
Background
Theorem

Asymptotics of pseudo-Anosov dilatations

Chia-yen Tsai

University of Illinois at Urbana-Champaign

March 29, 2009

Chia-yen Tsai Asymptotics of pseudo-Anosov dilatations



Background
Theorem

Plan for Today

Background
Definitions
Known Results

Theorem
Statement of Theorem
Proof of Theorem

Chia-yen Tsai Asymptotics of pseudo-Anosov dilatations



Background
Theorem

Definitions
Known Results

Definition

S = Sg ,n is a genus g surface with n marked points.
Mapping class group: Mod(S) = Homeo(S)/Homeo0(S)

Chia-yen Tsai Asymptotics of pseudo-Anosov dilatations



Background
Theorem

Definitions
Known Results

Definition

S = Sg ,n is a genus g surface with n marked points.
Mapping class group: Mod(S) = Homeo(S)/Homeo0(S)

Definition
A mapping class f ∈ Mod(S) of S is

1. periodic, if f ≃ g , ∃k, gk =identity.

Chia-yen Tsai Asymptotics of pseudo-Anosov dilatations



Background
Theorem

Definitions
Known Results

Definition

S = Sg ,n is a genus g surface with n marked points.
Mapping class group: Mod(S) = Homeo(S)/Homeo0(S)

Definition
A mapping class f ∈ Mod(S) of S is

1. periodic, if f ≃ g , ∃k, gk =identity.

2. reducible, if f ≃ g , ∃ ⊔k
i=1 αi , g(⊔k

i=1αi ) = ⊔k
i=1αi .
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Definition

S = Sg ,n is a genus g surface with n marked points.
Mapping class group: Mod(S) = Homeo(S)/Homeo0(S)

Definition
A mapping class f ∈ Mod(S) of S is

1. periodic, if f ≃ g , ∃k, gk =identity.

2. reducible, if f ≃ g , ∃ ⊔k
i=1 αi , g(⊔k

i=1αi ) = ⊔k
i=1αi .

Nielsen-Thurston Classification
A mapping class is either periodic, reducible, or pseudo-Anosov.
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Thurston’s example:

f : S0,4 → S0,4 (Red then Black) is pseudo-Anosov.

tt
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Choose a simple closed curve α on S0,4.
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Thurston’s example:

f : S0,4 → S0,4 (Red then Black) is pseudo-Anosov.

tt

Choose a simple closed curve α on S0,4.

ffα
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Theorem (Thurston)

Given any hyperbolic metric on S, f ∈ Mod(S) pseudo-Anosov,

lim
k→∞

k

√
ℓ([f k(α)]) = λ(f ),

for any nontrivial closed curve α.
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Given any hyperbolic metric on S, f ∈ Mod(S) pseudo-Anosov,

lim
k→∞

k

√
ℓ([f k(α)]) = λ(f ),

for any nontrivial closed curve α.

Definition
λ(f ) := the dilatation of f .

Definition
{log λ(f )|f ∈ Mod(Sg ,n) pseudo-Anosov}.
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Theorem (Thurston)

Given any hyperbolic metric on S, f ∈ Mod(S) pseudo-Anosov,

lim
k→∞

k

√
ℓ([f k(α)]) = λ(f ),

for any nontrivial closed curve α.

Definition
λ(f ) := the dilatation of f .

Definition
min {log λ(f )|f ∈ Mod(Sg ,n) pseudo-Anosov}.

(Arnoux-Yoccoz ’81, Ivanov ’88)
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Theorem (Thurston)

Given any hyperbolic metric on S, f ∈ Mod(S) pseudo-Anosov,

lim
k→∞

k

√
ℓ([f k(α)]) = λ(f ),

for any nontrivial closed curve α.

Definition
λ(f ) := the dilatation of f .

Definition
lg ,n := min {log λ(f )|f ∈ Mod(Sg ,n) pseudo-Anosov}.
(Arnoux-Yoccoz ’81, Ivanov ’88)

(least pseudo-Anosov dilatation)
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Known results on lg ,n = min{log λ(f )|f ∈ Mod(Sg ,n) pseudo-Anosov}

◮ Penner(’91): log 2
12g−12 ≤ lg ,0 ≤ log 11

g
, for g ≥ 2.
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◮ Penner(’91): log 2
12g−12 ≤ lg ,0 ≤ log 11

g
, for g ≥ 2.

McMullen(’00), Bauer(’92), Minakawa(’06), Hironaka-Kin(’06)

⇒ log 2
6g−6 ≤ lg ,0 ≤ log(2+

√

3)
g

, for g ≥ 2.
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◮ Penner(’91): lg ,n ≥ log 2
12g+4n−12 , for 3g + n − 3 > 0.
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⇒ log 2
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g

, for g ≥ 2.

◮ Penner(’91): lg ,n ≥ log 2
12g+4n−12 , for 3g + n − 3 > 0.

◮ Hironaka-Kin(’06): l0,n < 2 log(2+
√

3)
n−3 .
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Known results on lg ,n = min{log λ(f )|f ∈ Mod(Sg ,n) pseudo-Anosov}

◮ Penner(’91): log 2
12g−12 ≤ lg ,0 ≤ log 11

g
, for g ≥ 2.

McMullen(’00), Bauer(’92), Minakawa(’06), Hironaka-Kin(’06)

⇒ log 2
6g−6 ≤ lg ,0 ≤ log(2+

√

3)
g

, for g ≥ 2.

◮ Penner(’91): lg ,n ≥ log 2
12g+4n−12 , for 3g + n − 3 > 0.

◮ Hironaka-Kin(’06): l0,n < 2 log(2+
√

3)
n−3 .

Combining with Penner’s lower bound, ⇒ log 2
4n−12 ≤ l0,n < 2 log(2+

√

3)
n−3 ,

for n ≥ 4.
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lg ,n goes to 0 on the order of 1
g+n

.
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Question: (Penner)

lg ,n goes to 0 on the order of 1
g+n

.

Example + Penner’s lower bound

l1,n goes to 0 on the order of 1
n
, for even n.

Theorem (T,2008)

Given genus g ≥ 2, ∃ cg , a constant depending on g, such that

log n

cgn
< lg ,n <

cg log n

n
, ∀n ≥ 3.
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We take a branched cover of an Hironaka-Kin’s example.

c
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Sketch of the proof:

Lower Bound: log n

cg n
< lg ,n

For any pseudo-Anosov f ∈ Mod(Sg ,n), we consider the forgetting

mapping class f̂ ∈ Mod(Sg ,0).
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For any pseudo-Anosov f ∈ Mod(Sg ,n), we consider the forgetting

mapping class f̂ ∈ Mod(Sg ,0). There exists α ≤ Θg such that f̂ α

is homotopic to either:

1. a pseudo-Anosov homeomorphism on a connected subsurface.

2. the identity or a multitwist.
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Sketch of the proof:

Lower Bound: log n

cg n
< lg ,n

For any pseudo-Anosov f ∈ Mod(Sg ,n), we consider the forgetting

mapping class f̂ ∈ Mod(Sg ,0). There exists α ≤ Θg such that f̂ α

is homotopic to either:

1. a pseudo-Anosov homeomorphism on a connected subsurface.

2. the identity or a multitwist.

Case 1: f̂ α ≃ a pseudo-Anosov homeomorphism on
∑

g0,n0
.

λ(f̂ α) ≥ log 2

12g0 − 12 + 4n0
≥ log 2

12g − 12

⇒ log λ(f ) ≥ log λ(f̂ ) >
log 2

α(12g − 12)
.

This lower bound only depends on g .
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Lower Bound: log n

cg n
< lg ,n (cont.)

Case 2: f̂ α ≃ the identity or a multitwist.
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Sketch of the proof:

Lower Bound: log n

cg n
< lg ,n (cont.)

Case 2: f̂ α ≃ the identity or a multitwist.
Lefschetz number L(f α) < 0 implies:
∃ a rectangle R in the Markov partition of f , f α(R) wrapping over
R .
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Case 2: f̂ α ≃ the identity or a multitwist.
Lefschetz number L(f α) < 0 implies:
∃ a rectangle R in the Markov partition of f , f α(R) wrapping over
R .
⇒ The transition matrix of rectangles will have the maximal
eigenvalue ≥ n

√
n
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Sketch of the proof:

Lower Bound: log n

cg n
< lg ,n (cont.)

Case 2: f̂ α ≃ the identity or a multitwist.
Lefschetz number L(f α) < 0 implies:
∃ a rectangle R in the Markov partition of f , f α(R) wrapping over
R .
⇒ The transition matrix of rectangles will have the maximal
eigenvalue ≥ n

√
n

⇒ λ(f α) ≥ n
√

n

⇒ log λ(f ) ≥ log n
αn

.
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