The asymptotic behavior of least pseudo-Anosov dilatatios

CHIA-YEN TsAl

For a surfaces with n marked points and fixed gengs> 2, we prove that the
logarithm of the minimal dilatation of a pseudo-Anosov hamerphism ofS is

on the order 01’% . This is in contrast with the cases of genus zero or one where
the order ist.

1 Introduction

Let S= § » be an orientable surface with gengiandn marked points. Thenapping
class groupof Sis defined to be the group of homotopy classes of orientatiesgoving
homeomorphisms o6. We denote it by Mod$). Given a pseudo-Anosov element
f € Mod(S), let A(f) denote thalilatation of f (see section 2.1). We define

L(Sy,n) := {log \(f)|f € Mod(S;,n) pseudo-Anosoy.

This is precisely the length spectrum of the moduli spa€g, of Riemann surfaces
of genusg with n marked points with respect to the Teichmuller metric; deadg].
There is a shortest closed geodesic and we denote its length

lg.n = min{log \(f)|f € Mod(§;n) pseudo-Anosoy.

Our main theorem is the following:

Theorem 1.1 For any fixedg > 2, there is a constarty > 1 depending org such
that

logn Cglogn

— o <lgn< .

Cgn n
foralln > 3.

To contrast with known results, we recall that iRgn9] Penner proves that for
29—-2+n>0,
log 2
Ig n > ¢7
’ 12g— 12+ 4n


http://www.ams.org/mathscinet/search/mscdoc.html?code=@secclass 
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and for closed surfaces with gengs> 2,
log 2 <lgo < log 11
129 — 12 ' g
The bounds org o have been improved by a number of authoBay93, [McMO00],
[Min06],[HKOB].

In [Pen9], Penner suggests that there may be an “analogous upped baum=- 0”.
In [HKO6], Hironaka and Kin use a concrete construction to proveftitagenusg = 0,

log(2+ v/3) _ 2log(2+ V3)

RN I

for all n > 4. The inequality is proven for evemin [HKO06], but it follows for odd
n by letting the fixed point of their example be a marked poinbrm®ining this with
Penner’s lower bound, one sees fop 4,

log 2 2log(2+ v/3)
< — 9 r* =7
m-_1psln< g
which shows that the upper bound is on the same order as Peloveer bound for
g = 0. A similar situation holds fog = 1; see the Appendi%.1

Inspired by the construction of Hironaka and Kin, we triediinol examples of pseudo-
Anosovfy, € Mod(Sn) with log A(fg.n) = O (m) for x(Syn) = 2—2g—n < 0.
However for any fixedy > 2, all attempts resulted iy , € Mod(§;») pseudo-Anosov

with log A(fgn) = Og (Iofx’gﬁ‘”)‘) and notO (an)o . This led us to prove Theorem
1.1

The preceding discussion suggests that the asymptotivioelwd |, while varying
both g and n can be quite complicated, in general. Hence, we will focusioder-
standing what happens along differegtrf)-rays. In addition to the results discussed
above, there are other rays in which the asymptotic beha¥ity, can be understood
via examples (see Append&.2) and Penner’s lower bound. The following table
summarizes these behaviors fg(S;n) < 0.

(g, n)-rays The asymptotic behavior oflg
g=0 1/[x(Syn)|
g=1andnis even 1/1x(Sn)

g = constant> 2 log ([x(Syn)l) /Ix(Syn)l
n=0,1,23,or4 1/ Ix(Syn)l
n=g,g+1,o0rg+2 1/1x(Syn)
n=g—1or2g—1) 1/1x(Syn)
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Question What are asymptotic behaviors &f, along different ¢, n)-rays in the
(g,n) plane?

1.1 Outline of the paper

We will first recall some definitions and properties in sato In section3 we prove
the lower bound of Theorerh.1 We construct examples in sectidrwhich give an
upper bound for the genus 2 case, and we extend the exampldttary genusy > 2

to obtain the upper bound of Theorelril. Finally, we construct a pseudo-Anosov
element in Mod§; 2,) and obtain an upper bound b1y, in the Appendix.

Acknowledgements The author would like to thank Christopher Leininger for key
discussions and for revising an earlier draft. Kasra RafifAdd Hildebrand offered
helpful suggestions and insights. | would also like to th&&RI for its stimulating,
collaborative research environment during its fall 200dgpams.

2 Preliminaries

2.1 Homeomorphisms of a surface

We say that a homeomorphisin: S — S is pseudo-Anosowvf there are transverse
singular foliationsd* and 3" together with transverse measuyesand i such that
for some)\ > 1,

f(T% 1%) = (F5% M),

f(FY, ) = (F4 A1),
The numberh = A(f) is called thedilatation of f. We call f reducible if there is
a finite disjoint unionU of simple essential closed curves &nsuch thatf leaves
U invariant. If there existk > 0 such thatf¥ is the identity, thenf is periodic.
A mapping classf] is pseudo-Anosov, reducible or periodic (respectivefyy iis

homotopic to a pseudo-Anosov, reducible or periodic honphism (respectively).
The following is proved infFLP91].

Theorem 2.1 (Nielsen-Thurston) A mapping cla$é] € Mod(S) is either periodic,
reducible, or pseudo-Anosov.

As a slight abuse of notation, we sometimes refer to a mapgpass f] by one of its
representatives.
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2.2 Markov partitions

Supposef : S — S is pseudo-Anosov with stable and unstable measured singula
foliations @, 1°) and @Y, u"). We define a rectanglR to be a map

pZ|X|—>S

such thatp is an embedding on the interigs(point x |) is contained in a leaf of",
andp(l x poinf) is contained in a leaf . We denotep(dl x |) by 9“R andp(l x dl)
by 0°R.

R

'R R 'R

R

As a standard abuse of notation, we will wriReC S for the image of a rectangle map
pilxl—S

Definition 2.2 A Markov partition forf : S— S is a decomposition db into a finite
union of rectanglegR }¥_,, such that:

(1) Int(R) N Int(Ry) is empty, when # |

@ f(ULL0"R) € UL R

@ FHULLOR) C UL 0R
Given a pseudo-Anosov homeomorphismS — S, a Markov partition is constructed
in [BH95] from a train track map forf. The advantage of this construction over

[FLP91], for example, is that the number of rectangles is substiyntsmaller. From
[BH95], one has the following:

Theorem 2.3 For any pseudo-Anosov homeomorphismS — S of a surfaces with
at least one marked point, there exists a Markov partitiorf favith at most—3x(S)
rectangles.

We say that a matrix igositive (respectively, nonnegativéeall the entries are positive
(respectively, nonnegative).

We can define ransition matrix Massociated to the Markov partition with rectangles
{R}¥_;. The entrym; of M is the number of times thd{(R) wraps overR;, soM
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is a nonnegative integrd x k matrix. In Bestvina and Handel's constructidv, is
the same as the transition matrix of the train track map aeg show it is an integral
Perron-Frobenius matrix (i.e. it is irreducible with nogagve integer entries); see
[Gan59. Furthermore, the Perron-Frobenius eigenval@®) = \(f) is the dilatation
of f. The width (respectively, height) dR is the ith entry of the corresponding
Perron-Frobenius eigenvector M (respectively,MT), where the eigenvectors are
both positive by the irreducibility oM.

The following proposition will be used in proving the lowenund.

Proposition 2.4 Let M be ak x k integral Perron-Frobenius matrix. If there is a
nonzero entry on the diagonal &, thenM% s a positive matrix and its Perron-
Frobenius eigenvalug(M%) is at leask.

Proof We construct a directed graghfrom M with k vertices{i}ik:1 such that the
number of the directed edge fronto j in I' equalsm; ;. We observe that for any> 0
the (,j)th entrym{) of M" is the number of directed edge paths froio j of length
rintT.

SinceM is a Perron-Frobenius matrix, we know tHais path-connected by directed
paths. Suppos®! has a nonzero entry at thé Ijth entry, then we will see at least
one corresponding loop edge at the verteXor anyi andj in I', path-connectivity
ensures us that there are directed edge paths of leadttirom i to | and from| to

j. This tells us that there is a directed edge datbf length < 2k from i to j passing
throughl. Since we can wrap around the loop edge adjacehtddncrease the length
of P, there is always a directed edge path of lengkhfrem i to j. In other words,
mﬁ") is at least 1 for ali andj, soM# is a positive matrix.

Let v be a corresponding Perron-Frobenius eigenvector, so thatave M%<y =
(M2, This implies that ifv = [vy - - - v] T, for all i,

k
K
> = um*v,
=1
equivalently,

7] VI :

k
V.
M) =m0
=1

k k
2K
=1

j=1

Choosingi such thaty, <v; for all j, we obtain
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The following proposition will be used in proving the uppemmd.

Proposition 2.5 LetT" be the induced directed graph of an integral Perron-Fraiseni
matrix M with Perron-Frobenius eigenvalygM) = . Let Pp(i,d) be the total
number of paths of lengtth emanating from vertekin I'. Then, for alli,

YPr(,d) — u(M) asd — oo.

Proof Let M be an integrak x k Perron-Frobenius matrix with Perron-Frobenius
eigenvaluen, and Perron-Frobenius eigenvectorAs above

k

d
> mPy = u(MYy; = pvi.
=1

Let Vmax = max{vi} andvmin = min;{v; }. According to the Perron-Frobenius theory,
the irreducibility ofM impies thatv; > O for all i. For alli we have

d d
Vimin (Zj ”\(J)) <E,~ mPy, <"maX<Zj ”\(J))
pd - oo T pd

bl
hence

Vi >im

Vimax =~ M

We are done, sincg nﬁ) = Pr(i, d) and for alli,

Vi Vi
¢ — land¢/ — — 1, asd tends toco.
Vmax Vmin

2.3 Lefschetz numbers

We will review some definitions and properties of Lefschetmbers. A more complete
discussion can be found iGP74 and BT82].
Let X be a compact oriented manifold, ahd X — X be a map. Define

graph(f) = {(x,f(Q))[x € X} ¢ X x X
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and letA be the diagonal oK x X. The algebraic intersection numhér\, graph(f))
is an invariant of the homotopy class fofcalled the(global) Lefschetz numberof f
and it is denoted_(f). Asin [BT82], this can be alternatively described by

(1) L(f) = D (~1)trace(f),

i>0

wheref®" is the matrix induced by acting onH;(X) = H;(X;R). The Euler charac-
teristic is the self-intersection number of the diagodain X x X,

YOX) = 1(A, A) = L(id).

As seen in GP74, if f has isolated fixed points, we can computelteal Lefschetz
number of f at a fixed pointx in local coordinates as

B f(2 —z
0= des(2 5= )

where z is on the boundary of a small disk centeredxaivhich contains no other

fixed points. Moreover we can compute the Lefschetz numbesubyming the local
Lefschetz numbers of fixed points,

L(f) = > L(f).

f(X)=x

This description ofLy(f) is given for smoothf in [GP74, but it is equally valid

for continuousf since such a map is approximated by smooth maps. We will be
computing the Lefschetz number of a homeomorphfsng;, — ;. ignoring the
marked points

Proposition 2.6 If a homeomorphisni : §n — S n is homotopic (not necessarily
fixing the marked points) to the identity or a multitwist, the

L(f) = x(S0) =2 - 20.

A multitwistis a composition of powers of Dehn twists on pairwise didjcimple
essential closed curves.

Proof If f is homotopic to the identity, the homotopy invariance of Liedschetz
number tells ud (f) = L(id) = I(A, A) which is x(S;,0) -

Supposéf is homotopic to a multitwist. We will uself to computeL(f). Note that
Hi(Sy.0) is O fori > 3, Ho(Sy0) = Ha(Sy0) = R andf( is the identity wheri = 0 or
2, so this implied(f) = 2 — trace(fV).
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There exists a se{tyi}ik:l of disjoint simple essential closed curves with some intege
n; # 0 such that

f :T%o---oTSE,
whereT[! is then;-th power of a Dehn twist along;.
For any curvey,

T3 =[] + iy, vl

where f] is the homology class of and(~, i) is the algebraic intersection number of
[v] and [yi]. If any 4 is a separating curve, then;] is the trivial homology class and
T3, acts trivially onH1(S;0). We may therefore assume that eaglis nonseparating.
After renaming the curves, we can assume that there is ats{sey, - - - ,vs} such
thaty = (J7_, v is nonseparating angl U +; is separating for alj > s. Thus, for all
k>]>s,

s
[ = Gill,
i=1
for some constants; € R. We can extend[~i]};_, to a basis oH1(S;0),
{ar, a2, ag, 81, B2, , By}
where pi] = o fori <s<gand(ai, ) = dj, (o, 04) = (6, 5) = 0.
First supposes = k, then (o, vi) = (o, i) = 0 for all i andj. Therefore, for alf,
fO(aj) = o4; and

k k
FB) = 4+ > B, w)nl = 6+ D_ni(f, ei)ai = G — njay.

i=1 i=1

So we have

@) _ < lgxg | * >
* 0 | lgxg

andL(f) = 2 — trace(fY) = 2 — 2g.
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For s < k, we will have

k
£0(g) = aj + > oy, )]
i=1
s k
=aj+ > nfoj i+ Y nilag, )]
i=1 i=s+1
k S
=+ Z N Zcit (o, W) [l
i=s+1 t=1
k s
=05+ Z N Zcit (aj, ar)oy
i=s+1 t=1

and

k
F0B) = 4+ > (B, )]

i=1
S k S
=G+ > AWl + D > B, ]
i=1 i=s+1 t=1

s k s
=6+ > NG, aai+ Y mY Gl or)a
i—1

i=s+1 t=1
_ B>,
B = njaj — g micjay, ifj <s.
Therefore, the diagonal of the matrfi&” is still all 1's and

L(f) = 2 — trace(f V) = 2 — 2g.

3 Bounding the dilatation from below

Lemma3.1 Forany pseudo-Anosov elemdnt Mod(S;) equipped with a Markov
partition, ifL(f) < O, then there is a rectangk of the Markov partition, such that the
interiors off (R) andR intersect.
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Proof Sincef is a pseudo-Anosov homeomorphism, it has isolated fixedtgoin
Suppose is an isolated fixed point df such that one of the following happens:

(1) x is a nonsingular fixed point and the local transverse oriiemteof F° is
reversed.

(2) xis a singular fixed point and no separatrix®f emanating fronx is fixed.

A separatrixof F° is a maximal arc starting at a singularity and contained ieeh of
Fs.

Claim Ly(f) = +1.

Let B be a small disk centered atcontaining no other fixed point df. First we show
that (in local coordinates) for everc 9B, f(2) — z+# azfor all o > 0.

It is easy to verify this in case 1 by choosing local coordisaf, £») aroundx so that
f is given by

f(6n &) = (N, 5 6)

In case 2, we choose local coordinates arownduch that the separatrices 6f
emanating fromx are sent to rays from O through theh roots of unity inR?. This
meansf rotates each of the sectors bounded by these rays through\giam?%j for
somej=1--- k—1,andsoforalze 9B f(z) —z+# azforall a > 0.

Define a smooth mapp : 9B — S by hy(z) = % so Ly(f) = degho) by
definition. Letg : 9B — S' be defined byg(2) = 7 andhy : St — S be defined by

(%) = % so thathg = hig. Then
Lx(f) = degfo) = degfng) = degfn) deg@) = degfn)
since degf) = 1. Note thath; has no fixed point since for al € 9B,
f(2 —z+# az
for all a > 0. ThereforeL(f) = degfy) = (—1)D = +1.

The assumption oE(f) < O implies that there exists a fixed poixtof f which is in
neither of the cases above. In other words, it falls into dribecases in Figure 1. As
seen in Figure 1, there is a rectan@leof the Markov partition such that the interiors
of f(R) andR intersect. O
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X X
Figure 1: The intersection d{R) andR. R s the underlying rectangle arf@R) is the shaded
rectangle.

Let I's(3) < Mod(S) denote the kernel of the action ¢ (S, Z/3Z), whereS = S; .
In[lva92, it is shown thatl's(3) consists of pure mapping classes. Setting

0(g) = [Mod(§) : T's(3)],
we conclude the following.
Lemma 3.2 Letf € Mod(§n) be a pseudo-Anosov element ahde Mod(Sy,0)

be the induced mapping class obtained by forgetting markéutg There exists a
constantl < o < ©(g) such that satisfies exactly one of the following:

(1) fo restricts to a pseudo-Anosov map on a connected subsurface.
() fo=1d.
3) fo js a multitwist map.

Remark For the first two cases of Lemn®2, one can findx bounded by a linear
function of g, but in case 3¢« may be exponential ig.

Theorem 3.3 Forg > 2, given any pseudo-Anosdv c¢ Mod(S;), let o be as in
Lemma3.2 Then

log \(f) > min{

log 2 log(6g + 3n — 6)
a(12g — 12) " 2a(6g + 3n — 6) } ’

Proof We will deal with case 1 of Lemma.2first.

If T restricts to a pseudo-Anosov homeomorphism on a conneulmﬂusfacezgmno
of §,0 of genusgy with ng boundary components (we haveo2t ng < 2g), then
Penner’s lower bound tells us

log 2 < log 2
1290 — 12+ 4ng — 129 — 12

Hence log\(f) > Iog A(F) > 799%.

log \(f®) >
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If f is homotopic to the identity or a multitwist map, from Propios 2.6, we have
L(f*) = L(?O‘) = X(§,0) = 2— 29 < 0. Theorem2.3tells us that for any pseudo-
Anosovf there is a Markov partition wittk rectangles, wher& < —3x(S). Recall
that the transition matrisM obtained from the rectangles iskax k Perron-Frobenius
matrix and the Perron-Frobenius eigenvaly®1) equals(f).

By Lemma3.], there is a rectangIR such that the interiors df*(R) and R intersect.
This implies that there is a nonzero entry on the diagon®d®f Applying Proposition
2.4, we obtain thaj(M®)%) = (M%) is at leastk, so we have

(AN = M) = p(M*) > k.
One can easily checl%X is monotone decreasing far> 3. Since
3<k< -3x(9 =69+ 3n— 6,

hence
ogk - log(6g + 3n — 6)

!
> .
090 = 5 K = 2069 + 30— 6)

]

Remark Penner’s proof inPen9] does not use Lefschetz numbers which we used
to conclude thap(M2) is at leastk, so we obtain a sharper lower bound fors> g.

4 An example which provides an upper bound

4.1 Forthe genus two case

In this section, we will construct a pseudo-Anoso¢ Mod(S; ) for all n > 31 then
we compute its dilatation which gives us an upper boundfgqr

Let S m42 be a genus 0 surface with+ 2 marked points (i.e. a marked sphere), and
recall an example of pseudo-Anosove Mod(Sm;-2) in [HKO6]. We view S my2 as

a sphere witts + 1 marked pointsX circling an unmarked point andt + 1 marked
points Y circling an unmarked poiny, and a single extra marked point We can
also draw this as a “turnover”, as in Figuee Note that(XNY| =1, |[X| = s+ 1,

Y| =t+1andm=s-+t.

We define homeomorphisms, 5t : Sme2 — S,me2 such thaixs rotates the marked
points of X counterclockwise aroundand g; rotates the marked points ¥fclockwise
aroundy; see Figure. Definegst := fras. In [HKOG], itis shown thatps; is pseudo-
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1%

z

Figure 2: Two way of viewing a marked sphere. Black dots arekethpoints and the shaded
dots on the right are marked points at the back.

Figure 3: Homeomorphismss and j;.



14 Chia-Yen Tsai

Anosov by checking it satisfies the criterion 8H95]. We also note that from this one
can check thak, y and z are fixed points of a pseudo-Anosov representativesf
Moreover, fors, t > 1 the dilatation ofps; equals the largest root of the polynomial

Tsi(®) = XX — 1) = 2) + P (x3(x T — 1) — 2)
= (x — DXEFHD 20+ 4 — (x — 1).

The dilatation is minimized whea= | 7| andt = [7']. Let us definep := G m,[m)
and its dilatation is the largest root of the polynomial

Tm(X) = T\_%Jr[%] (X)
= (x— x™D _2 (XL%JJrl + x[%]Hl) — (x—1).

Pr30position 4.1 If m > 5, then the largest real root dry(X) is bounded above by
mm .

Proof For all m, we haveTy(1) = —4. It is sufficient to show that for akk > mn%,

we haveT(X) > 0. Dividing the inequality by<™1) | it is equivalent to show
(x—1)+x MDD~ 2 (xL%J—m 1 x("ﬂ—m) +x ™,

Form > 5, one can verify the following inequalities hold for al> mm

3Iogm 9

() x2- mgx( -me L
. 1
B) xM< 5
Therefore,
9 101 1
_ —(m+1) -~ — 4= =
(Xx—1)+x > X — 1>2 o5m = ( )+25m

22(ﬂ%lm+xu1m)+xqq

O

Remark Propositiord.1 fails if we try to replace the bound witbm wherec is any
constant.

Remark Hironaka and KinlHKOG6] construct two infinite families of pseudo-Anosovs
in Mod(S m), with ¢s¢ being one of them. Unlikes;, the other family provides the
sharp bound ot m.
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Figure 4: 7 is the covering map. To forr, , from the decagon, identify the opposite sides.
Thenr is the quotient by the group generated by rotation of an aPg)&.

Next, we take a cyclic branched cov8s, of S m2 with branched points, y, and
z, wheren = 5(m+ 1) + 1 (See Figuret.). DefineX = {marked points aroun}
and Y = {marked points arounyl}, so we havdX N Y| = 5, [X| = 5(s+ 1) and
Y| = 5 + 1).

We lift as, B to $n and call themas, ﬂt, so thatag rotates the marked points of
counterclockwise aroun# and ﬁt rotates the marked points af clockwise around
y; see Figuré. We defineys; := ﬂtas It follows thats; is a lift of ¢st, and so is
pseudo-Anosov with\(yst) = A(¢st). An invariant train track for)s; is obtained by
lifting the one constructed irHK06], and is shown in Figuré for s=1t = 3.

Hence forn = 5(m+ 1) + 1 > 31, we have constructed a pseudo-Anosov=
ngJ,[%q € Mod(S,n) with A(¥)) = A(¢) < mm which implies

3logm  15log( — 6) — 15log 5

log A(W) = —— S

We will now extendy so thatn can be an arbltrary number 31. We add an extra
marked pointp; on $ , between points i or Y except the places shown in Figure
7.

Without loss of generality we assunpe is added inX to obtain S n+1 and we define
Y = fas € Mod(S,n+1) Where as is extended fromas in the obvious way; see
Figure8. One can check thap, is pseudo-Anosov via the techniques BH95|.



16 Chia-Yen Tsai

Figure 6: A train track for)s 3
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Figure 7: We areotallowed to addp; in the places indicated by a shaded point.

Figure 8: The homeomorphisak’. The figure on the right is a local picture near the added
point p;.
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Figure 9: A train track for);. The figure on the bottom is a local picture.
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An invariant train track for); is shown in Figure® and is obtained by modifying the
invariant train track for) shown in Figures.

Next, we will showA(y1) < A(¥). LetH (respectivelyH1) be the associated transition
matrix of the train track map fot) (respectively;)1), and letl’ (respectively,l'1) be
the induced directed graph as constructed in Se&ian

From the construction above (i.e. addipg), the directed grapli’; is obtained by
adding a vertex on the edge going out from some veariaexi* (that is, subdividing the
edge going out from) wherei has exactly one edge coming in and exactly one edge
going out. This implier,(i,k + 1) = Pr(i, k) and

“/Pr,(i,k+ 1) < §/Pr,(i,k + 1) = /Pr(i,K)

for all k. SinceH and H; are Perron-Frobenius matrices with Perron-Frobenius
eigenvalues corresponding to the dilatationg/adind ¢)1, and Propositior2.5tells us
uw(H1) < p(H), we havel(y1) = u(Hi) is no greater than\(y)) = u(H).

We can obtaimy,, 13 and 4 by repeating the construction above of adding more
marked points without increasing dilatations (i.&(y¢) < A(w) for ¢ = 1,2,3,4).
Since"’%q > % we need not consider the cases with> 5. Therefore, set

f: S0 — S to beye, wheren = 5(m+ 1)+ 1+ ¢ with ¢ < 5, and wherejg = 9.
Forn > 31, we have

3logm _ 3log (™)

(%)

log A\(f) < logA(¢)) <
wherem = |"Z8|.
Theorem 4.2 There exists:; > 0 such that,, < % foralln> 3.

Proof From the discussion above, far> 31,

3log (™Z!)  khlogn

Iz’n <

—11 9
("=+) n
for somex),. For 3<n < 30, lets) = max{l23,124,- - ,l230} then
31 \ log31l 31 logn
I < " — " < "
2n = 12 (HZ log 31> 31 "2jog31) “n

. /31
Let ko = maX{liz, K2 7og 31}' )
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4.2 Higher genus cases

We can generalize our construction and extend to any ggnus2. For any fixed
g > 2, we definey) to be a homeomorphism &, in the same fashion witm =
(20 + 1)(m+ 1) + 1 by taking an appropriate branched cover o8¢f.», and we
can again extend to arbitraryby addingc extra marked points and constructigg.
Definef : §n — S n to beye wheren = (2g9+4-1)(m+1)+1+4-c. If n > 6(2g9+1)+1,
then

log A(f) < SIC:rg];m' wherem = { n- 1J —

20+1
-3
_ 3|°9< 2+1 )
(=)
20+1
Theorem 4.3 For any fixedg > 2, there exists:g > 0 such thallyn <
alln> 3.

Kg Iog n

, for

Proof This is similar to the proof of Theoredh 2, whererg is defined to be

o 129+7
29+}

o T MK Naiogaz 1)

]

Proof of Theorem 1.1 We only need to prove that the lower bounds on A¢f) of
Theorem3.3 are bounded below b)'ﬁ—gr? for somewy depending only org, then let

Cqg = Max{ kg, wg}. We use the monotone decreasing propert;'ﬁ%’i‘ forn> 3. Let
;. ~ . a(l2g—12)log3 _ «(12g —12)logn
wyla) = >

log 2 3 - log 2 n
and so
log 2 - logn
(129 — 12) = wj(en’
Forn>g—-1,

log(6g + 3n — 6) < log 9n - 1 logn
20(6g+3n—6) — 2a9n ~ 18 n
For3<n<g-1,
log(6g+3n—6) log(9@— 1)) logg 3 logn
20(69 + 3n — 6) 209(g — 1) 18aglog3 n

Let wg := max{wj(a), 18, Gﬁgé"g“}, where 0< a < O(g). 0
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5 Appendix

5.1 Torus with marked points

We will construct an example to prove thab, has an upper bound of the same order
as Penner’s lower bound iPgn9}, i.e. 112, = O(%). The construction is analogous
to the one given by Penner f& o in [Pen9l.

Let S o be a marked torus ofr2emarked points. Lea and b be essential simple
closed curves as in Figut0. Let T; ! be the left Dehn twist along and Ty, be the

a

Tk

Figure 10: Essential simple closed cunzandb on a marked torus.

right Dehn twist alongo, then we define
fi=poTpoT,t e Mod(Sy2n)

wherep rotates the torus clockwise by an angle af/8, so it sends each marked point
to the one which is two to the right. As iPEn88, f" is shown to be pseudo-Anosov,
and thus so i§. Figurell shows a bigon track fof".

We obtain the 8 x 2n transition matrixM" associated to the train track map fof
whereM" is an integral Perron-Frobenius matrix and the Perron€fls eigenvalues
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Figure 11: A bigon track fof".
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1w(M") is the dilatation\(f") of f". Forn > 5, we haveM" = N, where

and

Aq

11
01

B1

00
D1—<1 O>’D2_

(

0
B:1

cod P

01

)

0

o OO oo

2
2

0

O
=

o OO oo
o OO oo

[« R

Forn > 5, the greatest column sum bf" is 9 and the greatest row sum M is 11.
One can verify that both the greatest column sum and theegteiaw sum are< 11
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for 0 < n < 4. Therefore, fom > 1,
11> p(M™) = X(f") = (A(F)"
log 11

= ly2n < logA(f) < -

5.2 Higher genus with marked points

In all of the following examples we obtain a mapping cldss Mod(§n) from

f € Mod(§,0) by adding marked points on the closed surfs&gg, wheref is a
composition of Dehn twists along some $ef closed geodesics. We can add one
marked point in each of the complementary disks of the cuirvéswithout creating
essential reducing curves. BY¢n88 Theorem 3.1], the induced mapping class
f € Mod(S;) is pseudo-Anosov with dilatatioA(f) = A(f).

Example1 PennerPen9]constructed a pseudo-Anosov mapping classMod(S; o)
with dilatation \(f) < mng for g > 2, where
fi=poTcoT;loT,.
andT, is the Dehn twist alongv. HereT = A U B U C with
A=03a,B =0 b,andC =L ;.
We can addg marked points as in the Figud® so thatf € Mod(§;g) is pseudo-

Anosov. Therefore,

lgg < logA(f) < Iozll.

We can also add extra marked points at the fixed points of thdion. Forg > 2, we
will have forc = 0,1 and 2,

~ log 11
lg,grc < logA(f) < 0977

wheref € Mod(Syg+c)-

Example 2 Forall g > 3, definef : §o0 — §0 to be
fi=poTpo Ta_ll,

where,

p(aa) = ag+1, p(b1) = bgy1, and
p(@) = ai-1,p() = by, fori=2,--- ,g+ 1
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Figure 12: a pseudo—Anoscfve Mod(S,g) -

bs
bs a

Figure 13: a pseudo-Anosdve Mod(S;,0).
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We construct the @+ 2) x (2g + 2) transition matrixM©@+1) with respect to the
spanning vectors associated with geodesic®.iwWe will get M@+t = N for g > 3,
where the matricies are the same as in Appebdlx Therefore forg > 3 we have

log 9

< ==
log A(f) g1

HereT = A U B with
A=12a,andB =L b
Forg>3andc=0,1,2,3,4, we have

log 9
lgc < logA(f) < ,
gc g()g+1

wheref € Mod(S;.0)-

Example 3 Forg > 5, definef : § 0 — § 0 by
fi=poTy o Tal 0 Tp, 0 Tay,
where

p(a1) = ag_1, p(b1) = by_1, p(C1) = €41, p(d1) = dg_1, and
p(al) = ai—lyp(bi) = bi—lyp(ci) = Ci—lap(di) = di—l’ fori = 27 e 7g -1

Similarly, we have the @— 4) x (4g — 4) transition matrixM©—1 with respect to the
spanning vectors associated with the geodesi¢g iforg > 5 we haveM©@1 = N
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Figure 14: a pseudo-Anosdve Mod(S;0).

where
1010 0000 0000
0110 0000 0000
A=l 1131 looool|™ | 1132]
113 2 113 1 1130
0000 1010 0000
0000 0110 0000
Bi=l o001 11313 0000l
000 1 113 3 11 3 1
0000
0000
“=loo0o0 1|
000 1
0000 0000 1010
0000 0000 0110
Di=l o000 o001 1141
0010 000 1 11 4 3

Forg > 5, the greatest column sumBF9—1 is 17 and the greatest row sumf9—1)
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is 21, hence
log 17
g-1

log A(f) <
HereT = AUBUCUD with
A=12a,B=0 b,e=12 ¢, andD =12 ,d.

Forc =1 and 2, we can induck € Mod(Sy «(g—1y) With

log 17
g-1’

lg,c(g—1) < log /\(fv) <

wheng > 5.
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