PR e
( e.

the roots

—R*\R*-4L/C

i 2L

: ¥ both essarily have negative real parts.
rding to Eq. (8) in the text, the amplitude of the steady periodic current is

E/ \/?1 (wL—1/@C)*. Because the radicand in the denominator is a sum of squares,
us that the denominator is least when @l —-1/@C = 0, that is, when

it is obvio
o = 1JIC.

NDPOINT PROBLEMS AND EIGENVALUES

he material on eigenvalues and endpoint problems in Section 3.8 can be considered optional at
his point in a first course. It will not be needed until we discuss boundary value problems in the

st three sections of Chapter 9 and in Chapter 10. However, after the concentration thus far on
nitial value problems, the inclusion of this section can give students a view of a new class of
problems that have diverse and important applications (as illustrated by the subsection on the
whirling string). If Section 3.8 is not covered at this point in the course, then it can be inserted

ust prior to Section 9.5.

If A =0 then y” = 0 implies that y(x) = A4 + Bx. The endpoint conditions
y'(0) = 0 and y(1) = 0 yield B = 0 and 4 = 0, respectively. Hence A = 0 is
not an eigenvalue.

If A = o#>0, then the general solution of y"+ &y = 0 is

yx) = Acosax+ Bsin ox,
so
y'(x) = -Aasin ax + Ba cos ax.

Then y'(0) = 0 yields B = 0, so y(x) = 4 cos ax. Next y(1) = 0 implies that
cos @ = 0, so « isan odd multiple of 772. Hence the positive eigenvalues are
{2n - 1)2722/4} with associated eigenfunctions {cos(2n ~ I)mx/2} for n = 1,2,3, - -.

2. If 4 =0 then y” = 0 implies that y(x) = 4 + Bx. The endpoint conditions
Y'(0) = y'(#m) = 0 imply only that B = 0, so A4y = 0 isan eigenvalue with associated

eigenfunction yo(x) = 1.
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If A = ¢ >0, then the general solution of y”+ &y = 0 is

y(x) = A cos ax + B sin ax.
Then
y(x) = -Aasin ax + Bacos ox,

so »'(0) = 0 implies that B = 0. Next, y(#) = 0 implies that ax is an integral
multiple of 7 Hence the positive eigenvalues are {n*} with associated eigenfunctions
{cosnx}, n = 1,2,3, -

Much as in Problem 1 we see that 4 = 0 is not an eigenvalue. Suppose that
A=ad> 0, so )
y(x) = A cos ax + Bsin ax.

Then the conditions y(-7) = y(7n) = 0 yield

A cos ar+ Bsin ar = 0,
A cos amr - Bsinar = 0.

It follows that
Acos ar = 0 = Bsin ar.

Hence either 4 = 0 and B# 0 with @7 an even multiple of 72, or 4 #0 and
B = 0 with ax an odd multiple of /2. Thus the eigenvalues are {n*/4} for n a
positive integer, and the nth eigenfunction is y,(x) = cos(nx/2) if n isodd, . w
Vn(x) = sin(nx/2) if n iseven.
g :
Just as in Problem 2, 49 = 0 is an eigenvalue with associated eigenfuriction ya*) = L
If A =¢o>0 and :
y(x) = Acos ax+ Bsin ax,

§ 1ol

then the equations
y(-n) = a(Asinax+ Bcos an) = 0,

y(n) = a(-Asin ar+Bcos an) = 0
yield Asinaz = Beosan = 0. If A = 0 and B#0, then cos ax = 0 50 OF
be an odd muiltiple of 7/2. If 4#0 and B = 0, then sin ax = 0 s0 ar
even multiple of 7/2. Therefore the positive eigenvalues are {n*4} witha

eigenfunctions y,(x) = cos(nx/2) if the integer n is even, yn(x) = sin{
odd. ‘

If A = o/>0 and
¥x) = Acosax+ Bsin ax,
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y'(x) =-Aa sin ax + Ba cos ax

w-2) = y'(2) = 0 yield
P i Acos2a-Bsin2a = 0,
: @t

E :fmi-ﬁr
nmélfﬁefzthat A = B and cos 2« = sin 2q, orthat A = -B and
| -sin 2a. The former occurs if

S ol
‘ﬁ

-Asin2a+ Bcos2a = 0.

© cos2a =

2a = 4, 574, 9mdh, - - -,
the latter if
2a = 344,774, 11744, - - -

Hence the nth eigenvalue is

In = & = (2n- 1)}2/64
for n = 1,2,3,---, and the associated eigenfunction is

Yu(X) = cos aux +sin ax (1 odd)

or
yn(X) = cos aux —~ sin a,x  (n even).

(a If A=0and y(x) = 4+ Bx, then y(0) = B = 0, so y(x) = 4. But
then (1) +y'(1) = 4 = 0 also,so A = 0 is not an eigenvalue.

b I AiA=da&>0 and

y(x) = Acos ox + B sin ax,
then -
y'(x) = -4 sin ax + B cos ax),

s0 y'(0) = Ba = 0. Hence B = 0 so y(x) = A cos ax. Then
y(1)+y'(1) = A(cos - asin a) = 0,
SO a must be a positive root of the equation tan a = 1/a.

7. (a) If A =0 and y(x) = A+ Bx, then y(0) = 4 = 0, so y(x) = Bx. Butthen
Y(1)+y(1) =2B=0,s0 4 = B =0 and A = 0 is not an eigenvalue.

(b) If A = a>0 and y(x) = 4 cos ax + Bsin ax, then y(0) = 4 = 0 so
¥(x) = Bsin ax. Hence
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JIQL-w)

1 (* nxt
a, = J f(t)cos—zfdt——J f(u)co 51

1 (* nxt . (=1)" J L nru
= — H)cos—dt —~—— -
LJO J(ycos 2L L J S (u)cos 2L du.

Now it is clear that

2 (* nxt
= — t)ycos—dt
a, = 2| foos

0

if n is odd, whereas a, = 0 if n is even (including n = 0).

4 nr nr 3(=1)+n72
= = tsm——dt = ——| 2sin— — HTCOS— —
J — ( 5 > ] g for n odd
.t 3 1 .5 1 . Tt
f() = ?(sm——?— £ 5—23 ———Fsin—+ )

In order to satisfy the endpoint conditions x(0) = x'(7) =0 we substitute the odd half.
)(n 1)/2

multiple sine series x(f) = Zb sm—2— and ¢ z( L sm—t (from Problem

nodd T podd
21) into the differential equation x"—x =¢. This gives

+stm = Z( !

nodd 2 n odd 7T podd

)(n—l)/2 . nt

We therefore choose

b _8(—1)("_')/2/7z'n2 _ 32(_1)(n+l)/2
B an’(n* ~4)

for n odd. This gives the formal series solution

(n+1)/2
ﬂg:”Z(D ™
xS =4 2

32(1 . nt 1 . 3mt 1 . Snt 1 . Tnt )
= ——| —sin— 4+ —sin — — ——sin —+ sin— —---
7 \3 2 45 2 525 2 2205 2

of our endpoint value problem.
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. 48 (—Dinr nrt
for n odd. This gives the formal series solution x_,(t)=— )"

_—_ —_—
T noddn(40_”2n2) o8 2 )

© o n-1 s
3. We substitute the sine series x(¢) = Zb,, sinnt and F(f) = zzg_l)__s,l_n_m: (from
n=}1 n

n=l
Example 1 in Section 9.3, with L = 7) into the differential equation x"+3x = F(f). This
gives
2 © w [ el - _
_znzb,, sinnt+32b" sinnt = 42(__1)__51_11__’?_
n=1

n=1 n=l n

We therefore choose 5, =4(~1)""'/n(3-n*). This gives the formal series solution

(=) 'sinnt sin/ _sin2¢ sin3t+sin4t__'_J
2 2 18 52 '

x,(t) = 42—_;(_3—_]—2)— =

n=l

4 L
. t
T T Ad
-4t
4. We substitute the cosine series x(¢) = Do, Za,, cosﬂ and
. n=1
16 1 - nmt . L . .
Fit)=2~-— —Zcos——z—- (from Example 1 in Section 9.3, with L = 2) into the

nodd

differential equation x"+4x = F(t). This gives
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w0 2 2 ©
n'm nrwt nrmt 16 1 nrwt
—E a, cos +2a0+4§ a,c08—— "= 2—— > —Cos——.
4 2 o 2 o n 2

n=1

We therefore choose a, =1 and a, =0 for »>0 even, and

4 = ~16/7°n’ _ 64
" 4-n'n*/4 x*n* (16 — n’n?)

1 64 cosnmt/2

odd. This gives the formal series solution x_(f) = ——— .
for n g Sp( ) 5 22 P 7[2”2(16__”2”2)

%/\/\/\/

4 8 12 t
. . . < . 8 sinnzt
We substitute the sine series x(f) = Zb" sinnzt and F(f)=— Z ——— into the
n=1 T n odd

differential equation x"+10x = F(t). This gives

% c 8 sinnmt
2.2 : : _
—E n'z°b, sinnzt +10 _5_ b,sinnwt = — _S_ —.
n=1 : T yodd N

n=1

We therefore choose b, =8/n’z*(10—~n*z*). This gives the formal series solution

8 sinnrt
x () = — —_
® ’ ,gd:d n’(10 - n’x?
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. . . a, 4 4
6. We substitute the cosine series x(f) =2+ Zan cosnt and F(f)=——— m
" op=l 7 ”neven n° -~

into the differential equation x"+2x = F(¢). This gives

= - 4 4 cosnt
—Zn a, cosnt+a0+2Za,,cosnt = ——— Z -
n=1 n=1 72 T opeven B — 1

We therefore choose a,=4/7 and a,=0 for » odd, and

—4/x(n*-1) 4
a, = 2 = 2 2
2—-n z(n” —-1)(n" -2)

for n even. This gives the formal series solution

T D) -2) =

4 4 cosnt 4 cos2t cosd4t cos6t
N = —— 1—- - .
%50 = = 2 ( 6 210 1190 j

S|

In Problems 7-12 we are dealing with the equation mx” + kx = F(f) where F(¢) is the external
periodic force. The natural frequency is wy = +k/m . If the Fourier series of F(f) containsa

term of the form cos(Nm/L) or sin(Nm/L) with @y = Nz/L, then pure resonance occurs.
Otherwise, it does not.

7. The natural frequency is @y = 3, and

Flo) = i(sint+ sin3¢ N sin 5t N sin7¢ N )
r

5 7

Thus the Fourier series of F(f) contains a sin 3¢ term, so resonance does occur.

8. The natural frequency is @y = J5, and F() = Z b,sin nm. Since nz # /5 forany
integer n, pure resonance do€s not occur.
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The natural frequency is ay = 2, and

Py = s S0, S5 070,

' Because the sin 2¢ term is missing from the Fourier series of F(f), resonance will not
* occur.

The natural frequency is ey = 27 From Equation (16) in Section 9.3 of the text we see
that the Fourier series of F(f) contains a sin 27# term. Hence pure resonance occurs.

The natural frequency is ey = 4. From Equation (15) in Section 9.3 we see that

PO = -4 cosr s 252 58X ),
2 3 5

Because the cos 4¢ term is missing, we see that resonance will not occur.

12. The natural frequency is @y = 5, and the Fourier series of F(f) is of the form
F(t) = Z bysin nt. We calculate bs, and find that -
4—4cos57—10xsin5x 8

2 2n s
== t—1*)sin5tdt = = # 0,
3 T f(” ) 1257 125~

Thus the term sin 5¢ is present in F(¢), and so pure resonance occurs.

Problems 13—18 are based on Equations (14)—(16) in the text, according to which the steady

periodic solution of

mx"+cx'+kx = ZB smn;ft

n=]

is given by
X, (1) = Zb sin(w, f —
n=1
where
nmw
wn = 7
L
@, = tan™' _ca)_l_z in the interval [0, 7],
k—-ma,
b, = 5,

Jk=ma?) +(ca,}
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This calculation is readily automated. The following MATLAB script was written to calculate
the coefficients {b,} for Problem 13. Only the values of m, c, k, L and the calculation of the
force function coefficients {B,} need to be changed for Problems 14-18.

13.

14.

15.

16.

526

m=1; c=0.1; k= 4;
L = pi;
results = ones(0,4);
for n = 1:9
w = n*pi/L;
alpha = atan(c*w/ (k-m*w*2));
if k-m*w*2<0
alpha = pi + alpha;

end
B = 12/ (pi*n); % force function coeffs
if floor(n/2)==n/2 % are nonzero if n is odd,
B =0; % zero if n is even
end
b = B/sqgrt((k-m*w*2)*2+(c*w) *2) ;
results = [results; n, b, w, alpha]j;
end
results

B, = 12/72n for n odd, B, = 0 for n even

xep(f) = 1.2725 sin(f — 0.0333) + 0.2542 sin(3t — 3.0817) + 0.0364 sin(5t— 3.1178) +- - -

B, = 4=1Y""/n for n = 1,2,3,- -

xsp(f) = 0.2500 sin(f — 0.0063) ~ 0.2000 sin(2f — 0.0200)
+ 4444 sin(3t — 1.5708) — 0.0714 sin(4f — 3.1130) + - - -

Note the dominance of the » = 3 term.

B, = 8/’ for n odd, B, = 0 for n even

Xsp(f) = 0.08150 sin(at — 1.44692) + 0.00004 sin(3ax — 3.10176) + - - -

F(t) = Ao+ X Ancos(nm/2) where g = 2, A, = —16/7n* for n odd, 4, = 0 for
n even and positive.

xsp(f) = 0.5000 + 1.0577 cos(m/2 - 0.0103)
—0.0099 cos(3 /2 — 3.1390) - 0.0011 cos(5/2 — 3.1402) - - -
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SECTION 9.7
STEADY-STATE TEMPERATURE AND LAPLACE’'S EQUATION

1. Because Y(0) = Y(b) = 0 we take our separation of variables in the form
X'-2X=0=Y"+AY

with 4 > 0. Then it follows that

Y,(y) = sin"”Ty, 4, =22

and thence that
nrx

X, (x) = 4, cosh 22X + B, sinh——.
b b
The condition that X(0) = 0 implies that 4, = 0 so X,(x) = B, coshanzx/b, and

hence

u(x,y) = ZC,, sinhﬂl:isinn—:l.

n=1

Finally we satisfy the condition u(a,y) = g(y) by choosing C, = b, /(sinhnza/b),
where the {b,} are the Fourier sine coefficients of g(y) on 0 < y < b.

2. Because Y(0) = Y(b) = 0 we take our separation of variables in the form
X'—-2X=0=Y"+AY

with A > 0. Then it follows that

Y, = sin"—?, i, =2z

and thence that

X, (x) = A,,cosh—n—%{+Bn sinhi;?ﬁ.

The condition X(a) = 0 implies that

B __A,coshnralb
" sinhnral/b

It now follows as in Equation (12) in the text that

X (x) = C, sinhﬂ’—(‘;;xz,
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u(x,y) = ZC" sinh n”(‘;_ x) sin nr;y .
n=|

Finally we satisfy the condition (0, y) = g(y) by choosing C, = b, /(sinhnza/b),
where the {b,} are the Fourier sine coefficients of g(y) on 0 < y < b.

Just as in Example 1 of Section 9.7 we have X,(x) = sin nmx/a and

Y,(3) = 4, cosh?Z2 + B sinh2ZY
a a

The condition Y(0) = 0 now yields 4, = 0 so Y (y) = B,sinhnzy/a, and hence

u(x,y) = ZC sin 22 sinh 222

n=l a a

Finally we satisfy the condition u(x, b) = f{x) by choosing C, = b, /(sinhnrxb/a),
where the {b,} are the Fourier sine coefficients of fx) on 0 < x < a.

Because X'(0)=X'(a) =0, we work with the separation of variables

X'+AX =0 =Y"-AY.
The eigenvalue problem

X"+ X = 0, X'(0)=X"(a)=0

has eigenvalues and eigenfunctions 4y = 0, Xp(x) = 1 and

2_2
A, ==, X (x) = cosZZX
a a
for n = 1,2,3,---. When n = 0, Yy’ = 0 yields Yy(y) = Ay + B. Then Yy(0) =
gives B = 0, so we take Yo(y) = y. For n > 0 we have
Y,(y) = 4, coshZ y+B inh %Y
a
and Y,(0) = 0 gives 4, = 0, so
u(x,y) = Boy+ZB"cosﬂs' 7y
n=1 a a
Finally
u(x,b) = Bb+ZB cos—smhﬂ
n=1 a a
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so we satisfy the condition u(x, b) = f{x) by taking By = a¢/2b and

B,=a, /(sinhfﬂ—b), where f(x) = %9+ a, cos 2%,
a

n=1 a

Now Y'(0)=Y'(b) =0, so we work with the separation of variables
X'-AX=0=7Y"+A4Y.

The eigenvalue problem
Y'"+ Y = 0, Y'(0)=Y'(b)=0,

has eigenvalues and eigenfunctions A9 = 0, Yo(y) = 1 and

nmwy
A = , Y = COS——
M b2 n(y) b

for n =1,2,3,--.. When n = 0, Xj(x) = 0 yields Xo(x) = Ax+ B. Then
Xo(a) = 0 is satisfied by Xo(x) = a—x. For n > 0 we have

X,(x) = 4, cosh 2% 4 B, sinhmr—x,
b b
and X,(a) = 0 is satisfied by the particular linear combination
nrr(a-x)

X,(x) = C,sinh—"—=,

of cosh nmx/b and sinh nmx/b. Therefore

u(x,y) =Cy(a-x)+ ZC" sinh mr(‘;_ X) cos nfbry )
n=1

Finally we satisy the condition u(0, y) = g(y) by choosing

C,=% ad C=—tr
2a sinhnwa/b

where the {a,} are the Fourier cosine coefficients of g(y) on 0 < y < b.

This is the same as Problem 4 except that Y'(0) = 0 instead of ¥(0) = 0, so Yo(y) = |
and Y,(y) = A,coshnay/a for n > 0. Then

u(x,y) = 4+ 4, cos > cosh L,
n=1 a a

so we satisfy the condition u(x, ) = fix) by-choosing 4y = a¢/2 and 4, =
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a,/(cosh nmb/a), where {a,} are the Fourier cosine coefficients of fx) on [0, a].
The eigenvalue problem
X'"+AX = 0, X(0) = X(a) =

yields the eigenvalues and eigenfunctions

2_2
4 =22, X, (x) = sinZZ%
a a
for n =1,2,3,..-. Then
Y'+4Y, =0
yields
}/"(y) = mry/a_*_Be-mry/a-

In order that Y(y) > 0 as y > « wetake 4, = 0, so

u(x,y) = ZB e g ?.
n=j

Finally we satisfy the condition #(x,0) = flx) by choosing the constants {B,} as the
Fourier sine coefficients of fix) on 0 < x < a.

The eigenvalue problem
X'+AX = 0, X(0) =X =0

yields 1o = 0, Xp(x) = 1 and

A, = n’: R X, (x) = cos£7—ti
a a
for n > 0. Then
},'l”-*_l”Yﬁ = O

yields Yo(y) = Aoy + Bo and
Y"(y) = A"emry/u_*_Bne—mry/a.
‘Inorder that ¥(y) be bounded as y — oo, we take 49 = 0 and 4, = 0 for n > 0, so
nrx

a0
u(x,y) = By+) B,e™" cosT.
‘n=l1
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Finally we satisfy the condition u(x, 0) = fx) by choosing By = ao/2 and B, = ,

where the {a,} are the Fourier cosine coefficients of fx) on [0, a].

If in Problem 8 we have f(x)=10x on 0 <x <10, then

a, = 3£°10xdx = 100,

a = 2 _E 10x cos* dx _ 200(cosn7r2—12+ n7rsm7r)’
nn
SO
400 1 nrx
u =50-— Y —e " M0cos—=
(x.7) 't ,;;, n’ 10
Then
u(0,5) ~ 50-8.4250-0.0405-0.0006-0.0000—--- ~ 41.53,
u(5,5 = 50-0-0-0-0---- = 50,

u(0,5) = 50+8.4250+ 0.0405+0.0006 +0.0000+ --- ~ 58.47.

The boundary value problem is

U t Uy, = 0 0O <x<a 0<y<b
u0,y) = uda,y) = u(x,0) =
u(x, b) = f{x).

The eigenvalue problem
X'+AX =0, X(0) = X'(a) =0
yields (by Example 4 in Section 3.8)

2,2
A = (2n 12) /4 . X.(x) = sin (2n-D7x
4a 2a

for n = 1,2,3,--.. Then

yields

Y.(y) = A"coshwl+gnsinh@_"__l)ﬂ_
2a 2a

- Because Y(0) = 0, we choose A4, =0, so

Z B, sin n-Dnx nh(2n 1)7ry
2

u(x,
xy) = i 2a 2a
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Finally we satisfy the condition u(x, b) = fix) by choosing
b

2n-1

B = ,
" sinh[(2n-1)7b/2a]

where the {b,,_1} are the odd half-multiple sine coefficients of f{x) on [0, a], as given
by Problem 21 in Section 9.3.

1. Now the boundary value problem is

U iy, = 0 0O <x<aq0<y<b
u(@a,y) = u(x,0) =u(x,b) = 0,
u(0,y) = g(y).

The eigenvalue problem
Y+ AY = 0, Y(0) = Y() = 0

yields (similar to Example 4 in Section 3.8)

(2n-1)*n? 2n-Dzy
A, = T, Y(y) = COST
for n = 1,2,3,---. Then
Xl’l’ —l"X" = 0
yields
X, (x) = A"cosh(_%f;l_)_’fﬁ,LB”sinQ"_“l_)f_’i_

Now X,(a) = 0 is satisfied by the particular linear combination

Cn-Hz (a - x)
2b

of cosh (2n-1)mx/2b and sinh (2n—1)mx/2b. Hence
2n-Drz(a-x) cos 2n-Drxy

X,(x) = C,sinh

u(x,y) = iCn sinh

n=1

Finally we satisfy the condition u(0,y) = g(y) by choosing

a

4 = Snhmwal2b’
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where the {a,} are the odd half-multiple cosine coefficients of g(y) on [0, b], as given
by Problem 22 in Section 9.3.

The boundary value problem is

Uy YUy, = 0 0O <x<30,y>0)
u0,y) = u(30,y) = 0

u(x,y) boundedas y-—

u(x,0) = 25

The eigenvalue problem
X"+ AX = 0, X(0) = X(30) =

yields (by Example 4 in Section 3.8)

= Cn-)'m . X.(x) = sin 2n-Drx
3600 60
for n = 1,2,3,---. Then
Y” lll)};l = O
yields
@n-DHzy [ Q@n-Dry
Y,(y) = @n-Dny | g exp| - 21Dy
2 (¥) A,.exp[ 50 , €XP 50

and we take 4, = 0 in order that Y,(y) be bounded as y — «. Hence

u(x y) = Zbe rmy/60 nrx

nodd

Finally, by Problem 21 in Section 9.3, the odd half-multiple Fourier sine coefficients of
u(x, 0) = 25 on [0, 30] are given by

”=___f251mrxdx 200mi=l(_)9_
nrw 4 nrx
for n odd. Thus
u(x,y) = 100 —l-e'"’.’”wsin———nﬂx
T an 60

We start with the periodid polar-coordinate solution

u(r,0) = 22°— + Zr” (a,cosnf +b,sinnb)

n=|
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and choose a, =0 in order to satisfy the conditions u(r,0) =u(r,7)=0. Then

u(r,0) = Zr"c" sin n6

n=1

satisfies the nonhomogeneous boundary condition u(a,6) = f(€) provided that a"c, is
is the nth Fourier sine coefficient of f(8) on the interval 0 < #< 7, that is,

¢, = = [ f®)sinnods.
wa

We start with the periodic polar-coordinate solution
u(r,0) = 922 + Zr” (a,cosnf + b, sinnb)
n=1

and choose b, =0 in order to satisfy the conditions u,(r,0) =u,(r,7) =0. Then

u(r,0) = £2°— + Zr”c,, cosnf
n=1
satisfies the nonhomogeneous boundary condition u(a,8) = f(8) provided that a"c, is
is the nth Fourier sine coefficient of f(8) on the interval 0 < < 7, that is,

c, = —2-,7 ff(@)cosnedt?.
ra

As in the textbook discussion of the polar-coordinate Dirichlet problem, the substitution
u(r,8) = R(r)®(6) in Laplace's equation yields the separated ordinary differential
equations

rPR"+rR'—AR = 0 25)
and

O"+10 = 0. (26)
With A =a? the general solution of (26) is

®(0) = Acosab + Bsinad,

and the endpoint condition @(0)=®'(0)=0 yields 4 =0 and 8=(2n-1)/2, so
the nth eigenvalue and eigenfunction are given by

_ (2n-1y
n 4 4
As in the discussion of Egs. (29) and (30) in the text, the bounded solution of

0, (8) = singig—l)—g.

n

2
PR+ rR! --(-2-"—411—)—R =0
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16.

17.

20.

548

is
R (r) = r(2n—l)/2
"

for n=1,2,3,---. We thereby obtain the formal series solution

u(r,0) = D ¢’ sin%.

nodd

It remains only to satisfy the nonhomogeneous boundary condition u(a,d) = £(6) by
choosing

2 (7 . no
¢, = mfo f(H) sm—2—d6,

so that (for n odd) c,a"’?equals the nth odd half-multiple sine coefficient of f(0).

The only difference between the exterior problem here and the interior problem in the
text is that in
R,(r) = Cy" + D™

we must choose C, = 0 in order that R,(r) be bounded as r — oo.

The substitution u(r,8) = R(r)®(8) in Laplace's equation yields the same separated
solution functions

0,0 =1, Ry(r) = Cy+ Dylnr
and

®,(0) = A, cosnf+ B, sinnb, R(r) = Cr" +D_:
.

as in Egs. (28)-(30) in the text. We choose B, =0 to satisfy the boundary condition
u(r,0) =u(r,—0),and n=1 with C, =U, to satisfy the given limit condition as
r — . Then the condition that u,(a,8) =0 requires that D, =U,a’, so

u(r,g) = —U—O(r2+a2)cos€.
r

When we substitute w(r, f) = r u(r, t) we get the boundary value problem

v = kv, r<a t>0
v(0,8) = v(a,t) = 0
v(r,0) = Tyr

that corresponds to a heated rod along tﬁe interval O < r < a. It therefore follows from
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CHAPTER 10

EIGENVALUES AND |
BOUNDARY VALUE PROBLEMS

SECTION 101

STURM-LIOUVILLE PROBLEMS
AND EIGENFUNCTION EXPANSIONS

1. In the notation of Equation (9) in Section 10.1 of the text we have a; = £ = 0 and
o = f = 1, so Theorem 1 implies that the eigenvalues are all nonnegative. If 1 = 0,
then y” = 0 implies that y(x) = Ax+ B. Then y'(x) = A4, so the endpoint conditions
yield 4 = 0, but B remains arbitrary. Hence Ay = 0 is an eigenvalue with

eigenfunction

i yo(x) = 1.

If A = o > 0, then the equation y”+ &’y = 0 has general solution
; . y(x) = Acos ax+ Bsin ax,
- with
y'(x) = -Aasin ax + Ba cos ax.
Then y'(0) = 0 yields B = 0 so 4 # 0, and then
y(L) = -Aasinal = 0,

so al must be an integral multiple of 7. Thus the #th positive eigenvalue is

i j‘ i 2.2
kg 2 nmw
E = =T
Lo . . .
o and the associated eigenfunction is
nx
xX) = cos—.
l 2. In the notation of Equation (9) in this sectionwe have &4 = = 1 and & = /i = 0,

! so Theorem 1 implies that the eigenvalues are all nonnegative. If 4 = 0, then y"” = 0
‘ implies y(x) = Ax+ B. Butthen »(0) = B = 0 and y(L) = 4 = 0, so it follows that
0 is not an eigenvalue. We may therefore write 4 = o > 0, so our equation is
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3"+ afy = 0 with general solution
Yx) = A cos ax + B sin ax.
Now »(0) = 4 = 0, so y(x) = Bsin ax and

y'(x) = Bacos ax.
Hence
y'(L) = Bacos al = 0,

so it follows that 2l must be an odd muitiple of 772. Thus

n = -(—2115%!)—7[—, A, =al, y,(x)=sinanx

If A =0 then " = 0 yields y(x) = Ax+ B asusual. But »'(0) = 4 = 0, and then
mw(L)+y' (L) = (B)+0 = 0, so B = 0 also. Thus A = 0 is not an eigenvalue. If
A= o > 0 so ourequationis y"+d’y = 0, then

Mx) = Acos ax+Bsin ax,
)
y'(x) = -Aasin ox + Bacos ax.

Now »'(0) = 0 yields B = 0, so we may write
yx) = cos ax, Y'(x) = -asin ax.

The equation

h(L)+y' (L) = hcosal - asinal = 0
then gives
hL

tanal = f— = —
o alL

so fn = auL isthe nth positive root of the equation

hL
tanx = —.
x
Thus
2
A =al = ’i’z’, y,,(x)=cos’8”x.

Finally, a sketch of the graphs y = tanx and y = AL/x indicatesthat £, ~ (n - 1)«
for n large. ' ‘
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