — Mod(Xy ) be an injective homomorphism. Denoting by
T(3gk) andT (Xq i) the Teichniiller spaces oblgx and Xy i, it follows from the
solution of the Nielsen realization problei2d] that there is a continuous-equivariant
map

P T(Z‘g’k) — T(Zg/7k/).

If the homomorphismg is constructed as in5], [20] or Theorem1 then it is not
difficult to see that, endowing both Teiclifter spaces with the Teichiler met-

ric, & can be chosen to be an isometric embedding. In particulgr,saoh ¢ is
type-preserving in the sense that it maps pseudo-Anosovethetible elements of
Mod(Xgk) to again pseudo-Anosov and reducible elements of Mgd(). Moreover,

the isometric embedding extends continuously to an embedding of the Thurston
compactificationf (Xgk) = T (Egk) UPML(Xgk) of T(EXgk) to the Thurston com-
pactification T (Xg k) of T(Xg ). Here PML(Xgy) is the space of projective
measured laminations afgk. In particular, the limit set\ ; o5, ) IN the sense



of McCarthy-Papadopoulo27], of the image of¢ is a proper subset &FML(Ey )
homeomorphic t& ML(3g ).

Our next goal is to construct injective homomorphisms froned{g 1) into some
other mapping class group for which these properties fail.

Theorem 2 For everyy there isg’ and an injective homomorphism: Mod(Xg 1) —
Mod(Xy 1) with the following properties:

(1) There are pseudo-Anosov mapping classédau(Xq 1) whose image undex
is a multi-twist. In particulare: is not type-preserving.

(2) The limit Sema(Mod(zg,l)) of the image ofo is the whole spac® ML(Xy 1)
of projective measured laminations &l 1 .

(3) In particular, there is nav(Mod(Xq1))-invariant subset ofl (Xy 1) which is
convex with respect to the Teiclirtler metric.

The examples constructed in Theor@mware described purely algebraically, but can
also be seen as the composition of a monomorphism of the ggeided by Ivanov-
McCarthy, composed with the (noninjective) homomorphidotamed by forgetting
some of the marked points.

We conclude this rather long introduction by a brief plan lo¢ fpaper. In section

2 we explain the preliminaries on induced homomorphisms faowering spaces,
and provide criteria which allow one to construct monomdaspts from covers (see
Proposition5). Section3 begins by converting these criteria into statements about
surjective homomorphisms of surface groups to finite grd@peposition6), and ends

by finding homomorphisms satisfying the required properteéeprove Theorem. In
Section4 we construct the required monomorphism and finally in Sectiorb we
prove Theoren?.
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2 Homomorphisms from covers

In this section we describe the basic means of building hoamphisms of mapping
class groups from covers. Maclachlan-Harv@g][and Birman-Hilden ¢] explain
this procedure, but because their situation was slightlyencomplicated—they were
allowing branched covers over marked points and then agasiarked points in the
covers—the work there was restricted to regular covers. dspooof of Theoreml
exploits the irregularity of the covers involved, we canrefer directly to their work.
Nonetheless, the ideas here are likely well-known, and we lirecluded proofs for
completeness.

To keep better track of marked points, we will represent tidase >g by (%, 2),
whereX is a closed surface of gengsandz C ¥ is a set ok marked points. 1k = 1
andz = {z}, we will also write §, 7).

Letr: S — X bea degreeal cover andZ = x~1(z) a set ofkd marked points ob:
(thus €, 2) is a surface of genug’ = d(g — 1) + 1 with kd marked points). Given
f € Homeol, z) we say thatf € Homeof,%) is alift of f if forx = kof. If f
exists, then we say thathas a lift. Define

Homeq, (2, z) = {f € Homeog, 2) | there is a liftf € Homeog, %) of f},
the group of those homeomorphism &1, @) that have a lift to f], Z) and
Homed.(3, %) = {f € Homeog, ) | is a lift of somef € Homeq.(2,2)},
the group of lifts of homeomorphisms ofi(z) to (i, Z) by k.
There is a homomorphism
k. : Homed (3, %) — Homeq.(, 2)

with . (f) = f if f is a lift of f. Two lifts f; andf, of a given homeomorphisrf
differ by a covering transformation, and &g fits into a short exact sequence

1) 1——> K — Homed($, 7) —= Homeq,(%,2) — 1.
whereK is the deck-transformation group of the coveriragWe now prove:
Proposition3 Iff € Homed (3, 2)NHome(X, 2), thenk.(f) = f € Home(X, 2).
Moreover, the induced homomorphism

k. . Homedi(S, %) N Homea(S, 2) — Homeg(E, 2)

is an isomorphism.



Proof We begin by replacing both surfaces with punctured surfatés- > — z and
Y = 3 — Z; we still denote the induced cover y: ¥’ — Y. Fix basepoints € X’
andx € X' with x(¥) = * and consider the associated homomorphism

7Tl("i) : 7Tl(i/7 ;) - 7-[-1(2/7 *)
Choosing aNpath- in 3 joirling the points% and f(%) we obtain an isomorphism
betweenm (3, f(¥)) and (2, ¥). Abusing notation, we then have thiainduces a
homomorphism
mi() 1 (S5 - m(E5).
Similarly, the projections(7) to X’ of the pathr we obtain a further homomorphism
7Tl(f) : 771(2,7 *) - 771(2,7 *)

Taking into account that is a lift of f we obtain that both homomorphisms(f) and
m1(F) satisfy

(2) mi(f) o mi(k) = mi(k) o ma ().
The assumption thdt HomeQ,(i,Z) implies thatr(f) is an inner automorphism,
meaning that there is € m1(3, ¥) with

m)m) =y

Identifying (2, ¥) with its image underri(x) we obtain thus from2) that the
automorphism

3) mi(X, %) = (X %), n = mm)y

is the identity on the finite index subgroug (x)(r1 (X', %)) of 71(X’, ). The unique-
ness of roots in the surface group(>’, ) implies that the homomorphisr3)(is actu-
ally the identity; in other wordsy1(f) is an inner automorphism. On the other hand, the
automorphismry(f) preserves the kernel of the homomorphisa®’, x) — 71(2, *).

It follows now from the Dehn-Nielsen-Baer Theorem (see, EL.g]) that the homeo-
morphismf is isotopic to the identity. This proves the first claim.

So far, we have shown that the homomorphism
(4) k. Homed (S, %) N Homea(S, 2) — Homeg(E, 2)

is well-defined. The surjectivity of this homomorphism @mlis directly from the
isotopy lifting property of covers. The injectivity can berfinstance seen as follows.
Endow X’ and 3’ with hyperbolic metrics so that is a Riemannian cover. Any
elementf in the kernel of {) is a lift of the identity and hence an isometry Bf .

It is well-known that the identity is the only isometry of agerbolic surface (with
non-abelian fundamental group) which is homotopic to tleaiity. This proves thaft

is the identity concluding the proof of PropositiBn O



Denote by
Mod* (£, %) = {[f] € Mod(Z,?) |f € Homed (£, %)}

and
Mod, (%, z) = {[f] € Mod(2,2) |f € Homeq,(2, 2)}

the associated subgroups of the mapping class groups ahd 3, respectively.
According to the first claim of PropositioB, we can definex, : Mod;;(i,i) —

Mod,. (2, 2) by the formulax.([f]) = [x.(f)]. The following is a straightforward
consequence of the second claim:

Corollary 4 The sequencél) descends to a short exact sequence.

(5) 1——> K — Mod! (5, 7) ——> Mod,(%,2) — 1.

Remark Without going any further we would like to remark that the gi©of Propo-
sition 3 and Corollary4 still apply if k. : (X3,2) — (X, 2) is a branched cover with all
branching points irz.

The groups Homed?:, z) and Mod. (>, z) can be alternatively described as follows.
Let m(2) and 71(2) be the fundamental groups of the closed surfaces (the mharke
points play no role here); as in the proof of Propositiome identify 1 (3) with a finite
index subgroup ofr1(2). The whole group HomeadJ, z) acts on the set of conjugacy
classes of finite index subgroups of(>). Since a homeomorphisinhas a lift if and
only if it preserves the conjugacy classof(3) in m(X), we see that Homegy, 2)

is the stabilizer of this conjugacy class. Similarly, thisi@n of Homeok:, z) descends

to an action of Mod{, z) on the set of conjugacy classes of finite index subgroups and
Mod,. (X, 2) is the stabilizer of the conjugacy classmlf(i).

The following is now straightforward from the discussioroabe.

Proposition 5 Given a finite covering: : & — 3, identify 71(2) with a subgroup of

m1(X) as in the proof of Propositio8. There is an injective homomorphism
Mod(Z, 2) — Mod(E, 2)

obtained by lifting mapping classeshtod(>, z) to Mod(E, Z), provided the following
two conditions are satisfied

(i) the conjugacy class af,(3) in my(X) is invariant by the action dflod(X, 2),
(i) the sequencéb) is split.



We note that condition (ii) can be replaced by requirityto split since this implies
(5) is split.

Proof By the alternate description of M@(}, z), we see that condition (i) is equiv-
alent to saying that Mod{, z) = Mod, (X, z). Therefore, the sequencs) becomes

(6) 1—— K — Mod: (%, 7) —— Mod (%, 2) — 1.
By (i), (6) splits providing the required injective homomaorphism. O

To illustrate the use of Propositid) and since we will wish to revisit it later, we now
recall the construction due to lvanov-McCarttag].

Let X have genug) > 2 andz = {z}, a single point, so that’], ) represents the
surfaceXy1. Let s : 3 — 3 be a degree characteristic cover. By this we mean that
wl(i) is a characteristic subgroup #f(X). In particular, the conjugacy classm{(i)
consists of a single subgroup which is then clearly fixed lgyattion of Modg) and
so condition (i) of Propositioh is satisfied.

Let Z = x~1(2) be thed marked points in®, and fix one of thent € . As the
cover is characteristic, the covering groipacts transitively org. So given anyf €

Homeo@ 2), by composing with a covering transformation if necessasy can find
alift f which fixesz. This specifies a homomorphism HomEof) — HomecZ(E 7)

which splits the sequencé)( and hence condition (ii) of Propositidnis satisfied.
Therefore,x induces an injective homomorphism

Mod(Z, 2) — Mod(E, 7).

In the next section we will make use of a similar strategy tovprTheoreml; our
covers are however going to be as non-characteristic agmss

3 Closed surfaces

In what follows, X is a closed surface of gengs> 2 and the marked point setis
empty.

Proposition 6 Letp: m1(X) — G be a surjective homomorphism to a finite gra@p
such thaker(p) is characteristic. Suppose thatC G is a subgroup with

@ Ng(H)=H (b) Aut(G)-H = Inn(G) - H.



HereNg(H) is the normalizer oH in G and Aut(G) andInn(G) are the groups of
automorphisms and inner automorphism&=frespectively.

Letr : S — X be the cover corresponding to*(H). Then conditions (i) and (ii) of
Proposition5 are satisfied. In particular, induces an injective homomorphism

Mod(X) — Mod().

Proof In order to relax notation we sét = 71(X) andg = m1(2) = p~(H). The
covering groupK is isomorphic to the quotielip(I'p) /Ty of the normalizer ofl'g in

I moduloT'g. Property (a) implieNr(I'p) = I'g and hence th& is trivial. Therefore
K« IN (B) is an isomorphism so the sequence splits and (ii) of Priipas is satisfied.

To verify condition (i) it suffices to show that the subgrolig has the following
property:
(7) Aut(l’) - I'g = Inn([") - T'p.
To see thafy does indeed have this property, fixe Aut(I') and observe that since
p Is surjective and has characteristic kernel kgthere ist € Aut(G) with
poo =Top.
By property (b), there igy € G such thatr(H) = gHg™!. Sincep is surjective we
have in turny € I" with p(y) = g. We have then
a(lo) = a(p ' (H)) = (po o ) (H) = (-t o p)*(H)
= p H(r(H) = p~H(gHG ) = o (H)y = Toy
This proves 7) and thus verifies condition (i) of Propositién O

To prove Theorend, we must find a groufs with a proper subgroupd < G and a
surjective homomaorphism : 71(3) — G as in Propositioré. To construct such a
group, we consider thk-fold productS = S x - -+ x S of S, the symmetric group
in 3 letters, with itself. Letj : S — S be the projection onto thg" factor.

Proposition 7 Let G be a subgroup of such thatj(G) = S forall j = 1,..,k. If
H is a 2-Sylow subgroup o& thenH is a proper subgroup satisfying properties (a)
and (b) from Propositio®.

Proof Sincer; is surjective andS| = 6 then 6 divide§G| and thus any 2-Sylow
subgroup ofG is proper. Property (b) is immediate from the fact that @Bylow
subgroups of a finite group are conjugate.



Every p-Sylow subgroup ofG is the intersection of @-Sylow subgroup ofS with G.
This is because eveny-subgroup ofS—in particular ap-Sylow subgroup ofG—is
contained in som@-Sylow subgroup ofS.

A 2-Sylow subgrougP < S has the following form: there exisfy, . .., Xk € S, each
of order 2, such that

P={(X1,...,%) | =Xorx=1}=(Xy) x - x (X),
wherel is the identity inSs. Let P be such a 2-Sylow subgroup with =P N G.

Now supposey = (Y1, --.,Y¥k) € Ng(H). We want to show thay € H. Sincey is
assumed to lie ir, it suffices to show thay € P.

For everyj = 1,...,k we claim there existx = (x1,...,X) € H so thatx, = X;.
To see this, note that is surjective and so there exists an elemént G of order 2
such thatrj(x’) has order 2 inS;. We can conjugat&’ by an element of5 to some
X = (X1,...,%) € H. Sincex = rj(x) is non-trivial thenx, = X;.

Conjugatingx by y we have
Yx = (Mxq,... Xk x) € H.

Therefore, we have

X = X ordiX = 1.
The second case is absurd sin¢e# 1, so¥X; = X;. Thusy; is in the centralizer of
X; in S which is {1, X}. Since this is true for alj, we havey; = X; ory; = 1 for all
j- Therefore,y € P as required. O

We can now prove Theorefhn

Theorem1 Foreveryg > 2 there isg’ > g and an injective homomorphism

¢ : Mod(3g,0) — Mod(Xy o).

Proof The automorphism group Adtf of I' = m1(¥34,0) acts on Homl(, S3). Let
{p1, ..., pk} be the Aut(")—orbit of a surjective homomorphism in HomM(Ss) (such
an epimorphism exists sincg is 2-generator and’ surjects a rank 2-free group).
Then

p=p1 X - Xp: I =>8§=Fx- xS

is a homomorphism onto a subgroGp< S asin the previous section. By construction,
p has characteristic kernel. Applying Propositi@eompletes the proof. O



We will now describe an alternative construction, appepkgain to Propositior,
using a result of P. Halll[3] about finite simple groups which was explained to us by
N. Dunfield (see also Lemma 3.7 of Dunfield—Thurst@0]]. One version of Hall's
Theorem is as follows.

Lemma 8 (Hall) Supposd is any group, thaf,,...,Qx are finite, non-abelian
simple groups, and thai : G — Q; is an epimorphism for = 1,... K. If p; andp;
do not differ by an isomorphisr®; — Q; for anyi # j, then

p=p1x-Xp: = Q1 x- xQ

is surjective.

Now consider, for example, a finite simple group of the form. k8, (this group is
simple whenp is a prime greater than or equal to 5). lgt: I' = m1(X) — PSLx(Fp)
be an epimorphism. Again, Adtf acts on Homi(, PSLy(Fp)), and we note that
Aut(PSLy(FFp)) also acts by postcomposition. Lgt, ..., pn} be a maximal collection
of elements of an Auf{)—orbit, no two of which are in the same Aut(P£E))—orbit.
This is easily accomplished by starting with any AQtorbit and discarding some
number of elements.

The point is that nowp; and p; do not differ by an automorphism of PHIF,)
(unlessi = j), and by maximality, givery € Aut(l') andi € {1, ...,n}, there exists
7 € Aut(PSLy(Fp)) andj € {1, ...,n} so thatp; o ¢ = 7 o pj. Therefore, if we set

p=p1x--xpg: ' — PSL(Fp) x --- x PSLy(Fp) = G,
then p has characteristic kernel and by LemBya is surjective.

Now, letHg < PSLy(FFp) to be the subgroup of upper triangular matrices and-set
Hox---xHgp < G. SinceNpSLz(Fp)(Ho) = Hp, itfollows thatNg(H) = H so condition

(a) from Propositiot® is satisfied. Furthermore, as with any product of nonabéiite
simple groups, Autg) acts by permuting the factors and composing with automor-
phisms in each factor. The subgroup Aut(B@y)) contains Inn(PS(Fp)) as an in-
dex two subgroup, and itis not hard to see that Aut(iB}))-Ho = Inn(PSLx(IFp))-Ho.

It follows that Aut@G) -H = Inn(G) - H, and so condition (b) from Propositidis also
satisifed.

At this point we would like to observe that the proof of Thearg also applies in other
situations. For instance, we obtain injective homeomaipisi between the mapping
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class groups of two non-homeomorphic handlebodies. Sipilae obtain injective
homomorphisms

(8) Out(F,) — Out(Fy)

with n < m where Outf,) is the group of outer automorphisms of the free grdip
The existence of such homomorphisng$ \fas previously obtained by Bogopol’skii-
Puga [] using a different argument. In the examples @, [m grows exponentially
with n. However, the authors have only been able to obtain doulggrential bounds
on the degree of the covers constructed in the proof of TimedreThus we ask:

Question 1 What is the minimal degree (bigger than 1) of a covelﬁrge > ofa
closed surfac&: by X for which one can find an injectioklod(X) — Mod(X) ?

4  Another injective homomorphism

We now set out to construct the homomorphianof Theorem2.

We assume that and$ are closed surfaces of gengs> 2 andg > 2, respectively,
and thatx : & — X is a characteristic covering of finite degree. =t > and

7 € 3 be single marked points with(2) = z and letl’ = (X, 2) andl’ = 71(3, ).

As before, we writer1(x) : I' — T for the induced homomorphism on fundamental
groups. We write X, 2) and @, 2) for the surfaces with marked points. So we wish to
construct a homomorphism

o Mod(Z, 2) — Mod(, 7).

The Birman exact sequencd[is given by
1——T ——Mod(X,2 —— Mod(X) —— 1.

An element of Modg, 2) induces an isomorphism df and an element of Modl)
induces an outer automorphism. Since an elemeni alearly gives us an inner
automorphism, one can check that this determines a homdmsanpof short exact
sequences

9) 1 r Mod(%, 2) — Mod(X) —— 1

L l

1——Inn(") —— Aut(I") out") —1.

11



Sincel has trivial center, the first vertical arrow is an isomorphisMoreover, by the
Dehn-Nielsen-Baer Theorem, the second and third verticahe are isomorphisms. A
similar discussion holds fat andI". We will use the central vertical homomorphisms
to identify Mod(Z, 2) = Aut(I") and Modg:, 2) = Aut(l’). Similarly, we use the initial
vertical arrows to identify InfA{) = " and Inn{) = T".

We are now required to construct
o Aut(l') — Aut(D).
Given ¢ € Aut(l'), we definea(¢) € Aut(I") by the formula
a($)F) = (k) (1))

for every 4 € I". This makes sense becausgr) is an isomorphism onto its image,
m1(x)(I"), which is a characteristic subgroup Bf Thus, we are simply restricting
to m1(x)(I"), and conjugating it back td' by m1(x).

Lemma9 The homomorphisna. : Aut(') — Aut(I") is injective.

Proof Given ¢ € Aut('), we assume that(¢) is the identity. Son(p)(7y) = ~ for
all 5 € ', and sog(y) = ~ for all v € 71(x)(I). Sincem(k)(I") has finite index in
I' andT" has unique roots, it follows that(y) = ~ for all v € T'. That is, ¢ is the
identity, and kerq) is trivial as required. O

One can alternatively describe as follows. The Ivanov-McCarthy monomorphism
Mod(Z, 2) — Mod(, 2) as described in Sectichhas image inside Mod, 2, 7), the
group of those homeomorphisms cft,(i) which fix the single marked poirt. There

is a homomorphism (fitting into Birman’s more general exacfuence4]) defined by
forgettingZ — Z, all the marked pointexceptz

Mod(%, Z,%) — Mod(, 7).

We leave it as an exercise for the interested reader to chlietkat is given as the
composition
Mod(3, 2 — Mod(X,Z,2) — Mod(X, 2).

5 Properties of«

In this section we prove Theoreghbut before doing so we motivate it briefly. The
examples of injective homomorphisms between different pirapclass groups con-
structed in p], [20] or Theoreml are induced by a cover in the following sense.
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Definition Let (X, 2) and(i, 7) be surfaces with a possibly empty finite set of points
marked. A homomorphism : Mod(Z,z) — Mod(E, ) isinduced by a coveif there

is a possibly branched cover: S — %, with all branching points of. contained in

z, with 2 C k~1z, such that ifzy € k~(2) \ Z thendeg.(z) > 1 and such that there
is a continuous homomorphism

k. 1 Homeog, z) — Homeog, 7),

for which k. (f) is a lift of f for all f € Homeog, z), and which induce® .

If ¢ : Mod(X,2) — Mod(i,i) is induced by a covek : (i,i) — (X, 2) such that
Z = k~1(2) then it follows from Propositior8 and the remark following Corollarg,
that there is a well-defined-equivariant isometric embedding

:T(E,2) = T(E,2).

The result remains true & is properly contained in:~1(z) since the assumption on
the local degree of the cover implies that the compositiothefisometric embedding
T(2,2) — T(E, s Y2)) with the projection7 (X, x~1(2)) — T(%,2) is still an
isometric embedding. In other words, we have:

Lemma 10 Assume that a homomorphisg: Mod(X, z) — Mod(, ) is induced by
a cover and endow the Teicliter spacesl (3, z) and7 (3, Z) with the Teichniiller
metric. Then there is af-equivariant isometric embedding

:T(E,2) = T(E,2).

In particularg is type-preserving in the sense that it maps pseudo-Anasbvealucible
elements oMod(3, ) to again pseudo-Anosov and reducible elemenidod(X, 7).
Also, the limit setA sMod(.2) of the image ofp is a proper subset &M L(X, Z)
homeomorphic t®®ML(X, 2). O

Here we have identifie(ﬁ”Mﬁ(i, Z) with the Thurston boundary of the Teiclitter
spaceT(i,Z). McCarthy-Papadopoulo27] defined the limit setAy of a subgroup
H c Mod(%,?) to be the closure iPML(E, ) of the set of pseudo-Anosov fixed
points (when there are no pseudo-Anosov elements, the titgfimimust be modified
but this is not relevant to us since, as we just remarkgtyjod(>:, z)) contains such
elements).

In a nutshell, the claim of Theore@is that none of these properties holds for the
homomorphismy constructed in the last section.

13



Theorem2 For everyy there isg’ and an injective homomorphism: Mod(Xg 1) —
Mod(Xy 1) with the following properties:

(1) There are pseudo-Anosov mapping classédau (>4 1) whose image undex
is a multi-twist. In particulare is not type-preserving.

(2) The limit setAa(Mod(zgyl)) of the image ofo is the whole spac® ML(Xq 1)
of projective measured laminations &g 1.

(3) In particular, there is nav(Mod(Xq1))-invariant subset ofl (Xy 1) which is
convex with respect to the Teiclirtler metric.

With the same notation as in the preceding section, we usBithen exact sequence
(9 toview I’ = m1(2, 2 andI’ = 71(2, 2) as subgroups of Modl, 2) and Mod{, 2)
respectively. The proof of Theoregis based on the following observation.

Lemma 1l «(l) containsl’ with finite index.

Proof From the definition we have(ri(x)[)) = I, and m1(x)(I") < I has finite
index. O

We start with the proof of the first claim of Theore2Zn To begin with, recall that in
[23], Kra proved that (the mapping class identified with T" is pseudo-Anosov if
and only if the free homotopy class determined bys filling in X —that is, every
element of the free homotopy class ofnontrivially intersects every homotopically
essential closed curve. On the other hand if freely homotopic to a simple curve,
then the mapping class determinedys a multi-twist. In particular, in order to find
elementsf] € Mod(Xg 1) of the required type, it suffices to exhibit an element I'
whose free homotopy class is filling, but which lifts to a sienjpop onY. Such loops
~ can be constructed as follows.

Let \ be an ending lamination on; this is a geodesic lamination admitting a transverse
measure of full support, for which all complementary regi@ne ideal polygons. We
further assume that is not the preimage of a lamination ai. Let 3, be a sequence
of simple closed geodesics B which are converging td—this is possible for any
minimal lamination; see e.g9] Lemma 4.2.15]. Since is not a lift, we can find an
element$ € K, the covering group ok : $ — %, for which 0(A) # A. Since) is an
ending lamination) andd()) fillup £. In particular, forn sufficiently large, 3, and
0(Bn) also fill up . It follows that for sufficiently largen, «(5,) is filling on ¥ and
has a simple lift,5,, to . Appropriately replacing the curves by based loops gives
examples of the required type for all sufficiently lamge This concludes the proof of
the first claim of Theoren.
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Remark Obviously, ify € T fills 3, then its projection also fillE . In particular,
there are pseudo-Anosov mapping classéslau(>, z2) whose image undex is also
pseudo-Anosov.

We now prove the second claim of Theor@nlf H C Mod(i, 7) is a subgroup, let
An be its limit set in the sense of McCarthy-Papadopoul¥; we will only consider
subgroups containing pseudo-Anosov elements. By Leminthe imagex(I') of I’
contains” with finite index and hence

A C Ay Mods 2):

On the other handl is an infinite normal subgroup containing two non-commuting
pseudo-Anosov elements, and hence it follows fr@® Prop. 5.5] that

At = AModsy = PMLE, D).
The second claim of Theoregfollows directly from the two last equations.

Finally, let us establish the third claim of Theor@nlt follows from the definition of
the limit set and from the dynamics of pseudo-Anosov elestrat ifH C Mod(i, 2)
is a subgroup (containing pseudo-Anosovs) then for adye[ Ay and X € 7(%,2),
there is a sequencg; } < H for which lim; giX = [A]. We make use of the following
result:

Lemma 12 Let S be a surface of finite analytical type and assume that a supgro
H C Mod(S) contains pseudo-Anosov elements and stabilizes a prdpeed; convex
subset ofT (S) with respect to the Teichiifler metric. ThenAy is a proper subset of
PML(S).

Recall that a subset of a metric space« is convex if any geodesic segmentirwith
endpoints inZ is itself contained irZ.

Proof of Lemma 12 Assume thatAy = PML(S and thatZ C 7(S is anH-
invariant convex closed subset; fix a pote Z. Given [\] € PML(S) uniquely
ergodic, there isJ5] a unique geodesic ray?(t) in 7(S with »*(0) = X and
lim_ n(t) = [\]. Since P\] € Ay there is a sequencfy} € H with lim; g X =
[A].

Up to subsequence, the geodesiXsdg X] converge to a geodesic ray frok. By the
unique ergodicity of 4], the limiting ray must be;*. Since the seg is convex andX
andg;X both belong taZ, we have thatX, g X] C Z. By continuity, this implies that
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the rayn® C Z as well. We derive thag contains all rays starting iX and tending
to an uniquely ergodic point iPML(S). By [25], this set of rays is dense @ (S);
hencezZ = 7(9).

We have proved that if\y = PML(E,?) then 7(S) does not contain any proper,
closed, non-empty conve -invariant sets. O

It follows directly from the second claim of Theorethand Lemmal2 that there
is no a(Mod(%, 2))-invariant subset of7 (3, %) which is convex with respect to the
Teichnilller metric. This concludes the proof of Theor@n O

Before moving on we would like add some observations. Torbegfh, observe that
the same argument used iB1] Theorem 2.4] shows that there is ngequivariant
continuous mafPML(3,2) — ]PME(i,Z). Observe also that the arguments given
above can be used to prove that there is alse(dod (>, 2))-invariant proper subset
of T (i,i) which is convex with respect to the Weil-Petersson metiitie needed
facts about the Weil-Petersson metric can be foun@jimjiore precisely, see Theorem
1.4 and Theorem 1.8 therein.

From some point of view, it may be more natural to considenifedl-Petersson than
the Teichniilller metric. For a start, observe that if a homomorphisrmiduced by

a non-branched cover then the map provided by Lerifhis, up to scaling, also an
isometric embedding with respect to the Weil-Peterssormriméts image is totally
geodesic. Also, it2 C ¥’ is a compact subsurface then the mapping class grodp of
is (usually) isomorphic to a subgroup of the mapping classigiof ', see 9], [2].

We have then an equivariant map from the Teidlier space ob to theWeil-Petersson
completionof the Teichniiller space ofY’ whose image is totally geodesic and hence
COnvex.

Something positive abouta:: While there are nex-equivariant isometric embeddings
of 7(X,2 to T(i, 2) itis not difficult to construct such a map which is holomadiph
In fact, the coveringx“induces an equivariant holomorphic embeddih¢>, 2 —
T(i, 2). Filling all the punctures b yields then a holomorphic fibratioiﬁ(f:, 7) —
T(%,2), see B]. The composition

F:7(2,2 -T2

is the desiredx-equivariant holomorphic map. Observe that being holorigrg= is
1-Lipschitz with respect to the Teichiiter metric; this follows from the fact that the
Teichnilller metric and the Kobayashi metric coincide on Teictlsr space.
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A brief computation using the Ahlfors Lemma proves that ttaggrtion mapZ (i, 7) —
T(£,7) is 1-Lipschitz with respect to the Weil-Petersson metriés the other hand,
the liting map7 (X, 2) — 7(%, 2) is, again with respect to the Weil-Petersson metrics,
a homotethy onto its image. In particular, the nfaps Lipschitz with respect to the
Weil-Petersson metrics on the source and target Tditlemspaces. This implies for
example that the induced map

fiME,2— ME,2)

between the corresponding moduli spaces has finite enengyhéother hand, being
holomorphic, the map is harmonic L1, 8.15] and its image is minimal by the Wirtinger
inequality.

Musings on a questions of Farb and Margalit: As mentioned in the introduction,
it is an interesting problem to study how injective homontasms between mapping
class groups arise. In this spirit, Farb-Margalit (see @ar< in [2]) have asked:

Question 2 (Farb-Margalit) Is every injective homomorphism of mapping class
groups geometric?

A problem with this question is that the wogkometricdoes not have a precise
meaning. In some sense, Theor2rasserts that it is difficult to find an interpretation
of the word geometric for which the answer can be positivéegat as long as punctures
are not explicitly avoided). This is a sad fact since one wWdwpe that the answer to
this question is “yes”. A possible interpretation of the @@eometric could be that
every such homomorphism induces an algebraic morphismdegtthe corresponding
moduli spaces. Another may be simply that it is induced byesaomanipulation of

surfaces. In fact, it may turn out that the second definitsoequivalent to the first one.

References

[1] J Behrstock, D Margalit, Curve complexes and finite index subgroups of mapping
class groupsGeom. Dedicata 118 (2006) 71-85

[2] RW Bell, D Margalit, Braid groups and the co-Hopfian property. Algebra 303
(2006) 275-294

[3] L Bers, Fiber spaces over Teichitier spacesActa. Math. 130 (1973) 89-126

[4] JSBirman, Mapping class groups and their relationship to braid grougemm. Pure
Appl. Math. 22 (1969) 213-238

17



[5]

[6]

[7]

(8]

9]

[10]

[11]

[12]

[13]
[14]

[15]

[16]

[17]

[18]

[19]

[20]

J S Birman, HM Hilden , On the mapping class groups of closed surfaces as covering
spacesfrom: “Advances in the theory of Riemann surfaces (PromfC&tony Brook,
N.Y., 1969)", Princeton Univ. Press, Princeton, N.J. (1981-115. Ann. of Math.
Studies, No. 66

J S Birman, HM Hilden , On isotopies of homeomorphisms of Riemann surfaaas.
of Math. (2) 97 (1973) 424-439

OV Bogopol’skil, DV Puga, On the embedding of the outer automorphism group
Out(Fy) of a free group of rank n into the grouput(F,,) for m > n, Algebra Logika
41 (2002) 123-129, 253

J Brock, H Masur, Y Minsky, Asymptotics of Weil-Petersson geodesics |: ending
laminations, recurrence, and floyBreprint,arXiv:0802. 1370

R D Canary, D B A Epstein, P Green Notes on notes of Thurstpitom: “Analytical
and geometric aspects of hyperbolic space (Coventry/Duyfi884)”, London Math.
Soc. Lecture Note Ser. 111, Cambridge Univ. Press, Camb(itig87) 3—92

N M Dunfield, WP Thurston, Finite covers of random 3-manifold&ivent. Math.
166 (2006) 457-521

J Eells, L Lemaire, Selected topics in harmonic mapslume 50 of CBMS Re-
gional Conference Series in MathematiPsiblished for the Conference Board of the
Mathematical Sciences, Washington, DC (1983)

B Farb, D Margait, A primer on mapping class groupsAvailable from
http://www.math.utah.edu/~margalit/primer

P Hall, The Eulerian functions of a grouQuart. J. Math 7, 1936

W JHarvey, M Korkmaz , Homomorphisms from mapping class groupsll. London
Math. Soc. 37 (2005) 275-284

J Hubbard, H Masur, Quadratic differentials and foliation#cta Math. 142 (1979)
221-274

E Irmak , Superinjective simplicial maps of complexes of curves ajatiive homo-
morphisms of subgroups of mapping class groUpgology 43 (2004) 513-541

E Irmak, Superinjective simplicial maps of complexes of curves afetiive ho-
momorphisms of subgroups of mapping class groupdolpology Appl. 153 (2006)
1309-1340

NV Ivanov, Automorphisms of Teichitter modular groups from: “Topology and
geometry—Rohlin Seminar”, Lecture Notes in Math. 1346, iiggper, Berlin (1988)
199-270

NV lvanov, Automorphism of complexes of curves and of Teidlenspacesinternat.
Math. Res. Notices (1997) 651-666

NV Ivanov, J D McCarthy, On injective homomorphisms between Teiahen mod-
ular groups. | Invent. Math. 135 (1999) 425-486

18


http://www.math.utah.edu/~margalit/primer

[21] RPKent, IV, CJLeininger, Subgroups of mapping class groups from the geometrical
viewpoint from: “In the tradition of Ahlfors-Bers. IV”, Contemp. Mhat 432, Amer.
Math. Soc., Providence, Rl (2007) 119-141

[22] SP Kerckhoff, The Nielsen realization problerAnn. of Math. (2) 117 (1983) 235-265

[23] IKra,Onthe Nielsen-Thurston-Bers type of some self-maps ofRiesurfacesActa
Math. 146 (1981) 231-270

[24] C Maclachlan, W J Harvey, On mapping-class groups and Teichiter spacesProc.
London Math. Soc. (3) 30 (1975) 496-512

[25] H Masur, Interval exchange transformations and measured foligiémn. of Math.
(2) 115 (1982) 169-200

[26] JD McCarthy, Automorphisms of surface mapping class groups. A receate¢heof
N. lvanoy Invent. Math. 84 (1986) 49—-71

[27] JMcCarthy, A PapadopoulosDynamics on Thurston’s sphere of projective measured
foliations Comment. Math. Helv. 64 (1989) 133-166

[28] G Mess Unit tangent bundle subgroups of the mapping class gratpE.S. preprint,
IHES/M/90/30

[29] L Paris, D Rolfsen Geometric subgroups of mapping class graupsReine Angew.
Math. 521 (2000) 47-83

[30] KJ Shackleton, Combinatorial rigidity in curve complexes and mapping slgsoups
Pacific J. Math. 230 (2007) 217-232

Department of Mathematics, National University of Irela@&lway, Ireland
Department of Mathematics, University of lllinois, Urbat@zhampaign, IL 61801
Department of Mathematics, University of Michigan, Ann ArbMI 48109

Javier.Aramayona®@nuigalway.ie, clein@math.uiuc.edu, jsouto@umich.edu

19


mailto:Javier.Aramayona@nuigalway.ie
mailto:clein@math.uiuc.edu
mailto:jsouto@umich.edu

	1 Introduction
	2 Homomorphisms from covers
	3 Closed surfaces
	4 Another injective homomorphism
	5 Properties of 
	Bibliography

