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Abstract

In this paper we prove that one can nd surgeries arbitrarily closeto innit y in the Dehn surgery
spaceof the gure eight knot complement for which someimmersed totally geadesic surface compresses.
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1 Intro duction

Supposethat M is a compact, orientable, irreducible 3-manifold with torus boundary @1 = T?2. Recall that
a slope on @M is an isotopy classof simple closedcurveson @/ . The distance betweena pair of slopes
and , denoted ( ; ), is the absolute value of their algebraicintersection number.

Givenaslope , let M ( ) denotethe manifold obtained from -Dehn surgeryon @ . It wasshown in [4]
that if F is a closed,orientable, embedded,incompressiblesurfacein M admitting no incompressibleannulus
with one boundary componert cortained in F and the other in @, and F compressesn M ( ) and M ( ),
then ( ; ) 2. This result waslater improvedto ( ; ) 1][1§.

In this paper we study the analog of the above result for immersed surfaces. When the interior of M
admits a hyperbolic structure of nite volume, closed,immersed,totally geadesicsurfacesare incompressible
surfaceshaving no incompressibleannulus as above. These surfaceshave good incompressibility properties,
for they remain incompressiblein all but a nite number of surgerieson one cusp (this can be deducedfrom
[10] and [17], seealso [2] for explicit bounds).

A well known example of a complete hyperbolic manifold with one cuspis the complemen of the gure
eight knot in S® [15], which we denote by Mg. Using arithmeticit y of Mg, one can show that it cortains
in nitely many closed,immersedtotally geadesicsurfaces[9],[14].

Our main result is

Theorem 5.1.1 Supmsedjp and 3 - p. Then, for any g with gcd(p;q) = 1 there exists in nitely many
noncommensu®lble, closel, orientable, immersed, totally geodesic surfacesin Mg which compressin Mg(%).

Theorem 5.1.1implies that there is no global bound on the number of surgerieswhich one must omit to
guarantee incompressibility of all closedtotally geadesicsurfaces.More precisely we have

Corollary 1.1.1 There are in nitely many surgeries on the cusp of Mg such that for each surgery, some
immersead, closel, totally gendesic surface compressesin the surgered manifold.

As Mg is the interior of a compact 3-manifold with torus boundary, and since every surfacein Mg com-
pressesin Mg(%), Theorem 5.1.1 implies the following result, indicating there is no analogin the immersed
settings of [4] and [1§].



Theorem 4.4.1 There existsa compact, orientable, irr educible 3-manifold M, with torus boundary, having
the following property. Given any positive integer, n, there exists a closel, orientable, immersed, incompress-
ible surface F # M with no incompressibleannulus joining F and @, suchthat F compressesin M ( )
andM( )and ( ; )>n.

Remarks: 1. We should note that although Theorem 4.4.1 guarantees the existence of surfaceswhich
compressin surgeriesarbitrarily far apart, it doesnot guarantee that the surfacescompressin arbitrarily

many of the surgeredmanifolds.

2. The orientabilit y of the surfacesis not an important part of either Theorem 5.1.1 or Theorem 4.4.1 since
any immersed non-orientable (totally geadesic) surfacemay be replacedby an orientable one by taking the
orientable double cover.

The paper is organizedasfollows: We brie y discussgeneral3-manifold topology in Section2. In Section
3, we describe a few of the necessaryresults from hyperbolic geometry, and Section 4 contains results from
the theory of arithmetic hyperbolic manifolds neededto prove Theorem 5.1.1. We complete this section by
proving Theorem 4.4.1, assuming Theorem 5.1.1. In Section 5, we prove Theorem 5.1.1 and describe some
other examplesobtainable using a similar construction.

Acknowledgmen ts: | would like to thank my advisor Alan Reid for many useful conversations and
suggestions.

2 3-manifolds and incompressible surfaces

In this sectionwe collect someof the basicfacts and de nitions from 3-manifold topology, see[6] and [16] for
more details.

Let M denote a compact, orientable, irreducible 3-manifold with torus boundary @ = T?2. Slopeson
@ arein a 2 to 1 correspondencewith primitiv e elemens of (@M) = Hi(@M;Z) = Z Z, with the
ambiguity coming from the lack of orientations. We will often ignore this ambiguity, making no distinction
betweenslopesand primitiv e elemenris of (@ ).

Let and denote generatorsfor ;(@/). Slopeson @/ then correspond to elemerisr 2 Q[ flg by
assciating P 9 with r = g whereg is in lowestterms and 1 = %. Accordingly, we will denote the slope

by its asseiatedr 2 Q[ flg . Onechedksthat if = fand = g;f then ( ; )=jpd pY%.

Givenaslope on @, onecan form a new manifold M ( ) by -Dehn surgery asfollows. Let S' D?
be a solid torus. Choosing a homeomorphismh : @S* D?)! @M, sothat h(  @?) represerts
we can glue S D2 to M by identifying points x and h(x). The resulting spaceis a manifold, and up to
homeomorphism,dependsonly on . Note that there is a natural inclusioni :M ! M( ).

Let F  S2;D? be an orientable surfaceand f : F ! N an immersion into an orientable 3-manifold
N. We will say that (f;F) is an incompressiblesurface if f : 1(F)! 1(N) is injective, and compressible
otherwise. We may often refer to an incompressibleor compressiblesurface F, with the mapping implicit.
By Dehn's Lemma and the Loop Theorem, if f is a proper embedding, thesede nitions agreeswith the usual
ones[6].

It will often be the casethat the 3-manifold M we are consideringis the interior of a compact 3-manifold
M with torus boundary. In this case,M ( ) will be the manifold M ( ), where denotesboth the slope on
@/ and the assaiated homotopy classof curvesin the end of M. A homotopy classof curvesin M which
have a represenativ e in @ is called peripheral. We will say that a loop in M is peripheral if its homotopy
classis.



3 Hyp erbolic geometry

In this sectionwe review a few of the basicsof hyperbolic geometry, for more details, see[3],[12], or [17].

3.1 Hyp erbolic space and its isometries

We will usethe upper half spacemodel for hyperbolic 3-space,H3. That is,
H®=f(z;t)jz= x+iy 2 C;t> Og

with the complete Riemannian metric

dx? + dy? + dt?
2 _ .
ds® = —

H?3 is compacti ed by S? = € and all orientation preservingisometriesare conformal extensionsof conformal
maps of €. Thus, PSL(C) is the full group of orientation preservingisometries of H2, acting by extension

of linear fractional transformations on €.
Similarly, the upper half plane model of the hyperbolic plane is

H2 = f(x;t)jx 2 R; t> Og
with metric
dx? + dt?
t2 '
H? is naturally compactied by S} = R. PSL,(R) is the full group of orientation preservingisometries of

H? acting by extensionof linear fractional transformations on R. Note that we can view H2 asa submanifold
of H® embeddedtotally gecadesically When this is done, the action of PSL»(R) on H? is the restriction to
H? of the action of PSL,(R) PSL>(C) on H3. When we identify H? with the upper half plane of C (in
the obvious way), the action of PSL »(R) is by linear fractional transformations.

ds? =

Remark: Let P : SL,(C) ! PSL,(C) denote the quotient map. Whenewer we refer to a matrix for an
elemert g2 PSL,(C), we meana matrix A 2 P 1(g).

Given 2 PSL;(C), the trace of , Tr( ), is well dened up to sign. We say that is elliptic if
Tr( ) 2 ( 2;2), parabolic if Tr( ) = 2, and hyperholic otherwise. If 6 1, then Tr( ) is a complete
invariant of the conjugacy classof . See[17] for a geometric description of the action on H", n = 2; 3.

3.2 Kleinian groups

A discrete subgroup PSL,(C) is called a Kleinian group. Discretenessof is equivalent to the action
on H?2 being properly discortinuous. Proper discortinuity easily implies is torsion free if and only if it
cortains no elliptic elemens. is said to be elementary if it contains an abelian subgroup of nite index,
and non-elementary otherwise.

For the remainder of this section,let represen a torsion free Kleinian group. Welet M = H3= denote
the quotient hyperholic 3-manifold (with its induced metric), and let

p:H31 M
denote the projection. Note that (H3;p) is the universal covering of M , and is the group of covering
transformations, sothat (M ) = . When we wish to refer to this isomorphism explicitly, we will write it
as
(M )!



We say that has nite co-volume (resp. is co-compact) if M has nite total volume (resp. is compact).
A cuspof M is a subsetof M isometric to a set of the form B= p where

B=f(xy;t)2 H3jt> 1g

and p = Z Zisasubgroupof PSL,(C) consistingertirely of parabolicswhich stabilizesB. It canbe shovn
(see[3] for example)that when has nite co-volume, M is the interior of a compact manifold with toroidal
boundary, and that every boundary componert of that compact manifold hasa product neighborhood whose
intersection with M isacuspof M .

Let be a free homotopy classof essetial loopsin M . We say that is hyperbolic (resp. parabolic) if

( 9 is hyperbolic (resp. parabolic) where °2 (M ) is a represerativ e of the conjugacy classdetermined

by . If ishyperbolic, then there exists a unique, length minimizing, gealesicrepresenativ e for given by
Ax( (Y=< (9>, whereAx( ( 9) isthe axisfor ( 9. If is parabolic, then there exists a sequence
of loops n represering sud that the length of , goesto 0 asn goesto in nit y.

As a homotopy classof loopsis peripheral if and only if it hasrepresenativ eslying ertirely in a cusp of
M , the following is straightforward.

Theorem 3.2.1 LetM bea nite volume hyperbolic 3-manifold. A homotopy class of essential loops in
M is peripheral if and only if it is paralolic.

Notation: It is common to blur the distinction betweena particular cusp and the end of the manifold
corresponding to that cusp. We will follow this convertion, referring to both objects as cusps. The context
will make it clear which we are referring to.

3.3 Fuchsian groups

Given any subgroupG P SL(C) and any (geometric) circle C e (i.e. circle or line in C), de ne

Stabg (C) = fg2 Gjg(C) = C, g presenesthe componerts of én Cg

A Fuchsian group is de ned to be a discrete subgroup of Stabp s ,(c)(C), for somecircle C. For any circle

C & thereexistsg2 PSL,(C) such that g(C) = R. It followsthat gStabps; ,)(C)g * = PSL»(R). Thus,
a Fuchsian group is a Kleinian group conjugate into PSL »(R) by an elemen g 2 PSL,(C).

Any circle Con € is the boundary of a hyperbolic plane Pc = H? embeddedtotally geadesicallyin H3 and
conversely In the notation of the previous paragraph, we have Pc = g 1(H?), wherewe view H? H?® asin
Section3.1. If is a torsion free Fuchsian group stabilizing C (henceP¢), S = Pc= is a hyperholic surface,
and 1(S )= . has nite co-area (resp. is co-compact) if S has nite total area(resp. is compact).

Supposenow that is a nite co-volume torsion free Kleinian group such that there exists a circle C
for which °= Stab (C) has nite co-area. This inducesa proper, totally geadesicimmersion

So# M

It is immediate that any sudc surfaceis incompressible. Sincethe only (complete) totally geadesic surfaces
in H® are hyperbolic planes, any proper, totally geadesicimmersion of an orientable, hyperbolic surfaceinto
M factors through an immersion of this type. That is,if f : F # M isaproper, totally geadesicimmersion
of an orientable, hyperbolic surface,then with the notation above, we have that f ( 2(F)) Stab (O
for somecircle C €.

We will be primarily interestedin closed,orientable, immersed, totally geadesic surfaces. The classi ca-
tion of isometriesof H", n = 2; 3, easily implies



Theorem 3.3.1 If F is a closel, orientable, immersed, totally geodesicsurface in a nite volume hyperholic
3-manifold M , then every free homotopy class of essentialloopsin F is hyperholic.

Theorem 3.2.1 and Theorem 3.3.1together imply

Corollary 3.3.2 If F is a closel, orientable, immersed, totally geodesicsurface in a nite volume hyperbolic
3-manifold M , then there are no free homotopy classesof essentialloopsin F that are peripheral.

Remark: The surfacesS o corresponding to FuchsiansubgroupsStab (C) = © are orientable, although
it may be that the map S o # M factors through a covering of a non-orientable totally geadesic surface

# M . This will happenif and only if thereisag?2 sud that g(C) = Cand g exchangeghe componerts
of€ncC.

4 Arithmetic manifolds

In this section, we discussbadkground and results from the theory of arithmetic manifolds, applications to
the gure eight knot, and we give a proof of Theorem 4.4.1. All theoremsin this section (with the exception
of Theorem 4.4.1) are known and a few proofs have beenincluded for the sake of completeness. For more
details, see[8].

4.1 Arithmetic Fuchsian Groups

Let A be a quaternion algebraover Q with Hilbert symbol % . That is, A is a 4-dimensionalalgebra over

Q having basis1;i;j; k with multiplication de ned sothat 1 is a multiplicativ e identity, and
i2=a 1;j2=b 1;ij= ji=k

wherea;b2 Q . A admits an anti-in volution x 7! X called conjugation. That is, x 7! X is an involution of
the vector spaceand Xy = y X. Conjugation is given by

X = Xg + Xqi + X2j + X3k = Xg Xii X2j X3k

The (reduced) norm and (reduced) trace of x 2 A arede ned by n(x) = xX and tr (x) = X+ X respectively.
We will view tr and n both asmapsto Q.
ab

We note that the gquaternion algebra A = 6 embedsinto MZ(Q(p a)) by
P P

_ - - _  Xot Xipa b(Xz+ Xz, @)
()= (ot xai+xof +xak) = (07 Tpo T ET S

With this embedding, we have that tr (x) = Tr( (x)) and n(x) = det( (x)) whereTr and det are the usual
trace and determinant of a square matrix, respectively.
An order O in a quaternion algebra A over Q is a nitely generatedZ-module contained in A such that
O spansA overQ (O Q= A) and O is aring with 1. Givenan order O, de ne O = fx 2 Ojn(x) = 1g.
A useful result is the following [8].

Theorem 4.1.1 If A is a quaternion algeba over Q and O is an order in A, then P O is a nite co-area
Fuchsian group. Moreover, P O! is co-compact if and only if A is a division algeba.



From this theorem, we make the following de nition. A Fuchsian group is said to be derived from a
quaternion algeba (de ned over Q) if is conjugateinto a subgroupof P O! of nite index, for someA and
O asabove.

Recall that if G is any group and K and H are subgroups,then K and H are said to be commensuable
in G if and only if there exists an elemern g 2 G such that gHg '\ K is a nite index subgroup of both
gHg ! and K. Any Fuchsian group commensurablein PSL,(C) with a group derived from a quaternion
algebrais said to be arithmetic.

4.2 Bianc hi groups and Fuchsian subgroups

Let d be a positive square-freeinteger, and let kq = Q(p ~d). Let Oq4 be the ring of integersin ky. That is,
Oq = fa+ bp_dja;bz Zgifd 1or2(mod 4)

and p__

a+ d. .
Oq = fTJa;bZ Z;a b(mod?2)gifd 3(mod4)

A Bianchi group is any group of the form P SL >(Oq4) for somesquare-freed 2 Z* . It is well known that the
Bianchi groups all have nite co-volume and are non-co-compact(see[8]).

We will be interested in Fuchsian subgroupsof the Bianchi groups. We now describe a certain integral
invariant of such subgroupsthat will be useful for us. Any circle Cin € can be described by atriple (a;B;c)
asthe setof z 2 C (and possibly the point 1 ) suc that

ajzj’+ Bz+ Bz+c= 0

If Stabpsi,(0,)(0) is non-elemerary, it 6an be shown (see[7]) that we may choosea;c 2 Z and B 2 Oyq.

In this case,we will write B = % by + b, d) whereb;;b, 2 Z, b b, (mod 2), and both congruert to 0
(mod 2) if d 1;2 (mod 4). We say that the triple (a;B;c) is primitive if
gcd(a; b IOZ'c) =1forby b, 0(mod?2)

2’2’
and
ged(a; by;bp;c) = 1for by by 6 0 (mod 2)

A primitiv e triple for a circle is unique up to sign. If (a;B;c) is a primitiv e triple for C, we de ne the
discriminant of Cto be D(C) = jBj2 ac2 zZ*. D(C) > 0 since,when a6 0, the radius of Cis D(C)=&?.
We denote the set of circles represeried by primitiv e triples in Og by 4. PSL2(Oq4) actson 4 by
T C= T(O. That is, the Mebius transformation represerted by T 2 PSL,(Ogq) takesthe circle C2 4 to
the circle T(C), and T(C) is represenied by a primitiv e triple.
Now de ne

_ a B
Hq = 5 ¢

B ja;c2Z:;B 20q4;ac jBj?< 0,and(a;B;c) primitiv e
Let :Hg! 4 bethe obvious2to 1 map. We seethat det(A) = D (( A)). There is a natural action of
SL,(Og) onHg by T A= TAT ,whereT = Tt. As | arein the kernel of the action, we can induce an
action by PSL,(Og). This action clearly presenesdeterminants.

If A 2 Hq, a calculation shovsthat (V. A)=T ( A), whereV = (T 1)'. Thus, descendsto a map
from the orbit spaceof Hqy to the orbit spaceof 4. This in turn implies that the discriminant function on

4 is invariant under the action of PSL,(Og).

Now we note that for any T 2 PSL2(Oq), Stabpsi,0)(T C = T(Stabpsi,0,)(O)T 1. Since

Stabp s ,(0,)(C) and Stabp S,_Z(Od)(d)) are commensurableif and only if they are conjugate, we obtain the



following [13].

Theorem 4.2.1 Supmse Stabps,0,)(C) and StabpS,_z(od)(C)) are non-elementary Fuchsian groups com-
mensumblein PSL,(0q4). Then D(C) = D(C).

SupposeD 2 Z* and that G & is a circle certered at the origin of C with radius P D. Note that
D(G) = D. One can ched [7] that

D . o .
StabPSLz(Od)(CD) = P - ] 2 Oy andJ JZ DJ J2: 1

The following theorem provides the arithmetic structure of the groups Stabp s ,(0,)(C) (see[7], [9]).

Theorem 4.2.2 Supmsed is a squae-free integer. Then, for everyD 2 Z*, Stabp s ,(0,)(G) is a Fuchsian
group derived from the quaternion algeba

d;D

Q
Moreover, Stabp s ,(0,)(G ) and Stabp s ,(0,)(Co0) are commensumblein PSL2(Oyq) if andonly if D = DO

A =

Pro of: Let O A bethe order given by
O = fx = Xp+ Xzi + Xo] + XzkjXp;X1;X2;X32 Zgifd 1or 2 (mod 4)

or
Xo X1. X2
=fx= 4=+ =i+ =
O =fx > >t 5
When d 1;2 (mod 4), O is easily seento be an order in A. Whend 3 (mod 4), O is a nitely
generatedZ-module and hasO 7 Q = A. Further, onecan chedk that (O) = R, where

R= - 2 . 20

j+X73ijO;xl;xZ;X322ande X1; Xz Xz (mod2)gifd 3(mod 4)

R is aring with 1 sinceOq is. Therefore, O is a ring with 1 and hencean order.
Now we seethat P O! = Stabp s ,(0,)(G ) and the rst assertionsfollows. The secondassertion is
immediate from Theorem 4.2.1 and the fact that D(G) = D.

From Theorems4.1.1 and 4.2.2 one can obtain the following useful criteria for Stabp s ,0,)(G) to be
co-compact(see|8]).

Theorem 4.2.3 Supmsed;D 2 Z* with d 3 prime, and D a quadmtic non-residue (mod d). Then
Stabp s ,(0,)(G) is @ co-compact Fuchsian group.

Remark:  Sincethe squaringendomorphismof (Z=dZ) is not surjectivewhend 3, quadratic non-residues
always exist.

4.3 Figure eight knot group

It is well known [15] that the complemert of the gure eight knot in S® admits a complete, nite volume

hyperbolic structure. That is, Mg = H3= g, where g = ;(Mg). We make no distinction betweenMg and

H3= 5. By conjugating if necessarywe may assumethat g is an index 12 subgroup of PSL,(03) and that
11 1 0

8= P g1 P 4 g



where! 2+ 1 + 1= 0 (note that Z[! ] = O3) [15].

Theorem 4.3.1 For each positive integer D 2 (mod 3), Stab ,(G) is a co-compact Fuchsian group.
Moreover, Stab ,(G ) and Stab ,(Gyo) are commensuiablein g if and only if D = D°

Pro of: Let D beasin the statemert of the theorem. Clearly Stab ,(G) = Stabps; ,(0,)(G)\ s, sothat
jStabp s ,(0,)(G) 1 Stab ,(&)j jPSL2(03) 1 sj = 12

Therefore, Stab ,(G) is co-compactif and only if Stabpsi,(0,)(G) is. Since2 is not a square (mod 3),
Theorem 4.2.3implies Stabp s ,(0,)(G ) is co-compact. The secondassertionfollows from Theorem 4.2.2.

We will needanother fact concerning g which is of an arithmetic nature. Given any integern 2, let
R, be the ring O3=(n), where (n) is the principal ideal in O3 generatedby n. For eadyn 2, wedene a
homomorphism

n:PSL2(03)! PSL2(Rn)
which is reduction of the entries modulo (n). The kernel of this homomorphism is a nite index, normal
subgroup of PSL,(0O3) called the principal congruene sulgroup of level n, denoted ( n). Any subgroup of
PSL,(03) cortaining ( n) for somen 2 is called a congruene sulgroup. The theorem concerning the

gure eight knot group which we needis the following well known fact. We include a proof (this one due to
Mark Baker) for completeness.

Theorem 4.3.2 g is a congruenc sulgroup of PSL,(O3) containing (4) .

Proof: Let 3 PSL,(03) bethe group

o 11 _ 1 0 _ 1 1+2
8= P o1 P v 1 P o

According to [15], s 9 is a subgroup of index 2. We prove the theorem by proving
i. For any subgroupH (2) with j(2) :Hj 2,wehave (4) H,
i. (2) 9

This will suce sinceby (i), j(2 : @ \ g =j@ \ 3: @\ g j%: g =2 Soby (i,
(2) \ g cortains (4), so g does.

Proof of (i):  We prove this by showing that (4) = (2) @, where (2) @ =< 2j 2 (2) >. For if this
holds, then for any subgroupH (2) ofindex no morethan 2, wehave 22 H forany 2 (2). Therefore,
(4) = (20 @ H asrequired.

We rst notethat G = (2) =(2) @ = (Z=22)", for somen 2 Z* [ f0g, since (2) is nitely generated.
A simple calculation shovsthat 22 (4), 8 2 (2), sothat (2) @  (4). Hence, (2) =(4) is a quotient
of G. From [11], we seethat j (2) : (4) j = 32,sothat (2) =(4) = (Z=2Z)%, andn 5.

In [1], it isshawn that (2) = 1(S®nL) whereL isa v ecomponert link in S3. Therefore, ((2)) 2 = z5,
where ((2)) 2 denotesthe abelianization of (2). SinceG is abelian, the quotient map (2) ! G factors
through ((2)) . Therefore,n 5implying n= 5and (2) @ = (4). Thus, (i) follows.

Proof of (ii): We consider

\
K = corepsi,(0,)( ) = g ' PSLy(0s)
2PSL,(03)



As K 9, to prove (ii) i will suce to show that (2) K. Since § 1= (g) (g !forevery
g2 % weseethat K = ?:1 si 9s; ' where s;; ;¢ are cosetrepresenativesfor J in PSL(03). We
claim that it is possibleto chooses;;::;;Ss to lie in Stabp s ,(0,)(1 ), that is, we may assumethat matrices
for the s; are upper triangular. To seethis, we note that jPSL,(03) : $j is equalto the number of sheets
in the orbifold coverp:M 9! Mps|,(0,) Which is the number of points in p L(x) wherex is a nonsingular
point of Mps_,(04). If we choosethe point x to lie in the cusp of Mps,(0,), then p 1(x) is contained in

the cuspof M ¢ (note that ead of these orbifolds has exactly one cusp since Mg does). Now, the cuspsof
MpsL,(05) @nd M o are B=Stabps ,(0,)(1 ) and B=Stab o(1 ), respectively, where B denotesa su cien tly

high horoball certered at 1 . Therefore,

jStabpsi ,(05)(1 ) : Stab ¢(1)j = jp *(X)j = jPSL2(03) : g

and thus the claim holds.

We now note that the diagonal ertries of an upper triangular matrix must be units and therefore equal
to oneof 1;!, or . However, since! 6 1 (mod (2)) we seethat a matrix for any elemen of Stab ;) (1)
must have 1's on the diagonal. It follows then from the fact that O3 is generatedover Z by 1 and ! that

_ 12 . 1 2

Stab(z) (1 ) = P 0 1 ,P 0 1

and therefore Stab ;) (1) 9. Furthermore, we seethat since (2) is normal in PSL,(03) and because
Si 2 Stabp s ,(04)(1 ), we have

Sistab(z) (1 )Si 1 (2) \ StabpSLz(o3)(1 ) = Stab(z) (1 )

for eadi = 1;:::;6. Therefore, Stab;) (1) K.

Now we again use the fact that (2) = 1(S®nL). A Wirtinger presertation generates 1(S®nL) by
meridians [16], hence (2) is generatedby parabolics. If follows that the generatorsof (2) are PSL,(O3)
conjugatesof elemens in Stab ;) (1 ). SinceK P SL>(0Os3), thesegeneratorsmust lie in K. Thus, (2) K,
and (ii) follows, completing the proof.

4.4 Proof of Theorem 4.4.1

Assuming Theorem 5.1.1, we prove

Theorem 4.4.1 There existsa compact, orientable, irr educible 3-manifold M, with torus boundary, having
the following property. Given any positive integer, n, there exists a closel, orientable, immersed, incompress-
ible surface F # M with no incompressibleannulus joining F and @, suchthat F compressesin M ( )
andM( )and ( ; )>n.

Pro of: Let M bethe exterior of the gure eight knot in S2, which is a compact, orientable, irreducible
3-manifold with torus boundary. Mg is homeomorphicto the interior of M and for the remainder of the
proof, we regard M g asthis subsetof M. Note that Mg( ) = M () for any slopeon@/. Let and denote
the standard basisfor (@), sothat slopeson @/ are represered by g 2QJ[ flg .

Now, let p= 4 and g > n be any odd integer. By Theorem 5.1.1, there exists F, a closed, orientable,
immersedtotally geadesic surfacein Mg which compressesn Mg(%) =M (%). SinceMg(3) = S® is simply
connected, we have that F compressesn Mg(3) = M (}). We also have ( %;%) = q> n, sothat to
completethe proof, we needonly prove that there exists no incompressibleannulus in M with one boundary
componert in F and the other in @/1. Such an annulus de nes a free homotopy from an essetial curve in
F to an essetial curvein @/ . That is, an essetial curvein F is peripheral. This is forbidden by Corollary
3.3.2, henceno sud annulus exists, and the theorem follows.



5 Compressions and normal closures

5.1 Compressions in Mg( )

In this section we prove the main theorem.

Theorem 5.1.1 Supmsed4jp and 3 - p. Then, for any g with gcd(p;q) = 1 there exists in nitely many
non-commensumble, closal, orientable, immersed, totally geodesic surfacesin Mg which compressin Mg(%).

Remark:  We say that two surfacesin Mg are commensurableif their fundamertal groups are commensu-
rable in g.

Proof: Let and be elemens in Stab ,(1 ) represerting the standard meridian-longitude basis for
1(@M ). It canbe shown [17], that

_ 11 _ 1 4 +2
=P 0 1 =P 0 1
Let p and g be asin the statement of the theorem, and put
1 p+q@é! +2) 1
= P q = =
P 0 1 P 0 1

VanKampen's Theorem implies
Py _
1(M 8(a)) = 8=

where is the normal closureof f gin .
The strategy is now the following. We construct a sequenceof distinct positive integersDy 2 (mod 3),
and elemerts g 2 of the form

1
v
-
o
o

Ok

with  ; « 2 Oz. Writng p, = Stab ,(G,), Theorem 4.3.1 implies f p, g is a sequenceof non-
commensurable(in g) co-compact Fuchsian subgroupsof g. Therefore, asin Sections3.2 and 3.3, we
obtain a sequenceffy : S, # Mgg of pairwise non-commensurable,closed, orientable, immersed, totally
geddesicsurfacesin Mg with fiu (1S, )= b

The description of Stabp s ,(0,)(G ) givenin Section 4.2 and the fact that

Dy = 8\ Stabpsi,04,)(G®,)

togetherimply that g« 2 p,. Soweseethat g« represerts a non-trivial elemert of 1(S ) lying in ,
and hence,Sp, compressesn Mg(%).

We now begin the construction of Dx and gx. We have

ji2=(p+ q@! +2)(p+ q@r+ 2) = p*+ 1207
Since3 - p, we seethat 3-j j?, and 3-4j j2. Therefore, gcd(3;4j j?) = 1 and there existsr;t 2 Z sud that

I 4j*t=1

10



This implies that

is an elemen of PSL,(03).

Claim: h2 g.
To prove the claim, we considerthe homomorphism 4 de ning (4) (seeSection4.3).
By Theorem 4.3.2, we have that (4) g. In particular g = 41( 4( g)). Soto provethat h2 g, it
suces to provethat 4(h)2 4( g). Wehave
P— p

3 4t

h=P - p 8

P pO

3r 2 P (Mmod(®)

The congruencein the (1;2)-entry is clear. The congruencein the (2;1)-entry follows from the fact that 4jp
and gcd(p;q) = 1impliesq 1;3 (mod 4), sothat

= p+qér+2) 29 2(mod (4)
The congruencein the (2; 2)-entry comesfrom
1=detth)= 3r 4 j’t r (mod (4)

Next, we considerthe following elemen g2 g, and its reduction modulo (4)

2 1+ 60 +412 4(1+1)

_ 12 10 2

9=P 91 o+ 1 =P 2( 1) 1+ 21
P P P

~ 3 4 24273 3 0

=P 5 p—3 P 5 D—3 (mod (4))

Therefore, 4(h) = 4(g), hence 4(h) 2 4( g) and the claim is established.
We now construct Dy and g¢. For eah k 2 Z* set
ne= 3jj?@+3k)+9
Dk =j j°nZ + 2+ 3k
= "(h h 1° M

By construction, g« 2 and Dy 2 (mod 3). To complete the proof of the theorem, we must show
that g« hasthe required form.

First, we compute

N6 _ p 6l 1 3 4t 16 I 4t
(hhYHe=hohl=p -7ty o 1 S A
_p P 6P 3141 P— p4t
- T2+ - P
. 3 (6" 3+40) 4tp_3+p_3(6p_8+4t)

"3 (6 2+ 3r) 4 jt+ " 3(6j 2+ 3r)

11



a4t 67 3 18

=P 6 j2 4zt 3r+6 3
_p 16 i’ 3 18
- 6 j* 1+6 j* 3
This gives
g = "<(h h H)°® "
-p 1 ng 1 6] sz—g 18p 1 ng
- 0 1 6 j2 1+ 6 j2° 3 0 1
e 16 "3 engj* 18 +ny (1458 ’73 1 n,
- 6 j2 1+ 6] j2° 3 0 1
R 4 R « B - R « B
-p 1 G 3 6njjt i (I 6T 3 6n ) 18 fmk (1+6 )7 3
- 6 j* 6nyj j*+ 1+ 6] > 3
_p 1 6nj i* 6 j2p_3 Nk (2 6ngj j4) pt8
- 6 % 1 6njj*+ 6 j* 3
Now set

k=1 6ngij* 6 jzp—3
k= 6 j°
and note that
ng 2 6ngjj*) 18 =2n 6nZjj* 18 = ( 3 22+ 3k)+9)2 jj’nZ 6 j> 18

= (2+3k)( 6 j°)+ 18 +jj*ng( 6 j°) 18 = (jj’ng+ 2+ 3K)( 6 j* )= Dk «
Thus we have

RN .
1 o6 j* 673 (2 6enijjf) 18 o« Dk«

9= P 6 12 1 6ng j*+ 6 2 3 .

This completesthe proof.

The element h in the above proof was arrived at by attempting to \matc h up” an invariant hyperbolic
planeof with onefrom aconjugateof . The group generatedby andh h !isanon-elemenary Fuchsian
subgroupof g, which thus contains a rank-2 free subgroup of hyperbolic elemeris in with real traces.
The fact that g contains an abundance of co-compact Fuchsian subgroupsmakesit possibleto construct
nontrivial elemens in the intersection of some of these groups with

It seemsworthwhile to compute h and gx explicitly for somechoiceof p;qg, and k. An appendix is included
at the end of the paper which contains h and a list of gx and Dy for k 2 f1;:::; 109, whenp= 20and q= 7.

5.2 Related results
The basic construction in the proof of Theorem 5.1.1is quite general. In particular, we have

Theorem 5.2.1 Letd 3 with d prime. Suppse also that

1
=P 0 1 2 PSL2(0Oy)

12



is suchthat d -j j2. Then non-trivial ly intersects in nitely many non-commensu@ble(in P SL 2(Oy))
co-compact Fuchsian sulgroups of PSL »(Oy).

We only sketch the proof asit is almost identical to the proof of Theorem 5.1.1.

Sketch of Pro of: As in the previous proof, we construct, for each k 2 Z*, g« 2 of the form
D
=P Kk Pk ok
k k

where fDyg is a sequenceof distinct positive integers, each of which is a quadratic non-residue (mod
d). Therefore, Stabp s ,(0,)(C,) is a co-compact Fuchsian group by Theorem 4.2.3, and g« 2
\ Stabp s ,(0,) (G, ). Moreover, the groupsin the sequenced Stabp s ,(0,) (G, )g are all non-commensurable
in PSL2(0Oq4) by Theorem 4.2.2, as required.
By hypothesis, there existsr and t such that dr j j°t = 1. This implies that
P t

h="P - p—dr 2 PSL2(Oq)

Let x < d be a non-square(mod d) (seethe remark at the end of Section4.2). For each k 2 Z* de ne
ng = dj j2(dk + x) + d?
Dk = nZj j2+ dk+ x
ge= "M(hoh B
k=1 2dngj j* 2dj jzp_d
k= 2dj j?

By de nition, Dy  x (mod d), and henceis not a square(mod d). As in the previous proof, a calculation

shows

g=p K DL

thus completing the proof.

Theorem 5.2.1 doesnot quite have the sametopological implications as Theorem 5.1.1,sinceMp s ,(0,)
is never a manifold (i.e. PSL,(Og) always contains torsion).

We wish to use Theorem 5.2.1to construct examplesof cusped hyperbolic manifolds and arbitrarily large
surgeriesin which totally geadesic surfacescompress. Selberg's Lemma (see[12], for example) guarantees
the existenceof a hyperbolic 3-manifold M that is a nite sheetedorbifold cover of Mpg, ,(0,) (Passto

PSL,(0Og4) a nite index, torsion free subgroup). The problem in trying to usethesecoversis that the
conjugating elemert h in the proof of Theorem 5.2.1 neednot lie in .

There is a special situation of torsion free, nite index subgroupsof P SL »(O4) where Theorem 5.2.1 can
be applied.

Supposed > 3 is prime. In this situation, note that peripheral subgroup Stabp s, ,(0,)(1 ) is a rank-
2 torsion free abelian group (the only units of O4 are 1 for d > 3). We say that a nite index sub-
group PSL,(0Qgq) is 1 -non-segarated if we can choose coset represertativ es for PSL2(0Oq) from
Stabp s ,(0,)(1 ). In this situation, we will denote such a set of coset represenativ esby s;;:::;8,. This
condition is equivalent to requiring that the index of Stab (1 ) in Stabpgs ,(0,)(1 ) is equal to the index
of in PSL2(Og). This is also equivalent to the assumption that the preimage of the cusp of Mp s ,(0,)
corresponding to Stabp s ,(0,4)(1 ) is asinglecuspof M .

13



Supposenow that d > 3 and PSL,(0g) is 1 -non-separated. Note that any element h 2 PSL,(Oy)
can be written asgs; for someg 2 and somei 2 f1;::;;ng. Let be an arbitrary elemer of Stab (1 ).
Sinceead s; certralizes , we seethat

hh'=gs s'g’=gg"’

It follows that = PsL,(0q) (here, c denotesthe normal closureof in G).

Example: It can be shown that there exist torsion free subgroups o and 1 in PSL,(0y), ead of index
6 (see[5] where thesegroups are called 7(6;8) and  7(6;9)). We show that for each i = 0; 1, there are
in nitely many surgerieson M |, sud that for eath such surgered manifold, M ,( ), there are in nitely
many non-commensurableclosed, orientable, immersed, totally geadesic surfacesin M, which compressin
M ().

Throughout, let i = 0;1. In [5] it is shown that Hy(M ,;Z) = Z (Z=3Z)?. A well known homological
argumert shows that a compact 3-manifold M with boundary must satisfy

b (M) bl(?/l ).

It follows that M , can have no more than one cusp. Since, M
the one coming from Stab , (1)), we seethat M
1 -non-separated.

We take the basisfor Stabp s ,(0,)(1 ) given by

. must have at least one cusp (namely
has exactly one cusp, which implies ;| PSL,(0y) is

_ 11 . _ 1
=P o1 P o
_ 1’7 P
where = =——=. Then any primitiv e elemen
1
= PAa=p 0 1 ZStabpSLz(od)(l)

has = p+ g with (p;q) a pair of co-prime integers. This implies
j i?=p*+ pa+ 20
We assumethat either 7jp or 7jq, sothat 7-j j°.
Taking "' to bethe smallestpowerof which lifts to Stab , (1 ) weseethat n; divides6 = jStabp s ,(0,)(1 ) :

Stab (1 )j. We can write
niy — 1 nI

= 0 1 fori=0;1
Since 7 - j j%, we seethat 7 - jn; j2, sothat " satis es the hypothesis of Theorem 5.2.1 and hence
ni = " psL,(0,) intersectsin nitely many non-commensurableco-compact Fuchsian subgroups.

Asin the proof of Theorem5.1.1, we seethat this implies that there exist in nitely many non-commensurable
closed,orientable, immersed, totally geadesicsurfacesin M , which compressin M ( "').
This examplealsoprovesTheorem4.4.1. To seethis, wereferto [5] for a presertation of o (=  7(6;8)):

0=< 01,00 00, %Y, "% 10 "% ' 01020; "0 0 "0, 1015

It is also shawn there that g, = 2. From this presenation, we seethat g, is primitiv e in the abelianization,
henceit is primitiv ein . Furthermore, a calculation shavs o= @ = Z Z=3Z. As this group cannever
cortain the fundamental group of a surface (of positive gerus), we seethat every one of the surfacesfound
above compressesn M ,(g). Therefore, if in the above construction we let p= 1 and q= 7k for k 2 Z*,
the sequenceof slopes( k)"ex = ( "®)"ox have totally geadesicsurfacescompressingin M ( L‘D* ), and

K= ( ;) ( ™;@)! 1 ask! 1:
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6 App endix

Hereis a list of gx and Dy from the proof of Theorem 5.1.1,for p= 20and q= 7 wherek 2 f1;:::;10g. Note
that it is not hard to seethat theseelemers lie in (4) 3.
First, we have

. p—ﬁ 80 756"—3
- 20 14 3 1317 3
k Dk Ok
_ p__
86746012705 59§d£J 3 2569590388377/M@30 17987132718640/6 3
1 216733332353 118560+ 82992 ~ 3 86746012705 5928 ~ 3

2 555090222500 138825247393 592%80_3 6581149677960000 460680 7457(2000p_3
118560+ 82992 3 138825247393 5928 3

190904482081 592%80_3 12445063186925160 871154 230849312p_3
-3

118560+ 8299 -3

3 1049684816711 19090448208% 592 3

242983716769 592%80_3 20161330915240160 141129 640698112p_3
-3

118560+ 8299 -3

4 1700517114986 242983716769 5928 ~ 3

295062951457 592%80_3 29729952863052000 208109 0041964(Dp_3
-3

118560+ 8299 -3

5 2507587117325 29506295145# 592 3

347142186145 592%80_3 41150929030191680 288056 321084176p_3
-3

118560+ 8299 -3

6 3470894823728 347142186145 592 3

399221420833 592%é3_13 54424259416659200 380969 591631440p_3
-3

118560+ 8299 399221420833 5928 3

7 4590440234195
451300655521 592%80_3 69549944022854560 486849 8157@8192p_3
-3

118560+ 8299 -3

8 5866223348726 45130065552% 5928 ~ 3

503379890209 592%80_3 86527982847377760 605695 993434432p_3
-3

118560+ 8299 3

9 7298244167321 503379890209 592 3

_ p__
555459124897 592%8D 3 105358375892028800 73750863124680160 3
10 8886502689980 118560+ 82992 3 55545912489# 5928 3
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