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Abstract

There is a forgetful map from the mapping classgroup of a punctured
surface to that of the surface with one fewer puncture. We prove that
�nitely generated purely pseudo-Anosov subgroups of the kernel of this
map are convex cocompact in the senseof B. Farb and L. Mosher. In par-
ticular, we obtain an a�rmativ e answer to their question of local convex
cocompactnessof K. Whittlesey's group.

In the course of the proof, we obtain a new proof of a theorem of I.
Kra. We also relate the action of this kernel on the curve complex to a
family of actions on trees. This quickly yields a new proof of a theorem
of J. Harer.

1 In tro duction

Let S = Sg;m be an orientable surfaceof genus g with m punctures and assume
throughout that the complexity � (S) = 3g� 3+ m is at least 1. Let (S;z) denote
the surfaceS equipped with a marked point z. There is a homomorphism from
the mapping classgroup of (S;z) to that of S which �ts into J. Birman's exact
sequence[3, 4]

1 ! � 1(S;z) ! Mod(S;z) ! Mod(S) ! 1;

see
�

2. We usethis sequenceto view � 1(S;z) as a subgroup of Mod(S;z).
Our main theorem answers Question 6 of [13].

Theorem 6.1. If G < � 1(S;z) < Mod(S;z) is �nitely generated and purely
pseudo-Anosov, then G is convexcocompact.
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Convex cocompactnessfor subgroupsof the mapping classgroup wasde�ned
by B. Farb and L. Mosher in [8] via the action on Teichm•uller spaceby way of
analogy with Kleinian groups and their action on hyperbolic space:a subgroup
is convex cocompact if it has a quasiconvex orbit in the Teichm•uller space.
Their work exhibits an intimate connectionbetweenconvex cocompactnessof a
subgroupof the mapping classgroup and the geometryof the associated surface
group extension. This concept was studied further by the �rst two authors in
[13], extending the analogy with Kleinian groups; and by U. Hamenst•adt in [9],
where the connection to surface group extensionswas strengthened. We note
that Theorem 6.1 provides the �rst nontrivial examplesof convex cocompact
groups that do not arise from a combination or ping{p ong argument.

In terms of the analogy with Kleinian groups, Theorem 6.1 should be com-
pared with a theorem of G. P. Scott and G. A. Swarup [18]: �nitely generated
subgroupsof in�nite index in �b er subgroupsof �b ered hyperbolic 3{manifold
groups are geometrically �nite. Indeed, the exact sequenceof such a �bration

1 ! � 1(S;z) ! � 1(M ; z) ! Z ! 1

injects into Birman's sequence,and the subgroupscovered by Theorem 6.1 are
natural analoguesof those consideredby Scott and Swarup.

Convex cocompact groups are necessarily �nitely generated and virtually
purely pseudo-Anosov [8]. An important question is whether the converse
holds|this is Question 1.5 of [8] (seealso Problem 3.4 of [17]), asked by Farb
and Mosher for free groups. A negative answer would imply a negative answer
to M. Gromov's Question, Question 1.1 of [2], regarding necessaryand su�cien t
conditions for a group to be word hyperbolic. SeeSection 8 of [14] for a discus-
sion of the connection betweenGromov's question and convex cocompactness.

Question 6 of [13] is a natural test question for Question 1.5 of [8] as the
necessaryand su�cien t condition for an element in � 1(S;z) to bepseudo-Anosov
as an element of Mod(S;z) is a topological one, and not a priori related to any
algebraic structure. I. Kra discovered this necessaryand su�cien t condition
[15]|see Theorem 4.2 here|and his proof of su�ciency is Teichm•uller theoretic
(necessity is obvious). We give an alternativ e proof here based entirely on
topological and group theoretic considerations,see

�

4.
The classof groups covered by Theorem 6.1 also includes the test casepro-

posedby Farb and Mosher in Question 1.6 of [8] (seealso Problem 3.5 of [17]).
These are the �nitely generated subgroups of K. Whittlesey's groups. Recall
that Whittlesey's groups are normal purely pseudo-Anosov subgroups of the
mapping class groups of the sphere with n � 5 punctures and of the closed
genus{2 surface.

Corollary . Whittlesey's groupsare locally convexcocompact: �nitely generated
subgroups are convex cocompact.

Proof of the Corollary from Theorem 6.1. It su�ces to prove the theorem for
Whittlesey's subgroupsof Mod(S0;n ), as there is a surjection

Mod(S2;0) ! Mod(S0;6)
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with order{t wo central kernel [5], and an isometry of Teichm•uller spaceswhich
is equivariant with respect to this \virtual isomorphism."

We can view any oneof the punctures of S0;n asbeing obtained from S0;n � 1

by removing a marked point z. There are thus n di�eren t Birman sequencesand
son surjective homomorphismsMod(S0;n ) ! Mod(S0;n � 1). The intersection of
these kernels is Whittlesey's group, and hencelies in � 1(S0;n � 1) < Mod(S0;n ).
Any �nitely generated subgroup of Whittlesey's group is thus also a �nitely
generatedpurely pseudo-Anosov subgroupof � 1(S0;n � 1). Sincen � 5, Theorem
6.1 implies that such a subgroup is convex cocompact.

The proof of Theorem 6.1 relies on a characterization of convex cocompact-
nessdiscoveredby the �rst two authors [13] and, independently , by Hamenst•adt
[9] in terms of the action on the curve complex C. We are thus lead to a study of
the action of � 1(S;z) < Mod(S;z) on the curve complex of (S;z) (equivalently ,
that of S n f zg), and there is an interesting observation regarding this action
that we now describe.

If S is closed(m = 0), then there is a map of curve complexes� : C(S;z) !
C(S); see

�

2.2. In general, the desiredmap is not globally well-de�ned as essen-
tial simple closedcurveson (S;z) may becomeperipheral in S. In this casewe
restrict � to the largest subcomplex on which it is well-de�ned, denoted bC(S;z).
The �b ers of this map are invariant under the action of � 1(S;z) < Mod(S;z),
and have a simple geometric description:

Theorem 7.1. The �b er of � over a point in the interior of a simplexv � C(S)
is � 1(S;z){equivariantly homeomorphic to the tree Tv determined by v.

The tree Tv is the tree dual to the multi-curv e v equipped with its action
by � 1(S;z); see

�

7. This is the Bass{Serre tree for the splitting of � 1(S;z)
determined by the multi-curv e v.

A consequenceof the theorem is the following fact due to J. Harer [10]|a
new proof of this is due to A. Hatcher and K. Vogtmann [11].

Corollary 1.1 (Harer). With the polyhedral topologies, C(S) and bC(S;z) are
homotopy equivalent.

The corollary is proven using a sectionof � described by Harer and perform-
ing the straight{line homotopy to the sectionalong the �b ers given by Theorem
7.1. See

�

7.
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2 De�nitions and conventions

Wehavechosento work with the surface(S;z) markedwith z rather than Snf zg
as this is generally more convenient. However, occasionally our arguments are
clari�ed by working with Snf zg. When this is the case,we refer to the puncture
obtained by removing z as the z{puncture .

We say that a closedcurve in S is non trivial if it is homotopically nontrivial
in S and essential if it is nontrivial and nonperipheral, that is, not homotopic
into every neighborhood of a puncture. Thesede�nitions are extendedto (S;z)
by de�ning a closedcurve in (S;z) to be a closedcurve in S which is contained
in Snf zg. A closedcurve in (S;z) is then non trivial (respectively, essential ) if
it is so in S nf zg. Isotopy in (S;z) meansisotopy in S �xing z. Thus nontrivial
and essential simple closedcurves in (S;z) are isotopic if and only if they are
isotopic in S n f zg.

We �x a complete �nite area hyperbolic metric on S and let p: eS ! S
denote the universal covering. The hyperbolic metric on S pulls back to oneon
eS making eS isometric to the hyperbolic plane.

We view � 1(S) as the group of covering transformations of the universal
covering p: eS ! S and �x this action once and for all. A point ez 2 p� 1(z)
determinesan isomorphism of � 1(S) with the fundamental group � 1(S;z). We
�x a basepoint ez 2 p� 1(z), and hencean isomorphism � 1(S) �= � 1(S;z).

2.1 Mapping class groups and Birman's sequence

The mapping class group of S is the group Mod(S) = � 0(Di� + (S)), where
Di� + (S) is the group of orientation preservingdi�eomorphisms of S that �x each
of the punctures. We de�ne Mod(S;z) to be � 0(Di� + (S;z)), whereDi� + (S;z) is
the group of orientation preservingdi�eomorphisms of S that �x each puncture
and that also�x z. There is a canonicalisomorphismMod(S;z) �= Mod(Snf zg).

Birman's exact sequence[3, 4] relates the mapping class group of S with
that of (S;z) and � 1(S;z). Namely

1 ! � 1(S;z) ! Mod(S;z) ! Mod(S) ! 1:

To describe the inclusion � 1(S;z) ! Mod(S;z) concretely, we �rst represent
an element of � 1(S;z) by a loop 
 based at z. Writing 
 : [0; 1] ! S with

 (0) = 
 (1) = z, there is an isotopy ht : S ! S such that h0 = IdS and

 (t) = ht (z) for all t 2 [0; 1]. Sinceh1(z) = z, the map h1 determinesa mapping
classin Mod(S;z), and this is the imageof 
 in Mod(S;z) in the exact sequence.
It is clear that the isotopy ht may be constructed so that the di�eomorphism
h1 is supported on any given neighborhood of the curve 
 � S.

For clarit y, we write h
 for the di�eomorphism or mapping classassociated
to 
 2 � 1(S;z).

Any element f 2 Mod(S) determinesan outer automorphism f � of � 1(S;z),
and this de�nes a homomorphism Mod(S) ! Out( � 1(S;z))|the codomain is
Out( � 1(S;z)) rather than Aut (� 1(S;z)) as representativ esof f neednot �x the
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basepoint. The Dehn{Nielsen Theorem states that this is an isomorphism onto
an index{t wo subgroup when S is closed(seeStillwell's appendix to [7]), but in
general it is only injective [20]. Working with Mod(S;z) erasesthe di�cult y of
moving basepoints and there is an injection Mod(S;z) ! Aut (� 1(S;z)). Since
� 1(S;z) hastrivial center, � 1(S;z) �= Inn( � 1(S;z)) and Birman's exact sequence
injects into the classicalshort exact sequenceassociated to Aut (� 1(S;z)):

1 //� 1(S;z) //

��

Mod(S;z) //

��

Mod(S) //

��

1

1 //Inn( � 1(S;z)) //Aut (� 1(S;z)) //Out( � 1(S;z)) //1

All of the squarescommute, and, for any �; 
 2 � 1(S;z), the �rst one becomes

(h
 )� (� ) = 
 �
 � 1: (1)

2.2 Curv e complexes

The simplicial curv e complex of S will be denoted C� (S), the simplicial
curve complex of (S;z) similarly denoted C� (S;z). We view these abstract
simplicial complexesas partially ordered setsof simplices,where a k-simplex is
determined by a set v = f v0; : : : ; vk g of k + 1 distinct isotopy classesof pairwise
disjoint essential simple closedcurves.

Following the nomenclature of the subject, we let C(S) and C(S;z) denote
the curv e complexes of S and (S;z), respectively. Theseare geodesicmetric
spacesobtained by isometrically gluing regular Euclidean simpliceswith all edge
lengths equal to one according to the combinatorics of the associated abstract
simplicial complex (compare [6, I.7]). The necessity for distinguishing between
C and C� will soon becomeapparent.

In the casethat � (S) = 1, C� (S) is zero dimensional and one often makesa
separatede�nition for the curve complexesin thesecases.However, we do not
do this here, and so consideringC(S) a geodesicmetric spaceis nonsensical|a
geodesicmetric would have to assignan \in�nite distance" to any two points.
In this special case,we simply treat C(S) as a countable set of points. As we
will only considermetric properties of C(S;z), and not C(S), this is not a serious
issue. For this reason,and so we neednot continue to comment on the special
case,we discussthe relevant metric geometry of C(S;z) only.

The 1-skeleton C1(S;z) is itself a metric space(with the induced geodesic
metric), and the inclusion into C(S;z) is a quasiisometry. Becausea geodesic
in C1(S;z) between vertices has a combinatorial description as a sequenceof
adjacent vertices, we may mix combinatorial and geometric arguments in the
metric spaceC1(S;z). Wewill thereforework with the metric on C0(S;z) induced
by the inclusion into C1(S;z), which takesinteger valuesonly.

We will confuse notation as follows: a simplex in C� will be considered
simultaneously a subsetof C aswell asa union of curveson the surface(further
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confusingan isotopy classwith a representativ e). Thuswemay write v 2 C� (S),
v � C(S), or v � S, the context determining the particular meaning.

For clarit y, we will typically denotesimplicesof C� (S;z) by u = f u0; : : : ; uk g
and simplicesof C� (S) by v = f v0; : : : ; vk g. If v is a simplex in C� (S), we will
write [v] for the geodesicrepresentativ eof v, which is a union of pairwise disjoint
embeddedsimple closedgeodesics.

2.3 Forgetful pro jection

Any simple closed curve u in (S;z) can be viewed as a curve in S which we
denote �( u). However, if S has punctures then an essential curve in (S;z) may
becomeinessential in S by becomingperipheral. The only time this can happen
is when the curve is the boundary of a once{punctured disk (Y; z) � (S;z)
containing the marked point. We call such a curve u in (S;z) prep eripheral .
A simplex u = f u0; : : : ; uk g 2 C� (S;z) is called prep eripheral if one of its
verticesui is a preperipheral curve in (S;z), and nonprep eripheral otherwise.

We de�ne the nonprep eripheral sub complex of C� (S;z) by

bC � (S;z) = f u 2 C� (S;z) j u is nonpreperipheralg:

There is now a well-de�ned simplicial map

� � : bC� (S;z) ! C� (S)

determined by forgetting the marked point z. We also write

� : bC(S;z) ! C(S)

for the induced map on metric spaces(or sets if � (S) = 1).

Lemma 2.1. If u � bC(S;z) is a k{simplex, then �( u) has dimension at least
k � 1.

If � ju is noninjective (so that �( u) hasdimension k� 1) and after reordering
the vertices of u we have�( u0) = �( u1), then the curvesu0 and u1 cobound an
annulus (Y; z) � (S;z) containing z.

Proof. Every simplex u 2 bC � (S;z) is contained in a maximal simplex u0 in
C � (S;z), which determines a pants decomposition (of S n f zg). So u0 has
dimension � (S n f zg) � 1 = � (S). Since � (S) � 1, an easyargument allows us
to assumethat u0 2 bC(S;z).

Every component of (S n f zg) n u0 is a pair of pants, exactly one of which
contains the z{puncture. So the corresponding component (Y; z) � (S;z) of
Snu0 is an annulus with two boundary components. After reordering the vertices
we may assumetheseare u0; u1 2 u0. Clearly �( u0) is a pants decomposition of
S, and sohasdimension � (S) � 1, one lessthan that of u. Since� j f u0 ;u 1 g is not
injective, it follows that � ju will be noninjective if and only if it contains both
u0 and u1, which thus cobound the annulus (Y; z). In any case,the dimension
can be at most one lessthan that of u.

We say that a simplex u of bC(S;z) is injectiv e if � ju is injective and non-
injectiv e otherwise.
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3 Subsurfaces

Consider a compact � 1{injectiv e subsurface(Y; z) � (S;z) with Y 6�= D 2 and
� 1(Y; z) < � 1(S;z) a proper subgroup. The boundary @Y is a disjoint union
of nontrivial simple closed curves in (S;z). It can happen that some of the
components in @Y are isotopic to each other in (S;z) and that some of the
components are peripheral in (S;z). We let @0Y denote the simplex in C� (S;z)
obtained by identifying pairs of components of @Y that are isotopic in (S;z)
and forgetting the peripheral components.

z z

z

u

Y(u)

@0Y(u)

Figure 1: A simplex u 2 C� (S;z), its subsurface(Y (u); z), and @0Y (u) � u.

Let u 2 C� (S;z) be any simplex. We construct a subsurface(Y (u); z) �
(S;z) as follows. Remove from S a small open tubular neighborhood of u and
small open cusp neighborhoods of the punctures (in particular, these neigh-
borhoods should be pairwise disjoint and not contain z), and let Y(u) be the
component of this subsurfacecontaining z. Note that @0Y (u) � u is a poten-
tially proper face|see Figure 1 for an example. We can iterate this processof
taking subsurface,then @0, but it immediately stabilizes: Y (@0Y (u)) is isotopic
�xing z to Y (u).

Lemma 3.1. If u 2 C(S;z), then (Y (u); z) is an annulus (containing z) if and
only if u is either preperipheral or nonpreperipheral and noninjective. Further-
more, in this caseu is preperipheral if and only if the boundary components of
Y(u) are peripheral in S.
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Proof. If u 2 bC� (S;z), the lemma follows immediately from Lemma 2.1 and the
de�nitions.

All that remains is to prove that for a preperipheral simplex u 2 C� (S;z),
Y (u) is an annulus for which the boundary components are peripheral in S. Let
u0 2 u be the preperipheral vertex. It follows that u bounds a once-punctured
disk containing z, that is, Y (u0) is an annulus of the required type. Now let
u1 2 u be any other vertex. The curveu1 cannot be contained in (Y (u); z), since
Y(u) � f zg is a pair of pants and thus contains no essential simple closedcurves.
Therefore, all other components of u lie outside Y (u0), and so Y (u0) = Y (u),
completing the proof.

3.1 From simplices to groups

To each subsurface(Y; z) � (S;z) described in the previous sectionwe can asso-
ciate its fundamental group � 1(Y; z) < � 1(S;z). We let D denote the collection
of all such subgroupsand de�ne a map

� : C� (S;z) ! D

by declaring that �( u) = � 1(Y (u); z) < � 1(S;z). Note that while (Y (u); z) is
only de�ned up to isotopy �xing z (since u is), �( u) is a well de�ned subgroup
of � 1(S;z).

The set D admits a natural partial order by inclusion aswell as an action of
� 1(S;z) by conjugation.

Prop osition 3.2. The map � is a � 1(S;z){equivariant order{r eversingsurjec-
tion.

Proof. Given a subgroup � 1(Y; z) < � 1(S;z) in D, we have � 1(Y (@0Y); z) =
� 1(Y; z), and hence �( @0Y ) = � 1(Y; z). So � is surjective. If u � u0 is a
face, then Y (u) � Y (u0), and so � 1(Y (u); z) � � 1(Y (u0); z). In other words,
�( u) � �( u0). So � is order{reversing.

If 
 2 � 1(S;z), then Y(h
 u) = h
 (Y (u)). We have

�( h
 u) = � 1(Y (h
 u); z) = � 1(h
 (Y (u)) ; z)

= 
 � 1(Y (u); z)
 � 1 by (1)

= 
 �( u)
 � 1

and it follows that � is equivariant.

3.2 From groups to convex hulls

In the following, all stabilizers are taken with respect to actions of � 1(S) and
are denoted Stab(�). Our choice of isomorphism � 1(S) �= � 1(S;z) allows us to
view D as a collection of subgroupsof � 1(S) acting on the hyperbolic plane eS.
The type of group �( u) is re
ected by the type of the simplex u. More precisely,
from the de�nitions and Lemma 3.1 we have the following:
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(i) �( u) is a nonabelian free group if and only if u is nonpreperipheral and u
is injective.

(ii) �( u) is cyclic generatedby a hyperbolic element if and only if u is non-
preperipheral and u is noninjective.

(iii) �( u) is cyclic generatedby a parabolic element if and only if u is prepe-
ripheral.

In cases(i) and (ii), we let Hull(�( u)) denote the convex hull of the limit set
� �( u ) of �( u) acting on eS �= H2. In case(ii), �( u) is cyclic and Hull(�( u))
is the axis of the elements of �( u). Alternativ ely, Hull(�( u)) is a compo-
nent of p� 1([�( u)]) (recall that [�( u)] is the geodesic representativ e of �( u)).
Note that �( u) = Stab(Hull (�( u))) since the natural map of the quotient
Hull(�( u))=�( u) = [�( u)] into S is injective.

If �( u) is not cyclic (case(i)), then Hull (�( u)) is a subsurfaceof eS bounded
by geodesics. Consider the isotopy (not �xing z) from �( u) to the geodesic
representativ e [�( u)] in S. This takesY (u) to a compact core for the quotient
of the interior int(Hull (�( u))) =�( u) � S. This can be seenby lifting the isotopy
to a � 1(S){equivariant isotopy in eS taking p� 1(�( u)) to p� 1([�( u)]). Because
int(Hull (�( u))) =�( u) injects into S and sinceStab(Hull (�( u))) = Stab(int (Hull (�( u))))
it follows that �( u) = Stab(Hull (�( u))).

In case(iii), the convex hull of the limit set of �( u) is empty sincethe limit
set is a single point. Here we de�ne Hull(�( u)) to be a �( u){in variant horoball,
chosenasfollows. We choosea � 1(S){in variant family of horoballs, onecentered
at each parabolic �xed point, with the property that for any horoball in the
family

(I) the quotient by the stabilizer embedsas a cusp neighborhood of the asso-
ciated puncture in S

and

(I I) the boundary of the cusp neighborhood (which is the quotient of the
boundary horocycle by the stabilizer) is disjoint from every simple closed
geodesic in S.

That this is possibleis a well{known consequenceof J�rgensen's inequality (more
precisely, the Shimizu{Leutb echer Lemma [16, I I.C]). In Section 6 we impose
tighter restrictions on thesehoroballs, but, for now, this su�ces.

Note that we also have Stab(Hull (�( u))) = �( u) in case(iii) since �( u) is
necessarilya maximal parabolic subgroup. We therefore have

Lemma 3.3. For every �( u) 2 D, Stab(Hull (�( u))) = �( u).

Let N (�( u)) denote the normalizer of �( u) in � 1(S). Lemma 3.3 yields

Prop osition 3.4. For every �( u) 2 D, N (�( u)) = �( u).
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Proof. As is true for any subgroup of � 1(S), we have

�( u) � N (�( u)) � Stab(� �( u ) )

and
Stab(� �( u ) ) = Stab(Hull (�( u))) :

Combining theserelations with Lemma 3.3 we have

�( u) � N (�( u)) � �( u);

and the proposition follows.

We have associated to each �( u) 2 D a convex set Hull (�( u)) and we let H
denote the set of all such convex sets. We order H by inclusion and note that
� 1(S) clearly acts on H as convex hulls of limit setsare natural and our set of
horoballs is � 1(S){in variant.

Lemma 3.5. The map Hull : D ! H is a � 1(S){equivariant order{preserving
surjection.

Proof. First observe that �( u) � �( u0) implies � �( u ) � � �( u0) .
If neither group �( u) nor �( u0) is parabolic, then it immediately follows

that Hull(�( u)) � Hull (�( u0)). If both groups are parabolic, then we must
have �( u) = �( u0), for the parabolic subgroups of D are maximal parabolic
subgroups,and so Hull (�( u)) = Hull (�( u0)).

The only remaining caseis when �( u) is parabolic and �( u0) is not. Since
�( u) < �( u0), some�( u){in variant horoball is contained in Hull (�( u0)). Since
Hull(�( u0)) is boundedby geodesicsthat descendto simpleclosedgeodesicsin S,
and thesegeodesicsaredisjoint from the boundariesof the cuspsHull(�( u))=�( u)
by construction, it follows that Hull (�( u)) � Hull (�( u0)).

The map is surjective by construction.

Proposition 3.2 and Lemma 3.5 have the following corollary.

Corollary 3.6.
Hull � � : C� (S;z) ! H

is a � 1(S){equivariant order{r eversingsurjection.

4 Stabilizers and Kra's Theorem

Theorem 4.1. If u 2 C� (S;z) is any simplex, then

Stab(u) = �( u)

with respect to the action determined by the inclusion � 1(S;z) < Mod(S;z).

We note that the stabilizer in � 1(S;z) < Mod(S;z) of a simplex u �xes that
simplex pointwise since� 1(S;z) acts trivially on homology, and so by Theorem
1.2 of [12], it consistsentirely of pure mapping classes.
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Proof. One inclusion is obvious. Namely,

�( u) = � 1(Y (u); z) � Stab(u)

for if 
 2 � 1(Y (u); z), then the di�eomorphism h
 canbe chosento besupported
on Y (u). In particular, h
 �xes u.

To prove the other inclusion, observe that the � 1(S;z){equivariance of �
implies that the stabilizer of u is contained in the stabilizer of �( u). Since
� 1(S;z) acts by conjugation on D this meansthat

Stab(u) � N (�( u)) :

Proposition 3.4 implies N (�( u)) = �( u) and so

Stab(u) � �( u)

as required.

We obtain Kra's Theorem as a corollary:

Theorem 4.2 (Kra). Given 
 2 � 1(S;z), h
 2 Mod(S;z) is pseudo-Anosov if
and only if 
 is �l ling.

An element of � 1(S;z) is �lling if every representativ e loop nontrivially in-
tersects every essential closed curve in S. We note that every representativ e
loop of an element 
 2 � 1(S;z) intersects every essential closedcurve in S if
every closedcurve in the free homotopy classof 
 does.

Proof. Sinceh
 is pure, it is pseudo-Anosov if and only if it doesnot stabilize
any simplex. By Theorem 4.1 this happens if and only if 
 is not in any group
� 1(Y (u); z) for any u 2 C� (S;z).

We claim that 
 is not in any group � 1(Y (u); z) for any u 2 C � (S;z) if and
only if 
 is �lling. To seethis, �rst observe that 
 is in � 1(Y (u); z) if and only
if it can be realized disjoint from @0Y (u). If @0Y (u) is not preperipheral, then

 has a representativ e disjoint from any component of �( @0Y (u)), which is an
essential curve in S. If @0Y(u) is preperipheral, then 
 is a peripheral loop, so
has a representativ e disjoint from a representativ e of any essential closedcurve
in S.

5 Purely pseudo-Anoso v subgroups

Let G < � 1(S;z) be a �nitely generatedsubgroup, purely pseudo-Anosov when
considereda subgroup of Mod(S;z). We view G as a subgroup of � 1(S) acting
as a fuchsian group on the hyperbolic plane eS and make uniform estimates to
be usedin the proof of Theorem 6.1.

11



By Theorem 4.2, the free homotopy class in S de�ned by any nontrivial
element of G �lls S. Let � = Hull (G)=G be the quotient hyperbolic surface
with geodesicboundary and let

p0 : Hull( G) ! �

be the covering projection.
The surface� is compact. To seethis, note that �nite generationof fuchsian

groups is equivalent to geometric �niteness (see Theorem 10.1.2 of [1]) and
that G is purely hyperbolic as a fuchsian group acting on eS, as every element
corresponds to a �lling loop on S.

The inclusion Hull( G) ! eS inducesan immersion f : � ! S with f � (� 1(�)) =
G. We collect our maps into a commuting diagram:

e� //

p0

��

eS

p

��
�

f //S

Sinceevery nontrivial conjugacy classin G is �lling, for any geodesic [v] in
S, f � 1([v]) cuts � into disks. To seethis, note that if this were not the case,
then there would be a nontrivial loop 
 2 � 1(�) disjoint from f � 1([v]), and so
f � (
 ) could not be �lling as it would be disjoint from v. Moreover, as we will
see,the family of arcs of f � 1([v]) as v rangesover all of C0(S) is a precompact
family.

It will be convenient in the proof of the lower bound for Theorem 6.3 to
demonstrate precompactnessof the family in a slightly larger surface. Namely,
let � 1 = N1(Hull (G))=G denote the quotient of the 1-neighborhood of Hull( G)
by G. This addsa collar of width oneto each boundary component of �. There
is an obvious extension of f to � 1 � � that we still denote f : � 1 ! S. Let A
denote the set of all arcs of f � 1([v]) in � 1 as v rangesover all of C0(S).

Prop osition 5.1. There are only �nitely many isotopy classesin A and there
is a uniform upper bound on the length of any arc in A .

Proof. The �rst statement clearly follows from the second.
Suppose that there is a sequencef vn g � C0(S) and components L n �

f � 1([vn ]) so that `(L n ) ! 1 . After passing to a subsequence,we may as-
sume that [vn ] has a Hausdor� limit � , a geodesic lamination on S. Let � 0 be
the maximal measurablesublamination of � , obtained from � by throwing away
all non-closedisolated leaves.

After passingto a further subsequenceif necessary, we assumethat L n has
a Hausdor� limit, necessarilycontained in f � 1(� ). Since`(L n ) ! 1 , there is a
connectedgeodesiclamination � contained in this limit and f (� ) is a component
of � 0|the components of � 0 are exactly the sublaminations. If � is a simple
closedgeodesic, then f (� ) � � 0 represents a conjugacy classin G which is not
�lling and we obtain a contradiction. So � is not a simple closedgeodesic.
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Let W� denote the supporting subsurfaceof � |the smallest open, locally
convex subsurfacecontaining � |and let Yf ( � ) be the supporting subsurfaceof
f (� ). Since the supporting subsurfaceis determined by the preimage of the
lamination in the universal cover, it easily follows that

f (W� ) = Yf ( � ) :

Thus the surface f (W� ) is the component of the supporting subsurfaceof � 0

containing f (� ) and f (@W� ) is disjoint from � 0. This is impossiblesinceevery
curve representing a conjugacy classof G intersectsevery lamination in S, and
any component of f (@W� ) represents a conjugacy classin G.

Note that each component of � 1 n f � 1([v]) is a not only a disk, but a
disk with uniformly bounded diameter (with respect to the induced path met-
ric): it is convex, and has uniformly bounded circumference. This implies the
samestatement for the disks N1(Hull (G)) n p� 1([v]), which are just the disks of
p� 1

0 (� 1 n f � 1([v])) . Moreover, sinceN1(Hull (G)) \ p� 1([v]) = p� 1
0 (� 1\ f � 1([v])),

the lemma tells us that thesearcs have uniformly bounded diameter also.
The components of p� 1([v]) and the closuresof the components of eSnp� 1([v])

are precisely the convex hulls Hull (�( u)) for �( u) 2 D with � � (u) = v. With
the remarks of the previous paragraph and Proposition 5.1, this implies the
following.

Corollary 5.2. There exists a D > 0 so that for any simplex u 2 bC� (S;z),

diam(Hull (�( u)) \ N1(Hull( G))) � D :

6 Convex cocompactness

Theorem 6.1. If � (S) � 1 and G < � 1(S;z) is �nitely generated and purely
pseudo-Anosovas a subgroup of Mod(S;z), then G is convex cocompact.

Fix a purely pseudo-Anosov subgroup G < � 1(S;z) < Mod(S;z) and let
Hull( G) � N1(Hull( G)) � eS and f : � 1 ! S be as in the previous section.
We assumethat for any preperipheral simplex u 2 C� (S;z) we have chosen
Hull(�( u)) so that

Hull (�( u)) \ N1(Hull (G)) = ; :

This is possiblesincef (� 1) is a compact subsetof S, and there are only �nitely
many such conjugacy classesof subgroups�( u) (recall from

�

3.2 that the �( u)
are precisely the maximal parabolic subgroupsand the Hull (�( u)) are invariant
horoballs).

From this choice and Corollary 5.2, we obtain the following re�nement of
that corollary.

Prop osition 6.2. There exists a D > 0 so that for any simplex u 2 C� (S;z),

diam
�
Hull (�( u)) \ N1(Hull( G))

�
� D :
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Proof. Let D beasin Corollary 5.2. If u 2 bC� (S;z), then the bound on diameter
is precisely the conclusionof Corollary 5.2. If u 2 C� (S;z) � bC� (S;z), then u is
preperipheral and soby our choiceof horoball Hull (�( u)) \ N1(Hull (G)) = ; .

Fix a vertex u 2 C0(S;z) and a point x 2 Hull(�( u)) \ Hull (G). A �nite
generating set for G de�nes a word metric on G, but it is more convenient to
usethe metric

dG (g; h) := dHull (G) (g(x); h(x)) = deS (g(x); h(x))

which is quasiisometric to any such word metric by the Milnor- �Svarc Lemma.
The following implies Theorem 6.1.

Theorem 6.3. The orbit map G ! G � u given by g 7! g � u is a quasiisometric
embedding into C(S;z).

Proof of Theorem 6.1 from Theorem 6.3. It was shown in [13] (Theorem 1.3)
and independently in [9] (Theorem 2.9) that a �nitely generatedsubgroup of
the mapping classgroup is convex cocompact if and only if the orbit map to
the curve complex is a quasiisometric embedding.

Proof of Theorem 6.3. Write d1 for the metric on C0(S;z) induced from the
inclusion into C1(S;z), see

�

2.2. We must �nd K � 1 and C � 0 so that for any
g 2 G, we have

dG (1; g)
K

� C � d1(u; g � u) � K dG (1; g) + C:

The upper bound follows from the fact that dG is quasiisometricto the word
metric, for which such an upper bound is an immediate consequenceof the
triangle inequality. We assumethat the constants K and C we choosefor the
lower bound also su�ce for the upper bound.

We proceedto the proof of the lower bound.
Let � : eS ! Hull( G) denote the closestpoint projection. This is a contrac-

tion. Moreover, a well{known fact in hyperbolic geometry is that there exists
an R > 0 so that if � is any geodesic segment outside N1(Hull( G)) then � (� )
has length `(� (� )) � R.

Next, suppose that u0 is a simplex in C(S;z) and � is a geodesic segment
contained in Hull (�( u0)). Since Hull (�( u0)) \ N1(Hull (G)) is convex, it cuts
� into at most three geodesic segments, at most one of which is contained in
Hull(�( u0)) \ N1(Hull (G)). It follows that

`(� (� )) � 2R + D;

where D is as in Proposition 6.2.
Now supposethat

n = d1(u; g � u)
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and connect u to g � u by a geodesic edge path [u0; : : : ; un ]. It follows from
the � 1(S){equivariance of Hull � � (see Corollary 3.6) that g(Hull(�( u))) =
Hull(�( g � u)). We construct a piecewisegeodesicpath


 : [0; 2n + 1] ! eS

connecting x 2 Hull(�( u)) to g(x) 2 g(Hull(�( u))) = Hull(�( g � u)) as follows.
Consider the 2n + 1 simplices in the 1{skeleton of C(S;z)

w0 = f u0g; w1 = f u0; u1g;
w2 = f u1g; w3 = f u1; u2g;
w4 = f u2g; w5 = f u2; u3g;

...
...

w2n � 2 = f un � 1g; w2n � 1 = f un � 1; un g;
w2n = f un g

Thesehave the property that

w2j ; w2j +2 � w2j +1

for every j = 0; : : : ; n � 1. Therefore, by Corollary 3.6 it follows that

Hull (�( w2j )) ; Hull (�( w2j +2 )) � Hull (�( w2j +1 ))

for every j = 0; : : : ; n � 1. The key consequenceis that

Hull(�( wk )) \ Hull(�( wk+1 )) 6= ;

for every k = 0; : : : ; 2n � 1.
From this it follows that we can de�ne a path 
 : [0; 2n + 1] ! eS with the

following properties

� 
 (0) = x

� 
 (2n + 1) = g(x)

� 
 ([k; k + 1]) � Hull(�( wk )) is a geodesicsegment.

To seethis, note that we have a chain of 2n + 1 convex sets,the �rst contain-
ing x and the last containing g(x). Consecutive sets in the chain nontrivially
intersect. We therefore take 
 ([0; 1]) to be the geodesic segment from x to
any point of the intersection Hull(�( w0)) \ Hull (�( w1)). Next take 
 ([1; 2]) to
be the geodesic segment connecting this point to any point of Hull(�( w1)) \
Hull(�( w2)), and so on. We continue in this way, ending with a geodesic seg-
ment 
 ([2n; 2n+ 1]) connectingthe already determinedpoint of Hull (�( w2n � 1)) \
Hull(�( w2n )) to g(x). Convexity guaranteesthe last property required.

Sincethe geodesicsegment 
 ([k; k + 1]) is contained in Hull(�( wk )), we see
that for every k = 0; : : : ; 2n

`(� (
 ([k; k + 1]))) � 2R + D
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Since 
 connectsx to g(x), so does � (
 ), and its length bounds the distance
from x to g(x). Therefore we obtain

dG (1; g) = dHull (G) (x; g(x)) � `(� (
 )) � (2n + 1)(2R + D)

Isolating n = d1(u; g � u) in this inequality, we have

d1(u; g � u) = n �
dG (1; g)

2(2R + D)
�

1
2

Taking any K � 2(2R + D) and C � 1=2 completesthe proof.

7 Trees

Given a simplex v 2 C� (S), there is an associated action of � 1(S) on a tree
Tv , namely, the Bass{Serretree for the splitting of � 1(S) determined by v. We
refer the reader to [19] for a general intro duction to actions on trees associated
to codimension{1 submanifold.

In this section we prove

Theorem 7.1. The �b er of � over a point x in the interior of a simplex v �
C(S) is � 1(S){equivariantly homeomorphic to the tree Tv determined by v.

The �b er naturally inherits the structure of a metric simplicial tree from
the point x, and as we vary this point in the base, we vary the metric trees
continuously in the spaceof � 1(S){trees, see

�

7.2.1. Harer de�ned a section of
� : bC(S;z) ! C(S), and the metric on the trees can be used to parameterizea
straight line deformation retraction to the image of the section. This allows us
to give an alternativ e proof of the following theorem.

Corollary 7.2 (Harer). If � (S) � 1, then with respect to the polyhedral topolo-
gies, C(S) is homotopy equivalent to bC(S;z).

Hatcher and Vogtmann have given a simpli�ed proof of this corollary, see[11].
We begin with a discussionof the �b ers of �.

7.1 Fib ers

For any x 2 C(S), the �b er F x = � � 1(x) can be naturally given the structure of
a simplicial complex F �

x so that each simplex is a�nely embeddedin a simplex
of bC(S;z). Let v be the unique simplex of C� (S) containing x in its interior and
let F �

v = � � 1
� (v) endowed with the partial order obtained by restricting the

partial order on bC� (S;z) to F �
v . We emphasizethat � � 1

� (v) is not a simplicial
subcomplex of bC� (S;z) (unlessv 2 C0(S)), but simply the partially ordered set
of simplicessent by � � to the simplex v.

Note that F �
x is � 1(S){equivariantly order isomorphic to F �

v : the isomor-
phism is given by sendinga simplex of F �

x to the smallest simplex of F �
v con-

taining it.
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7.2 The trees

We now recall one construction of the tree Tv by constructing its underlying
simplicial complex T �

v . The simplicial tree T �
v is the tree dual to the preimage

p� 1([v]) � eS. More precisely, the vertices of T �
v are in a one-to-onecorrespon-

dencewith components of eS � p� 1([v]) with two vertices joined by an edgeif
the closuresof the corresponding components nontrivially intersect.

The edgeand vertex stabilizers of T �
v in � 1(S) are preciselythe stabilizers of

the components of p� 1([v]) and of eSnp� 1([v]), respectively. By construction, the
quotients of theseby their stabilizers inject as components of [v] and S n [v]. It
follows from the discussionin Section3.2 that thesesubgroupsare all contained
in D (falling into the two �rst cases(i) and (ii)). Indeed, setting Dv to be the
set of all edgeand vertex stabilizers of T �

v we have

Dv = f �( u) j �( u) = vg � D:

The group � 1(S) acts on Dv by conjugation (the restriction of the action on
D). Notice that the stabilizers of two distinct verticesare distinct, and similarly
for the edgestabilizers. Thus, the stabilizer determinesthe simplex of the tree.
Therefore, since (in this setting) the stabilizer of a vertex properly contains
the stabilizer of any edgehaving it as an endpoint, we seethat the simplicial
complex T �

v is � 1(S){equivariantly reverse{order isomorphic to Dv . We record
this as a proposition.

Prop osition 7.3. For any simplex v 2 C� (S), T �
v is � 1(S){equivariantly

reverse{order isomorphic to Dv .

The map � restricts to a map

� v : F �
v ! Dv :

given by � v = � jF �
v

.

Prop osition 7.4. For any simplex v 2 C� (S), � v is a reverse{order bijection.

The proof will require the following lemma.

Lemma 7.5. Suppose (Y; z); (Y 0; z) � (S;z) are compact � 1{inje ctive subsur-
faces with Y; Y 0 � D 2 and � 1(Y; z) = � 1(Y 0; z) < � 1(S;z) proper. Then there is
an isotopy �xing z taking Y to Y 0.

It is easy to seethat there is an isotopy taking Y to Y 0 if we do not require
such an isotopy to �x z. The proof of the lemma is an exercisein geometric
topology, which we sketch for completeness.

Sketch. With our chosen isomorphism � 1(S) �= � 1(S;z), we view � 1(Y; z) =
� 1(Y 0; z) as a subgroup G < � 1(S) of the covering group of p: eS ! S. First,
by an isotopy �xing z we may assumethat Y and Y 0 meet transversely(equiva-
lently , their boundariesmeet transversely). By further isotopy �xing z we may
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assumethat @Y meets @Y 0 in the fewest possible number of points. If these
boundariesare disjoint, then we easily �nd annuli disjoint from z which we can
useto produce an isotopy taking Y to Y 0.

Now supposethat the boundariesintersect. We describe how to �nd a bigon
not containing z boundedby arcsof @Y and @Y 0 which canbeusedto reducethe
number of intersection points, producing a contradiction. To this end, consider
eY and eY 0, the G{in variant components of p� 1(Y ) and p� 1(Y 0), respectively.
By assumption, eY and eY 0 contain exactly the samesubset of p� 1(z), namely
all G{translates of the chosenbasepoint ez 2 p� 1(z) de�ning the isomorphism
� 1(S) �= � 1(S;z). The same is true for the translate of eY and eY 0 by any
element of � 1(S). Said di�eren tly , p� 1(@Y ) and p� 1(@Y 0) de�ne exactly the
samepartition of p� 1(z). An innermost bigon in eS boundedby arcsof p� 1(@Y )
and p� 1(@Y 0) projects to the desiredbigon in S.

Proof of Proposition 7.4. As we have already noted, � v is an order{reversing
surjection. We must show that � v is injective.

To seethis, we suppose �( u) = �( u0) with u; u0 2 F �
v . We need to show

that u = u0. From the de�nition of � we have � 1(Y (u); z) = � 1(Y (u0); z) (recall
that we must realizeu and u0 by multicurv esto make senseof Y (u) and Y(u0)).
By Lemma 7.5 there is an isotopy �xing z taking Y(u) to Y(u0). This proves
that @0Y (u) = @0Y(u0).

Now let u0 2 u and u0
0 2 u0 beverticesnot in u and u0, respectively, for which

�( u0) = �( u0
0) (if there are no such vertices, then u = @0Y (u) = @0Y (u0) = u0

and we are done). We must show that u0 = u0
0. This is another argument in

geometric topology. By an isotopy �xing Y (u) = Y (u0) �rst assumeu0 and u0
0

intersect transversely in the fewest possiblenumber of points (fewest among all
curves isotopic by an isotopy �xing Y (u) = Y (u0)). If u0 and u0

0 are disjoint,
then becausethey becomeisotopic after forgetting z, they must cobound an
annulus in S. This annulus cannot possibly contain Y (u) = Y(u0), so it may
be usedto produce an isotopy �xing Y (u) = Y(u0) taking u0 to u0

0 as required.
If they are not disjoint, then there is a bigon in S bounded by arcs of these
curves. Of course this bigon cannot contain Y (u) = Y(u0), and so it can be
used to produce an isotopy �xing Y(u) = Y(u0) and reducing the number of
intersection points of u0 and u0

0, as required. Therefore u0 = u0
0, so u = u0, and

� v is injective.

Proof of Theorem 7.1. Since � v is a reverse{order bijection and since T �
v is

reverse{order isomorphic to Dv , it follows that we have an order{preserving
bijection from T �

v to F �
x . Sincetheseareboth abstract 1{dimensional simplicial

complexes,they must be isomorphic.

7.2.1 Variation of metrics

The simplex v is naturally a spaceof transversemeasureson its underlying 1{
manifold: namely, a point in v is a convex combination of the unit weights on
the components of this 1{manifold.
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The tree F x thus inherits a metric varying continuously in x by assigningto
each edgethe weight of the dual curve in x to which it corresponds. This metric
is the sameas the path metric induced by the inclusion of F x into bC(S;z).

7.3 Harer's section and a deformation retraction

There are many ways to construct a section of the map � : bC(S;z) ! C(S).
Harer describesone as follows. First, the union of the geodesicrepresentativ es

[

v2C 0 (S)

[v]

hasmeasurezero. We choseour basepoint z to be any point outside this union.
A section is then given by v 7! [v]. This makessensebecause[v] lies in S n f zg
and geodesicsminimize intersection betweenpairs of curves.

Let usdenotethe imageof this sectionby C0(S). The map � : bC(S;z) ! C(S)
composedwith this section givesa map � 0: bC(S;z) ! C0(S). The �b ers of � 0

are preciselythe �b ersof � and are thereforemetric trees. The sectionprovides
a preferred basepoint in each, the intersection with C0(S).

Any metric tree T with a preferred basepoint x admits a \straigh t line"
deformation retraction to the basepoint

H : T � [0; 1] ! T

de�ned by setting H (y; t) to be the unique point of the geodesicsegment [x; y]
for which d(x; H (y; t)) = (1 � t)d(x; y).

This determinesa map

H : bC(S;z) � [0; 1] ! bC(S;z)

de�ned on each of the pointed trees by the procedure just described.
This map is not continuous with respect to the metric topology on bC(S;z).

The idea is that for a vertex u in bC(S;z) and any 0 < � < 1 onecan �nd a point
x within � of u for which H (f xg� [0; 1� � ]) is always within � of u, while H (u; t)
is making progress toward C0(S). In particular, one can construct sequences
f xn g with xn ! u and H (xn ; 1=2) ! u but H (u; 1=2) far from u.

However, the polyhedral topology is more natural from the perspective of
algebraic topology, and here the map H is continuous.

Prop osition 7.6. The map H is continuous with respect to the polyhedral
topologies, and hence is a deformation retraction.

Proof. With respect to the polyhedral topologies, it su�ces to show that the
restriction of H to u � [0; 1] is continuous for each u 2 bC� (S;z). The set

H (u � [0; 1])
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is a �nite subcomplex X � bC(S;z): it is the union of paths in the �b er of � 0

from u to � 0(u), and there are only �nitely many combinatorial typesof these
paths, one for each face of � 0(u). Thus, the restriction becomesa map

H ju� [0;1] : u � [0; 1] ! X

SinceX is a �nite simplicial complex, it is easyto check that H ju� [0;1] is con-
tinuous. Figure 2 givesa cartoon of the general situation where the euclidean
simpliceshave beendistorted a�nely .

u

� 0(u)

� 0

x

(� 0)� 1(x)

Figure 2: The deformation retraction above a simplex � 0(u).
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