Math 520 Midterm: Take-home portion.

October 6, 2006

This is due Monday before the in-class portion of the exam begins. I would like you to work the
problems on your own. You can use your notes and your books. But do not use the internet. Please
write your solutions neatly and carefully. Good luck!

1. Let A,, denote the space of symmetric n x n matrices (it’s clearly a smooth manifold of dimension
(n? +n)/2). Suppose
F:R"—= A,

is a smooth map, and p € R™ is a point where F(p) has distinct eigenvalues a; < az < ... < ap.
Prove that the there exists a neighborhood U of p where the eigenvalues of F(z!,...,2"), for

(x,...,2™) € U, define n smooth functions on U.
Hint: Consider the function G(z1,...,2" t) = det(F(z*, ...,x™) — tI).

2. Submanifolds N, P C M are transverse, written N M P if for every m € NN P
TN+ T,P=T,M.

Equivalently, the embedding of P into M is transverse to N (or equivalently, the embedding
of N into M is transverse to P). Here embedding means injective immersion for which the
inclusion is a homeomorphism onto its image.

Prove the following local transversality theorem:

Theorem If N, P" C M* are embedded submanifolds and N h P, then for every m € NN P,
there is a coordinate chart
¢:U — (=1,1)F

about m in M, so that
H(NNU) ={(r",...;r™,0,..,0) |7 € (=1,1)}
d(PNU)={(0,..,0,7" "L rFY|1i € (=1,1)}

3. Consider the following vector fields on R* \ {0}:

_ 2_0 1_0 4_0 3_0
G = g+ g+ g — e
_ 3 0 4 0 1_0 2 0
2 = —Th — T gm +T gor + 27
_ 4_0 3_0 2 0 1 0
53 = T gt +z 92— T 53 tz ox?

(a) Show that each &; restricts to a nowhere vanishing, smooth vector field on S3.

(b) Show that at every p € S3, the tangent vectors {&1(p), &2(p),&3(p)} form a linearly inde-
pendent set in T},(S3).

(c) Show that T'S® =2 3 x R3.



