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Let f : Sg.n — Sg,n be a homeomorphism.
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Let S, , be a genus g surface with n punctures.

Definition

Let f : Sg.n — Sg,n be a homeomorphism.We say f is
pseudo-Anosov if there are transverse singular foliations F° and
FY with transverse measure p° and p",such that

F(F°,1°) = (%, %),
F(F, 1) = (307 1p),

for A > 1.
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Definitions

Let S, , be a genus g surface with n punctures.

Definition

Let f : Sg.n — Sg,n be a homeomorphism.We say f is
pseudo-Anosov if there are transverse singular foliations F° and
FY with transverse measure p° and p",such that

F(F°,1°) = (%, %),
F(F, 1) = (307 1p),

for A > 1.
We call A = A(f) the dilatation of f.
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Example of Pseudo-Anosov

Let f be a homeomorphism of S g such that f(a) = a + 3 and

F(B8) = a +28.

-
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Example of Pseudo-Anosov

Let f be a homeomorphism of S g such that f(a) = a + 3 and

F(B3) = a + 2.
N
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Example of Pseudo-Anosov

This is a Markov partition of f with 2 rectangles.
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Example of Pseudo-Anosov

This is a Markov partition of f with 2 rectangles.

— M= ( i ; > keeps track of the intersections of rectangles.
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Known Results

Example of Pseudo-Anosov

This is a Markov partition of f with 2 rectangles.

— M= ( i ; > keeps track of the intersections of rectangles.

> its leading eigenvalue equals A\(f), the dilatation of f.

3445
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least pseudo-Anosov dilatation

Recall A(f) = the dilatation of f.

Definition
lg.n = inf{log A(f)|f : Sg.n — Sg.n pseudo-Anosov}.
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least pseudo-Anosov dilatation

Recall A(f) = the dilatation of f.

Definition
lg.n = inf{log A(f)|f : Sg.n — Sg.n pseudo-Anosov}.

Definition
lg.n = min{log A(f)|f : Sg.n — Sg.n pseudo-Anosov}. (Ivanov '83)
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Background Definitions
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least pseudo-Anosov dilatation

Recall A(f) = the dilatation of f.

Definition
lg.n = inf{log A(f)|f : Sg.n — Sg.n pseudo-Anosov}.

Definition
lg.n = min{log A(f)|f : Sg.n — Sg.n pseudo-Anosov}. (Ivanov '83)

Question
What is I; ,?
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Known results

» Penner('91): 1;;%212 <lgo < I°§2, for g > 2.
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» Penner('91): 1;;%212 <lgo < I°§2, for g > 2.

> Penner('91): Iz, > lzg'j%, for 3g +n—-3>0.
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» Penner('91): 1;;%212 <lgo < I°§2, for g > 2.

> Penner('91): Iz, > lzg'j%, for 3g +n—-3>0.

» Hironaka-Kin('06): lp, < %-
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Known results

» Penner('91): 1;;%212 <lgo < I°§2, for g > 2.

> Penner('91): Iz, > lzg'j%, for 3g +n—-3>0.

» Hironaka-Kin('06): lp,, < %ﬁ@.
Combining with Penner's lower bound,

log 2 2 log(7+/45)
= e Son < =7, for n > 4.
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Main Theorem

Penner's Conjecture

1
e

lg.n tends to zero with the order of pam
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Main Theorem

Penner's Conjecture

lg.n tends to zero with the order of L

g+n’

Theorem (T,2008)

Given genus g > 2, 3 ¢4, a constant depending on g, such that

, Yn > 3.

log n | cglogn
g?”
Cgh n
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logn
Cgn

The proof of the lower bound log A(f) >

Proof
Given g > 2 and f : S5 , — S4,n pseudo-Anosov.
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logn
Cgn

The proof of the lower bound log A(f) >

Proof

Given g > 2 and f : S5 , — S4,n pseudo-Anosov.
(Bestvina-Handel) 3 a Markov partition of k < 18g + 6n — 18
rectangles with a matrix M s.t. the leading eigenvalue of M equals

().
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logn
Cgn

The proof of the lower bound log A(f) >

Proof

Given g > 2 and f : S5 , — S4,n pseudo-Anosov.
(Bestvina-Handel) 3 a Markov partition of k < 18g + 6n — 18
rectangles with a matrix M s.t. the leading eigenvalue of M equals
A(F).

Case 1:

Suppose Lefschetz number L(f) < 0. This tells us that: 3 R s.t.
int(f(R)) Nint(R) # 0.
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logn
Cgn

The proof of the lower bound log A(f) >

Proof

Given g > 2 and f : S5 , — S4,n pseudo-Anosov.
(Bestvina-Handel) 3 a Markov partition of k < 18g + 6n — 18
rectangles with a matrix M s.t. the leading eigenvalue of M equals
().

Case 1:

Suppose Lefschetz number L(f) < 0. This tells us that: 3 R s.t.
int(f(R)) Nint(R) # ().—> There exists a nonzero entry in the
diagonal of M.
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logn
Cgn

The proof of the lower bound log A(f) >

Proof

Given g > 2 and f : S5 , — S4,n pseudo-Anosov.
(Bestvina-Handel) 3 a Markov partition of k < 18g + 6n — 18
rectangles with a matrix M s.t. the leading eigenvalue of M equals
().

Case 1:

Suppose Lefschetz number L(f) < 0. This tells us that: 3 R s.t.
int(f(R)) Nint(R) # ().—> There exists a nonzero entry in the
diagonal of M.= A2k > k
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logn
Cgn

The proof of the lower bound log A(f) >

Proof

Given g > 2 and f : S5 , — S4,n pseudo-Anosov.
(Bestvina-Handel) 3 a Markov partition of k < 18g + 6n — 18
rectangles with a matrix M s.t. the leading eigenvalue of M equals
().

Case 1:

Suppose Lefschetz number L(f) < 0. This tells us that: 3 R s.t.
int(f(R)) Nint(R) # ().—> There exists a nonzero entry in the
diagonal of M.= A2k > k

logk _ log(18g + 6n — 18)
log A(F) >
=108 A(F) 2 51~ > S8z + 6n —19)
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the intersection of R

T e

Figure: x is a fixed point of f
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The proof of the lower bound log A(f) >

Case 2:
If L(f) > 0, then we will fill in the punctures.
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logn
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The proof of the lower bound log A(f) >

Case 2:

If L(f) > 0, then we will fill in the punctures.

(Ivanov) 3 a universal upper bound 6, such that I3m < 6,, f™ is
homotopic to one of the following:
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logn
Cgn

The proof of the lower bound log A(f) >

Case 2:

If L(f) > 0, then we will fill in the punctures.

(Ivanov) 3 a universal upper bound 6, such that I3m < 6,, f™ is
homotopic to one of the following:

» a pseudo-Anosov on a connected subsurface
» the identity

» a multitwist
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logn
Cgn

The proof of the lower bound log A(f) >

If £ ~a pseudo-Anosov on a connected surface.
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logn
Cgn

The proof of the lower bound log A(f) >

If £ ~a pseudo-Anosov on a connected surface.
Penner's lower bound tells us

log 2
fm>-——
Al )_12g—12
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The proof of the lower bound log A(f) >

If £ ~a pseudo-Anosov on a connected surface.
Penner's lower bound tells us

log 2
fm>-——
Al )_12g—12

Otherwise, L(f™) < 0, then we are back to the case 1.
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logn
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The proof of the lower bound log A(f) >

If £ ~a pseudo-Anosov on a connected surface.
Penner's lower bound tells us

log 2
fm>-——
Al )_12g—12

Otherwise, L(f™) < 0, then we are back to the case 1.
Fact: A(f™) = A™(f).
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The proof of the lower bound log A(f) >

If £ ~a pseudo-Anosov on a connected surface.
Penner's lower bound tells us

log 2
R P L
AF7) = 12g — 12
Otherwise, L(f™) < 0, then we are back to the case 1.
Fact: A(f™) = A™(f).

log(18g + 6n — 18)

log A(F
=~ log Mf) > 5 i8g + 6n —18)
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logn
Cgn

The proof of the lower bound log A(f) >

If £ ~a pseudo-Anosov on a connected surface.
Penner's lower bound tells us

log 2
R P L
AF7) = 12g — 12
Otherwise, L(f™) < 0, then we are back to the case 1.
Fact: A(f™) = A™(f).

log(18g + 6n — 18)

log A(F
=~ log Mf) > 5 i8g + 6n —18)

By choosing ¢, wisely, we will have the desired bound.

Chia-yen Tsai Bounds on least pseudo-Anosov dilatations



Statement of Theorem
Theorem Idea of The Proof

The proof of the upper bound

Main ldea
Take a branched cover over H-K's example
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The proof of the upper bound

The pseudo-Anosov homeomorphism f of Sp ,, and its lift
pseudo-Anosov homeomorphism f of S; .
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(e Iog n

The proof of the upper bound /; , <

Facts
> (H-K) log(\(f)) < 2™

Chia-yen Tsai Bounds on least pseudo-Anosov dilatations



Statement of Theorem
Theorem Idea of The Proof

(e Iog n

The proof of the upper bound /; , <

Facts
> (H-K) log(\(f)) < 2\&m
> A(F) = A(F)
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(e Iog n

The proof of the upper bound /; , <

Facts
> (H-K) log(\(f)) < 2™
> A(F) = A(F)
» n=5m—-1)+1

Chia-yen Tsai Bounds on least pseudo-Anosov dilatations



Statement of Theorem
Theorem Idea of The Proof

(e Iog n

The proof of the upper bound /; , <

Facts
> (H-K) log(\(f)) < 2™
> A(F) = A(F)
» n=5m—-1)+1

Therefore, h , < 1 (”%1) where n =5m — 4.
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(e Iog n

The proof of the upper bound /; , <

Facts
> (H-K) log(\(f)) < 2\&m
> A(F) = A(F)

» n=5m—-1)+1

Therefore, b, < ( ) where n =5m — 4.
Similarly, take a d|fferent branched cover S, , of any genus > 2.

Then we have
4g + 2 n—1
/ I
&< 1 0g<2g—|—1>

where n = (2g +1)(m—1) + 1.
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The proof of the upper bound

Adding a marked point (yellow) into S, .
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Future Interests

Remark
g is not optimal. (It grows like an exponential of g.)
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Future Interests

Remark
g is not optimal. (It grows like an exponential of g.)

Question
What is the optimal constant ¢;7?
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Future Interests

Remark
g is not optimal. (It grows like an exponential of g.)

Question
What is the optimal constant ¢;7?

Question
What is the right asymptotic behavior of I, , for any g and n?
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Thank you!
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