Exam 3

04,/20/07

Problem 1

Consider y” + Ay = 0 where furthermore y(0) = y'(7/2) = 0. Find the eigen-
values and eigenfunctions. (You may assume that there are no negative eigen-
values.)

Solution:

First let A = 0. Thus the equation is y” = 0 with general solution Ax + B.
y(0) = 0 implies that 0+ B = B =0. Also 0 = ¢'(7/2) = A. Thus A =0 is not
an eigenvalue.

Now let A = 2. The general solution is A cos axr + Bsin ax. Plugging in 0
we see that A = 0, and taking the derivative gives us that y'(z) = Bacos ax.
Plugging in 7/2 shows us that « € {1,3,5,7,... }.

So the eigenvalues are n? for n odd, and the eigenfunctions are sinnz for n

odd.



Problem 2

Part (a)

Let f(t) = sint for ¢ between 0 and m, and f(t) = 0 for t between 7 and 2.
The cosine series for f(t) begins
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and the sine series for f(¢) begins
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Let g(t) = cost for t between 0 and 7, and g(t) = 0 for t between 7 and 2.
Find the first 4 terms of the sine and cosine series for g(¢). Hint: no integration
is needed.

Solution:

Here all one needs to remember is that given the Fourier series for f(t) one
can obtain the Fourier series for f’(¢) by differentiating the Fourier series for
f(t) termwise. Note that if one extends g(¢) to an odd function, then it is the
derivative of f(¢) extended to an even function. Thus one obtains the sine series
of for ¢g(t) by differentiating termwise the cosine series of f(¢).

Likewise, one obtains the cosine series of for ¢g(t) by differentiating termwise
the sine series of f(t).

Part(b)

Let h(t) be the function that is 0 between 0 and 2 and 20 between 2 and 4.
Extend this to be an odd function of period 8, and find its Fourier series.
Solution:

Since we extend h(f) to an odd function, we are calculating the sine series for
h(t).

2 4 I
by = Z/0 h(t)sin%t dt = §/2 QOSin%ﬂ-t dt =
4 4
—IOE[COS %t]i = —IOE[COS nm — cos(nmw/2)].
Note that for n odd, cosnm is —1 and cos(nn/2) is 0. For n equal 2 mod 4, one
gets 1 and —1 for cosnm and cos(nm/2) respectively, and n a multiple of four,
one gets 1 and 1. So b, = ;‘;—2 for n odd, b, = =32 for n € {2,6,10,14,...}, and
b, = 0 for n a multiple of 4.



Problem 3

Find a steady periodic solution to " + 22 = h(¢) where h(¢) is the function
from Problem 2, Part (b).

Solution:

This should have read, “where h(t) is the function from Problem 2, Part (b)
after it has been extended to an odd function”.

First one writes 2/ 4+ 2z = Y | b, sin(4*t) where the b,’s are those cal-
culated in the previous problem. Now one looks for a solution of the form

zsp(t) = 220:1 Cp sin( 7).

Thus one has

— i Cn, n; sin( )+ 2 Z Cp, sin( —t Z by, sin(
n=1

2 2

Thus ¢, = bn/(2 — “5-).



Problem 4

Suppose that two metal rods (with thermal diffusivity k=1 m?/s) of length 2
meter are joined end to end. One begins at 20 degrees and the other at 0. The
rods are insulated laterally, and their ends are embedded in ice. Find u(z,t).
Hint, if the cold rod is on the left, you can use Problem 2, Part b.

Solution:

One may simply use Theorem 1 from 9.5 to say

= n2x2, nm
u(z,t) = an67 a2 sin(It)
n=1

where the b, are again as in Problem 2 (b).



