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Abstract

We study the modified and boundedly modified mixed Tsirelson spaces Thr[(Fk,, , On)nei]
and T (s)[(Frn, » On)me1] respectively, defined by a subsequence (Fy,, ) of the sequence of Schreier
families (Fy). These are reflexive asymptotic ¢; spaces with an unconditional basis (e;); having
the property that every sequence {;}i—; of normalized disjointly supported vectors contained
in (e;)§2,, is equivalent to the basis of ¢7. We show that if lim 05/™ = 1 then the space
T[(Fn,0n)nz1] and its modified variations Thas[(Fn, O0n)ne1] oF Tar(s)[(Fn,0n)ne1] are totally
incomparable by proving that co is finitely disjointly representable in every block subspace
of T[(Fn,0n)p1]- Next, we present an example of a boundedly modified mixed Tsirelson
space Xpr(1),u = Tar(1)[(Frn»On)ne1) which is arbitrarily distortable. Finally, we construct a
variation of the space Xjs(1),, which is hereditarily indecomposable.

INTRODUCTION

Given a sequence (My)52; of compact families of finite subsets of N and a sequence ()72 ; of
reals converging to zero, the mixed Tsirelson space T[(My, 0)72 ;] is defined as follows.
T[(Mg, )52, ] is the completion of the linear space cyy of the sequences which are eventually

zero under the norm || - || defined by the following implicit formula: For x € cqo,
n
(1) |z| = max {||z||sc, sup Ok sup{z |Eiz|| : n € N, (E;)i-, is Mj, — admissible} }.
k i=1

Here, for E C N, ||Ex| is the restriction of the vector x on the set E and, for a family M of subsets
of N, an M-—admissible sequence is a sequence (E;)"_; of successive subsets of N such that the
set {min F4,..., min E,,} belongs to M. Mixed Tsirelson spaces were introduced in [3]. However,
this class includes the previously constructed Schlumprecht’s space ([16]) which initiated a series
of results answering fundamental and long standing problems of the theory of Banach spaces. The
remarkable nonlinear transfer by Odell and Schlumprecht ([13]) of the biorthogonal asymptotic sets
from Schlumprecht’s space to £,, 1 < p < oo, which settled the distortion problem, indicates the
impact of the new spaces on the understanding of the classical Banach spaces. On the other hand,
these new norms led to the discovery of the class of hereditarily indecomposable (H.I.) spaces ([9]),
that is, spaces with the property that no subspace can be written as a topological direct sum of
two infinite dimensional closed subspaces. As it was proved by Gowers ([8]), the H.I. property is
a consequence of the absence of unconditionality in the sense that every Banach space which does
not contain any unconditional basic sequence has an H.I. subspace. Gowers and Maurey ([9]) have
proved that the H.I. spaces have small spaces of operators; it is a fundamental open problem whether
there exists such a space with the property that every bounded linear operator T : X — X is of the
form T'= A + K where K is a compact operator. On the other hand, a recent result of Argyros and



Felouzis ([4]) shows that a large class of Banach spaces that includes ¢,, 1 < p < oo, are quotients
of H.I. spaces.

In the present paper we study variations of mixed Tsirelson spaces which we call modified mixed
Tsirelson spaces. Given a family M of finite subsets of N, a sequence (E;)?_, of subsets of N is
called M—allowable if the sets E; are disjoint and the set {min F1, ..., min E,} belongs to M. The
modified mized Tsirelson space X corresponding to the mixed Tsirelson space X = T[(My, 6)%2 4]

is the Banach space whose norm || - || satisfies the implicit equation
n
(2) 2] = max { |||, sup Oy sup{z |Eiz| :n € N, (E;)i—, is My, — allowable} }.
k i=1

We also consider boundedly modified mized Tsirelson spaces that lie between X and Xj;. Such a
space is denoted by Xy (s, for some s € N, and its norm is given by an implicit formula analogous
to (1) or (2) where the inner “sup” is taken over all My-allowable families for 1 < k < s and
over all Mp—admissible families for £k > s+ 1. It is clear that the modified and boundedly modified
mixed Tsirelson spaces which are defined by a subsequence Mj, = F,,, of the sequence of Schreier
families (F,,), have the property that, for every n, every normalized sequence (x;)?_; of n disjointly
supported vectors with supports contained in [n, 00) is #1-equivalent to the basis of £7.

The modified Tsirelson space Ths was introduced by W.B. Johnson ([10]) shortly after Tsirelson’s
discovery ([19]). Later, P. Casazza and E. Odell ([6]) proved that the modified Tsirelson space is
isomorphic to the original one. The use of the modified version of the norm in the 2—convexification
of T is crucial for the proof of the fact that it is a weak Hilbert space. The relation between modified
mixed Tsirelson norms and the corresponding mixed Tsirelson norms is in general quite different
from the one between T and T);. To explain the situation we restrict our attention to the two main
examples of mixed Tsirelson norms:

The first is Schlumprecht’s space S ([16]) defined by My = A, = {A C N : #A4 < k}, and
0, = m. The second is the space X introduced by Argyros and Deliyanni in [3], defined by
a certain subsequence (Fy, )ren of the sequence of Schreier families (F,)nen and an appropriate
sequence (0y)ren- It is known that ¢y is finitely representable in every infinite dimensional subspace
of S and we show here that the same holds true for X. From this we easily see that the modified
versions Sys, X are totally incomparable to S and X respectively. Schlumprecht observed further
that although his space S is reflexive, the space Sy, contains ¢1 ([17]). On the other hand, as we
show here, the space X,; remains reflexive and contains no ¢,. This is the first property where we
do not have an analogy between S and X. The result is somehow unexpected since Xj;, being an
asymptotic ¢1 space, has richer ¢; structure than Sy;. These results raise naturally certain questions
related to the structure of Sy, and X,;. For example, it is not known if Sy, is ¢1—saturated or if
X is arbitrarily distortable.

The results mentioned above are presented in Section 1. More precisely, we prove that if
lim 9,1/ " =1, then ¢y is finitely representable in every infinite dimensional subspace of the space
T[(Fn,0:)52]. Next, for an arbitrary null sequence (6,,),,, we show that the modified mixed Tsirelson
space T [(Fn, 0r)52 ] is reflexive. As a consequence we get that the 2-convexifications of such spaces
yield weak Hilbert spaces not containing £, and totally incomparable to 7(2).

In Section 2 we consider a boundedly modified mixed Tsirelson space of the form X, =
Tar)[(Fr,» 0n)p2y] for a suitable choice of (Fy,) and (6,). We show that this space is arbitrarily
distortable. This result is related to the question: Does there exist a distortable Banach space of
bounded distortion? By [12], [11] and [18], such a space must contain an asymptotic ¢, subspace with
an unconditional basis which contains ¢}’s uniformly; so the search turns to asymptotic ¢; spaces



with an unconditional basis. By [3] (also [2]), the class of spaces T[(F,,0n)n] provides examples
of such spaces which are arbitrarily distortable. However, it is not known whether the original
representative of this class, Tsirelson’s space T, is arbitrarily distortable, or whether it contains an
arbitrarily distortable subspace. The space X (1), constructed here is closer to T' than T'[(F,, 0 )],
in the sense that it has more homogeneous ¢; structure.

In Section 3 we construct a space X based on Xy;(1),, which is hereditarily indecomposable.
The basic idea for the definition of X comes from [9].

The strategy in proving these results is similar to the one followed in [3]. We briefly explain the
idea. In order to prove that X (1), is arbitrarily distortable, we start with a set K' = U32, A; of func-
tionals which define the norm of the space. Each set A; contains functionals of the form 6; Y| f;
where {f;}}", are disjointly supported functionals in the dual ball and the family {suppfi}, is
Fi,— allowable if j = 1 or F,—admissible if j > 1. Our goal is to show the following:

There exists ¢ > 0 such that for every block subspace Y of Xy;(1),, and for large j there exists
y; € Y with |ly;|| = 1 satisfying

(3) [y || = sup{f(y;) : f € Aj},

(4) [f(y;)| < cb; foralli < j, f €A,

These two conditions imply that X1y, is an arbitrarily distortable space.

The fundamental objects that we use in order to find such vectors y; are the (g, j)—basic special
convexr combinations. The (e, j)-basic s.c.c. are convex combinations of the basis (e,)nen of the
space X (1), Whose normalizations satisfy conditions (3) and (4) if € is small enough. The choice of
(0n)n, (Fk,, )n ensures that for every j > 2 and for every infinite D C N, there exists an (e, j)-basic
special convex combination supported in D.

Next we show that in every block subspace Y of Xjs(1), and for every j > 2 we can choose a
normalized vector y; in Y with the following property: For every ¢ and every f € A;, there exist an
(e, j)-basic special convex combination ¢ and a functional g¢ € A; such that

|f(y;)] < Cgy(xy)

for some constant C. Thus, we reduce the estimation of the action of 4; on y; to the estimation of
the action of A; on basic special convex combinations. Our basic tool for this proof is the analysis
of a functional f € U2,.A; which is the array of functionals used for the inductive construction of f.

In the case of the space X with no unconditional basic sequence which is constructed in the third
section, the scheme of ideas is similar with some additional difficulties coming from the existence of
the dependent chains of functionals.

1. MiXED T'SIRELSON SPACES AND THEIR MODIFIED VERSIONS.
A. Preliminaries.

Notation. Let (e;)$2; be the standard basis of the linear space cgg of finitely supported sequences.
For z = Y2 ae; € coo, the support of z is the set suppz = {i € N : a; # 0}. For E, F finite subsets
of N, E < F means max ' < min F' or either E or F' is empty. For n € N, E C N, n < E (resp.
E < n) means n < min F (resp. max E < n). For x,y in ¢og, £ < y means suppx < suppy. For
n € N, x € cop we write n < x (resp. = < mn) if n < suppz (resp. suppz < n). We say that the
sets E; C N, i =1,...,n are successiwe if Fy, < FEs... < E,. Similarly, the vectors z;, i =1,...n



are successive if 11 < 9 < ... < x,. For x = Zf; a;e; and E a subset of N, we denote by Ex the
vector Bx = ). a;e;.

The Schreier families F,. Let M be a family of finite subsets of N. We say that M is compact if
it is closed in the topology of pointwise convergence in 2N. M is heriditary if whenever B C A and
A € M then B € M. M is spreading if whenever A = {mq,...,my} € M and B = {n1,...,n} is
such that m; <n;,i=1,...k, then B € M.

Notation. Let M, A be families of finite subsets of N. We denote by M|[N] the family

MIN]|={U" A :neN A e N A < Ay < ... < Ay and {min Ay,...,min A,} € M}.

The Schreier family S is defined as follows:

S={ACN:#A<minA}.
The generalized Schreier families Fo, oo < wy, were introduced in [1]:

1.1 Definition.

Fo={0}u{{n}:neN}

For1={0U{U_JA;:neN, A;eFy,n< A1 <A <...<A,}

and for a limit ordinal o we choose a sequence (ay)n, an 1 « and set
Fo={0} U{A : there exists n € N such that A € F,,_ andn < A}.

Notice that F; = S. Also, for n,m < w, Fn[Fm] = Frtm.
It is easy to see that each F, is a compact, hereditary and spreading family.

1.2 Lemma. For n < w define the family FM inductively as follows:
FM = F.
FM ={UF A ke N A e FMfori=1,....k, A;NA; =0fori+jand
k<minA; <min4s < ... < minAg}.
Then, for all n, FM = F,.

Proof: The proof is an immediate consequence of the following.

Claim: Let n € N and let A; € Fp,, i = 1,...,k be such that A; N A; =0 for i # j and min A; <
min Ay < ... <min Ag. Then, there exist sets A, € Fp, i =1,...,k such that A} < Ay < ... < A},
min A; < min A, fori=1,...,k, and UE_ Al = Uk_| A,;.

Proof of the claim: It is done by induction on n. For n = 0 it is trivial. Suppose it is true for n.

Let A;, ¢ = 1,...,k be sets in F,,11 such that A; N A; = 0 for i # j and min A; < min Ay <
... < min Ag. Each A; is of the form A; = U;”:"'lB} where B;- € F, and, for each i, m; < Bi < B} <
... < B, . Let {B]-};":T”'“n’c be a rearrangement of the family {B}: i =1,...,k, j =1,...,m;},
which satisfies min By < min By < ... < min By, 4. +m,. It is easy to see that, for each ¢,

(%) min A; = min Bi <min By, 4. 4my_q+1-



By the inductive assumption, there exist sets B;-,j =1,....,m1 + ...+ my, with B; € Fn,
U;n:lfr"'er’“B; = U;":T“'*m’“Bj and such that By < By < ... < By, . ., and min B; < min B]
forall j=1,...,mi+...+my. Fori=1,... k, we set

I mit...t+m; /
Ai - Uj:m1+~-+m7:—1+1B]"

Then, A < Ay <...< A}, UF AL =UF | A;, and for each i = 1,...,k we have by (x),
m; <minBy, 4 4my 41 < minB;n1+...+mi71+17
so Al € F,+1. Moreover, using (*) again, we see that
min A; <min B, | 4, 4 = minAj.

This completes the proof of the Claim. The Lemma follows. O

Distortion. Let A > 1. A Banach space X is \—distortable if there exists an equivalent norm | . |
on X such that, for every infinite dimensional subspace Y of X,

|yl
sup{m cy,z €Yyl =zl =13 > A

X is arbitrarily distortable if it is A—distortable for every A > 1.

B. Mixed Tsirelson spaces.

A Banach space X with a basis (e;)2, is an asymptotic {1 space if there exists a constant C
such that, for all n and all block sequences (z;) ; in X with n <z <23 < ... <z,

=l < 1Yl
=1

The first example of an asymptotic /1 space not containing ¢; was constructed by Tsirelson
([19]). Tsirelson’s space is the completion of the vector space cyg of all eventually zero sequences
under the norm || - ||z defined implicitly as follows:

1 n

llz||lr = max{ﬂcﬂoo,sup{2 Z |Eiz||lr :n e Nandn < By < Es <...< En}} .
i=1

A sequence (E;)?_; of finite subsets of N with n < Ey < Ey < ... < E, is called Schreier

admissible (or S-admissible). In other words, a sequence (E;)?_, is Schreier admissible if the E;’s
are successive and {min F1,...,min E,,} € S. More generally, we give the following definition.

1.3 Definition. Let M be a family of finite subsets of N.

(a) A finite sequence (FE;)I; of subsets of N is M-admissible if E; < Ey < ... < E, and
{min Ey,...,min E,} € M.

(b) A finite sequence (x;)}_; of vectors in cog is M-admissible if the sequence (suppz;)f_; is
M-admissible.

The mixed Tsirelson spaces are defined as follows:



1.4 Definition. Let {M,}>2; be a sequence of compact families of finite subsets of N and let
(01,)22, be a sequence of numbers in (0, 1) with 6,, — 0. The mized Tsirelson space T[(My, 05,)524]
is the completion of cog under the norm || - || defined implicitly by:

|z|| = max { ||| o0, Sup sup{8x Z |E;z| : n € N and (E;)i, is Mkadmissible}} .

k i=1

The mixed Tsirelson spaces T[(M,,,0,)52 ;] where (M,,), is a subsequence of the sequence of

Schreier families ()32, were introduced in [3] and further studied in [2] and [14]. Every such space

is a reflexive asymptotic ¢; Banach space and the natural basis (e;); is a 1-unconditional basis for

it. The first example of an arbitrarily distortable asymptotic ¢; Banach space was a space of this
type ([3]). More generally, Androulakis and Odell have proved the following:

1.5 Theorem. ([2]) Suppose that the sequence (0,,), satisfies Opim > 0nbn for all n,m and let
0 =limos/". If ba — 0 then the space T[(Fy,0,)52,] is arbitrarily distortable. O

n=1

In particular, this is the case if lim 9%/ "™ = 1. The first result of this section concerns mixed

Tsirelson spaces T'[(Fy, 0y )r] corresponding to such sequences (6., ),,. Following [2] we call a sequence
(01)n regular, if 0,, € (0,1) for all n, ,, | 0 and 0,4, > 6,,0,, for all n,m € N.

1.6 Theorem. Let (6,)52, be a regular sequence with lim 0n/" = 1. Let X = T[(Fn,0r)52,]. For
every € > 0, every infinite dimensional block subspace Y of X contains for every n a sequence of
disjointly supported vectors (y;)"_, which is (1 + &) — equivalent to the canonical basis of €7,.

Given a block subspace Y of X and n € N we shall construct a sequence (z;)7; of disjointly
supported normalized vectors in Y such that || Y1, a;]| < 36. Since the basis (e,), of X is 1-
unconditional this implies that (x;)7; is 36-equivalent to the canonical basis of ¢ . From this the
Theorem follows by a standard argument due to R.C. James. The building blocks of our construction
are the (g, j)— rapidly increasing special convex combinations, the prototypes of which were used in
[3]. Before proceeding to the construction we need to establish some preliminary results most of
which also have their analogues in [3].

Notation. Let X = T[(Fy,0,)22,].
A. Inductively, we define a subset K = U2 (K™ of Bx- as follows:

For j=1,2,...,

0 _ .
K; = {+e, :n € N}.

Assume that K7, j = 1,2,... have been defined. We set K" = U2, K7 and, for j = 1,2,...,

we set
K.;L-i_l :K?U{ej(f1++fd)deNaft eKnaZz 1a"'7na
suppf; < ... < suppfg and (f;)%, is F; — admissible}.
Let K = U2 oK™,
Then K is a norming set for X, that is, for z € X

]l = sup{f(z) : f € K}



B. For j =1,2,..., we denote by A; the set A; = Up> (K} \ K°).
C.Let m € N, o € K™\ K™ 1. An analysis of ¢ is a family {K*(¢)}™, of subsets of K such that
(1) For every s < m, K*(p) C K?*, the elements of K®(¢) are disjointly supported and
Uyeks(o)Suppf = suppe.
(2) If f belongs to K*T!(y) then either f € K*(y) or, for some j > 1, there exists a F;-admissible
family (f;)%; in K*(p) such that f = 6;(f1 + -+ fa)-
(3) K™(¢) = {¢}-

It is easy to see that every ¢ € K has an analysis.

1.7 Definition. Let n > 1,¢ >0 and FF C N, F € F,,. A convex combination ZkeF apey is called
an (g,n)-basic special conver combination (basic s.c.c) if, for every G € Fp,_1, Y cqar < e

1.8 Proposition. Let D be an infinite subset of N. Then, for every n > 1 and € > 0, there exists
an (e,n)-basic special conver combination v =), apey with F' = supp(z) C D.

Proof: For n = 1, we choose mg > é and A C D with mg < A and |A| = mg. Then, z = mio D kea Ck
is an (g, 1)-basic s.c.c.
For n > 1 the proof is by induction based on the following:

1.9 Lemma. Let n > 1 and suppose that the integers mo,mi,..., My, and the block vectors
1,22, .., Tm, Satisfy the following: For every k =1,2,...,mg — 1,
(a) 2mp—1 < my.
(b) supp(zx) C (mr—1,my].
(c) @y is a (g5, —,n)-basic s.c.c.
Then, the vector x = % S xy is a (m%)v” + 1)-basic s.c.c.

Proof: The proof is straightforward. (See also Lemma 1.6 [3]). O

1.10 Definition. Let ¢ > 0, j € N and suppose that {z}7_; is a finite block sequence with the
property that there exist integers {lp}7_; with 2 < 21 <l; < 20 <ly < ... <lp_1 < 2z, <, and
such that a convex combination Y ;_, ake;, is an (g, j)-basic s.c.c. Then, the corresponding convex
combination of the z’s, x = >, _; apz, is called an (e, j)-s.c.c. of {zx}}?_;.

An (g,j)-s.c.c. x =Y _; apzy of unit vectors {2 }7_, is said to be seminormalized if ||z| > 3.
Remark: It is easy to see that if z = Y, _, agzy is an (¢,7)-s.c.c and ||zx]| =1,k = 1,...,n, then
llz|| > 0;41. Indeed, if fi € Bx- are chosen so that fx(zx) = ||zx| = 1, supp(f1) C (2,41], and
suppfr C (lk—1,lx] for k = 2,...,n, then the family {fi} is F,1-admissible. This implies that the
functional ¢ = 0,41 ) fi belongs to Bx-, hence ||z| > ¢(x) > 0,41.

The following Lemma states that every block subspace Y of X contains for any ¢ and j a

seminormalized (g, j)-s.c.c. The condition lim 9;/ 7 =1 is essential at this point.

1.11 Lemma. Let j € N, ¢ > 0 and let {2}, be a block sequence in X. There exists n € N
and normalized blocks yi,k = 1,...,n of the sequence {z;}7° | such that a convex combination
T =Y ,_, apyy is a seminormalized (g, j)-s.c.c.

Proof: We may assume that the vectors zp,k = 1,2,... are normalized. Choose an infinite block
sequence {x] }7°; of {2}2 such that, for each [, z} = 37, 4 arzk is an (g,7)-s.c.c of {2k }rea, .
1
Ty

If for some [, ||z{|| > 3, then we are done. If not, we set y} = and, as before, choose an

(B

infinite sequence {z7}; of (e, j)-s.c.c of {y}}3°,.



Notice that, for each [, the family {z), : supp(zx) C supp(a?)} is Faj;2-admissible (since Faj o =
Fj1[Fj41]), and so x7 is a combination of the form x? = Y by (Agz) where > by = 1, A\, > 2, and
{2k} is an Fa; o-admissible family. This gives that ||27] > 20, 2.

If, for some [, ||z7|| > % then we are done. If not, then we set y? = Hi—éu and continue as before.
1

Continuing in this manner, if we never get some (g, j)-s.c.c zf with ||zf|| > 1, then we can repeat
the same procedure for as many steps s as we wish and always get 1 > ||z7|| > 257103(]4_5_1).

1
But the assumption that lim, 6 = 1 implies that lim,_ .., 25_195(j+1) = 00. This leads to a
contradiction which completes the proof. O

1.12 Lemma. Let x =), aie;, where F' € Fj, be an (e, j)-basic s.c.c. Then, 0; < |[z|| < 0; +¢.

Proof: Tt is obvious that ¢ = 0;(3, .z e;) belongs to Bx- and ¢(z) = 6;. This yields the lower
estimate for ||z].
It remains to prove that, for all ¢ € K, |¢(z)] < 6; + €. Let ¢ € K; we may assume that 9 is
positive. Set
J={leF:y(e)<0;}

and
L=F\J={leF:y(e) >0}

We shall prove that L € F;_; and so Zk:e 1, ax < €. This is a consequence of the following:

Claim: Let r =1,2,..., f € K and suppose that f(ex) > 6, for all k € supp(f). Then, supp(f) €
Fr_1.

Proof of the Claim: The proof is by induction on s, for f € K®, s =1,2,....

For s =1, let f € K!, with f = HiEkeAe};, A e F;. Since 0; > 0,, we get i < r — 1 and so
A = supp(f) € Fr-1.

Suppose that the claim is true for all g € K* and let f € K. Then, f = 6;(>°;%, fi) where
the set (f;)]”, is Fi-admissible and, for each [, f; € K°. Suppose that f(ex) > 6, for all k € supp(f).
Then, r > i and, for each I = 1,...,m, fi(ex) > % > 0,_;. It follows from the inductive hypothesis
that supp(f;) € Fr—i—1,l =1,...,m. So, supp(fj € FilFr—i—1] = Fr—1. This completes the proof
of the claim.

We conclude that L € F;_; and so

|¢(Z aer)| < w(z aer) +Zaz <f;j+e O

leF leJ leL

1.13 Lemma. Let x = > ,_, apyx be an (g,j)-s.c.c, where e < 0;. Let i < j and suppose that
(Ey)i_y is an F;-admissible family of intervals. Then,

1<k 1<k<n

u IS
> Bz < (1+5-) max [lye]| <2 max [lyx].
r=1 v =n

Proof: We can assume that the E,.’s are adjacent intervals. Set

L=1{k:k=1,...,nand supp(yx) is intersected by at least two different E,’s}.



For each r =1,...,s, define
B.={k:k=1,...,nand supp(y;) C E,}.
The sets B, are mutually disjoint and {1,2,...,n} = (U3_;B,) U L. So,

DBl <Y NEAY S arye)l + Y an Y 1Byl
r=1 r=1

keB, kel r=1

n
Yk
< E arllyll + g akHQ‘”'
k=1 ¢

keL

Suppose now that 2 < y; <1 <ys < ... <Ilp1 < yr <l and 22:1 akey, is the basic s.c.c
which defines the s.c.c & = >"}_; axyr. We shall show that {l; : k € L} € F; C F;_;. This will
imply that ), ., ar < € and hence complete the proof.

To see that {l, : k € L} € F;, for each k € L let r, = min{r : E, intersects supp(yx)}. The map
k — ri from L to {1,2,...,s} is one to one. This gives that #L < s. Consider now, for each k € L,
my, = min E,, . Then, m,, <l k € L. Since the set {m,, : k € L} belongs to F;, we conclude (by
the spreading property of F;) that {l; : k € L} € F; as well. O

1.14 Definition. A. A finite or infinite sequence {zy}x is called a rapidly increasing sequence if

there exists an increasing sequence of positive integers {tj }, such that the following are satisfied:
0e,,

9tk+1

. . . 0 .
}x is increasing, 2 < 0y, /0y, ., for each k, and limy . Gttk = oo if the
k41

(a) The sequence {

sequence is infinite.
(b) Each 2 is a semi-normalized (67, ,tx)-s.c.c.

(c) For each k, ||zkle, < gatk :
tht1

B. Let j € N, ¢ > 0. Let {z;}}_, be a rapidly increasing sequence, where each z; is a semi-

normalized (07, ,t)-s.c.c and 2 < egf—* < i. Suppose also that there exist coefficients {ax}}_,

such that the vector z = >")'_, axzy is an (e, j)-s.c.c of {z;}}_;. Then z is called an (g, j)-rapidly
increasing special convex combination ((g,j)-R.Is.c.c).

1.15 Proposition. Let j e N,0 < e < 9]2, and let x = ,_, agzy be an (g,7)-R.Ls.c.c of the z;’s,
where each zj is a seminormalized (ka,tk)—s,c.c. Let ty be any integer such that j+1 <ty < t; and

04
2< ﬁ
Then, for every ¢ in the norming set K of X, we have the following estimates:
(i) le(z)| <40;, if o € A j <i<t
(iii) [o(z)] < 4(0:,_, +a,), if o € Ay, t, <0 <tpp1, p> 1.

In particular, 9_7-% < ||lz|| < 86;.
Proof: The lower estimate for ||z| follows by the Remark after Definition 1.10 and the fact that
llzk]l > % The upper estimate follows from the first part of the Proposition. The proof of this is

similar to the one of Proposition 2.12 in [3]. Let {lx}}_; be such that 2 < z; <3 < ... <[,_1 <
zn <l and >_)_, akey, is an (e, j)-basic s.c.c.

Given ¢ € K, we shall construct 1 € co(K) such that



(a) Xk anzr) < 4p(3o5; arer,).

(b) If p € A;,i < t1, then ¢ € co(A;).

(c) If p € A;,t, < i < tpyq for some p > 1, then ¢ = (¢ + e ), where 11 € co(Ay,_,).
Since, for ¢ € co(A;) we have ¥(>_ arey,) < 0;, estimates (ii) and (iii) will follow immediately. For
(i) we apply Lemma 1.12.

We consider an analysis {K*®(¢)}7; of ¢, and we cut each z; into two parts, z; and z}/, with
the following property:

() For each level K°(p) of the analysis of ¢, and for each z,, either there exists a unique
[ € K*(p) with supp(z;,) Nsupp(f) # 0 or there exists f € K*(p) such that maxsupp(z;,_;) <
supp(f) < minsupp(zj_;)-
The same is true for z;/. This partition of the z;’s is possible, as done in [3] (Definition 2.4).

We shall see that using property (x) we can build ¢’ and ¥” such that |¢(z},)| < ¢’'(e;,) and
lo(z)] < ¢"(ey,) for all k. So we may assume that the z;’s have property (x) and then multiply

our estimate by 2.
For each f € U™ K*(p) we set

Dy = {k : supp(p) Nsupp(zx) = supp(f) Nsupp(zx) # 0}.

By induction on s = 0, ..., m we shall define a function gy € co(K), supported on {lx : k € Dy} and
such that:

(a) |f(2x)| < 2g¢(eg,) for all k € Dy.

(b) If f € Ag,q < ty1, then g5 € co(Ag). If f € Ag,t, < q < tpy1, then g5 = %(g} + e}kp), where
g} € co(As,_,)-

For s =0, f = ey, if Dy = {k} we set gy =e; .

Let s > 0. Suppose that g has been defined for all f € Uf;&Kt(go). Let

F=0,(fr+...+ fa) € K*(9)\K" ().
Weset I ={i:1<1i<d, Dy #0}and T = D¢\ Ujes Dy,.

Case 1: q < t1.
Then, we set

=0 (St Xt )
iel keT
Property (a) for the case k € U;cr Dy, follows from the inductive assumption. For k € T' we get, by
Lemma 1.13, since ¢ < t;, that

d

F(zi)] < 0 > Ffilzr)] < 204 = 297 (ey,).

=1

To prove that gy € co(A,) we need to show that the set {gy, : 4 € I} U{ly : k € T} is F4-admissible.
Here we use property (x). According to (), for each k € T there exists an iy, € {1,...,d} such
that maxsupp(zix_1) < supp(fi,) < minsupp(zx+1)-

10



This means that iy # i; for k #21 € T and iy ¢ I. Tt follows that |T| + |I| < d. Since also, for
each k € T, minsupp(f;,) < lx, by the spreading property of F, we get that

{minsupp(f;) : i € [} U{ly: ke T} € F,,

hence the family {gy, }ier U {e] }rer is Fy-admissible.

Case 2: q > t;.
Suppose that ¢, < ¢ < tp,41. fp ¢ Dy or p € UjerDy,, then we set

=i (Lot o).
iel keT
Since supp(gs) C {lx : k=1,...,n} € Fj and j < t,_1, it is clear that g; € co(A,_,).
For k € User Dy, we get
|f(2’k)| = GQ‘fz(zk” < zoqgfi(elk) < etp—lgfi(elk) = gf(elk)

by the inductive assumption and the fact that 26, <0, ,.
For k € T, k < p, we have

d
o 0,
£ 0,3 5] < Gl < 05" < 0,522 =01, = gs(er)
i=1 k+1 4
by the property of the R.I.S {z }s.
For k€ T, k > p, we have q < t,41 < tg, SO
d
[F(21)| =04 |filzr)] <204 < 0y, = grles,)
i=1

by Lemma 1.13.
Suppose now that p € T. Then we set

1 * *
95 =75 [P | 2oont D e |+,

i€l keT\{p}
As before, we get
|f(zi)] < 2g5(ey,)

for k # p, and
[f(zp)] < 1=2gy(es,,).

This completes the inductive step of the construction and the proof of the Proposition. O
In what follows, a finite tree of sequences 7 will be a finite set of finite sequences of positive

integers, partially ordered by the relation: a < ( iff o is an initial part of 3, and satisfying the
following properties:

11



(a) For each o € T, the set {3 : § is an initial part of o} is contained in 7.
(b) If o= (k1,.. ., km-1,kmn) €T and 1 <1 < kyp, then (k1,...,kpn-1,1) € T.
(¢) The maximal (under <) elements of 7 are all of the same length.

It follows that 7 has a unique root, the empty sequence which we denote by 0. The length of
the sequence « is denoted by |a|. The height of T is the length of the maximal elements of 7. For
each oo € T which is not maximal we set S, = {8 € 7 : @ < f and |8| = |a| + 1}. We also consider
the lexicographic order, denoted by <, on 7. For a = (k1,...,km_1,km) € T we denote by a™ the
sequence ot = (k1,..., km_1,km + 1).

1.16 Definition. Let r € N. Let j1,...,j, be positive integers, and € > 0. An (e, (j1,...,Jr)) -tree
in X is a set of vectors 7% = {u,},e7 indexed by a finite tree 7 of height r, and satisfying the
following properties:

(a) The terminal nodes {uq }q|=r Of the tree are elements of the basis {e,};2, i.e, for |a| =7,
a €T, u, =e,. Moreover, for o, € T with |a] = |3| = r, if @ < § (in the lexicographic order),
then I, < g.

(b) There exist positive coefficients {ag}ge7\ {0} such that, for each v € 7, |y| =t < r, we have

Zﬁesw ag=1and u, = ZaeT,\(A:m-«x (H7<ﬁja aﬁ> el is an (g, jiy1 + Jeyo + ... + Jr)-basic s.c.c
of {er, }aeT ja|=r-

It is clear that, given an infinite subset L of N, ji,...,j, positive integers, and € > 0, one can
construct an (g, (j1,...,J.))-tree in X, supported in L, by repeatedly applying Lemma 1.9. It is also
not hard to see in the same manner that the following construction is possible:

1.17 Lemma. Let L be an infinite subset of N, n € N, € > 0 and j1,...,J, be positive integers.
There exist a tree of sequences T, subsets T;X, ..., T,X of X, and positive coefficients {ag}ser (01
such that:

(a) Forr <mn, setT, ={a €T :|a| <r}. Then, T.X = {ul }aer. is an (¢, (j1,- .., jr))-tree in
X with coefficients {ag}geT,\ {0}, supported in L.

(b) Let {e;r,a € T, || = 1} be the terminal nodes of the tree TX. Then, if o, B € T, |a| =7 <n
and B € S,, we have I}, < ZEH <.

1.18 Definition. A finite family 7%, ..., 7, as described in Lemma 1.17 is called an (&, (j1, ..., jn))
family of nested trees in X.

Proof of Theorem 1.6.

Given n € N, and a block subspace Y of X we shall construct a sequence 1, ..., z, of disjointly
supported unit vectors in Y which is 36-equivalent to the canonical basis of {7 .

The construction is as follows:
First, choose n > 0 with n < ﬁ. Choose jp such that 6460;, < n. Let s € IN be such that
01° < n. Choose j; such that

: : 0j1+1 1
s0jo < j1 and o,

= T+n°
Inductively, choose jo, ..., j, so that, for each k =2,...n,
80, 0,; ; 1
Ji4 A et < G J <mn, and —Lfotietl s

Oyt +in_1+1 05, 147

The latter is possible, since lim,,_ 5/" = 1.

12



Next, we choose an infinite R.I.S. {2;}2, in Y where each z; is a (67 ,t;)-seminormalized s.c.c.
For each ¢, let I; = max(suppz;). Let ig be such that
0;,

ti > +...+9,+1 and ——2 — < .
o7 J Ojr+..+jnt1 16

We set LO = {Z'L}i>ig-
Now let 0 < & <min{6? | ., . 1,n(1—61)}
We choose an (¢, (j1,. .., jn))~ family of nested trees (77%,...,7,X) in X, indexed by a tree 7,

supported in Lg. Let {ag}ger be the corresponding coefficients. Then, for each r < n, there exists
a set {I}, }aeT |a|=r, contained in Lo, and such that for all t < r and v € 7 with || = t,

A—
wy= . (][ asles
y=alal=r y<f=a

is an (g, js41 + ... + jr)- basic s.c.c. of {err }aeT aj=r-
For each o € 7 with || = r, denote by 2!, the element of {z;};en with maxsupp(zl,) =1%.
Then, for v € T with |y| =t < r, the vector

o= > (] es)=
y<a,lal=r <82

is an (g, j¢41 + ... + jr)- RLs.c.c.

Foreachr = 1,...,n, we set 2" = I\Zé\l' If » > 2 then for each @ € 7,1 < |a] < r — 1, we set
0
Tl = myg, so that, for each t < r —1,
0

x’ = Z ( H ag)xy,.

a€T,|al=t 0<B=2a
1.19 Lemma. For eachr <n, t <r, and o € T with |a| =t,

1 T
= < llafl < 16(1+7)

Proof: By the construction, for each t <r —1 and a € T with |o| = ¢, y}, is an (&, je41 + ... + jr)-
R.ILs.c.c. It follows from Proposition 1.15 that

9.jt+1+~~~+j1'+1

9 < ||y(7;|| < 89jt+1+...+jr,.~

Hence, for 0 < |a| =1t,

0; ; T 166; ;
i < i Je41tetirtl A lyel < 60, 1+.. 44, <16(1+7). O

1 16 0j,+..+4, lwoll = Oji+..4jot1

1.20 Lemma. Letr > 2 and a € T with |o| =t <r —1. Ifi < jiy1 4 ...+ jro1 and (Ey)ri_, is
an F;-admissible family of sets, then

k
DI Epill < 32(1+ ).

p=1

13



Proof: By the construction,

vh=" > (Il aow,

ly|=r—1l,a=y a<B=y

where II7! <y < l;:l for every v € 7 with |y| =7 — 1 and a < 7. (Recall that y7 is a convex
combination of (zj)|s=» and that maxsupp(zj) = . By the definition of (%, ..., T.X), we have
. X 1
p<r<rty o
Also, the corresponding basic convex combination

u b= Y (1 ag)ey—

[yl=r—1, a<y a=<B=y

is an (g, j¢41 + ... + jr—1)-basic s.c.c.
An argument similar to the one in Lemma 1.13 yields

<9 .
ZII wal <2 max [l

Dividing by ||y5|| we obtain the conclusion. O

1.21 Proposition. The sequence {x"}"_, is 36-equivalent to the standard basis of L7 .

Proof: We need to prove that
n
1> 7| < 36.
r=1
To do this we estimate p(>_I_; 2") for ¢ € K, distinguishing two cases for ¢:

Case I: p € A;, i > jo.

Let 79 € {0, ...,n} be such that
j’l"(] <i< jr0+1'

Then,
(a) For r > 1o+ 2 we get i < jr—1 < j1 + ...+ jr—1. Using Lemma 1.20, we see that

lo(z")| < 320;(1+n) <6405, <.

(b) Let now 1 <7 < rg— 1. We know that y is an (e, j; + j2 + ... + jr)- R.Ls.c.c. of the z;’s
A1507 pE Aiv where Atje+... .+ < jr+1 <.

Let z;,,...,2;, be the semi-normalized s.c.c.’s which compose yj where, for p = 1,...,k, 2;, is
0,

2 gr 3 ; Tt S i - —0 R/

(Otr,tp) seminormalized s.c.c. Set t{; = t;, where by construction ¢;, is such that T < 16

andt o =1lp <tpforallp=1,... k.

From Proposition 1.15 we get
lo(yo)| <46, <46, ., if i <t],

and
lo(yp)l < 40y +e) if i >t

14



Dividing by ||yj|| and by the choice of the ji’s we obtain

80,
p(a")] < 72— < if i <,

T Ottt
and
r etio 0]21+..~+j1-+1 n e r
lo(a")] < 85 — + 8 <5 80 <m i1
it it

We conclude that, in this case,

n

e an) <l Y @)+ lp(™)] + (@™t < np+2 < 3.
r=1 TETQ, 041

Case II: ¢ € A;, i < jo.

Consider an analysis {K*(¢)}1_, of p. For s < gand f € K*(p), let ft € K*(p) be the successor
of fin K*(¢p); that is, f* is such that suppf < suppf™ and if g € K*(p) with suppf < suppg then
either g = f* or suppf* < suppg.

For f e U, K*(p), we set

EJ = [min(suppf), min(suppfT)) ¢ N

(E/ = [min(suppf), max(suppz™)] if f does not have a successor).

Recall that 2* = >, apz} and, for k = 1,...,m, [} = max(suppz},). We set

I =i, l},) CN, k=1,...,m—1and I, = [I},, max(suppz")].

Notice that for r > 2 we have supp(z},) C I.

For k=1,...,mand f € |J, K*°(p), we say that f covers I}, if I}, C E/.

We may assume without loss of generality that min(suppy) < [. Therefore, for fixed s, any I},
is either covered by some f in K*(p) or intersected by Ef for at least two different f’s in K*(¢).
Also, every I is covered by .

Set now
Ji={k=1,...,m: I is covered by some functional

in U K?*(p) belonging to some class A; with I > jo},

and
Jy={k=1,...,m: I is covered only by functionals

in U K*(¢) which belong to U<, A;}.

Consider any k € Jy. Let f € UK®(p) be a functional which covers I, and such that f € A; for
some [ > jg. Then, exactly as in Case I we can get

(i)l < [f(2p)l <n

for all but two r € {2,...,n}. This gives [p(Y_1_, 2})| < nn+32(1+n) < 34, and we conclude that

(DD arap)| < 34.

r=2keJ;
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We turn now to Jo. Let ¢ =60; ), f, where i < jo. Consider the set
Ry = {k € Jy : I}, is intersected by at least two fps}.

Since the family (f,)5_, is F;-admissible, the set {I} : k € R1\ min R;} belongs to F; C Fj, and so,
{li - k € R1} € Fj, 1. Therefore, 33, . ap <e.

Let Ly = Jo\R;y and, for p=1,...,s, let
IV ={keL: I, c B}

For any r > 2, we get

(D axai)] <0 | D 1Fo( D anaf)] | + (D ax) max ||

keJa p=1 keLy kERy

<00 [ SIS ana)l | +emaxjag).

p=1 keL?

Consider now any p, 1 < p < s, with L} # (. By the definition of J, this implies that f, = 6;, Zipzl g7

where i, < jo and (g7 )ipzl is F;,-admissible. (It is clear that we cannot have f, € K and L} # 0.)
We will partition L} in the same way that we partitioned Jo: We set

RY = {k € LY : I} is intersected by at least two g’ s}

and foreach t =1,...,1,
Li(p) ={k e L?: I, c E%}.

The family {¢g? : p such that L} # 0, ¢t = 1,...1,} is F;4j,-admissible and so the set {I} : k €
;Zle} belongs to Fiyjo+1 C Faj, C Fj,—1. We conclude that

Z ap < €.

keUu, RY

So, for each r > 2 we get the estimate

(Y arp)| <61 6, zt: PC Y arap)|+ 00 Y fo( D aray) + e max |z

keJa P keLk(p) P keRY
<O Y lgPC DD @)l 0 Y] ar)max ok + e max 2]
Pyt keLt(p) keu, RY
<61 lgr( D arap)l+ (61 +1)e.
Dyt keLt(p)

We can now partition each L5(p) and continue in this manner for sq steps, where 6;° < 7. By the
choice of j1, joso < j1. Recall that ¢ € K?. If ¢ > s then for r > 2,

(D anaf)l <0 Y0 SO aap) (140 4+ 07T e max|fa|

k€Ja feKa—so0(p) I CES
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Of course, if g < so then we have only the second term at the right hand side. Finally, for r > 2, we
get

r r 6
(3 aref)l < max g+ ——-) < 609,
keJ2 ) !
We conclude that
(Y < leah)] + e > arap)l+ Y le( D aray)]
r=1 r=2keJy r=2 keJa

<1+ 34+ 60nn < 36.

This completes the proof of the Proposition. Theorem 1.6 now follows. O

C. Modified Mixed Tsirelson spaces.

The modified Tsirelson space Ty was introduced by W.B. Johnson in [10]. Later, P. Casazza
and E. Odell ([6]) proved that Tjs is naturally isomorphic to T'. Analogously, given a sequence of
compact families {M},}72; in [N]<“ and a sequence of positive reals {65 }72 ,, we define the modified
mized Tsirelson space Tar[(My, 0r)72,].

1.22 Definition. Let M be a family of finite subsets of N.

(a) A finite sequence (E;)%_; of finite non-empty subsets of N is said to be M-allowable if the
set {min Eq, min Es, ..., min E}} belongs to M and E; NE; =0 for all 4,5 =1,....k, i # j.

(b) A finite sequence (x;)"_, of vectors in coo is M-allowable if the sequence (supp(z;))k_, is
M-allowable.

1.23 Definition of the space Ty [(My, 0)72 ,]. Let (My)i be a sequence of compact, hereditary
and spreading families of finite subsets of N and let () be a sequence of positive reals with 8 < 1
for every k and limy 6, = 0. Inductively, we define a subset K of B,_ as follows:

We set K° = {+e,, : n € N}.

For s > 0, given K* we define for each k > 1,

Kt = {Hk(z fi):neN,f; € K° i <mn, and the sequence (f;);—; is M}, — allowable}.
i=1

We set
K = K4 <U K,j“) :
k=1
Finally, we define
K=|JK"
s=0

Note that K is the smallest subset of B, which contains +e,, for all n € N and has the property
that 0, (f1 + ...+ fn) is in K whenever fi,..., f, € K and the sequence (f;)"; is Mj-allowable.

We now define a norm on cgg by

||{£H = sup(ac,f> for all = € Coo.
fekxk
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The space T [(My, 0,)52 ] is the completion of (cqo, ||.]]). We call K the norming set of
T [( M, Or)724]-
The following Proposition is an easy consequence of the definition:

1.24 Proposition. Let X = Ta[(Mp, 0r)524].
(a) The norm of X satisfies the following implicit equation: For all x € X,

lz|| = maX{HSCHOO,Sl;p Ok sup{z |E;iz| : (E;)i—y is My, — allowable}}.

i=1

(b) The sequence (e,)$2 is a 1-unconditional basis for X. O

We also consider boundedly modified mized Tsirelson spaces denoted by
Tnr(m) (M, Ok) 221 ]

for some m € N. The definition of Th(y)[(Mg,0k)72,] is similar to that of Tas[(Mg, 0x)3,], the
only difference being that at the inductive step s + 1 we set

Kt = {Ok(z fi):neN, f; € K° i <n, and the sequence (f;)_; is M}, — allowable},
i=1

for kK < m, while

Kt = {Ok(z fi):n e N, f; € K°,i <n, and the sequence (f;)i; is M}, — admissible},

i=1
for k>m+ 1.
1.25 Proposition. Let Y = Ty [(My, 01)72 1]

(a) The norm || - || of Y satisfies the following implicit equation:

lz]| = max{||x||oo, inga%(@k sup{z |E;z| : (Es)i—, is My, — allowable},

i=1

sup 6 sup{z |1Ex| : (Fy)i—y is My, — admissiblc}}.
k>m+1 i—1
(b) The sequence (ey,)n is a 1-unconditional basis for Y. O

In the sequel we consider spaces Tas[(Mg, Ok)7Z:] of Tarim)[(Mr, 0k)72,] where (M) is a

subsequence of the Schreier sequence (F,,)22 ;. In this case, by Proposition 1.24(a) (resp. Proposition
1.25(a)) we have that for all sequences (z;)!_; of disjointly supported vectors with suppz; C [n, 00),

n n
1D il =60 llaill
i=1 i=1

in Tas[(Mg, 0r)32q] (resp. Tazim) [(Me, 0r)32,].) It is clear from this inequality that cg is not finitely
disjointly representable in any block subspace of T [(Mpg, Or)7Z ;] o Taz(m)[(Mr, Or)7Z,]. Combin-
ing this with Theorem 1.6 we get the following.
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1.26 Corollary. Let (0,)52, be a regular sequence with lim OL/" = 1. Let X = T [(Fr, k)72 ] or
X = Tapem) [(Fr, Ok)321]- Then the spaces X and T[(Fr,0r)52,] are totally incomparable. O

1.27 Theorem. Suppose that the sequence (0y) decreases to 0 and that the Schreier family S is
contained in My. Then, the spaces Tar[(My,0r)3,] and Tarim)[(Mr, 0k)52,], m = 1,2,... are
reflexive.

Proof: Let X = Tp[(My,0k)72,]. The proof for Th(m)[(Mg,0x)32,] is the same. We shall prove
that the basis (e,)%2 is boundedly complete and shrinking in X.

n=1

(a) (en)22, is boundedly complete: Suppose on the contrary that there exist ¢ > 0 and a block
sequence {z;}52; of {e,}>2, such that sup,, || Y7, z;|| < 1 while [|z;]] > e fori =1,2,....

Choose ng € N such that ng#; > €. Then, the finite sequence (xl)?gﬁlo 41 is S-allowable and
since § C M it is Mj-allowable. Using Proposition 1.24(a) (resp. 1.25(a)) we get

277,0 2n0
1Y will =600 > il = nobre > 1,
1=ng+1 1=ng+1

a contradiction which completes the proof.

(b) (e4)%2, is a shrinking basis: For f € X* m € N, we denote by Q,,(f) the restriction of f to
the space spanned by (ex)r>m- We need to prove that, for every f € Bx«, Qn(f) — 0 asm — oo.

Let K be the norming set of X. Then Bx+ = co(K) where the closure is in the topology of
pointwise convergence. We shall show that for all f € Bx« there is I € N such that Q;(f) € 61 Bx~.
By standard arguments it suffices to prove this for f € K.

Let f € K. Let (f*)°2, be a sequence in K converging pointwise to f. If f* € K° for an
infinite number of n, then there is nothing to prove. So, suppose that for every n there are k,, € N,
aset M, = {m7,...,mj } € My, and vectors f' € K, i=1,...,d, such that f" =0y, 2?21 i
mj = minsupp(f}*), i = 1,...,d, and supp(f*) Nsupp(f}') = 0. If there is a subsequence of (0, )n
converging to 0, then f = 0. So we may assume that there is a k such that k,, = k for all n, that is,
Hkn =0, and M,, = {m?, .. .,mgn} € M.

Since My, is compact, substituting {f"} with a subsequence we get that there is a set M =
{m1,...,mq} € My, such that the sequence of indicator functions of M,, converges to the indicator
function of M. So, for large n, mj = m;, i« = 1,2,...,d and my,, — 0o as n — oo. Since

minsuppfy,; = mj,; — oo, the sequence fr = 6, Z?zl fI* tends to f pointwise and we may
assume that " = 6 Z?Zl [ Passing again to a subsequence of {f"} we have that, for each
i=1,...,d there exists f; € K with f* — f; pointwise and f = 0(f1 + ... + fa)-

Now, for each i = 1,...,d, either f* = e, for all n (eventually) or

'

n E n,i s

fi :ek:’ gm 5 Z—l,...,d
m=1

where for every n € Nand m =1,...,l;, g% € K and the family {g}‘ﬁi}gzl is Myr-allowable. Let
A C{1,...,d} be the set of indices i for which f/* is of the second type for all n. As before, forgetting
those ¢’s for which fj* — 0, we may assume that, for each i € A, there is k; such that k' = k; and
a set M; = {mi,...,mj } such that m} = minsupp(g;’) for all n. = 1,2,..., r = 1,...,1;, and
minsupp(gZ’frl) — oo as n — oo. So, for i € A, the sequence fI' = 6, Eifz:l gt tends to f;
pointwise.

19



Let | = max({d> ,c4 i} U{m; i =1...d}) and ' = Qi(gp") € K, i € Am=1,...1;,n =
1,2,.... Then, the sequence 6y Y, , O, S A= Q0 Y0, f) tends to Qi(f) as n — oo.
On the other hand, since, for each n, #{h’,jj, i€cA m=1,...,1;} <, | < minsupp(h®?) for

every i and m, and the sets supp(h™%?), i € A, m = 1,...,l; are mutually disjoint, we get that the

family {h™%}; ., is Schreier-allowable. Since the Schreier family S is contained in My,

_—
1, {h%%}; ,, is S-allowable for every n and h%' € K, it is easy to see that aile(Hk Z?Zl fm =
01> ica % Zi@:l h™t) € co(K) for all n. We conclude that Q;(0 Z?=1 f;”) € Orco(K), and so,

Qi(f) € Oco(K) C f1co(K). O

We note that the 2-convexifications Tlg) [(Fi, 0k)52 ] and Tﬁzm)[(.ﬂ., 01)72 1] of Tar[(Fr, 0k)524]
and Tyrm) [(Fr, Or)32,] are weak Hilbert spaces. The proof of this is similar to the proof of the
analogous statement for the 2-convexifications T(5(2) of the Tsirelson spaces Ts as presented in

[15] (Lemma 13.5). It is an immediate consequence of Theorem 1.27 that Tﬁ)[(}"k,&k);il] (and

72
M(m)

lim, 6%/" = 1, no subspace of T\> )[(Fk,ék)k 1] (or T( ) [(}'kﬁk)k 1]) can be isomorphic to a

subspace of T5 2| It suffices to prove the following.

[(F,0k)72,]) does not contain fo. Moreover, we can show that for sequences (6,), with

1.28 Proposition. Let 0 < § < 1 and let (6,,), be a regular sequence with lim 0L/™ = 1. Let X =
T [(Fr, O)521] or X = Tapm) [(Fr, Or)72,]. Then the spaces X and T are totally incomparable.

Proof: Let X = Tr[(F, Or)321] X = Tar(m) [(Fry 0 )72,]. Suppose on the contrary that there exist
normalized block sequences {z;}; in X and {yi}: in Ts which are equivalent as basic sequences.
Let I; = minsuppy;, ¢ = 1,2,.... From [5] Theorem 13 we get that {x;}x is equivalent to {e, }r;.
Let m; = minsuppz;, ¢ = 1,2,.... We choose a subsequence {iy}; of indices such that either
Liy <mg;, <liy <mgy, < ...ormy, <l <my, <l <...In either case, using Theorem 13 [5]
once more, we get that the basic sequences {e;, } and {e,, } are equivalent in Ts. We conclude that
{em,, }rs is equivalent to {z;, }x.

Let now j € N and let 3, c 4 axen,, be a (67, 4) - special convex combination. As in Lemma
1.12 we get that || 0, c 4 axem,, [T, < 67 4 63. On the other hand, since the sequence (i, )kea is
Fj- admissible, we have that || >, 4 ar®i, || x > 6;. But the assumption lim Gjl-/J = 1 implies that
§796; — oo. This leads to a contradiction which completes the proof. O

2. THE SPACE Xj/(1).4

We give an example of a boundedly modified mixed Tsirelson space space of the form
Tar)[(Fry»05)521] which is arbitrarily distortable.
Definition of X;(1),,- We choose a sequence of integers (mj)‘;';l such that m; = 2 and for j =

2,3...,my >m;t
We choose 1nduct1vely a subsequence (Fr ) 520 of (Fa)n :
We set ki = 1. Suppose that k;, j 1 ,n — 1 have been chosen. Let t, be such that

2tn > m2. We set ky, =t (kn—1 + 1) + 1.
For j =0,1,..., we set M; = Fy,. We define

1
Xary,u = Ty [(My, E)Jil]
J
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Notation: Let F be a family of finite subsets of N. We set

F ={AUB:A€F,BeF,AnB =0}

2.1 Definition. Givene > 0and j = 2,3,..., an (e, j)-basic special convex combination ((g, j)- basic
s.c.c.) relative to Xpp(1),, is a vector of the form ), . agey, such that: F''€ Mj,ap > 0,), cpap =
1, {ax }rer is decreasing, and, for every G € ‘F{_j(kj_ﬁl)’ Y ke Ok < E.

2.2 Lemma. Let j > 2,e > 0, D be an infinite subset of N. There exists an (e, j)-basic special
convex combination relative to Xpr1y,u, T = D cp Okek, with F = suppz C D.

Proof: Since M; = Fi ,_,+1)+1, by Proposition 1.8 there exists a convex combination z =
Y orer arer with F' € M;, F C D and such that }, sar < § for all G € Fyx,_,41)- It is
clear that this x is an (g, j)-basic s.c.c. relative to Xps(1),. O

In the sequel, when we refer to (e, j)-special convex combinations we always imply “relative to
XM(l),u”'

Notation. Let X{ ) = Tr(1)[(M;, m%)le] and let K'(n) be the norming set of X, ). We denote by
| - |n the norm of X, and by |-
We set

the corresponding dual norm.

| *
n

1
G(ny = {suppf : f € K'(n) and for every k € suppf, f(ex) > 3 }.
n+1

Remark. Using Lemma 1.2 it is easy to see that G,_1) C F; (x,_,+1)- [t follows that if x =
>_ker OkCk is an (g,n)- basic s.c.c. then, for all G € G, _,), > peqar <e.

We give the definition of the set K of functionals that define the norm of the space Xz (1) u:
We set K = {#e, :n € N} for j =1,2,....

Assume that {K7'}32; have been defined. Then, we set K" = [J;Z, K7, and for j = 2,3... we
set

1 . .
an+1 =KjU {E(fl + ...+ f4) s suppfi < ... <suppfa, (fi), is M, — admissible
j

and f1,..., fq belong to K"},

while for j =1, we set
1
Kt = Ky {§(f1 +...4+ fa): fi € K", d e N,d <minsuppf; < ... < minsuppfy,
and suppf; Nsuppf; = 0}.
Set K =J,—, K". Then, the norm ||.|| of Xps1),, is

]l = sup{f(z) : f € K}

Notation. For j = 1,2,..., we denote by A; the set A; = Uzozl(K}L\KO). Then, K = K°U
(U521 A)).

We will also consider the space Tyy(1)[(M}, 7-)52,]. We denote by K’ the norming set of this
space and by K™, KJ’-", .A;- the subsets of K’ corresponding to K", K7 and A; respectively.

21



2.3 Definition. A. Let m € N, ¢ € K™\K™. An analysis of ¢ is a sequence {K*(p)}™, of
subsets of K such that:
(1) For every s, K*(¢) consists of disjointly supported elements of K*, and UfGKS(cp) suppf =

suppe.
(2) If f belongs to K**1(y), then either f € K*(¢) or there exists an S-allowable family (f;)%,

in K*(p) such that f = 3(f1 +--- + fa), or, for some j > 2, there exists an M;-admissible family
(fi)?zl in K*(y) such that f = %J(fl + o fa).
(3) K™(¢) = {¢}.

B. For g € K*T1()\K%(¢), the set of functionals {f1,..., fi} C K*(¢) such that g = mi(zizl i)
J
is called the decomposition of g.
2.4 Lemma. Let j > 2,0 <¢e < =5, M >0 and let = Y," bpen, be an (e, j)-basic s.c.c.
i
Suppose that the vectors xj = Zi’;l a; ken,, are such that a;, >0 for all i,k and Zi’;l aix < M,
k=1,2,....m,andn; <njg <ng1 <...<np1<N2<nip<nga<...n3<...<ny, m. Then
(a) For o € UX, A,
|¢(ZZL:1 kak)| S %} Zf‘P € A/S,S Z]
|(p(z;€n:1 ble'k)| < rﬁgjrwnj’ Zf(p c A’Svs <jJ.
(b) If ¢ belongs to the norming set K'(j — 1) of Thy1)[(My, L)7=1 then

l

2M
|<P(Z brwg)| < ool
J

Proof: (1) If s > j, then the estimate is obvious.
Let s < j and ¢ = Zle fi. Without loss of generality we assume that (e, ,) > 0 for all
n;i . We set
d 1
D= {ni,k : l_zlfl(emzc) > mi}

J
We set g; = fi|p. Then, %Z?Zl g € K'(j — 1), and for every k € supp(-- Zld:l g1) we have
nis Zle gileg) > mslmj > mi? Therefore, D = supp(mis Zfl:l g1) € G-y Let B = {k :
there exists ¢ with n; , € D}. Then B € ggj_l) and so, by the Remark after Lemma 2.2, Y, -5 by <
e < # We get
i

1 d m
WTSZQI(

=1 k=

Uy
bpry) < Z bk(z a; ) <M Z by, <
1

keB i=1 keB

On the other hand,

1 & M
(E;fl|00)(z bray) < o,

Hence,
M

msmm;

2M
mem;’

+ <

(> bray) <

QSN)‘ §
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(b) We assume again that ¢ is positive. We set L = {n; 1 : v(en, ) > #} Then,
J

M
<p|Lc(Z bkxk) S —5-

J

On the other hand, supp(¢|z) € G(;_1) and as before we get o[ (3 bray) < 2%. Hence,
i

2M
|<P(Z brwk)| < pro
J

2.5 Definition. (a) Given a block sequence (z)ren in Xpz1),, and j > 2, a convex combination
St aizy, is said to be an (e, j)-special conver combination of (zy)ken ((€,j)-s.c.c), if there exist
l1 <ly <...<l, such that 2 < suppzy, <1 < suppxi, <ls < ... <suppzi, <l,, and Z?Zl aey,
is an (g, j)-basic s.c.c.

(b) An (e,j)-s.c.c. Y, a;xy, is called seminormalized if ||xy,|| =1, i =1,...,n and

- 1
|| Zail'ki Z 5
=1
2.6 Lemma. Let (z)72, be a block sequence in X1y, and j =2,3..., € > 0. Then, there exists

a normalized finite block sequence {yx}?_; of {zk}32, and a convex combination Y _, aryr which
is a seminormalized (g, j)-s.c.c.

Proof: Using that M; = F; 1, _,+1)+1 Where 2t > m?, the proof is similar to the proof of Lemma
1.11. O
2.7 Lemma. Let j > 3 and let = >} _, axxy, be a (#,j)—s.c.c where ||zg|| < 1, k= 1,...n.

Suppose p = mi Zle fie A, 2<r<j. Let

L={ke{1,2,...,n}: there exist at least two i; # iz € {1,...,d}

with suppf;, Nsuppzy, # 0, 1 = 1,2}.

Then,
(8) [P(Shey axew)] < 7
(b) (), ana)] < 2

Proof: (a) Let {li,...,l,} € M;j be such that 2 < ;3 < I} < 29 <y < ... < l,. Let n; =
minsuppf;, ¢ = 1,...d. Then {n; : i = 1,...,d} € M,. For each k € L, let i, = min{i :
supp/f; intersects suppzy}. The map k — n;, from L to {n; : i = 1,...d} is 1-1, so #L < d.
Moreover, n;, <l for each k € L, so {l : k € L} belongs to M,.. It follows that >, _; ar < #

J
and so,

1
o> arzi)| < arllal| < v
J

kel kel
(b) Let P ={1,...,n}\L and, for each i = 1,...,d, let
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P; = {k € P : suppzy Nsuppf; # 0}. Then

Zakxk | < —Zm Z aRT |+Zakllxkll < 1;1 < ml o

i=1 kePp; kel T

In the sequel we shall write K < K if K is a subset of K satisfying the following.
(i) For every f € K there exists an analysis {K*(f)} such that UK*(f) C K.
(ii) If f € K then —f € K and f|[m,n] € K for all m <n € N.

(iii) If (f;)%_, is an S-allowable family in K then % Zle f; belongs to K.

For K < K we denote by || - || z the norm induced by K

|zl = sup{f(x) : f € K}

The results that follow involve a subset K of K having the properties mentioned above. For the
purposes of this section we only need these results with K = K. However, we find it convenient to
present them now in the more general formulation that we will need in Section 3.

2.8 Definition. Let K < K. A finite block sequence (x)p_; is said to be a rapidly increasing
sequence (R.I.S.) with respect to K if there exist integers ji,. .., j, satisfying the following:

() 2<j1<jo<...<Jn.

(ii) Each x}, is a seminormalized (—4, jj)-s.c.c. with respect to K. That is, zy, is a (- L ji)-s.c.c.
]k ]k

of the form ), = 3", a(k.1)T(k,¢) Where ||z ||z =1 for each ¢, and ||z z > 3

3
(iii) For k =1,2,...,n, let [y = maxsuppzy and let ni € N be such that

Iy 1
AL Mgy, .

We set 1
Oy, ={f € K :suppf C [1,1i] and |f(em)| > one for every m € suppf}.
Then jri1 is such that my, ., > #0,, and zp41 satisfies minsuppzry1 > #0,,.
(iV) ||$1€||£1 < mjk+1/mjk+1*1'

Notation. If ¢ € K\ K then ¢ is of the form ¢ =

S-allowable family of functionals in K or r > 2 and
in K. In either case we set w(yp) = = (the weight of ¢

ZZ | [i, where either 7 = 1 and (f;)%_; is an

)4 is a M,-admissible family of functionals
). That is, w(p) = w% if and only if ¢ € A,.

1
me
(f
m,

The following Proposition is the central result of this section:

2.9 Proposition. Let K < K. Let (xr)p_; be a R.IS. with respect to K and let p € K. There
exists a functional ¥ € K' with w(p) = w(y) and vectors ug, k = 2,...,n, with |Juglle, < 16 and
suppui C suppxy for each k, such that

n

- 1
ZAM )| < max. |)\k\+w(2|)\k|uk)+62|)\k\m

h—1 k=2 k=1 Tk
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for every choice of coefficients A1, ..., A, € R.

As it follows from the above statement, we reduce the estimation of the action of ¢ on the
R.LS. {zx} to the estimation of the action of the functional ¢ on a finite block sequence {uy}y of
subconvex combinations of the basic vectors. The construction of the functional v and the finite
block sequence {uy}x will be done in several steps. We describe this process briefly:

We fix an analysis {K*(¢)} of the functional ¢. We first replace each vector xj, by its ‘essential
part’ relative to ¢, denoted by Tj. Next, for each T we consider certain families of functionals in
UK*(p) which fall under two types (families of type I and type II, Definition 2.11). These families
yield a partition of the support of Tj. The restriction from x; to Ty gives us a control on the number
of families of type I and type II which act on each Zj, (Lemma 2.13). Fixing k, to each such family of
functionals acting on Ty, we correspond a subconvex combination of the basis and the sum of these
combinations is the vector ui. The functional v is defined inductively, following the analysis of the
functional .

From now on we fix the R.I.S. (zx)}_; and the functional ¢ of Proposition 2.9. We also fix

an analysis {K*(p)} of ¢ contained in K. We first partition each vector xj into three disjointly
supported vectors x},, =} and Ty; this partition depends on the analysis {K*(p)}.
Let

F, ={f € UK*(¢) : suppf Nsuppzy, # O, suppf Nsuppz; # O for some j > k

and w(f) < 1/my, ., }.
We set Ay = User,suppf and x), = x| Ag.
Let now

F.={f € UK®*(p): |f(em)| < 1/2"™ for every m € suppf Nsupp(xy — z},)

and supp f N supp(z; — ;) # 0 for some j > k}.
We set A} = Upepsuppf and xj = (x5, — 27)| A}
Finally, T, = x — 2}, — x

2.10 Lemma. For ¢(z},) and p(x}) we have the following estimates:

1 /
() le(@i)l < —— and(2) [p(zp)] < 1/mj;.
Jk+1—

Proof: To see (1), let us call an f € Fy, maximal if there is no f’ # f in F}, such that suppf C suppf’.
The maximal elements of F, have disjoint supports. So,
1 1 My 1

)l < Y @I <Y ——laklswpslle <
!

b
f maximal in Fy Jk+1 k1 Mpgr—1 Mg 1 -1

by property (iv) of the R.I.S.
For (2), we notice that for every n € suppz}, we have |p(e,)| < 1/2"*, hence

|2k ley o Iaxsuppy < 1

"
< .
()] < T, < BT <
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Remarks: (1) By the definition of z}, and z}, we have z), = x|, = 0, since z,, is the last element of
()7
(2) If f e UK®(p) and 1 < k < I < n are such that suppf NsuppTy # 0 and suppf N suppz; # 0
then w(f) > —— and there exists m € suppZj, such that |f(en)| > 77
Jk+1

2.11 Definition of the families of type—I and type—II w.r.t. Ty:

Without loss of generality, we assume that suppy N suppz; # 0. Let k € {2,...n} be fixed.

(A) A set of functionals F = {f1,..., fi} contained in some level K*(y) of the analysis of ¢ is
said to be a family of type-I with respect to Ty if

(A1) suppf; NsuppTy # 0 and suppf; NsuppZ; = 0 for every j # k and every i = 1,2,...,1.

(A2) There exists g € K*t1(¢) such that f1, ..., f; belong to the decomposition of g and suppgnN
suppz; # () for some j < k. Moreover, F' is the maximal subset of the decomposition of g with

property Al; that is, g = L(Z‘-izl hi + Zi:l fi), where, for each i = 1,...,d, either supph; N

K3

suppZx = 0 or supph; N supg%j # () for some j # k.

(B) A set of functionals F' = {f1,..., fm} contained in some level K*(y) of the analysis of ¢ is
said to be a family of type—II with respect to Ty if

(B1) suppf; NsuppZy # 0, suppf; NsuppZ; = O for every j < k and every i = 1,2,...,m, and
for every i =1,2,...,m we can find j; > k such that suppf; N suppz;, # 0.

(B2) There exists g € K*t1(p) such that fi,..., f,, belong to the decomposition of g and
suppg N suppZ; # 0 for some j < k. Moreover, F is the maximal subset of the decomposition
of g with property B1; that is, g = L(Z?Zl hi + Y%, fi), where, for each i = 1,...,d, either

my

supph; N suppZy, = () or supph; NsuppZ; # 0 for some j < k or supph,; Nsuppz,; = () for all j # k.
Remarks: (1) It is easy to see that for k =2,3,...,n,
SUPPTy N SUppyY = suppTy N U{Ufepsuppf : F is a family of type I or type IT w.r.t. Ty }.

(2) Let k be fixed. If each of the families {f1,..., fi} and {f{,..., f},} is of type I or of type II
w.r.t. Ty and they are not identical, then, for all i <1, j < m, suppf; N suppr’» = 0.

(3) Let F be a family of type I or type II w.r.t. Ty and let gr be the functional in UK*®(yp)
which contains F' in its decomposition. Then gp intersects T; for some j < k. By Remark (2) after
Lemma 2.10 this implies that w(gr) > —

lek

2.12 Lemma. Let 2 < k <n. If f is a member of a family of type—I or type—II with respect to Ty,
then there exist sets Ay g, A;ﬁf C suppf satisfying

|f($;€)‘ < - ||xk|Ak,f Hfl and
Jk+1
" 1
P < sllwelag, o

Moreover, if f and f" are two distinct such functionals then Ay y 0 Ag g =0 and A} ; VAL ;= 0.

Proof: If f(x},) # 0 then, by the definition of x}, either there exists g € Fy with suppf C suppg
or there exists g € Fj, with suppg C suppf. But the first case is impossible because then we would
have suppf N suppzy C suppz), and so suppf NsuppZ = 0. So, if we set

Ap s = U{suppg Nsuppxy : g € Fy, and suppg C suppf},
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then f(z}) = f(xxr|Ak,r). This gives

[f ()] < k] A, flles -

Jk+1

In the same way, if f(x}) # 0 we set
s = J{suppg N supp(zx — x},) : g € F}, and suppg C suppf}.

Then f(z}) = f(xk|A;€7f), SO ,
D] < ol 4 gl
The disjointness follows from the preceding Remark (2). O

2.13 Lemma. Let k=2,3,...,n. Then,
(a) The number of families of type I w.r.t Ty, is less than min suppwy.
(b) The number of families of type II w.r.t Ty, is less than minsuppzy.

Proof: (a) For each family F' of type I w.r.t Ty, let gr be the (unique) functional in UK*®(y) which
contains F' in its decomposition.

By the maximality of F in the decomposition of g, it is clear that if F' # F’ are two families of
type I then g # gps. Since both gr and gp/ are elements of the analysis of , it follows that either
suppgr C suppgr or suppgrs C Suppgr or suppgr M suppgrr = 0. In either case gr(ex) # gr(ex)
for all k. Moreover, for each F, gr has the property that suppgr N suppz; # 0 for some ¢ < k. Let
ir = min{i : suppgr N suppz; # 0}. It follows from Remark 2 after Lemma 2.10 that there exists
mp in supp;, with |gr(em,)| > 1/2™F.

So, for each family F' of type I w.r.t Ty, we set hp = g|{m,1 € K. The map F' — hp is one to
one; moreover, each hp belongs to O, (see Definition 2.8).

It follows that

#{F : F is a family of type I w.r.t T} < #0,, < minsuppzyi.
(b) The proof is the same as that of part (a). O
Notation: For each k = 2,3,...,n, we classify the families of type-I and type—II into four classes

according to the weight w(gr) of the functional gz which contains each family F in its decomposition.
We set:

1
Az, ={F : Fis a family of type I w.r.t T, and w(gr) = 5},

1
Bz, = {F : Fis a family of type I w.r.t Ty and w(gr) < 5},

1
Cz, = {F : F is a family of type Il w.r.t ) and w(gr) = 5},

1
D5z, = {F : F is a family of type Il w.r.t Ty and w(gr) < 5}
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Remarks: (1) If F € Dz, , then F is a singleton, i.e. F'= {f}. Because, if gp = %S(Z hi+>0 0 fi)
where s > 1 and F = {f1,..., fm}, then f1 < fo <... < f,, and each suppf; intersects suppZy and
suppZ;, for some j; > k. This is impossible unless m = 1.

(2) If f" < f < f” belong to UK®*(p) and there exists a family of type II w.r.t T which is
contained in the analysis of f, then suppf’ Nsuppzy = @ and suppf”’ N suppzy = 0.

Notation.

A. Each zxj is a seminormalized (m%,jk)—s.c.c of the form
Tk

Tk
T = Z Ak, t)L(k,t)>
t=1

where a4y >0, >, agyy = 1 and |lzgyllz = 1.
Foreach k=1,...,n,t=1,...,7r, we set

f(k,t) = L(k,t) |supp§k .

B. Fix k€ {2,...,n}. If f € UK*(y) is a member of a family of type I or type Il w.r.t Ty, we
set
ny = min(suppZy Nsuppf) and ef =e,,.

Also, if F={f1,..., fi} is a family of type I or type II w.r.t Ty, then we set
np = min(suppZ N (Ul_ suppf;)) and ep = e,,.

For F = {fl,...,fl} € Agk UCgk we set

1
hp = §(f1 +...+ fi) and ap = [2hp(TL)l

For {f} € Dz, we set
ar = |f(Tk)|-
Finally, if F' € Bg, , for every f € I we set
Qp = {t : suppf N suppT (x4 # (0 and supph N SUPDZT (k1) = () for every h # f in F'}

and

ar =Y agylf @)l

teQy

C. For each k =2,3,...,n we define

U = Z afef + Z aper + Z Zafef.

{f}eDs, FeAz, UCs, FEB;, fEF

2.14 Lemma. For k =2,3,...,n,

lulle, = > ap+ D> ap+ >, D ap <16

{f}eDs, FeAz, UCs, FEB;, fEF

28



Proof: For each f with {f} € Dz, , set 5 = sign(f(Zx)). Then,

Sooar= > f@)l= Y. epf@n)

{f}eDsz, {f}eDs, {f}eDs,
= > epfw)— Y epfl@)— D epf@)
{f}eDz, {fteDz, {fteDz,
< Y afl)+ Y fEDI+ D @)
{f}eDz, {f}eDs, {fteDz,
1
< Z €ff(xk) + ] Z ||‘Tk|Ak,f H€1 + QTk Z ||Ik‘A;,f ||f17
{f}eDsz, TR {fyeDg, {f}eDsz,

where the last inequality follows from Lemma 2.12. From the same lemma and Definition 2.8 we get

1 1
: > laklaglle < ——llzklle, < —
Jk+1 {f}eDs Jk+1 Ik
and 1 1 l 1
k
o {f}eZD lzklay, Mo < so-llzelle < 5o < o
Tp

For every f € K we have that € fmin suppay,00) € K. Also, by Remark (2) following Definition 2.11,
we have that if f # f’ and both {f} and {f’} are families of type II w.r.t Ty, then suppfNsuppf’ = 0.
By Lemma 2.13 we have #Dz, < min supp:vk It follows that the set {eyf]| [min(suppar),00) A{f} €

Dz, } is S-allowable, and so the functional 1 Z{f}eDf € f fimin(suppay ),00) Delongs to K. We conclude
that |2 > ey f(2k)| < ||lzxl|z < 1, and so,

< 3.

(1) > af§2+mQ

{f}eDs, I

For F € Cz, we set ep = signhp(Ty). Then,

Z afp = Z ‘2hp(fk)|=2 Z Ephp(fk)

FeCs, FeCs, FeCs,

=2 (Z €th($k) — ZthF(x;c) — ZEFhF(ZEII,())
<2 Z erhp(zr) +2 Z Z‘ka|+2 Z Z|f

FeCs, FeCz, fEF FeCz, fEF
2 Y erhrp(ar) + ST lzklag e + Jnr D lwwlag lle
FeCs, Tkt FeCs, feF FeCs,
4
<2 Y ephp(ze) + —,
My,
Fecs,
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again by Lemma 2.12. On the other hand, for F = {f1,..., fi} € Cz,, hr = 2(fi+...+ fi) € K
and ephp € K. By Lemma 2.13 we have that #C%, < minsuppzy and by Remark (2) after 2.11
we have that the functionals hp, F' € C3,, are disjointly supported. We conclude that the set
{hF|[minsuppay,00) : F € Cz,} is S-allowable and so, the functional %ZFGC;k €PN [min suppas,o0)

belongs to K and

| > erhr(a)] < 2|z <2
Fecs,

We conclude that

(2) > ar<

FeCz,

< 5.

In the same way we get

(3) Z ap < 5.

FeAz,
Finally, we have

S 3 ar= >0 > Y apnlf @)l

FEB;, fEF FEBg, fEFteQy
< 3 S e (1 Gn)| + 1 @)+ 1))
FEBg, fEF teQy
For each F' € Bz, and f € I’ we have
Z a(k,t)‘f(x,(k,t)” <

teQy Jkt1

||xk’|Ak,f||£1

and

1
Z a(k,t)|f(x/(/k,t))| < 27k||37k|A;%f||€1-

ey

Since the sets Ay f, f € UFGB;kF are disjoint, we get

(i) YD agnlf @)l € ——laxlle, <

FeBz, feFteQy +1 Tk

In a similar way,

. 1
(i) S Y awalf ) < gl <

Ms
FeBg, feFteQy Tk

S 3TN agnlf@mn)l

FEBz, fEFtEQ
K s

It remains to estimate
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For each F € Bz, and t € UsepSly, let ff be the unique element of F with f(Z(;+)) # 0. Let also,
Qp = UfeFQf and ) = UFEB;kQF~ Then,

SN awnlf@a)l = D D awplff @)

FEB;, fEFteQy FEB;, teQp

:Za(k7t) Z |ff(x(k7t))"

teQ FeEBs,

Fix t € Q. For each F' € Bz, , we set ep = Signff(x(m)). Since # Bz, < minsuppzy, the functional

F
h== Z erfi |[minsuppxk700)

FeBz,
belongs to K. So, we get

S @we)| = 2h(@ @) < 2zl = 2.
FeBs,

We conclude that
(iii) Yoawy D U @en) <2 awy <2
teQ FEBg, te

Finally, by (i), (ii) and (iii),

(4) > Zaf§2+mik<3.

FEBz, feF

Combining (1), (2), (3), (4) we get the desired estimate for |Jug|l¢,- O

2.15 Lemma. There ezists a functional ¥ € K' with w(¢) = w(p) and such that, for k=2,...,n,

()| < (ur) + —

Proof: We build the functional ¢ inductively, following the way ¢ is built by the analysis UK*(yp).
We first introduce some more notation: For f € UK®(y), we set

K(f) ={f € UK*(¢) : suppf’ C suppf},

that is, K(f) is the analysis of f induced by UK*(¢).
For f = iZ?ﬂ fiand each k =2,... n, we set

Il ={ie{1,...,d} : fiis an element of a family of type I w.r.t T3},

J,{ ={ie{l,...,d}: f;is an element of a family of type IT w.r.t. T},
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and
A{: ={ie{l,...,d}: K(f;) contains a family of type I or type Il w.r.t. Ty }.

We also set . " .
=y, = N=UA\
k=2 k=2 k=2
and

Dy = U U{Uf/epsuppf’ : F' is a family of type I or type II
k=2

w.r.t. T and F C K(f)}.
Let £k =2,...,n and let F' be a family in Bz,. We set

Lr = {t: there exist at least two functionals h, i’ € F such that
supph N suppZ x4y # § and supph’ N suppZ(,¢) # 0}.
Let gr be the functional in UK*®(¢) which contains the family F in its decomposition. We set

Cr=wlgr)| > agy Y f@Ewn)l-

teLp fer

Finally, for f € UK?®(p) we set Bi(f) ={F € Bz, : F C K(f)}.

By induction on s = 0,...,m, for every f € K*®(¢) we shall construct a functional ¢y € K’ such
that:

If Dy = (), then Pr=0.

If Dy # (), then ¢ has the following properties:

(a) suppy C Dy C suppf.
(b) For each k =2,...,n,

|f@xlp ) < p(un) + > Cr.

FeBk(f)
(©) w(thy) = w(f).
Suppose that 1/ ; has been defined for all f € USZ K*(p). Let f = n% Z;izl fi € K*(p)\K*"(p)
be such that Dy # (.

Case 1: w(f) =1 < 1.

1
Mg
Then we set
1
b= | 2o vn D D e
T \iens iels ieJf

By the inductive assumption, property (a) is satisfied.

We note that the sets A/ and J/ are not disjoint. If i € J,{ then i € Af, for some m > k. In
this case, suppyy, C Dy, C [minsuppZy1,00), while suppe} = {ny,} C suppZy. It follows that
er < y,.

fi fi
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Fix now k € {2,...,n}. Since w(f) < 3, we have f1 < fo < ... < fg, so each of the sets J,f and
A£ is either empty or a singleton. Suppose that A£ = {i;} and J,f = {is}. Then,

|f @lp,)| = If“ (Tklp,) + D Fi(@x) + fir (Th)|

zGIf

< *|fn($k|Df | + *| > f@l+ 7|f12(xk)|

ze[f
We have
1 _ 1
(1) —|fi @kl < — [ vr, (we) + > Cr
Mg LT
FGBk(fil)
by the inductive assumption. Also,
1 — 1 — * 1 * 1 *
(2) E'fiz (@) = E'fiz (@k)ley,, (er,) = o (af,ef,) = o (ur).
Finally, let G = {f; : i € I,{} be the family of type I w.r.t. Ty contained in the decomposition of
f- Then,
7|Zfz Tk 7|Zfz Zakt)x(kt
zEIf zEIf t
7' Z Z ag) i) + Z a(k,t)(z )@ rry)
Ma i cGieay, teLg fi€G
1
— > > awylfi@py) +*| > agn (Y. fi@wy)
Mq fi€GteQy, Mq T fieG@
1 *
72(1]01—&-0@— Zaftef efl)—l—C(;—fZefi(uk)—l-CG.
Tier! ®ierf Ma i
So,
(3) —|Zf, (1) |<—Ze}i(uk)+CG.
zeIf zeI,f

(From (1), (2) and (3) we conclude that property (b) holds for ¢, that is,

|f@klp ) < ¢p(ur) + Y Cr.

FeB(f)

It remains to show that ¢y € K’. We have to show that the set
{tpy, i€ M}Yufes riefuJ}

is Mj~admissible. For i =1,...,d, let r; = min(suppf;). Then, {r;:i=1,...,d} € M,.
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To each ¢ € I7 corresponds the vector e}i with r; < e}i < Tig1-
If i € Jf, then i € AT also, so to it correspond two vectors e, and ¢y, withry <€ <oy, <rigq.
Finally, if i € Af\J7, then to it corresponds the vector Yy, with ry <y, < rigq.
It follows from these relations that the family
{tpy, i€ AM}Yufe riefuJ}
is M ~admissible, and since 9y,, e}, € K', we get ¢ € Aj.
) _ 1 _1
Case 2: w(f) = =2
For each k = 2,...,n, let Ff = {f; i € Ig} be the family of type I w.r.t. T) contained in the

decomposition of f, and let F¥ = {f; :i € J,f} be the family of type II w.r.t. Ty contained in the
decomposition of f. We set

Z vy, Jrz eFk +6Fk

ieAS

Then, for each k,

F@lo) = 51 3 Ai@ln,) + 3 fi@) + 3 s

i€A] il ieJ]
We have
1 _ 1 _ 1
5! > fi@klp,) < 3 > 1fi@xlp, ) < 3 S bp(u)+ > > Cr.
ieA] ieA] i€A] icA] FEBR(fi)
Also,
1 _ i 1, L.
§| Zf fi(@)| = \hFlk (xk)|eFlk (eFl’“) = 5CF} (aF{veFf) = 5CF} (u),
ier]
and 1
5! > fi@) = |hpg @n)legs (er.) = Serp (ur)-

ieJ]

We conclude that

|f(jk)‘Df) <

Z Or,(ur) + ey (ur) + e (ur) Z Cr =1y (uk) Z Cp.

i€A] FeB(f) FeBi(f)

N | =

It remains to show that 7y belongs to K’. We need to show that the family
B = {yy, :Z'EAf}U{e}‘,l,c :kz?,...,n}U{e}; ck=2,...,n}

is S’-allowable.
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We have suppyy, C Dy, C suppf; for each i € A/ and suppepr = {nFlk} C U{suppf; : fi €
FF}NsuppZ), and the same is true for ep2. Also, if f; belongs to a family F¥, then Dy, Nsuppzy, = 0,
while n Fp € SUPPTg. Finally, we clearly have e}lk. #* e*F2k'

The above remarks imply that the functionals in B are disjointly supported. Moreover, it is easy
to see that

#B <2d=2(#{f;i:i=1,...,d}).
We conclude that the family B is S’-allowable, and thus ¢y € K.

This completes the inductive step. Of course, we set ¢ = v,,.
Then, D, = suppy N (Up_,suppZ;) (see Remark (1) following Definition 2.11), and by the
inductive assumption (b) we get: For each k =2,... n,

o@)| < i) + Y Cr.

FeB,

To complete the proof of the Lemma it remains to show that, for each k =2,...,n,

Z OF<Tn2

_ Jk
FeBs,

We have

Z Cr = Z w(gr)l| Z A(k,t) Z F(@ )l

FeBz, FeBz, teLp fer

For each F' € Bz, , setting x’(m) = Z(,+)|suppz;, and x’(’,€7t) = Z(j)|suppzy, we have

> any D F@aa)l 1Y agy Y F@@ws)l

teLp fer teELp fer
+ Z Z |f @kt (h)) | + Z Z | (a0 ()]
teLr fEF teELp fEF

Using Lemma 2.12 we get

1> agy D F@a)l 1D agy Y F@)l

teLp fer teLp fer
1 1
+ DD ——lawnsenlac e + > D sarllogavwnlalle
teLp feF Tkt tELp fEF
1 1
<D agen D Pl + =D lklag llo + 5o D leelag -
teLp feF Jet1 fep feF
To estimate
w(gr)l Y awn Y F@mn)l;
teLp feF

we use Remark (3) after 2.11. According to this Remark, w(gr) > # and so, gr € A, for some
Tk

1 <r < jg Let gr = w(gp)ZLl fi where f1 < fo < ... < f; and suppose i; = min{i : f; € F'}
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and iy = max{i : f; € F'}. We set F= {fi i1 <i <iy}. The family F contains F but might also
contain some functionals f; with f;(xy) # 0 but f;(Tx) = 0. Since K is closed under projections onto
intervals, the functional w(gg) Zfeﬁ f belongs to A, N K. Applying Lemma 2.7 (a) (in fact, since

our assumption is ||z 4[| g < 1, we use the analogue of this Lemma for the space with norm || - || z)
we get, that
1
< — -
gF|Za(kt Zf kt) _m
teLp feF

Notice that Cr := w(gr)| > e, Ok.t) ngp FE@aa)l = wlgr) Xier, vt 2oper f(Ten)| and
also that Lemma 2.12 remains true for f € F.
We conclude that for each F' € Bz, ,

Cr=wgr)| > agy Y f(E@ky) |<7
]

teLp fEF

@kl lle, + S Z k] ar e

Jk
oreR fer

Now, we add over all F' € Bz,. By Lemma 2.13, #Bz, < m;,. Also, by Lemma 2.12 we have
that the sets Ay ¢, f € UFeB;kF are mutually disjoint, and the same is true for the sets A;C’f. We
conclude that

m; 1 1
Y Cr< 2 — llzxlles + o lzwlles
FEB*V Jk Jk+1
1 1 1 2
< h—— <
m;, My p1—1 mjy, My,

by Definition 2.8. This completes the proof of the Lemma. O

Proof of Proposition 2.9.

Recall (Definition 2.11) that for our intermediate lemmas we have assumed that supppNsuppz; #
(). If this is not true, then we can set kg = min{k : suppy N suppTy # @} and construct in the same
way u’s, k = ko +1,...,n, and ¢ supported on Up_, . suppus, such that

2
5 k:k0+1,...,ﬂ
m.;

Tk

lo(@i)| < ¢(ur) +

Setting up = 0, for k = 2,...,ky we have

for any choice of coefficients (Ag)}_;.
For ¢(>"p_; Akxi) we have

OO M)l < e M)l + > Il (le(@i)] + le(@i)))-
k=1 k=1 k=1

Using the previous estimate and Lemma 2.10 we get

n

O Mar)| < ol lo@ro )| + 0O [Arlur) +4 |>\1<|m1

k=1 k=2 k=1 Ik
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< kol (lp(@ro)| + lo(ah, ) + (e, )|

n

1
< ol Nk g + O klur) + 62 |Axl—

k=2 b—1 Tk

<max
k2 =

2.16 Definition. Let j > 2, ¢ > 0. An (e, j)-special convex combination Y ;_, byxy is called an
(e,7)-R.Is.c.c. wr.t. K if the sequence (zx)j_; is a R.I.S. w.r.t. K and the corresponding integers
(Jk)7_y satisfy j+2 < j1 < ... < jn.

2.17 Corollary. If >, bpw is a (=, j)-R.Ls.c.c. w.r.t. K and ¢ € K with w(yp) = L then
2 .

16
(a) Zbkxk|<2b1+f . if s> 7.

k=1

33
Zbkxk . if s <.

msi

(b) <l Zbkxk”K

4m]

Proof: (a) Recall that the sequence (by)}_, is decreasing. By Proposition 2.9,

n

n n b
PO brwn)| < by + (D brug) 6D —,
k=1 k=2

k=1 T

where ¢ € K’ with w(¢)) = w(p) = s and ||ug|l¢, < 16. By Lemma 2.4 we get

1
Zbkﬂﬁk |<2b1-i-f6
k=1

for s > j, and

32 33
Z brxy)| < 2by + <

e 7 msmj

for s < j.

(b) The upper estimate follows from (a). The lower estimate is a consequence of the fact that
|zkllz > 3 and the sequence (z)}_, is M —admissible. O
2.18 Theorem. The space X1y, @8 arbitrarily distortable.

Proof: 1t follows from Lemmas 2.2 and 2.6 that for every j > 2 every block subspace Y contains a
(mz,]) -R.I.s.c.c. wrt. K.
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Fix 79 € N large and define an equivalent norm [[.|[| on Xpz(1)., by

1

My,

lzlll = —llzll + sup{p(2) : ¢ € Ao }-

Let Y be a block subspace and let y = > aryr € Y be a (#,j)*R.I.S.C.C. for some j > ig, and
z=>Y bz €Y be a (=%,ig)-R.Ls.c.c. Then, by Corollary 2.16,

m2
i0

17 33 50
t——=— and [myy| =

10 My 0

[mylll <

NG

On the other hand,
1
llmag2lll = 7 and lmigz]| < 17.

This shows that |[|.||| is a 15z m,—distortion. Since iy was arbitrary, this completes the proof. O

The following Remarks on the proof of Proposition 2.9 will be used in the next Section.

2.19 Remark: Let ¢, Ty, 1, up be as in Proposition 2.9. It follows from the proof of Lemma 2.15
that the functional ¢ which is constructed inductively folowing the analysis {K*(¢)} of ¢ satisfies
the following properties.

(a) There exists an analysis {K*®(¢)} of ¢ contained in K’ such that, for every g € UK*®(¢)) there
exists a unique f € UK*(p) with g = ¢ ¢; moreover, if g ¢ K then w(f) = w(g).

(b) The functional 1 is supported in the set

L ={es: feU{F: Fisafamily of type I or Il w.r.t. some Ty }}.

Moreover, for k = 2,...,n and for every family F' of type I or Il w.r.t. Ty, if we set V@ = Uyecpsuppf
and Wr = {ey : f € F'} we have

lolvie (Zx)| < lwp (ur) + Cr

where we have set Cr =0 if F' & Bs, .

(c) Let w2 = ¢|J for some J C N. Assume further that @9 has the following property:

For every k = 2,...,n and every family F = {f1,..., fi} C UK*(p) of type I or II w.r.t. Ty,
either fi|7(Tx) =0 for alli=1,...,1 or fi|;(Tx) = fi(Tk) for alli=1,... 1.

For k =2,...,n, we let

Ly, = {ey : f belongs to some family of type I or Il w.r.t. Z, and suppf N J # 0}

and we set ¥ = | UY_, Lg. Then it follows from (b) that

1
lo2(Tk)| < Yo (ur) + . k=2,...,n.
myj,
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3. THE SPACE X.

We pass now to the construction of a space X not containing any unconditional basic sequence.
It is based on the modification Xz (1), Let K = U, U; K7 be the norming set of the space Xpz(1),u-
Consider the countable set

G=A{(z],25,...,25):keNxl e K;i=1,...,kand 2] <z3 < ... <z}

There exists a one to one function ® : G — {2j}32, such that for every (z7,...,2}) € G, if ji
is minimal such that «} € A;, and j; = ®(z7,...,2;_;), 1 =2,3,...,k, then
O(xy,...,xF) > max{ji,...,Jr}

Definition of the space X. For n =0,1,2,..., we define by induction sets {L? 521 such that L?
is a subset of KJ’»L.

For j =1,2,..., we set L} = {#e, : n € N}. Suppose that {L}}52, have been defined. We set
L7 = U2, L7 and

L?“:j:L}‘U{%(x*{—k...—i—x;):deN,x;k ez,
d < minsuppz] < ... < minsuppz), suppx; Nsuppz; = @ for i # [},
and for j > 1,
Lyt = +L3; U {m12j(x§ +...+xp):deN,z; e L",

(suppzy, . ..,suppzy) is Mg; — admissible},

1 .
L’ijlrll =+L3,, U {m2j+1 (z7+...+2)) :deN,z] € L}, for some k > 25 + 1,
x; € Lg(pr,. ax_yforl <i<dand (suppzy,...,suppzy) is Maji1 — admissible},

Lyt ={Exa* 2" e Ly, s e NJEs = {s,5 +1,...}}.

This completes the definition of L}, n =0,1,2,..., j = 1,2,... It is obvious that each L7 is a subset
of the corresponding set K7'.

We set B; = Up2 (L7 \ L?) and we consider the norm on cgq defined by the set L = L°U(U32, B;).
The space X is the completion of ¢op under this norm. It is easy to see that {e,}52  is a bimonotone
basis for X.

Remark: The norming set L is closed under projections onto intervals, and has the property that

for every j and every Maj—admissible family f1, f2, ... f4 contained in L, ——(f1 4 -+ -+ fq) belongs

27

to L. It follows that for every j = 1,2,... and every My;—admissible family 1 < 2o < ... <z, in

€00,
n n
1
1Dzl = —— > -
mo
k=1

J k=1

For the same reason, for S—admissible families 71 < o < ... < x,, we have
n 1 n
1Y el > 5 pREA
k=1 k=1
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We note however that such a relation is not true for S—allowable families (x;). Of course, if it were
true, it would immediately imply that the basis {e,} is unconditional.

For e >0, j =2,..., (¢, j)special convex combinations are defined in X exactly as in Xy;(1).4
(Definition 2.5). Rapidly increasing sequences and (g, j)-R.I. special convex combinations in X are
defined by Definitions 2.8 and 2.16 respectively, with K = L.

By the previous Remark we get the following.

3.1 Lemma. Forj =2,3,... and every normalized block sequence {x1}32, in X, there exists a finite

normalized block sequence {ys}i_, of {xx} such that Y7 | asys is a seminormalized (=1, j)=s.c.c.
- ,

By Corollary 2.17, we have:

3.2 Proposition. Let >, _, byyx be a (#,j)fR.I,s.c.c. in X. Then, fori € N, p € B;, we have
the following: ’

- 33
(a) lo( > bryr)| < , ifi<y
; mimj
16 o .
(b) Zbkyk|<—+2b1 , ifdi >,
k=1

In particular, || > p_, beys|| < 2T, O
J

3.3 Proposition. Let j > 100. Suppose that {ji}i_1, {ur}tr_q1, {Uitio, and {0k}, are such that

(i) There exists a rapidly increasing sequence (w.r.t. X)

gy k=1,...,n,i=1,...,m}

with Tk iy < T(k,it1) < Trgr,0) for all k <n, @ <ng, I < ngyy, such that:

(a) Each T(k,i) 15 a seminormalized (Wl—,j(k,i))fs.c.c. where, for each k, 2jx +2 < jq, @ =
I (k1)

1,...

(b) Each Y 1S a ( ,2jk)~ R.Ls.c.c. of {x()}it, of the form yy = Z?ﬁl bse,i)T (ki) -

(

c¢) There exists a decreasmg sequence {by}1'_, such that Y ;_, bryk is a ( 2] +1)-s.c.c

(ii) yi € Laj,, yi(yk) > 4m12jk and suppy;; C [min suppyy, max suppyk].
(ili) & < 6 <4 and y;(ma;, Okyr) = 1.

(iv) j1 > 25+ 1 and 25, = @(yf,...,y5_1), k=2,...,n

Let e = (—1)**1 k=1,...n. Then,

300
| Z€kbk9km2akykll <
1 m2]+1
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Before presenting the proof of Proposition 3.3 let us show how from it the main result of this
section follows.

3.4 Corollary. The space X is Hereditarily Indecomposable.
Proof: It is clear by the choice of the sequences {yi}?_;, {yi}i., in Proposition 3.3 that the
functional ) = —1 v—1 ;. belongs to L and that (>, _, bpmaj, Okyk) L_ Tt follows that

majt1 maji1”

n
1Y bemaj, Oxyill >
k=1

m2]+1

To conclude that X is Hereditarily Indecomposable it remains to show that, for every j > 100 and
every block subspaces U and V of X, one can choose {y,} and {y;} satisfying the assumptions of
Proposition 3.3 and such that y, € U if k is odd, y; € V if k is even. The proof of this is the same
as that of Proposition 3.12 [3], so we omit it. O

Proof of Proposition 3.3.
Our aim is to show that for every ¢ € U2, B;,

- 300
@(kabk%mzjkyk) < ——.
k=1 maj1

The proof is given in several steps. We give a brief description:
We consider separately three cases for ¢:

1st Case: w(p) = m2i+1 . Then ¢ has the form ¢ = (Byg, a+yp, + o typ, 20,0+ 25)
1

T (yf, +---+yy,) acting on ZZikl erbrfrma;, yr, we have an obvious conditional
(i.e. depending on the signs) estimate. For the remainining part we get an unconditional estimate
using Proposition 3.2 (Lemmas 3.5, 3.6).

2nd Case: w(p) < m2_17»+2' Then we get an unconditional estimate for ¢(>°;_; exbrbrmay, i)
directly, applying Proposition 3.2 (Lemma 3.7).

3rd Case: w(yp) > oy We fix an analysis {K*(¢)} of ¢. By Proposition 2.9 we get that

J

there exist ¢ € co(K') and a block sequence up = > i* bueiyUk,i), k = 1,...,n of subconvex
combinations of the basis with ¢(3"7_; exbebpmaj, yr) < V(X p_q exbrbrmaj, ug) + m;“
since the estimate that we get in this way is unconditional, it is insufficient. So, we partition ¢

into two disjointly supported functionals 1 and @9, where ; is the restriction of ¢ which contains

in its analysis certain projections of the functionals of the form f = m;_ﬂ (Byp, 1 +yi, +--+

Yi, + 2,1 - 25) in UK (). For @1 (32— exbrbrmaj, yx) we give a conditional estimate (Lemma
3.12(b)). To get an estimate for o (>, _; exbrOrma;, yx) we show that @o(3"7_, exbrbrmaj, yi) is
dominated by 12 (> _; exbkbkmaj, yx) where 1 is the restriction of ¢ corresponding to ¢o (Lemma
3.10). Then we estimate the action of 15 on Y ,_; exbrbrmaj, yx (Lemma 3.11(a)).

_1
m2jt1

and for the part

. However,

3.5 Lemma. Let j, {ji}}_, and {yc}}_, be as in Proposition 3.3. Suppose that 2j+1 < t; < ... <tg
and let {z}9_, be such that 27 < ... < zi, 2% € Boy, and —~— (27 + ...+ z}) € Bajy1. Assume

moj41
that for some k=1,2,...,n, jr ¢ {t1,...,ta}. Then,
¢ 1
(3 25 g )| € ——.
s=1 2j+2
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Proof: Each yy, is a ( ,2jk)-R.Ls.c.c. of the form y = Y™, by ;)@ (k) Let s1 < d be such that

s1 = max{s € {1,.. d} ts < ji}-

If s < s1, by Proposmon 3.2(a) we get |2X(yp)] < —32

— Moty mz

and so, using that 27 4+ 1 < t; <

. < tq and that the sequence {mj} is increasing sufficiently fast we get

- 33 o 1 1
* z ) ()| < < .
(+) Sl < 3 S
For every s > s1 + 1 set
d
D, = {i : suppz (i ;) Nsuppz; = SUPPZ (k,4) N SUPP Z z )
t=s1+1
The sets D; are disjoint. Put [ = {s > sy +1: Ds # (}} and
d
T = {r:1<r <ng,suppz,) Nsupp Z zf # 0}\ User Ds.
t=s1+1
Then
d d
(1) O 2Dl <1250 bemzwn) +1 Y- 220 b ir)
s=s1+1 sel reDg s=s1+1 reT
It follows from Proposition 3.2(b) that for every s € I,
(2) Zb(kr)x(kr)‘<£+2bkr)y
Mo, °

reDg

where 7y = min D;. Since by the definition of D, we have that {maxsuppz .,y }ser € Maj41, then

(3) Zb(k rs) =

sel mQJk
Since mzlm (27 +...4+2}) € Bgjt1, as in Lemma 2.7(a) we have
d m 1
2j+1
) 102 2D bumzem) @)l € 55 < g

s=s1+1 reT maj,, M3,
By (1), (2), (3), (4), using that jj < ts,+1, mir1 > m? and that 2§ + 2 < 2j1, we have that

d

(+5) (Y = yk|<162 T .

s=s1+1 s= 51+1 mzjk mij 2m2j+2m2jk

Therefore, by (x) and (xx), we get

d
" 1
|(Z Zs)(mQJkyk” 2
s=1 2j+2



3.6 Lemma. Let j, {ji}r_q1,{uxtri 1, {yiti_1, {0k}i_y and {ex}7_, be as in Proposition 3.3. For
every ¢ € Baji1 we have

n
1
P () erbibrma;, )| < -
k=1 J+1
Proof: Let o = o= (Byp, + 45,0+ +Hup, T 20,0+ F z%4), where E = E; for some s and
Zzz+1 7& y;2+1-
For k =1,2,...,n we set z = Opmaj, Yk, hence y;(zx) = 1. Since {by} is decreasing,
ko—1 1 ko—1
(a) lo( > erbrz) < ——| > exbryi(z)]
k=k1+1 M2+ 4 2k
ko—1
1 1
= \ exbr| < bk, +1,
and
1 1 68
b 2k, )| = Eyi (z1,)] < 2k, || < .
() o) = i () € o <

For zi, we have

1
(2l < 1y, (2 )| +
maj+1 2J+1

d
(2, 2i)en)
o+

If K > ko + 1, then z; € By, where 2t;, = ®(yj,. .. 7g;,ﬂ,...,,7:k71). Since @ is one to one, 2t; #
(Y7, Yk, 1) = 2jk,- Thus, by Lemma 3.5,

d 1 1
Z A= 7 <
ko4

b
m2j+1 M2j+2 maj+1

lc

moj4+1

k=
and so,
2
(c) (2, )| < M
In a similar way, for zy,+1 we have
(@ [p(eraan)] € —— [z, 1)+ 1 3 )] <~
m2j+1 m2j+1 m2j+1

k>ko+1

If k < kq, then ¢(z) = 0. By Lemma 3.5, for k > k2 + 1 we have

d

1 0 1
Z : 7 < 3
ot

m2y+1 Myjyo  Maj40

(e) o (z)] =

m23+1

Putting (a), (b), (c), (d) and (e) together and using that, since Y byy is a (—7—,2j + 1)-s.c.c.,
2541
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3.7 Lemma. Under the assumptions of Proposition 3.3, let ¢ € B, for r > 2j + 2. Then,

134

erbrlrma; < .
() enbrbrmag,yp)| < 1o

k=1

Proof: If 2j + 1 < r < 2jy, it follows from Proposition 3.2(a). The case 2ji, < r < 2jk,+1 follows
from Proposition 3.2(a), (b), and the lacunarity of the sequence {m;}32,. The case r > 2j, is
similar. O

3.8 Proposition. Let j, {ji}r_1, {ue}ie1, (Ui r—1, {0k }i_1, {ex i, be as in Proposition 3.3. For
every ¢ € B, r < 2j + 1, we have

n 262
|@(Z 8kbk9k‘m2jkyk)| < — :
Pt Maj+1

The proof is based on Proposition 2.9. We first need to introduce new notation and establish several
Lemmas. We have yp = Y /% bw.,i)(k,;) and the sequence {z( ),k = 1,...n,4 = 1,...n;} is a
R.ILS. w.r.t. L. By Proposition 2.9 there exist a functional 1 € K’ and blocks of the basis wu s,
k=1,...,n,i=1,...,n with ¢ € A}, suppus,;) C SUPPZ(k.q), ||uxll¢, < 16 and such that

n Nk n kn,
1
|¢(Z exbrbrmaj, (Z bi,i)T(k,i)))| < O1maj, biba 1y + ¢(Z bbkmajy, (Z bir,iyU(k,i))) + o)
k=1 i=1 k=1 i=1 2j+2
n kn 1
< w(; brfrmaj, (; by uk,iy)) + ——

Recall that the construction of ¢ and w ;) is done via some analysis {K*(¢)} of ¢ and some
restriction on the support of x(; ;) which we denote by (). Let {K*(y)} be the analysis of ¢
which we use to construct . Let f € UK*(p) be of the form f = m21~+1 (Byp, + Y5+t Yp, +

28,41+ -+ 23), where E is an interval of integers {p,p+1,...}. Put

k! =min{t € {k1,..., ks — 2} : suppEy; NsuppZ(; ;) # 0 for some i € {1,2,...,n¢}}.

Set
If = Yot YL,
f M1 (ykf+2 ykg)
while for the other functionals in UK®(y) set If = 0.
We set

©1 = Qlusupprs and 2 = — ;.

Recall that, for f € UK®(p) which is a member of a family of type-I or type-II w.r.t. Z(;;), we
have defined ey = min{m : m € suppf NsuppZ(; ;) }. Let
P =U{F CUK?(p) : F'is a family of type-I or type-II w.r.t. some T ;}.
The functional v is supported in the set {e; : f € P}. We set

’(/}1 = 1/}|{ef:f€P and f is in the analysis of o1} and ¢2 = ¢ - 7/}1~

As in the previous section without loss of generality we assume that suppy N suppZ;,1) # 0.
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3.9 Lemma. (a) For every f,g € UK*(p) with f # g and If # 0, Ig # 0, we have suppl f N
supplg = (.

(b) Let F' = {f1,..., fi} CUK?*(p) be a family of type-I or type-II w.r.t. T ;). Suppose that
for some p € {1,...,1}, suppf, C suppyi. Then, suppf, C suppy; for every r € {1,...,1}.

(c) Let F' = {f1,..., i} CUK?*(p) be a family of type-I or type—II w.r.t. T(j ;. Suppose that
for some p=1,...,1, suppf, € supppi. Then fplsuppps (T(k,iy) = fo(T(r,i))-

(d) Let F = {f1,..., i} CUK?*(p) be a family of type I or type H w.r.t. Ty If suppfp, €
suppyy for some p=1,...,1, then, for allr =1,...,1, frlsuppos (T(k,i)) = [r(T(,s))-

Proof: (a) Let f = - (Byp, + - +yp, +2f,40 + - +2,) and g = ;S (Byf, + - +yj, +
Zi T tzf) I suppf Nsuppyg # 0, then either suppf C suppg or suppg C suppf. Suppose that
the first is true. Since suppy; C [minsuppy;, maxsuppy;], it is impossible to have suppf C suppy;
for any t; <1 < ta. It follows that suppf C suppz; for some t3 +1 < ¢ < t3. This implies that
suppl f Nsupplg = 0.

(b) Let F' = {f1,..., fi} be a family of type-I or type-II w.r.t. T ; and suppose that suppf, C
suppep; for some p. If #F = 1 there is nothing to prove. So assume that #F > 2. Let gp be the
functional in UK *®(¢) which contains F' in its decomposition. Since f, € UK®(¢1), we have that f,
belongs to the analysis of If for some If = ﬁ(y;f{rz + - yp,) It follows that Ef+2<k<k
and f;, belongs to the analysis of ;. We have to show that suppgr C suppyj, or equivalently that gp
does not coincide with f. If w(gr) = % then we get suppgr C suppy;, since w(f) < % If w(gr) < %
then, since #F > 2, F'is of type-I and again we get suppgr C suppy;, since Usecpsuppf intersects
only sSuppZ ;-

(c) Suppose that supp f, Nsupplg # 0 for some g =

a1 (B, + 4 Y, 2001+t 20,) €

UK?*(p). Then either suppf, C suppg strictly or suppg C suppfp. In the first case we get that
suppfp C suppy; for some k9 +2 < I < ky and so suppf, € suppyi, a contradiction. In the case
suppg C suppf,, since suppg N sUppZ(xs,q) 7 § for some q7 we get by the definition of families of
type I and type I w.r.t. 7, that & < k9. So Ig = m2]+1 = (Ypoyo + o+ y;:2) does not intersect
Z (k). It follows that (f, — fplsupprg) (T (k,i)) = fp(T(k,i)). Since suppp; = Ugsupplg, we conclude

that (fp|supp<pz)(f(lc,i)) = fp(f(k,i))-
(d) It follows from (b) and (c). O

3.10 Lemma. For @ we have

ng

|2 ( ngbkekm%k Z bik,i)T(k,i)))| < Pa( Zbkekmm(z bik,iyU(k,i))) +

k=1 i=1 = i=1

1

maj 42

Proof: By Lemma 3.9(d) we have that @9 satisfies the assumptions of Remark 2.19(c). The proof
follows from this Remark. O

3.11 Lemma.

. 257
(a) \902(2 exbrbkmaj, yk)| < R
k=1 2j+1
- 4
(b) o1 (D enbrbma, i)l < ——.
b—1 M2j+1
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Proof: (a) By Lemma 3.10 it suffices to estimate

n ng
G (> brbema, (O biyuce))-
k=1 =1

< 16.

Recall that w ;) is of the form u ;) = ZmGA(k ) Am€m, where a,, > 0 and ZmGA(k , Om <

Let {K*()2)} be the corresponding analysis of 9. For k =1,2,... ,n set

1
DF={me Ui, Ay iy - for all f € UgK?®(1b2) such that m € suppf, w(f) >

2

maj,

1
D ={me Ui, A(g,iy : there exists f € UgK®(vp2) such that m € suppf and w(f) <

b

maj,

1

D’?f ={meUZ Ay, m¢ D there exists f € U,K* (1) with m € suppf, w(f) = -
2Jk

1

)
maj+2

and there exists g € UsK°(12) with suppf C suppg strictly and w(g) <

Dlj ={meUZ Ay, m¢ D’;, there exists f € U;K°(12) with m € suppf, w(f) = -
2Jk

1

and for every g € UK °(1)2) with suppf C suppg, w(g) > .
moj4+1

Then, U;ﬁ:lD’; = U suppuys, ;) N suppye. For every k,

16 1
V2| pr (bkOrma;, (Z bik,i)U(k,i))) < brbrmaj, ——— < ;

M2ji+1 majy,

1 1
(1) alu, s O bifkma, (Y by tirs)) <D <
k 7

o Maj,  M2j42

16 64
<

Majra ~— M2jt2

(2) Walu, px (O beBkmag, (O beeayuiiiy)) < D bib
k % k

For k=1,2,...,n, [t2|pr[3;, 1 <1 (see Notation after Lemmma 2.2). So, by Lemma 2.4(b),

32 128
¢2\D§(bk9km2jk(z bk,i)U(k,i))) < bkgkajka < by, -

25 majy,

Hence,

128 1
(3) Yalu, D (Z brbkmay, (Z bk,i)U(k,i))) < Z by—— <
p :
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For every k=1,...,n,i=1,...,n% and every m € suppt,q) N Dk, there exists a unique func-

tional f(*4™) € U K*(1py) with m € suppf, w(f) = ﬁ and such that, for all g € UsK*®(1)9) with
25y
suppf C suppg strictly, w(g) > m21‘+1' By definition, for k # p and i = 1,...,n, m € suppu.,
J .

we have suppf(#™) N DY = (). Also, if fkim) £ f(krn) then suppf 5™ N supp f* ) = ().

For each k = 1,...,n, let {f*!}7% C UK*(p) be a selection of mutually disjoint such functionals
with D = UJ*  suppf*?!. For each such functional f*! we set HF = suppf*’ and

Nk
QAfh.t :Zb(k7i) Z Ay -
i=1

meHp

Then,

(*) fk’t(bkﬁkmgjk (Z b(k,i)u(k,i))) < kakafk,t.

Claim: Let Dy = UZZIDZ. Then ’L/J2|D4(Zk kakTYLij (Zl b(k,i)u(k,i))) < 22576

myiiy
Proof of the claim: We shall define a functional g € K’ with |g|§j < 1 and blocks uy, of the basis so
that [Jug|le, <16, suppur C Ussuppuy ;) and

Gal D,y (O brbrmay, (O b)) < 9(2>  bibru),
k 7 k

hence by Lemma 2.4(b) we shall have the result.
For f = i ZZ:1 fp € UsK*(2|p,) we set

J={1§p§d:fp:fk’tf0rsomek:1...7n, t=1,...,r%},

T ={1<p<d: there exists f*! with suppf**! c suppfp strictly}.
For every f € UsK*(12|p,) such that JUT = () we set g5 = 0, while if JUT # () we shall define
a functional gy with the following properties:
Let Dy = Upejursuppfp and ug = ) agrrepre, where epre = e, HE-
Then,

(a) suppgy C suppf.

(b) g5 € K" and w(gy) = w(f),

() flpy (g brkbemag, (32, b,iyr,iy)) < gr(2 325 brbru).
Let s > 0 and suppose that g have been defined for all f € Uf;éKt(wQ\M) and let f = m%z(flJr. .+
fa) € K*(12|p,)\K* (12| p,) where the family (fp);f:1 is M -admissible if ¢ > 1, or S’-allowable
if ¢ = 1. We consider three cases:

1
mzjko

*
fRost

Case (i): % = for some kg, 1 < kg < n. Then f = f*o! for some ¢t and we set g; = e
q

By (x) we get

FO bkbkmaj, (O b(iytiiii))) = bigOromagey £ Do,y tiro,iy) < ivg O proe
k i i
= bkoﬁkoafko,te;kw (efko,t) = gf(b;%&kouko).
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. Then if JUT # 0, set

Zefp + ngp

Myq peJ peT

>

1
mq m2j+1

Case (ii):

For p € J, f, = f*»! for some (k,,t) and by (* ),

fp(z brOxmaj, (Z bik.iyUik.i))) < bk, Ok,ar, €5, (€f,).
k :

For p € T' we obtain by the inductive hypothesis
fp(z brOxmaj,, (Z bk,iyU(k,i))) < 295, (Z brOrug)-
k i k

Therefore,

Zbkekmz]k Zb(kz U(k,i))) Z n( ZbkekaJk Zb(k i) U(k,i))

pEJUT
<972 brbrur).
k

Since suppgy, C suppfy, ey, € suppf, and J NT = (}, we have that the family {e}, :peJFU{gy, :
p € T} is M - admissible if ¢ > 1, or S’ - allowable if ¢ = 1, therefore g; € Aj.

1
moji1’

Suppose that f, € T. Then, by the definition of fFtand T, w(fp) > T . On the other hand,

recall (Remark 2.19(a)) that 1 is defined through ¢, so that every functional in UK®(¢)) has the
same weight as the corresponding functional in UK®(p). So, in this case, by the definition of L} 1

we get that w(f,) < m2 for every p. It follows that T = ().

Recalling also the deﬁmtlon of If and 12, we get that in this case #J < 3. Let J = {p1,p2,p3}
and fp, = fA N =1,2,3. Set g5 = %(ej}pl +ej +e}p3). By (%), for (O brOrmag, (2, bik,iyt(,q)))
< biybkyag,, ;A =1,2,3. Thus,

Case (iii): L+ =
q

3

F1o, O 0k0kmaj, O by iri) < D brsOryay,
k 7

3
= 2 WO €, (05,,) =912 _bubie)
k

This completes the proof of the Claim. By the Claim and relations (1), (2), (3), statement (a)
follows.

(b) We have from Lemma 3.9(a) that for f, f' € UsK*(p), f # [/,

() suppl f Nsuppl f = 0.
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For f with If #0,let If = ——(ys+ ...+ y;,,). Since {by} is decreasing,

m2jt1
(4% %) LAY exbbumagun)] < —2—.
p Ik - Maj 1

Set

1
I = {If : there exists h € U;K°(¢p) with suppl f C supph strictly and w(h) < - ,
2j+1
1
I, ={If :for every h € UsK*®(p) with suppl f C supph strictly, w(h) > —1}.
mayj
Set also

A1 =Urpensuppl f and Ay = Urser,suppl f
Then, by (x*) and (x * ),

1
14y O erbrbrmagyp)| < ——.
% mMoj+1

For If € I, we set
k(f) = min{l : y is in the decomposition of If},
T={k=1,...,n:k=k(f) for some If € I}
and, for k = k(f) € T, l;, = min(suppyx N suppl f).
Using () and (* * x) we construct in a similar way as in part (a) a functional g € K’, |g|5; < 1
such that

lerla. (D exbrbrmag i)l < (D brew,)-
k keT

Then by Lemma 2.4(b) we have the result. This completes the proof of the Lemma. Proposition 3.8
follows. O

Proposition 3.3 follows from Lemmas 3.6, 3.7 and Proposition 3.8.

3.12 Remark. The space X is reflexive.

The proof of this is similar to the proof of Theorem 1.27. We need to prove that: (a) The basis
(en)n is boundedly complete. (b) The basis (e, ), is shrinking. The proof of (a) is exactly the same
as that of Theorem 1.27(a). For (b) we also follow the proof of Theorem 1.27(b). We just need to
notice that the norming set L of X satisfies the properties of the set K which are used in that proof.
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