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Abstra ct. W e c haracterize þ-indep endence in a v ariet y of structures, fo cus-

ing on the �eld of real n um b ers expanded b y predicate de�ning a dense m ulti-

plicativ e subgroup, G , satisfying the Mann prop ert y and whose pth p o w ers are

of �nite index in G . W e also sho w suc h structures are sup er-rosy and eliminate

imaginaries up to co des for small sets.

1. Intr oduction

W e build on results of v an den Dries and Güna yd�n in [3 ]. There the authors

in v estigate the mo del theory of pairs (K; G ) where K is either an algebraically closed

�eld or a real closed �eld, and G is a m ultiplicativ e subgroup of K �
with the Mann

Prop ert y (for a de�nition, see [3]). In the case where K is real closed (henceforth

w e distinguish this case b y referring to K as R ), the additional h yp othesis that G
is a dense subgroup of R> 0

is used.

Among other results, v an den Dries and Güna yd�n obtain go o d descriptions

of the de�nable sets in b oth cases and a go o d description of dimension when K is

algebraically closed, assuming G is ! -stable. In particular, the pair (K; G ) is sho wn

to b e ! -stable of Morley rank ! .

W e extend the results of [3] b y obtaining a description of dimension for R real

closed and G suc h that for eac h prime n um b er, p, the subgroup of G consisting

of pth-p o w ers has �nite index in G . T o do this, w e need to re�ne sligh tly the

description of de�nable sets, fo cusing on a certain collection of de�nable sets w e

call "basic small", and in tro duce the notion of þ-rank. In particular, w e pro v e that

the pair (R; G) is sup er-rosy of þ-rank ! . W e then use this fact to obtain some

partial results ab out the elimination of imaginaries.

No w w e state these results precisely .

Theorem 1.1. L et R b e a r e al close d �eld and G a dense sub gr oup of R> 0
with

the Mann pr op erty and such that for e ach prime numb er, p, the sub gr oup of G

c onsisting of pth-p owers in G has �nite index in G . Then

(1) G has þ-r ank 1, and

(2) (R; G) has þ-r ank ! .

Henc e, (R; G) is sup er-r osy.

Theorem 1.2. L et (R; G) b e as in the pr evious the or em. Enlar ge (R; G) by adding

su�ciently many sorts of (R; G)
eq

so that the r esulting structur e has a c o de for every

b asic smal l subset of Rk
, for e ach k . Then this structur e eliminates imaginaries.
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While our primary in terest is in subgroups of R with the Mann prop ert y , w e

obtain Theorems 1.1 and 1.2 as applications of a more general result.

Theorem 1.3. Supp ose that (R; + ; : : : ) is an o-minimal exp ansion of a gr oup in

the language L . Consider the exp ansion R = ( R; G; + ; : : : ) in the language L G =
L [ fGg wher e G is a unary pr e dic ate such that:

(1) G(R) is smal l, and c ontaine d in some interval, (a; 1 ) � R , in which it is

dense.

(2) Each L G -formula  (x) is e quivalent to a Bo ole an c ombination of formulas

of the form 9~y
�
G(y1) ^ � � � ^ G (yn ) ^ ' (x; ~y)

�
wher e ' is an L -formula.

(3) F or e ach de�nable D � G (R)k
ther e is an L -de�nable set E such that

(a) D is a dense subset of E \ G (R)k
and

(b) if S := f Di g is any set of p airwise disjoint de�nable sets such that e ach

Di is a dense subset of E \ G (R)k
, then jSj � j L j .

Then R is r osy of þ-r ank less than or e qual to ! and þ-r ank of G(R) is 1, Mor e over,

if R includes a �eld structur e, þ-r ank of R e quals ! .

The reader will note that condition (3) ab o v e seems quite tec hnical. In man y

cases, the m uc h more natural (and stronger) condition holds, namely

(3) F or e ach de�nable D � G (R)k
ther e is an L -de�nable set E such that D =

E \ G (R)k
.

Ho w ev er, in cases that are of particular in terest to us, suc h as R = ( R; G; + ; �)
and G(R) = 2 Z3Z

, (3)0
fails. T o understand wh y (3) is not as unnatural as it ma y

�rst app ear, the reader ma y skip ahead to Section 5.

Theorem 1.4. L et R b e as in the pr evious the or em. Enlar ge R by adding su�-

ciently many sorts of R
eq

so that the r esulting structur e has a c o de for every b asic

smal l subset of Rk
. Assume in addition, given any set of p ar ameters A , and any

interval I de�ne d over A , that scl(A) \ I is not c ontaine d in any smal l set (se e 1.15

and 2.12 for the appr opriate de�nitions). Then this structur e eliminates imaginar-

ies.

In addition to applying to structures satisfying the conditions of Theorem 1.1,

Theorems 1.3 and 1.4 also apply to dense pairs of o-minimal expansions of ordered

ab elian groups, as in [2 ].

Con v en tions and Notation. An L -structure, e.g. R = ( R; + R ; �R ; < R ; 0R ; 1R ) ,

consists of an underlying set, e.g. R , together with an in terpretation of eac h sym-

b ol from the language, e.g + R ; �R ; < R ; 0R ; 1R
. W e drop the sup erscripts when no

confusion results. Capital letters in the �fraktur� fon t, e.g. M and R , indicate struc-

tures. The univ erses of these structures are denoted b y the corresp onding capital

letters in the normal fon t. F or instance, M and R are the resp ectiv e univ erses of

the structures ab o v e.

W e use the letters x; y; z; w as v ariables, and the letters, a; b; c; etc., to indicate

elemen ts of the univ erse of a structure. W e distinguish b et w een elemen ts from M
and tuples from M n

b y using v ector notation for tuples. F or example, ~x; ~y and ~a;~b
as opp osed to x; y and a; b.

W e use ' ,  , and � to indicate form ulas. When no confusion results, w e suppress

the parameters, writing, for instance, ' (~x) ev en when the form ula is not o v er the

empt y set. Lik ewise, when w e sa y de�nable, w e mean de�nable with parameters.
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T o sa v e ourselv es from constan tly w orrying ab out the length of our tuples, when

~x is an n -tuple, w e write M n
as M ~x . The set de�ned b y a form ula ' (~x) is denoted

b y ' (M ~x ) .

W e use capital letters in �blac kb oard b old� to indicate de�nable sets, e.g. D; E,

with the exceptions of N, Q , and R, whic h are the sets of natural n um b ers, rational

n um b ers, and real n um b ers, resp ectiv ely . W e denote the complemen t of D as Dc
.

W e use f , p ossibly with subscripts, for de�nable functions. Also �; � will alw a ys

indicate ordinals, m; n will alw a ys indicate natural n um b ers, and p will alw a ys

indicate a prime n um b er.

If w e wish to emphasize that a de�nable set is de�ned with parameters, w e write

the parameters as a subscript. F or example, supp ose  (~y) de�nes E and ' (~x)
de�nes D, where w e ha v e suppressed the parameters in b oth  and ' . If w e then

wish to emphasize that ' uses a parameter ~e2 M ~y , w e write D~e . F or instance, w e

write

9~y( (~y) ^ ' (M ~x ; ~y))

as [

~e2 E

D~e:

F or a set C , w e denote b y P (C) the p o w er set of C .

De�nitions and Preliminaries. No w w e in tro duce some de�nitions that w e use

in the remainder of the pap er, together with some prop ositions from other pap ers

whic h w e ha v e cause to use.

De�nition 1.5. Fix a theory , T , and a su�cien tly saturated mo del M j= T . W e

w ork in M
eq

. Let ' (~x; ~y) b e a form ula without parameters, let

~b 2 M
eq

~y , and let C
b e a set of size less than the degree of saturation of M .

F or k 2 N, the form ula ' (~x;~b) is said to k-þ-divide o v er C if there is D � C suc h

that tp(~b=D) is not algebraic and the set of form ulas f ' (~x;~b0)
�
� ~b0 j= tp( ~b=D)g is

k -inconsisten t. The form ula is said to þ-divide o v er C if it k -þ-divides for some k .

The partial t yp e � (~x;~b) is said to þ-fork o v er C if it implies a disjunction of

form ulas (with arbitrary parameters), eac h of whic h þ-divides o v er C .

W e ha v e de�ned what it means for a form ula to þ-divide o v er a set C . Sometimes,

when the particulars of C are not imp ortan t, w e will simply sa y that a form ula þ-

divides.

Remark 1.6. By c omp actness, if ' k -þ-divides, ther e is always a single formula

� (~y; ~d) 2 tp(~b=D) such that the set of formulas f ' (~x;~b0)
�
� M j= � (~b0; ~d)g is k -

inc onsistent.

A lso by c omp actness, if � (~x;~b) implies a disjunction of formulas that þ-divide,

� implies a �nite disjunction of such formulas.

De�nition 1.7. Let A; B; C � M b e smaller than the degree of saturation of M .

Then ĵ þ

is de�ned as follo ws: A ĵ þ

C
B if and only if tp(~a=BC) do es not þ-fork

o v er C for an y tuple ~a from A . If A ĵ þ

C
B w e sa y that A is þ-indep endent fr om B

over C .

De�nition 1.8. A theory T suc h that ĵ þ

is symmetric for T is called r osy .
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Alternativ ely , rosiness could b e de�ned in terms of lo cal thorn ranks b eing �nite.

Ho w ev er, w e will not ha v e need of an y lo cal ranks, as the situation w e �nd ourselv es

allo ws for a global thorn rank, as de�ned b elo w.

When w orking with an indep endence relation, w e can de�ne its foundation rank.

F or þ-indep endence w e ha v e:

De�nition 1.9. Let p(x) b e a t yp e o v er A . F or � an ordinal, w e de�ne U

þ (p) � �
inductiv ely on � .

(1) U

þ (p(x)) � 0.

(2) If � = � + 1 , w e de�ne U

þ (p(x)) � � if there is a tuple a and a t yp e q(x; y)
o v er A suc h that q(x; a) � p(x) , U

þ (q(x; a)) � � and q(x; a) thorn-forks

o v er A .

(3) If � is a limit ordinal, then U

þ (p(x)) � � if U

þ (p(x)) � � for all � < � .

Remark 1.10. It is p erhaps worth noting that in a the ory that is not r osy, thorn

forking may stil l b e symmetric if one r estricts the sorts that one c onsiders. If

thorn indep endenc e satis�es symmetry when r estricte d to the r e al sorts, one c al ls

the the ory real-rosy . F or instanc e, the the ory of algebr aic al ly close d value d �elds

is not a r osy the ory, but þ-forking, r estricte d to the �eld, r esidue �eld, and value

gr oup sorts, is an indep endenc e r elation. Thus A CVF is r e al-r osy.

De�nition 1.11. þ-rank is the least function taking v alues in On [ f1g satisfying

the follo wing:

(1) þ-rank

�
' (~x;~b)

�
� 0 if ' (~x;~b) is consisten t.

(2) þ-rank

�
' (~x;~b)

�
� � + 1 if there is  (~x;~c) that þ-divides o v er

~b, suc h that

 (~x;~c) ` ' (~x;~b) and þ-rank

�
 (~x;~c)

�
� � .

(3) F or � a limit ordinal, þ-rank

�
' (~x;~b)

�
� � if þ-rank

�
' (~x;~b)

�
� � for all

� < � .

The relation b et w een þ-rank and U

þ

-rank is giv en b y the follo wing ([4]):

F act 1.12. F or any typ e, p, U

þ (p) � min f þ-r ank

�
'

�
j' 2 pg

In analogy with simple and stable theories, w e mak e the follo wing de�nition

(whic h could b e equiv alen tly stated in terms of U

þ

-rank):

De�nition 1.13. A complete theory is sup er-rosy if ev ery form ula has ordinal

þ-rank.

The corollary of the Co ordinatization Theorem of [5 ] stated b elo w will simplify

our pro of of sup er-rosiness:

Corollary 1.14. Given a c omplete the ory T , if every formula in one fr e e variable

' (x;~b) has or dinal þ-r ank, then T is sup er-r osy.

De�nition 1.15. Let M := ( M; : : : ) b e an ordered structure. A de�nable set

D � M k
is lar ge i� there is some m , an in terv al I � M and a function f : Dm � I .

A de�nable set S is smal l i� it is not large.

Note that this de�nition of small di�ers from the con v en tions of [3]. There the

adjectiv e "small" also applies to sets that are not de�nable, but do es not apply to

subsets of M n
for n > 1. In addition, [3] de�ned small for arbitrary mo dels, and so

without an order, there could b e no men tion of in terv als. One of the cases w e wish
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to consider, ho w ev er, is dense pairs of ordered ab elian groups. In this setting, a

b ounded in terv al w ould b e small under the de�nition of [3]. Our de�nition for small,

when restricted to de�nable subsets of a mo del (R; G) satisfying the h yp otheses of

Theorem 1.3 will turn out to b e G -small, as de�ned in [2]. When R in addition has

a �eld structure all three de�nitions will coincide (for de�nable subsets of R ).

F act 1.16. L et M b e an o-minimal structur e. L et f ' (M;~a)g~a2 A b e a de�nable

family of subsets of M , e ach of which by o-minimality may b e de c omp ose d into

a �nite union of p oints and op en intervals. Then the minimal numb er of p oints

and the minimal numb er of op en intervals in any such de c omp osition ar e de�nable

pr op erties of ~a.

Henceforth, L denotes a language extending the language of ordered ab elian

groups, G a unary predicate, R = ( R; G) denotes a structure satisfying the condi-

tions of Theorem 1.3, although one ma y think of R as a structure satisfying the

conditions of Theorem 1.1. F ollo wing our normal con v en tions, w e should refer to

the set de�ned b y G(x) as G , but w e simply write it as G . W e use RjL to denote

the reduct of R to L .

2. Small Sets

W e �rst mak e a de�nition and a tec hnical observ ation.

De�nition 2.1. A k-value d function , F : A k�! B is a function from A to f S 2
P (B ) : jSj � kg. The gr aph of suc h an F is f (a; b) 2 A � B : b 2 F (a)g.

If F : D ! E where D � Rm ; E � Rn
, then w e sa y F is de�nable in R , if its graph

is.

Lemma 2.2. If M = ( M; <; : : : ) is any or der e d structur e, and E; F ar e de�nable

subsets of M m
, M n

r esp e ctively, and f : E k�! F is a k -value d function, then ther e

is a function

ef : Ek ! F with the same image as f . If ther e ar e two de�nable

elements of E then

ef has the same p ar ameters as f .

Pr o of. Pic k a1; a2 de�nable in E (adding parameters if necessary). Supp ose that

e is not equal to a1 . Set

ef ((e; a1; : : : ; a1)) to b e the least elemen t of f (e) , set

ef ((a1; e; a1; : : : ; a1)) to b e the second least elemen t of f (e) , etc. No w supp ose that

e = a1 . Set

ef ((e; a2; : : : ; a2)) to b e the least elemen t of f (e) , etc. Finally , for

an y ~e 2 Ek
on whic h

ef is not y et de�ned, set

ef (e) equal to the least elemen t of

f (a1) . �

De�nition 2.3. W e sa y a de�nable set D is smal l in an interval I if D \ I is small.

W e sa y a de�nable set D is c osmal l in an interval I if Dc \ I is small.

De�nition 2.4. A de�nable set X is b asic if it is de�ned b y a form ula of the

form 9~y(G(~y) ^ ' (~x; ~y)) where ' (~x; ~y) is a form ula in L , and b y G(~y) , w e mean

G(y1) ^ � � � ^ G (yn ) .

Remark 2.5. Note that a set is b asic if and only if it c an b e written as

[

~g2 Gn

' (R~x ;~g):

Note also that �nite unions and interse ctions of b asic sets ar e again b asic. In

p articular, an interval interse ct a b asic set is again a b asic set.
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The follo wing is a consequence of Lemma 6.1 of [3]:

F act 2.6. If (R; G) satis�es the c onditions of The or em 1.1, then G is smal l in R .

F act 2.7. By The or em 7.5 of [3] , if (R; G) satis�es the c onditions of The or em 1.1,

any de�nable subset of R is a Bo ole an c ombination of b asic sets.

Th us using the notation (R; G) for structures satisfying the conditions of Theo-

rem 1.1 do es not violate the con v en tions outlined ab o v e.

F or our purp oses the ab o v e c haracterization of de�nable sets is not quite su�-

cien t; w e obtain a more detailed description in the case of de�nable subsets of R
(as opp osed to Rn

).

First w e need to pro v e that if f 1 and f 2 are functions de�nable in L thenS
~g2 Gn (f 1(~g); f 2(~g)) is a �nite union of in terv als. This is clear when f 1 and f 2 are

functions in one v ariable. In general, it is sligh tly less clear. As a consequence of

the cell decomp osition theorem, it su�ces to sho w the follo wing:

Lemma 2.8. Cho ose a c el l, B � Rn
, such that f 1 and f 2 ar e c ontinuous on B,

Gn \ B is dense in B, and f 1(~x) < f 2(~x) . Then

S
~g2 B\ Gn (f 1(~g); f 2(~g)) is an interval.

Pr o of. Let a = inf f 1(B) and b = sup f 2(B) . Let d 2 (a; b) ; w e wish to sho w that

d 2
S

~g2 B\ Gn

�
f 1(~g); f 2(~g)

�
. F or some c1 2 B, f 1(c1) < d . Clearly if f 2(c1) > d ,

w e are done, so w e ma y assume that f 2(c1) < d . Lik ewise w e ma y assume that

there is some c2 suc h that d < f 1(c2) < f 2(c2) . Note that (f 1 + f 2)(c1) < 2d while

(f 1 + f 2)(c2) > 2d. Th us, b y the con tin uit y of f 1 and f 2 , and b y the connectedness

of B, there is c3 suc h that (f 1 + f 2)(c3) = 2 d. Since f 1 < f 2 , w e conclude that

d 2 (f 1(c3); f 2(c3)) . By the densit y of Gn \ B in B w e ma y �nd ~g 2 B \ Gn
suc h

that d 2 (f 1(~g); f 2(~g)) . �

Finally , w e need to sho w that subsets of Gk
are in a sense w ell appro ximated b y

L -de�nable sets. W e already kno w that for an y suc h set, D, there is an L -de�nable

set B suc h that D is dense in B \ Gk
. It is not the case that D will necessarily b e

dense in B. F or instance, let (R; G) := ( R; 2Q) . Consider the plane, P � R3
de�ned

b y z � 3y . Let D := P \ G3
. Then D is just the cop y of G lying on the x -axis,

and not dense in P. Clearly , in this example, had w e c hosen B as the x -axis, rather

than the plane P w e w ould ha v e obtained the densit y w e desired. W e pro v e that in

general, c ho osing B carefully , w e can in fact obtain densit y in B.

Lemma 2.9. F or any D � Gn
, ther e is L -de�nable B such that D is dense in B.

Pr o of. W e sho w that giv en an y pair, D, B, with D a dense subset of B \ Gn
, and

with B L -de�nable, w e ma y �nd L -de�nable B0 � B with D a dense subset of B0
.

W e pro ceed b y induction on the dimension, k , of B. There is nothing to pro v e

for k = 0 .

No w supp ose w e ha v e pro v en the claim for j < k . T ak e B of dimension k . W e

ma y assume that B is a cell: write B as B1 [ � � � [ Bl , with eac h Bi a cell. It is

not di�cult to c hec k that either D \ Bi is a dense subset of Bi \ Gn
, or Bi is of

dimension less than k . In the second case, w e can c ho ose B00
i � Bi suc h that D \ Bi

is a dense subset of B00
i \ Gn

. B00
i ma y not b e a cell, but w e ma y apply the inductiv e

h yp othesis to it.

As B is a cell, w e ma y c ho ose, p ossibly dividing B in to �nitely man y pieces,

some pro jection � : B ! � (B) � Rk
so that � is a homeomorphism. No w c ho ose
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L -de�nable A so that � (D) is a dense subset of A \ Gk
. Again, w e ma y divide A

in to cells and consider eac h separately , so w e ma y assume that A is a cell. Either

A has dimension k , in whic h case A \ Gk
is dense in A and th us � (D) is dense in

A , or A has dimension less than k in whic h case w e ma y assume � (D) is a dense

subset of A b y induction.

No w let B0 := � � 1(A) . As � is a homeomorphism, D is dense in B0
and since �

is L -de�nable, so is B0
. �

Prop osition 2.10. L et D � R b e de�nable in R . Then ther e is a �nite p artition

�1 = a0 < a 1 < � � � < a m = 1 of R such that D is either smal l or c osmal l in

(ai � 1; ai ) for i = 1 ; : : : ; m .

Pr o of. W e �rst assume that D is basic. So D =
S

~g2 Gn ' (x;~g) , where ' (x; ~y) is

an L -form ula. By the o-minimalit y of RjL , eac h ' (x;~g) de�nes a �nite union of

p oin ts and in terv als. By saturation, there is a uniform b ound on the n um b er of

these p oin ts and in terv als. By F act 1.16, w e ma y assume without loss of generalit y

that eac h ' (x;~g) de�nes either a single p oin t or a single in terv al.

First let us consider the case where ' (x;~g) is a single p oin t. As there is a

de�nable surjection from Gn
on to D, w e see that D is small.

No w w e consider the case where eac h ' (x;~g) is an in terv al. There are de�nable

f 1; f 2 : Rn ! R suc h that ' (R;~g) = ( f 1(~g); f 2(~g)) . As f 1; f 2 are L -de�nable, w e

ma y decomp ose Rn
in to �nitely man y cells on whic h f 1 and f 2 are con tin uous. By

the previous t w o lemmas, [

~g2 Gn

(f 1(~g); f 2(~g))

is a �nite union of in terv als.

Th us, w e ha v e our result if D =
S

~g2 Gn ' (x;~g) .

No w assume D and E satisfy the conclusion. T o complete the pro of, w e m ust

sho w that Dc
and D [ E also ha v e the desired prop ert y . But this is clear. �

Remark 2.11. If D is de�nable fr om

~d, so is the p artition �1 = a0 < a 1 < � � � <
am = 1 .

De�nition 2.12. W e sa y that ~e is in the smal l closur e of A i� ~e is con tained in

a small set de�ned with parameters from A . W e denote the small closure of A b y

scl(A) .

De�nition 2.13. W e sa y that a set, S � Rk
, is G -b ound i� there is an L -de�nable

f : Rn ! Rk
suc h that S � f (Gn ) .

It is clear that G -b ound implies small. W e pro ceed to pro v e the con v erse.

Lemma 2.14. A ny b asic smal l set S is G -b ound.

Pr o of. Note that if S � Rk
is a basic small set, so is eac h pro jection of S to R ; and

that cartesian pro ducts of G -b ound sets are G -b ound. Th us it su�ces to consider

small subsets of R .

Supp ose that S is de�ned with parameters ~a. Let S b e de�ned b y

[

~g2 Gn

' (x;~g;~a)

where ' (x; ~y; ~z) is an L -form ula. Since RjL is o-minimal, eac h set ' (R;~g;~a) is a

�nite collection of p oin ts and in terv als. It is easy to see that an y set con taining an
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op en in terv al is large, so eac h ' (R;~g;~a) is a �nite set. By o-minimalit y , there is a

uniform b ound k to the size of ' (R;~g;~a) for eac h ~g 2 Gn
.

Th us mapping ~g to ' (R;~g;~a) giv es us a k -v alued (and ~a-de�nable) function, f ,

in the language L suc h that f (Gn ) = S. By 2.2, w e ma y replace this with an actual

function (although if 1 is the only de�nable elemen t of G , w e ma y ha v e to add an

additional parameter in G ). �

Lemma 2.15. L et ' (x; ~d) de�ne D. Then ther e is a p artition �1 = a0 < � � � <
an = 1 and b asic smal l sets S1; : : : ; Sn such that D \ [ai � 1; ai ] either is c ontaine d

in Si , or c ontains Sc
i \ [ai � 1; ai ], and e ach Si is de�ne d fr om

~d.

Pr o of. Note that ' (x; ~d) is equiv alen t to a b o olean com bination of basic form ulas,

where b y basic form ula w e mean a form ula of the form 9~y(G(~y) ^  (x; ~y; ~d)) with  
an L -form ula, i.e. a basic form ula is one that de�nes a basic set. W e pro ceed b y

induction.

Supp ose that ' (x; ~d) is a basic form ula. Then b y Prop osition 2.10, there is a

partition �1 = a0 < � � � < a n = 1 suc h that D \ [ai � 1; ai ] either is small or

cosmall. If D \ [ai � 1; ai ] is small, let Si := D \ [ai � 1; ai ]. If D \ [ai � 1; ai ] is cosmall

in [ai � 1; ai ], then D \ [ai � 1; ai ] is a �nite union of in terv als, b y Lemma 2.8. Th us,

since it is small, [ai � 1; ai ] n D is a �nite collection of p oin ts. Let Si b e this �nite

collection of p oin ts. Note that in either case, b y Remark 2.11, Si can b e de�ned

o v er

~d.

No w supp ose that ' = ' 1 ^ ' 2 . Let E1 := ' 1(R; ~d) and let E2 := ' 2(R; ~d) . By

induction, there are partitions �1 = b0 < � � � < bm = 1 and �1 = c0 < � � � <
cn = 1 of E1 and E2 resp ectiv ely with the desired prop ert y . Let �1 = a0 < � � � <
al = 1 b e the union of these t w o partitions. Then D \ [ai � 1; ai ] is either small or

cosmall. If D\ [ai � 1; ai ] is small, then either E1 or E2 is small in [ai � 1; ai ]. Without

loss of generalit y , w e ma y assume it is E1 . By induction, E1 \ [ai � 1; ai ] is con tained

in a basic small set, de�ned from parameters

~d. Th us so is D \ [ai � 1; ai ].

If D \ [ai � 1; ai ] is cosmall, then b oth E1 and E2 are cosmall in [ai � 1; ai ]. By

induction, there are basic small sets, S1; S2 , b oth de�nable from

~d, suc h that E1 \
[ai � 1; ai ] con tains Sc

1 \ [ai � 1; ai ], and E2 \ [ai � 1; ai ] con tains Sc
2 \ [ai � 1; ai ]. Th us,

D con tains (S1 [ S2)c \ [ai � 1; ai ].

No w supp ose that ' = : ' 0 . Let E b e de�ned b y ' 0 . By induction there is

a partition �1 = a0 < � � � < a n = 1 and basic small sets S1; : : : ; Sn suc h that

E \ [ai � 1; ai ] either is con tained in Si , or con tains Sc
i \ [ai � 1; ai ], and the Si are

de�ned from

~d. But this partition and these small sets w ork for D as w ell.

�

F rom the previous t w o lemmas, w e obtain the follo wing t w o corollaries:

Corollary 2.16. If S is a smal l set, then it is G -b ound.

Pr o of. Let S � Rk
. Let � i b e the pro jection on to the i th co ordinate. Let Si :=

� i (S) . Let

eSi b e a basic small set con taining Si . Then

eS1 � � � � � eSk is a basic small

set con taining S. �

Corollary 2.17. A n element, e, is in the smal l closur e of A if and only if ther e is

an L -de�nable function, f (x) and some ~g 2 Gn
such that e = f (~g) . As long as G

c ontains two de�nable elements, f is de�ne d using only p ar ameters fr om A . Thus,

if a 2 scl(b) and b 2 scl(c) , then a 2 scl(c) .
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Remark 2.18. Note that, unlike the algebr aic closur e of A , scl(A) dep ends on the

mo del c ontaining A .

Prop osition 2.19. If D is smal l, and E~d is smal l for e ach

~d 2 D, then

S
~d2 D E~d is

also smal l.

Pr o of. First note that b y Lemma 2.15, for eac h

~d 2 D there is a basic small set

con taining E~d . By compactness, the form ula de�ning the basic small set ma y b e

c hosen uniformly in

~d. Th us, w e ma y reduce to the case where D and eac h E~d are

basic small.

Assume that the form ula � (~x; ~d) de�nes E~d for ev ery

~d 2 D. Then, since E~d is a

basic small set, there are  (~y) 2 tp( ~d) and f (~x; ~y) suc h that whenev er

~d0 j=  (~y) ,

w e ha v e f (~x; ~d0) : Gk � E~d0 . Note that k ,  , and f ma y dep end on

~d. Ho w ev er b y

compactness, there is a �nite co v ering of D with sets de�ned b y  1(~y); : : : ;  n (~y) ,

together with asso ciated k1; : : : ; kn and f 1; : : : ; f n . By taking k = max f k1; : : : ; kn g,

w e see that there is a de�nable function

f (~x; ~y) : Gk � D !
[

~d2 D

E~d

suc h that for an y

~d 2 D, f (~x; ~d): Gk � E~d .

No w supp ose that g : Gn � D witnesses that D is small. Then let h : Gk+ n �S
~d2 D E~d b e de�ned as follo ws:

h(~a1;~a2) := f (~a1; g(~a2)) :

So

S
~d2 D E~d is G -b ound, and hence small. �

De�nition 2.20. F or a set C , a function from P (C) to P (C) is a closur e op er ator

i� for an y A; B � C
(1) A � cl (A) ,

(2) A � B implies cl (A) � cl (B ) ,

(3) cl(cl( A ))=cl (A) .

F urthermore, w e sa y that a closure op erator is �nitary when (2) is strengthened to

(2

0
) b 2 cl (A) i� b 2 cl (A0) for some �nite A0 � A .

If the closure also satis�es the Steinitz exc hange prop ert y , then w e sa y that the

closure op erator giv es rise to a pr e ge ometry .

It is clear that the small closure satis�es (1), is �nitary , and, b y the previous

corollary , satis�es (3). Th us w e ha v e pro v en:

Prop osition 2.21. The smal l closur e, scl is a �nitary closur e op er ator on subsets

of R .

3. þ-Rank

No w w e will sho w that structures satisfying the conditions of Theorem 1.1, as

w ell as dense pairs of o-minimal expansions of ordered ab elian groups, satisfy the

conditions of Theorem 1.3. In addition, w e pro v e Theorem 1.3. T o do this, w e will

need to use the follo wing statemen ts from [4].

Prop osition 3.1. If D has þ-r ank � and f : D � E, then E has þ-r ank less than

or e qual to � . F urthermor e, if the �b ers of f ar e �nite, we have e quality.
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Lemma 3.2. Supp ose that e ach of f Fa : a j= pg has þ-r ank � , and supp ose E also

has þ-r ank � . Then ther e c an only b e a �nite numb er of a1; : : : ; an j= p such that

þ-r ank

�
E \ Fa i

�
= � .

Prop osition 3.3. If D has þ-r ank � and E has þ-r ank less than � , then þ-r ank (Dn
E) is � .

Prop osition 3.4. If D has þ-r ank � then Dn
has þ- rank at le ast n� , and e quality

holds if � = 1 .

Lemma 3.5. If ' (R;~b) is an in�nite set de�nable in L , then ' (x;~b) do es not

þ-divide over the empty set.

Pr o of. It ma y b e w orth p oin ting out that merely b ecause the set ' (R;~b) is de�nable

in L , w e ma y not assume that ' is an L -form ula. F or instance,

~b ma y come from

a sort that do es not ev en exist in (RjL )
eq

.

Assume, for a con tradiction, that ' (x;~b) do es þ-divide o v er the empt y set. That

is, tp(~b) is non-algebraic, and there is some � (~y;~c) and some k 2 N suc h that

whenev er

~b1; : : : ;~bk are distinct elemen ts of � (R
eq

~y ;~c) , w e ha v e that ' (x;~b1) ^ � � � ^

' (x;~bk ) is inconsisten t. Since ' de�nes an in�nite L -de�nable set, b y the o-

minimalit y of RjL , it de�nes a �nite collection of p oin ts and op en in terv als.

First note that w e ma y assume that eac h ' (x;~b) de�nes a single in terv al, mo di-

fying ' and � if necessary .

No w w e wish to reduce to the case where k = 2 . W e ma y assume that ' (x; ~y)
do es not (k � 1)-þ-divide. Replace ' (x; ~y) with

e' (x; ~y1; : : : ; ~yk � 1) :=
^

i<k

' (x; ~yi )

and replace � with

e� (~y1; : : : ; ~yk � 1) := � (y1) ^ � � � ^ � (yk � 1) ^
^

i<j<k

~yi < ~yk :

No w e' clearly 2-þ-divides.

No w w e w ould lik e to �nd a con tradiction b y considering the union of the sets

de�ned b y ' (x;~b) for

~b j= � , in tersecting with G , and noting that it violates (3) of

our assumptions on R from Theorem 1.3. Ho w ev er, there is no immediate con tra-

diction since

S
~bj= � ' (R;~b) \ G migh t still b e a �nite union of in terv als in G . W e

can mo dify ' (x;~b) once again to de�ne the in terv al with half the length but the

same cen ter as ' (x;~b) . No w the union of these in tersect G cannot b e dense in a

�nite union of in terv als in tersect G , as G is dense in R . �

No w w e ha v e all the to ols in place to b egin our pro of of Theorem 1.3.

Theorem 1.3. R = ( R; G) is r osy of þ-r ank less than or e qual to ! and þ-r ank of

G is 1, Mor e over, if R includes a �eld structur e, þ-r ank of R e quals ! .

Pr o of. First w e wish to sho w that the þ-rank of G is 1. F or a con tradiction, supp ose

that some form ula ' (x;~b) whic h de�nes a in�nite subset of G þ-divides o v er the

empt y set. Sa y that k , � (~y;~c) are suc h that

V
i<k ' (x;~bi ) is inconsisten t for an y k

distinct elemen ts

~b1; : : : ;~bk satisfying � (x;~c) .
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Then, b y (3) of Theorem 1.3, ' (x;~b) is dense in some �nite union of p oin ts and

in terv als, de�ned b y  (x;~b) . Without loss of generalit y , w e ma y assume that  (x;~b)
de�nes a single op en in terv al. By the previous lemma,  (x;~b) do es not þ-divide, so

w e ma y �nd an in�nite set of

~bi 2 � (R
eq

~y ;~c) suc h that

V
 (R;~bi ) is nonempt y and,

hence, con tains an op en set (d1; d2) . Th us b y in tersecting with (d1; d2) , w e see that

e' (x;~b~d) := ' (x;~b) ^ (x > d 1) ^ (x < d 2) þ-divides o v er d1; d2 . Th us, giv en an y � ,

w e ma y �nd (~bj ) j<� suc h that the e' (x;~bj ) are k -inconsisten t, but eac h e' (x;~bj ) is

dense in (d1; d2) , violating the second part of (3) from 1.3. Th us þ-rank

�
G

�
= 1 .

Second, w e wish to sho w that the þ-rank of x = x is no larger than ! . Supp ose

that ' (x;~b) k -þ-divides o v er the empt y set, where, again,

~b ma y come from an y

sort in R eq

. W e observ e that it su�ces to sho w that D~b := ' (R;~b) m ust b e a small

set, since an y small set is G -b ound, and th us w e ma y apply Prop osition 3.1 and

Prop osition 3.4 to conclude that an y G -b ound set has �nite þ-rank. Then w e will

ha v e sho wn that an y form ula, ' (x;~b) , whic h þ-divides has �nite þ-rank, and, th us,

þ-rank

�
x = x

�
� ! .

No w assume for a con tradiction that ' (x;~b) is not a small set. By 2.15 there is

some op en in terv al I~b suc h that D~b is cosmall in I~b . Supp ose that � (~y;~c) is suc h

that for an y

~b1; : : : ;~bk , eac h realizing � (~y;~c) , one has

D~b1
\ � � � \ D~bk

= ; :

Then it is not hard to see that

J := I~b1
\ � � � \ I~bk

= ; :

F or if this w ere not the case, J , w ould b e an op en in terv al that con tains the small

set (Dc
~b1

[ � � � [ Dc
~bk

) \ J , so (D~b1
\ � � � \ D~bk

) \ J is large.

Th us, if  (x;~b) de�nes I~b , w e see that  (x;~b) also þ-divides. But since in ter-

v als are L -de�nable, this con tradicts the previous lemma. Th us w e conclude that

þ-rank

�
x = x

�
is no greater than ! .

It remains to sho w that if R has a �eld structure, then þ -rank

�
x = x

�
is precisely

! . Note that as G is small, R is an in�nite dimensional dcl(G) -v ector space. Cho ose

(ci ) i 2 N indep enden t v ectors. Considering

c1G + � � � + cn � 1G + cn g;

and noting that one gets 2-inconsistency as one v aries g though G , it is clear that

Vn
~c := c1G + � � � + cn � 1G + cn G

has þ-rank n . As eac h Vn
~c is a subset of R , þ-rank

�
R

�
� ! . �

Note that w e ha v e not only sho wn that R is rosy , but that an y form ula ' (x; ~y)
that þ-divides de�nes a small subset of R . This allo ws us to sho w that small closure

giv es rise to a pregeometry in Section 7.

4. Ima ginaries

P oizat sho w ed that a strongly minimal theory where the algebraic closure of

the empt y set is in�nite eliminates imaginaries do wn to �nite sets. What follo ws

is the same argumen t, with small replacing �nite, and it sho ws that R eliminates

imaginaries do wn to small sets.
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In this section, w e assume that (R; G) satis�es all the h yp otheses of Theorem

1.4. That is, w e add to the assumptions of the last section, the assumption that

giv en an y set A , and I an y in terv al de�ned o v er A , that scl(A) \ I is not con tained

in an y small set.

Prop osition 4.1. L et ' (~x; ~y) de�ne an e quivalenc e r elation, E , and let e b e an

element of the sort R~x =E . Then ther e is an element,

~d, of R~x such that e = ~d=E
and

~d 2 scl(e) .

Pr o of. Let � : Rn ! Rn =E b e the quotien t map, and consider D1 de�ned b y

9x2; : : : ; xn � (x1; x2; : : : ; xn ) = e:

If D1 is small, then an y elemen t of D1 is in scl(e) ; let d1 b e an y suc h elemen t.

Otherwise, there is some in terv al suc h that D1 is cosmall in that in terv al. By our

assumption on the small closure, it is not p ossible that scl(e) is con tained in Dc
1 .

Let d1 b e some elemen t of scl(e) \ D1 .

Pro ceed inductiv ely and de�ne Di as

9x i +1 ; : : : ; xn � (d1; : : : ; di � 1; x i ; x i +1 ; : : : ; xn ) = e

and consider the cases of Di small, or not, as ab o v e, to get

~d := ( d1; : : : ; dn ) .

Then di 2 scl(~e; d1; : : : ; di � 1) . By c hoice of d1; : : : ; di � 1 , together with the fact that

scl : P (R) ! P (R) is a closure op erator, this implies that di 2 scl(e) .

�

No w w e ma y pro v e our elimination of imaginaries result:

Theorem 1.4. Enlar ge R to

eR by adding su�ciently many sorts of R
eq

so that

eR
has a c o de for every b asic smal l subset of Rk

. Then

eR eliminates imaginaries.

Pr o of. T ak e e 2 R
eq

. W e w an t to �nd c 2 eR suc h that c is in terde�nable with e.

T ak e

~d suc h that � ( ~d) = e and

~d 2 scl(e) . Th us

~d is in a basic small set, D, de�ned

o v er e; let c b e the co de for D\ � � 1(e) . Clearly , c is de�ned o v er e. But e is de�ned

o v er an y elemen t of D \ � � 1(e) , and th us o v er c as w ell.

�

5. Gr oups with the Mann Pr oper ty

Prior to this section, w e ha v e assumed that (R; G) w as as in Theorem 1.3. In

this section w e instead pro v e that (R; G) as in Theorem 1.1 satisfy the h yp otheses

of Theorem 1.3. That is, w e assume that R is a real closed �eld and G is a dense

subgroup of R> 0
with the Mann prop ert y and suc h that for eac h p, the pth p o w ers

in G ha v e �nite index in G .

As noted in the in tro duction, most of the results ab out groups with the Mann

prop ert y that w e need are found in [3]. Ho w ev er, w e will need to strengthen the

quan ti�er elimination results obtained there.

F or a prime n um b er p and ~n = ( n1; : : : ; nk ) 2 N k
let Dp;~n (~x) b e the form ula

de�ned as follo ws:

Dp;~n (x1; : : : ; xk ) () G (x1) ^ � � � ^ G (xk ) ^ 9 y(G(y) ^ xn 1
1 � � � xn k

k = yp):

Note that Dp;(0 ;:::; 0) (R~x ) is all of Gk
, and for an y g 2 G , there is

~h 2 Gk
suc h that

Dp;1~n (g; R~x ) equals

~hD p;~n (R~x ) .

12



The follo wing quan ti�er elimination result do es not require the pth p o w ers to

ha v e �nite index in G .

Prop osition 5.1. L et E � Gk
b e de�nable in (R; G) , then E is a b o ole an c ombi-

nation of sets of the form F \ ~gDp;~n (R~x ) , wher e F is de�nable in the language of

or der e d rings, ~g 2 Gk
, p is a prime numb er, and ~n 2 Nk

.

Pr o of. By standard mo del theoretic argumen ts, it is enough to pro v e the follo wing:

Claim. Let (R1; G1) and (R2; G2) b e t w o jRj+ -saturated elemen tary extensions

of (R; G) , and ~g1 2 Gk
1 and ~g2 2 Gk

2 are suc h that for an y form ula ' (~x) in the

language of ordered rings with parameters in R , g 2 G , prime n um b er p, and

~n 2 Nk
, w e ha v e (R1; G1) j= ' (~g1) ^ Dp;1~n (g;~g1) i� (R2; G2) j= ' (~g2) ^ Dp;1~n (g;~g2) .

Then (R1; G1;~g1) � R (R2; G2;~g2) .

Pr o of of the claim. Note that (Ri ; Gi ) are mo dels of RCF(G) for i = 1 ; 2, and

there is a bac k and forth system I b et w een them con taining the iden tit y function

on (R; G) (as in the pro of of Theorem 7.1 of [3 ]). It su�ces to pro v e that there is

an elemen t � of I taking ~g1 to ~g2 .

Since ~g1 and ~g2 satisfy the same ordered �eld t yp e o v er R , there is a ordered

�eld isomorphism � : R0
1 ! R0

2 , mapping ~g1 to ~g2 equal to the iden tit y on R , where

R0
i is the real closure of R(~gi ) for i = 1 ; 2.

Consider G0
i := R0

i \ Gi . W e wish to sho w that G0
i = Gh~gi i := f (g~g~n

i )1=m : g 2
G; ~n 2 Nk ; m 2 N; g~g~n

i 2 G[m ]
i g. It is clear that G0

i � Gh~gi i . W e use Lemma 5.12

of [3] to sho w G0
i � Gh~gi i .

T o do this w e need to sho w that for all a1; : : : ak 2 R , if a1x1 + : : : ak xk = 1 has

a solution in Gi , then this solution lies in Gh~gi i . But since (R; G) � (Ri ; Gi ) , suc h

a solution lies ev en in G . No w applying Lemma 5.12 of [3], w e see that if g 2 Gi is

algebraic of degree d o v er R(Gh~gi i ) , then gd
is in Gh~gi i and th us g itself is in Gh~gi i .

No w w e wish to sho w that � (G0
1) = G0

2 . An elemen t of G0
1 is of the form (g~g~n

1 )1=m

for some g 2 G; ~n 2 Nk ; m 2 N. Note � ((g~g~n
1 )1=m ) = ( g~g~n

2 )1=m
, and b y our

assumption on ~gi , (g~g~n
1 ) is in G[m ]

1 if and only if (g~g~n
2 ) is in G[m ]

2 . Th us � is an

isomorphism b et w een (R0
1; G0

1) and (R0
2; G0

2) .

It remains to sho w that R0
i and Q(Gi ) are free o v er Q(G0

i ) and G0
i is a pure

subgroup of Gi . The �rst follo ws from the assumption that (Ri ; Gi ) is an elemen tary

extension of (R; G) , and b y construction G0
i is a pure subgroup of Gi . �

The follo wing is an application of Prop osition 5.8 of [3]:

F act 5.2. G has the Mor del l-L ang pr op erty, i.e. the interse ction of the zer o set of

a system of p olynomials with Gk
is a �nite union of c osets of a sub gr oup of Gk

No w w e are in a p osition to pro v e the �rst of our main results.

Theorem 1.1. R = ( R; G) is r osy of þ-r ank e qual to ! and þ-r ank of G is 1.

Pr o of. T o ful�ll the conditions of Theorem 1.3 it remains to sho w (3), namely for

eac h de�nable D � Gk
, w e m ust �nd a semialgebraic set E suc h that D is a dense

subset of E \ Gk
and if S is an y set of pairwise disjoin t de�nable sets, Di , suc h that

eac h Di a dense subset of E \ Gk
, then jSj � @ 0 .

It is not so di�cult to see that there can b e no suc h collection S of cardinalit y

larger than @0 : T ak e D � Gk
. By Prop osition 5.1, there is an E de�nable in the

language of ordered rings and an F giv en b y a b o olean com bination of cosets of

Dp;~n (R~x ) for v arious p; ~n suc h that D = E \ F . As w e ha v e assumed that the pth
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p o w ers ha v e �nite index, eac h Dp;~n (R~x ) also has �nite index in Gk
. Th us there are

only coun tably man y distinct suc h F , and therefore, for a �xed E, there are only

coun tably man y sets Di of the form E \ Fi .

Claim F or E; F as ab o v e, E \ F is dense in E \ Gk
.

Pr o of of the claim. By cell decomp osition, E itself is a �nite union of cells, and

eac h cell is a zero set of p olynomials, A , in tersect a de�nable op en set U in Rk
.

Th us it su�ces to sho w that for eac h F as ab o v e, A \ F is dense in A \ Gk
.

Note that A \ Gk
is a �nite union of cosets of a subgroup of Gk

b y F act 5.2.

By translating, w e ma y assume that A \ Gk
is a subgroup, H , and th us A \ F is a

b o olean com bination of cosets of subgroups of H . By the assumption that the pth

p o w ers ha v e �nite index in Gk
eac h of these subgroups has �nite index in H , and

A \ F is a �nite union of cosets of subgroups of H .

Note that if K � H � Gk
are de�nable subgroups with [H : K] �nite, then K is

dense in H . (Since if K w ere not dense, it w ould necessarily b e discrete, and this

con tradicts our assumption of �nite index.) Th us the cosets that form A \ F are

eac h dense in A \ Gk
, and in fact in A . �

T o pro v e the second main result, that adding co des for the small sets de�nable

in R is su�cien t to eliminate imaginaries, w e m ust v erify our assumptions at the

b eginning of Section 4: that giv en an y set of parameters A , and an y in terv al I
de�ned o v er A , the small closure of A in tersect I is not con tained in an y small set.

T o do this, w e m ust �rst p erform some þ-rank calculations within R .

De�nition 5.3. F or n > 0 w e de�ne G+ n
inductiv ely as

G+1 := G [ f 0g;

and G+( n +1) := ( G [ f 0g) + G+ n :

Prop osition 5.4. The þ-r ank of G+ n
is n .

Pr o of. Consider the map f : Gn ! G+ n
giv en b y f (~g) = g1 + � � � + gn . W e ha v e

þ-rank of G+ n
is less than n , since f is surjectiv e.

F or the con v erse, de�ne Gn
I := f ~g 2 Gn : g1 + � � � + gn = 0 g for an y nonempt y

subset I of f 1; : : : ; ng. Note that Gn
I is the image of Gn � 1

under a de�nable map,

th us is of þ-rank at most n � 1. No w de�ne

Gn
nd

:= Gn n
[

;6= I �f 1;:::;n g

Gn
I :

Note that þ-rank of Gn
nd

is n , and b y the Mann prop ert y , the restriction of f to

Gn
nd

has �nite �b ers. Therefore, b y 3.1, þ-rank of G+ n
is n . �

Prop osition 5.5. L et A b e any set, and I any interval de�ne d over A . Then

scl(A) \ I is not c ontaine d in any smal l set.

Pr o of. Note that scl(A) con tains scl(; ) whic h in turn con tains G+ n
. First w e sho w

that [

n> 0

G+ n

is not con tained in an y small set. Assume it is con tained in a small set S. Since

S is G -b ound, there is a map f : Rk ! R suc h that S � f (Gk ) . Therefore b y

Prop ositions 3.1 and 3.4, w e ha v e þ-rank of S is at most k , and th us, for eac h n ,

G+ n
has þ-rank at most k con tradicting Prop osition 5.4.
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Let I = ( b; c) . No w let f : R ! (b; c) b e a de�nable bijection. Note that

f (
S

n> 0 G+ n ) is con tained in scl(A) \ I . If f (
S

n> 0 G+ n ) w ere con tained in some

small set, sa y S, then f � 1(S) w ould b e a small set con taining

S
n> 0 G+ n

, a con tra-

diction. �

No w w e ha v e pro v en the second of main results:

Theorem 1.2 If one enlar ges (R; G) by adding su�ciently many sorts of (R; G)
eq

so that the r esulting structur e has a c o de for every b asic smal l subset of Rk
, then

this structur e eliminates imaginaries.

6. The str ucture R> 0=G

In this section w e assume that R has a �eld structure.

Prop osition 6.1. L et C � R and let a, b 2 R b e such that a; b 62scl(C) . Then

for every formula ' (x;~c) in tp( a=C) ther e is b0 2 R such that b0=G = b=G and

b0 2 ' (R;~c) .

Pr o of. W e ma y assume that C = dcl( C) . Let ' (x;~c) 2 tp( a=C) . By Lemma 2.15

there is a partition f c0; : : : ; cn g of R , where ci 2 C for i � n suc h that ' (x; �c) is

small or cosmall when restricted to (ci ; ci +1 ) . Sa y a 2 (ci ; ci +1 ) . Since a 62scl(C) ,

' (R; �c) is cosmall in (ci ; ci +1 ) . Since b 6= 0 , there is t 2 R suc h that tb = a.

F urthermore, since m ultiplication b y b is a con tin uous function and G is dense in

R , w e can �nd g 2 G suc h that b0 = gb2 (ci ; ci +1 ) . W e ma y c ho ose g indep enden t

from b o v er C . Since b 62scl(C [f gg) and m ultiplication b y g is a de�nable bijection

of R , w e ha v e that b0 62scl(C [ f gg) and th us ' (x; �c) 2 tp( b0=C) . The result follo ws

from compactness.

�

Corollary 6.2. L et a, b 2 R b e such that a; b 62scl(A) . L et aG = a=G, bG = b=G.

Then for any set A such that aG and bG ar e þ-indep endent fr om A , tp( aG =A) =
tp( bG =A) .

Pr o of. W e ma y assume that a and b are indep enden t from A . By the previous

prop osition for ev ery form ula ' (x;~c) in tp( a=C) w e can �nd b0 2 R suc h that

b0=G = bG and b0 2 ' (R;~c) . This implies that tp( aG =A) = tp( bG =A) . �

Giv en an y subset C � R , there is a unique t yp e in R> 0=G o v er C that con tains

only large sets. Th us the group R> 0=G is connected and all de�nable subsets of

R> 0=G are small or cosmall.

Assume no w that R is uncoun table and G is coun table. Then the de�nable small

sets are coun table. This raises the follo wing question:

Question 6.3. Is R> 0=G quasi-minimal?

In [9], Zilb er de�nes a quasi-minimal excellen t class, as a class of structures closed

under isomorphism, where eac h de�nable set is coun table or co-coun table, and with

a closure op erator satisfying three assumptions. When, in addition, the closure

op erator satis�es the exc hange prop ert y , he obtains that the class is categorical in

ev ery uncoun table cardinal. W e ha v e that eac h de�nable set is coun table or co-

coun table, and small closure satis�es exc hange and can easily b e seen to satisfy the

�rst of Zilb er's three assumptions. The other t w o are m uc h more di�cult to v erify ,

ho w ev er.
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Ev en without the assumption that G is coun table, w e ma y ask the follo wing, less

am bitious, question:

Question 6.4. Is R> 0=G sup erstable?

There is no ob vious order de�nable within R> 0=G, and if R> 0=G do es not ha v e

the order prop ert y , it m ust b e sup erstable, as þ-forking agrees with forking in stable

theories. Ho w ev er, w e ma y observ e that if R> 0=G is stable, it can not b e stably

em b edded. Let (a0; b0) � (a1; b1) � : : : b e an increasing sequence of in terv als, and

consider the images of G +
�
G \ (ai ; bi )

�
in R> 0=G. If these are de�nable within

R> 0=G then R> 0=G has the strict order prop ert y , otherwise R> 0=G is not stably

em b edded in G .

7. The U

þ

-rank

Throughout this section, R denotes a structure satisfying the h yp otheses of

Theorem 1.3.

In [1] Buec hler used in�nite dimensional pairs to study the geometric prop erties

of a strongly minimal sets. He sho w ed the pair has Morley rank one i� the strongly

minimal set is trivial, Morley rank t w o i� the strongly minimal set is lo cally mo d-

ular non trivial and ! otherwise. These results w ere generalized b y V assiliev in

[7 , 8] to the setting of simple theories using lo v ely pairs to analyze SU rank one

pregeometries. In what follo ws b elo w, w e sho w that the same relationship exists

b et w een the pregeometry of a o-minimal structure, and that of the corresp onding

dense pair (though, of course, here the information yielded b y the dense pair is

already kno wn).

P eterzil and Starc henk o [6 ] sho w ed that lo cally ev ery o-minimal structure b e-

ha v es as an expansion of a �eld, an ordered v ector space, or it is trivial. In the

analysis that follo ws b elo w, w e will deal with t w o cases: when R includes a �eld

structure and when R is an ordered ab elian group.

Recall that the U

þ

-rank "coun ts" the n um b er of times the t yp e can thorn fork

and that 1-t yp es in o-minimal structures ha v e U

þ

-rank at most one.

Lemma 7.1. L et g 2 G and let C � R . Then U

þ (tp( g=C)) � 1 and e quality holds

i� g 62dcl(C) .

Pr o of. It follo ws from Theorem 1.3. �

7.1. Field case. No w assume that R includes a �eld structure. Then, as G is

small, R is an in�nite dimensional dcl(G) -v ector space and w e �x a coun table

family (ci ) i 2 ! of linearly indep enden t v ectors.

De�nition 7.2. Let g1; : : : ; gn 2 G and let A � R . W e sa y that f g1; : : : ; gn g is a

A - indep endent set if U

þ (tp( g1; : : : ; gn =A)) = n .

Lemma 7.3. L et g1; : : : ; gn 2 G and let C = f c1; : : : ; cn g. Then U

þ (tp( c1g1 + � � � +
cn gn =C)) � n and e quality holds i� f g1; : : : ; gn g is a C -indep endent set.

Pr o of. Clearly c1g1 + � � � + cn gn 2 dcl(f g1; : : : ; gn ; c1; : : : ; cn g) , so b y additivit y of

the rank and the previous lemma, U

þ (tp( c1g1 + � � � + cn gn =C)) � n . F urthermore

since C = f c1; : : : ; cn g is a set of linearly indep enden t v ectors, there is only one

solution in Gn
for the equation c1x1 + � � � + cn xn = c1g1 + � � � + cn gn , so g1; : : : ; gn 2

dcl(g1c1 + � � � + gn cn ; C) . If f g1; : : : ; gn g is a C -indep enden t set, w e get U

þ (tp( c1g1 +
� � � + cn gn =C)) = n . �
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Prop osition 7.4. L et a 62scl(; ) , then U

þ (tp( a)) = ! .

Pr o of. By Theorem 1.3 (and F act 1.12), U

þ (tp( a)) � ! .

No w w e will sho w that tp( a=; ) has forking extensions of U

þ

-rank n for ev ery

n 2 ! . Let C = f c1; : : : ; cn g and without loss of generalit y assume that C is þ-

indep enden t from a. Let g1; : : : ; gn 2 G b e þ-indep enden t from C [ f ag and let

b = a + c1g1 + � � � + cn gn . Then a, b 62scl(f c1; : : : ; cn g) . Th us U

þ (tp( c1g1 + � � � +
cn gn =C [ f bg)) = n and since a and c1g1 + � � � + cn gn are in terde�nable o v er b,

U

þ (tp( a=C [ f bg) = n . Th us U

þ (tp( a)) = ! . �

7.2. Without a �eld. Assume no w that w e ha v e a R , where R and G are ordered

ab elian groups without extra structure

Prop osition 7.5. A ny b asic smal l subset D of R is e qual to a �nite union of c osets

of G interse ct intervals.

Pr o of. Let 9~y(G(~y) ^ ' (x; ~y)) b e a form ula de�ning D. It is enough to sho w the

prop osition when ' (x; ~y) de�nes a cell E.

Supp ose �rst that E is giv en b y the p oin ts satisfying x = f (~y) for ~y in some

cell F and f a de�nable function. After dividing F in to smaller cells if necessary ,

w e ma y assume that there are q1; : : : ; qn 2 Q and some a 2 R suc h that f (~y) =
q1y1 + � � � + qn yn + a. By Lemma 2.9, w e can write F = [ i � k Fi , where eac h Fi is

a cell and Fi \ Gn
is either dense in Fi or empt y . F or eac h i � k , let Ji = f (Fi ) .

Then Ji is a �nite union of in terv als.

Let Di = f (Fi \ Gn ) . If Fi \ Gn
is dense in Fi , then Di is a + G in tersected with

Ji . Note that since G has þ-rank one, G + a in tersected with Ji also has thorn rank

one if Ji has non-empt y in terior.

No w supp ose the cell is giv en b y the p oin ts satisfying f 1(~y) < x < f 2(~y) , where

f 1 and f 2 are de�nable and ~y b elongs to a cell F . By Lemma 2.9 w e ma y assume

that the set F\ Gn
is either dense in F or empt y . If F\ Gk

is empt y there is nothing

to pro v e. If F \ Gn
is dense in F , then D con tains an op en in terv al and th us is not

small. �

Remark 7.6. Notic e that the pr o of of the pr evious lemma shows that every b asic

de�nable subset D of R is e qual to a �nite union of intervals and c osets of G
interse ct intervals. Thus every smal l de�nable subset of R is also of this form.

The de�nable sets of the structure (R; G) come in t w o fashions: the in terv als

giv en b y the order and cosets of G in tersect in terv als. In stable theories, the b eau-

tiful pair asso ciated to a 1-based structure is again 1-based, what w e pro v ed ab o v e

seems to b e the a translation of that result to dense pairs of o-minimal mo dular

structures.

Corollary 7.7. L et a 2 R b e such that a 62scl(; ) . Then U

þ (tp( a)) = 2 .

Pr o of. By Prop osition 7.5, ev ery small subset of R has þ-rank at most one, th us

U

þ (tp( a)) � 2. It is easy to sho w that for g 2 G þ-indep enden t from a w e get that

the c hain tp( a + g=; ) � tp( a + g=a) � tp( a + g=a; g) is a þ-forking c hain and th us

U

þ (tp( a)) = 2 . �

7.3. Small closure is a pregeometry.

Corollary 7.8. The closur e op er ator scl : P (R) ! P (R) de�nes a pr e ge ometry.
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Pr o of. Let C � R and let a; b 2 R b e suc h that a 2 scl(C [ f bg) n scl(C) . Then

U

þ (tp( a=C)) > U

þ (tp( a=C[ f bg)) . Th us tp( a=C[ f bg) þ-forks o v er C . By symme-

try , tp( b=C[ f ag) also þ-forks o v er C , so there is a form ula  (y; a) 2 tp( b=C[ f ag)
that þ -forks o v er C and th us it de�nes a small set con taining b. �
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