ON THE EXISTENCE OF ALMOST GREEDY BASES
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IN BANACH SPACES
S. J. DILWORTH, N. J. KALTON, AND DENKA KUTZAROVA

ABSTRACT. We consider several greedy conditions for bases in Ba-
nach spaces that arise naturally in the study of the Thresholding
Greedy Algorithm (TGA). In particular, we continue the study of
almost greedy bases begun in [3]. We show that almost greedy
bases are essentially optimal for n-term approximation when the
TGA is modified to include a Chebyshev approximation. We prove
that if a Banach space X has a basis and contains a complemented
subspace with a symmetric basis and finite cotype then X has
an almost greedy basis. We show that ¢y is the only L., space
to have a quasi-greedy basis. The Banach spaces which contain
almost greedy basic sequences are characterized.
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1. INTRODUCTION

Let X be a real Banach space with a semi-normalized basis (e,).
An algorithm for n-term approximation produces a sequence of maps
F, : X — X such that, for each z € X, F,(z) is a linear combination
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of at most n of the basis elements (e;). The most natural algorithm is
the linear algorithm (S,)22, given by the partial sum operators.

Recently, Konyagin and Temlyakov [11] introduced the Thresholding
Greedy Algorithm (TGA) (Gr),, where G, () is obtained by taking
the largest n coefficients (precise definitions are given in Section 2).
The TGA provides a theoretical model for the thresholding procedure
that is used in image compression and other applications.

They defined the basis (e,) to be greedy if the TGA is optimal in
the sense that G, () is essentially the best n-term approximation to x
using the basis vectors, i.e. if there exists a constant C' such that for

all z € X and n € N, we have
(1.1) |z — Gu(2)|| < Cinf{||x — Zajej|| Al =n, o; € R}

jeA
They then showed (see Theorem 2.3 below) that greedy bases can be
simply characterized as unconditional bases with the additional prop-
erty of being democratic, i.e. for some A > 0, we have

IS el < A el whenever 4] < |B].
jeA jEB
They also defined a basis to be quasi-greedy if there exists a constant
C' such that |G, (z)]] < C|lz|| for all x € X and n € N. Subsequently,
Wojtaszezyk [22] proved that these are precisely the bases for which
the TGA merely converges, i.e. lim, .., G,(z) = x for z € X.

The class of almost greedy bases was introduced in [3]. Let us denote
the biorthogonal sequence by (eX). Then (e,) is almost greedy if there
is a constant C such that
(1.2)
|z — Gu(2)|| < Cinf{||z — Ze}f(m)ejﬂ . |Al =n} re X, neN.

jEA
Comparison with (1.1) shows that this is formally a weaker condition:
in (1.1) the infimum is taken over all possible n-term approximations,
while in (1.2) only projections of x onto the basis vectors are considered.
It was proved in [3] (see Theorem 2.5 below) that (e,,) is almost greedy
if and only if (e,) is quasi-greedy and democratic.

In this paper we continue the study of almost greedy bases and re-
lated greedy conditions for bases. In Section 3 we consider a natural
modification of the TGA which improves the rate of convergence. Let
GY(z) be an n-term Chebyshev approximation to z using the same ba-
sis vectors given by the TGA, i.e., those with the largest n coefficients.
We show that if (e,,) is almost greedy, then GY (x) is essentially the best
n-term approximation in the sense described above. For Banach spaces
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with finite cotype, we also show that the latter property characterizes
almost greedy bases.
In Section 4 we consider the thresholding operators:

Ga(z) = Z el (z)e; (a >0,z € X).

lej (z)|2a

There are natural boundedness conditions to impose on these operators
and a corresponding class of thresholding-bounded bases which satisfy
these conditions. We show that this class coincides with the class of
nearly unconditional bases introduced by Elton [5] and that it strictly
contains the class of quasi-greedy bases.

In Section 5 we prove existence results for almost greedy basic se-
quences. In particular, we give necessary and sufficient conditions for
a semi-normalized weakly null sequence to have an almost greedy sub-
sequence and we characterize the Banach spaces which contain almost
greedy basic sequences.

The rest of the paper concerns the existence (and nonexistence) of
quasi-greedy and almost greedy bases (as opposed to basic sequences).
The results contained in Sections 6-7 extend a theorem of Wojtaszczyk
[22]. We prove that if X has a basis and contains a complemented
subspace with a symmetric basis and finite cotype, then X has an
almost greedy basis. More generally, we show that if X has a basis and
contains a complemented ‘good’ (loosely, ‘far from c¢q’) unconditional
basic sequence, then X has a quasi-greedy basis. The fact that there
is no corresponding result for ¢q is explained by the last section of the
paper.

Section 8 contains the nonexistence results. We prove that ¢y is
the only L., space to have a quasi-greedy basis. Thus, C[0,1] and
(by similar reasoning) the disc algebra do not have quasi-greedy bases.
Lastly, we deduce from the Lindenstrauss-Zippin theorem [13] that ¢ is
the only infinite-dimensional Banach space up to isomorphism to have
a unique quasi-greedy basis up to equivalence.

Standard Banach space notation and terminology are used through-
out (see [12]). For clarity, however, we record the notation that is used
most heavily. We write X ~ Y if X and Y are linearly isomorphic
Banach spaces. We say that X and Y are A-isomorphic if there exists
an isomorphism 7' : X — Y with | T|||T7|| < A. A subspace Z of
X is said to be complemented if Z is the range of a continuous linear
projection on X.

Let (z,,) be a sequence in X. We say that (x,) is semi-normalized
(resp. mormalized) if there exist C' > 0 such that 1/C < ||z,|| < C
(resp. ||z,|| = 1) for all n > 1. The closed linear span of (x,,) is denoted
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[,]. We say that a sequence (z,) of nonzero vectors is basic if there
exists a positive constant K such that

m n
1Y~ asil| < K1 ag|
=1 i=1

for all scalars (a;) and all 1 <m <n € N; (z,) is monotone if we can
take K = 1; (z,) is A-unconditional if

(o) (o ¢]
1) ciaimil| <A aiil|
=1 =1

for all scalars (a;), all choices of signs ¢; = £1. We say that (z,) is
A-symmetric if

oo o0
1D aowsll < A aswi|
=1 =1

for all permutations o of N. A basis for X is a sequence of vectors (e,)
such that every x € X has a unique expansion as a norm-convergent
series
oo
x = Z e;(x)e;,

=1

where (e}) is the sequence of biorthogonal functionals in the dual space
X* defined by ef(e;) = d; ;. The usual norms of the sequence spaces £,
and /o, are denoted || - ||, and || - ||. The sequence space cqo consits
of all sequences with only finitely many nonzero terms. For a sequence
(X, || -]ln) of Banach spaces, the direct sum (>~ ©X,,), is the space
of all sequence (x,) (z, € X,) equipped with the norm ||(z,)| =
(3227 llzall2)YP. More specialized notions from Banach space theory
will be introduced as needed.

Finally, it is worth emphasizing that we consider only real Banach
spaces in this paper.

2. PRELIMINARIES

Let (e,)nen be a semi-normalized basis of a Banach space X, and
let (e )nen be the biorthogonal sequence in X*. For x € X, we define
the greedy ordering for x as the map p : N — N such that p(N) D {j :
e;(w) # 0} and such that if j < k then

&5 (@) > lepp ()] or |eg (@) = |ejq, ()] and p(j) < p(k).
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The m-th greedy approximation is given by

The basis (e,) is called quasi-greedy if Gp,(x) — x for all x € X. This
is equivalent (see [22]) to the condition that for some constant K we
have

(2.3) sup [|G ()| < K|lzl] 2z € X.

We define the quasi-greedy constant K to be the least such constant.

The following two lemmas are essentially due to Wojtaszczyk [22].
For proofs we refer to [3] or to Section 4 below for slightly more general
‘localized’ versions of the same results. (2.4) says that a quasi-greedy
basis is unconditional for constant coefficients.

Lemma 2.1. Suppose that (e,)nen has quasi-greedy constant K and
that A is a finite subset of N. Then, for every choice of signs €; = %1,
we have

1
(2:4) sl D_eil <D el < 2K(1) el
JjEA JjeEA jeEA
and hence for any real numbers (a;)jea
(2.5) 1D ajell < 2K max ;|| > el
jeA jeA

Lemma 2.2. Suppose (e,)nen has quasi-greedy constant K. Suppose
x € X has greedy ordering p. Then

(2.6) e (@Y (sen e (@)epll < 2K ).
j=1
Hence if A C N is finite and (a;)jea are any real numbers,
(2.7) Igiglaj\||zsgnaj€j|l < (L4 K)[ Y ajel.
! jeA jeA

If (ey) is any Schauder basis we define
Om(z) = inf{|lx = > ajejl| : [A] =m, a; € R}.
jeA
A basis (e,) is called greedy [11] if there is a constant C' such that for
any r € X and m € N we have

(2.8) |lx — G(2)|| < Cop(x).
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A basis (e,,) is called democratic [11] if there is a constant A such that
(2.9) 1D el <AIY el if |A] < |B].
keA keB

Note that a democratic basis is automatically semi-normalized.
The following characterization of greedy bases was proved in [11].

Theorem 2.3. A basis (ey,) is greedy if and only if it is unconditional
and democratic.
For a semi-normalized basis (e, ) we define the fundamental function
p(n) by
p(n) = sup | > el

[Alsn pea

Note that ¢ is subadditive (i.e. ¢(m+n) < p(m)+p(n)) and increasing.
It may also be seen that ¢(n)/n is decreasing since for any set A, with

|A| = n, we have
1
Yo

keA keA j#k
It follows that for any finite A C N and any real scalars (a;)jca we
have:

(2.10) 1D ajesll < 20(1A]) max |a;].
jeA
It is clear that if (ex) is democratic with constant A in (2.9) then
(2.11) ATo(AD < 1Y el < e(lAD), Al < oo
keA
Combining (2.4), (2.6), and (2.9) yields the following estimate (cf.
[6])-

Lemma 2.4. Let (e,) be a democratic quasi-greedy basis. Let K be the
quasi-greedy constant and A the democratic constant. Then for x € X,
with greedy ordering p, we have
4K2A
(2.12) b ()] < 5
p(m) o(m)
A slightly weaker form of greediness was introduced in [3]. For a
basis (e,), let

Gm(x) = inf{[lx =D ep(@)ecl : |A] < m}.

keA

[]]-

Note that

om(x) < Gpm(x) < ||z — Sn(x)]| — 0 as m — 0o.
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We say that a basis (e,,) is almost greedy if there is a constant C' such
that for all x € X, we have

(2.13) |2 — G (2)]| < Cm(x).

The following characterization of almost greedy bases was proved in
3].

Theorem 2.5. Suppose that (e,,) is a basis of a Banach space. The
following are equivalent:
(1) (en) is almost greedy.
(2) (en) is quasi-greedy and democratic.
(3) For some (respectively, every) \ > 1 there is a constant C) such
that

|z — Gpmz| < Crop(x).

Most of the democratic bases which we consider in this paper actually
satisfy a stronger property. Following [11], we say that a basis (e,) is
superdemocratic if there exists a constant C' such that for all finite
A, B C N, and for all choices of signs (&;)ica and (n;)icp, we have

1
SN med < 1Y el < Y med
i€B icA i€B
It is easy to see that a basis is superdemocratic if and only if it is
democratic and unconditional for constant coefficients. By (2.4), every
almost greedy basis is superdemocratic. An example of a basis that is
superdemocratic but not quasi-greedy is given below (Example 4.8).

3. SEMI-GREEDY BASES

In this section we consider an obvious enhancement of the TGA
which improves the rate of convergence. Suppose that z € X and let
p be the greedy ordering for z. Let G¢(z) € span{e,;): 1 <i < n} be
a Chebyshev approximation to x. Thus,

|l = GL(@)ll = min{lle =Y aiey: (a)iy € R,
i=1

It is natural to make the following definition. Let (e,) be a semi-
normalized basis for X. We say that (e,) is semi-greedy if there exists
a constant C' such that for all n > 1 and for all z € X, we have

lr = G (2)]| < Con(x).

We prove below that every almost greedy basis is semi-greedy. The
proof uses the fact that the norm in a space with a quasi-greedy basis
behaves well under ‘truncation of coefficients’.
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Fix M > 0. Define the ‘truncation function’ fy;: R — [—M, M]
thus:
M for x> M,

fulz)=<=z for x € [-M, M];
—M forx < —M.
Proposition 3.1. Suppose that (e,) is quasi-greedy with quasi-greedy

constant K. Then, for every M > 0 and for all real scalars (a;), we
have

1Y furlad)esl| < (143K azeq]).
=1 =1

Proof. Let x = Y .2, a;e; and let p be the greedy ordering for z. If
M > max |a;| there is nothing to prove. So suppose that there exists
N such that

o] < M < apl-
Then

N N
1D Furlapi)enny = MDY sen(ae)eqo |
=1

=1

N
< lap || Z sgn (i) )€p(i) |
i=1
< 2K|z|
by Lemma 2.2. Moreover,

1D hulaw)esal =1 D aoeonll

i=N+1 i=N+1
= [l = Gu(@)]] < (1 + K)|jz]

Combining, we get

00 N 00
1Y~ fuladell < 1Y fulapa)emll + 11D Farlapm)eqnll
im1 i=1

i=N+1
< (14 3K)||=].
O

Theorem 3.2. Every almost greedy basis is semi-greedy.

Proof. Fixn > land . = .2, a;e; in X. Let p be the greedy ordering
for z. Let A = {p(1),...,p(n)} and let z := >, _pbie; be a good
n-term approximation to x, with |B| = n and

|lx — z|| < 20,(x).
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If A = B then there is nothing to prove. So we may assume that A\ B
is nonempty. Let k = |A\ BJ, so that 1 <k < n, and let M = |a,@)|-
Then by (2.12)

(3.14) Me(k) < 4K*Al|z — z|],
since |ef(z — z)| > M for all i € A\ B. Let

00
r—z .= E Yi€;.
=1

By Proposition 3.1, we have

(3.15) 1Y~ fuwiell < (14 3K)[|lz — 2.
i=1
Note that
= ZfM(yi)ei + Z a;€;
i€A €N\ A
_ZfMy2€z+Z fMyz
i€B\A

Thus,

lwll < ZfM el + 11 Y (= far(ys))er

i€B\A

< (14 3K)||lz — 2| + 4Mo(k)

(by (3.15) and by (2.10) since |a; — far(y:)| < 2M for all i € B\ A)
<2(1+ 3K)o,(z) + 16 K*Al|z — 2|

(by (3.14))
< (2(1 + 3K) 4 32K*A)o,(z).

Thus (e,) is semi-greedy. O

Next we discuss the converse of Theorem 3.2. It is convenient to
introduce the following notation. For finite sets A, B C N, we write
A < Bif max{n: n € A} < min{n: n € B}.

Proposition 3.3. Every semi-normalized semi-greedy basis (e,) is su-
perdemocratic.
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Proof. Suppose that |A| = |B| = n and let (g;) be any choice of signs.
Choose ¢ > 0 and D C N, with AU B < D and |D| = n. Consider

x = Zé?iei +(1 —1—8)2(3@-.
icA i€D
Since (e,,) is semi-greedy, we have
1) eiei+ ) el < Coy()
icA i€D

for some real scalars (¢;). Hence

ou(z) < || Y el

icA
< K| Zeiei + ZcieiH
icA ieD
< CKoy,(x),

where K is the basis constant of (e,). Now consider
Yy = (1 +€>Z€i€i +Z€Z
icA ieD

A similar argument gives

oY) < 1D eill < C(1+ K)ou(y).

ieD
Since ||y — z|| — 0 as € — 0, we obtain
1
el D_sel <1 el <CHE+D]Y_eel.

icA i€D i€A

The above inequalities also hold with A replaced by B. Hence (e,) is

superdemocratic. O

Remark 3.4. Let (e,) be a semi-greedy basis. The previous result shows
that (e,) has a fundamental function (¢(n)) and that there exists a
constant C' such that

min [a;|¢(|A]) < C|| D ase]
icA
for all finite A C N and all scalars a;, i € A.
A democratic basis (e,) is said to have the lower reqularity property

(LRP) if its fundamental function satisfies C'p(mn) > m®p(n) for all
m,n € N, where C' and 0 < a < 1 are constants.
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Let us recall that a Banach space X has cotype ¢, where 2 < ¢ < o0,
if there exists a constant C' such that

- 1 - 1
(3.16) (3 1% < C(Ave |3 e )
j=1 ! j=1

for all z1,---,2z, € X and n € N. The least such constant C' is called
the cotype g-constant C,(X). We say that X has finite cotype if X has
cotype ¢q for some ¢ < oo.

Proposition 3.5. Let (e,) be a superdemocratic basis for a Banach
space X which has finite cotype. Then (e,) has (LRP).

Proof. Suppose that X has cotype ¢. Since (e,) is superdemocratic
there exists a constant C' such that for all m,n € N

m—1 (i+1)n

(3.17) C@(mn)ZEJ_A:gHZEj Y el = (1/0C)m "o (n).

i=0  j=in+1
]

The last theorem of this section is a partial converse to Theorem 3.2.

Theorem 3.6. Suppose that (e,,) is a semi-greedy basis for a Banach
space X which has finite cotype. Then (e,) is almost greedy.

Proof. We shall not keep track of the constants, so C' will denote a
constant whose value changes from line to line.

Suppose that © = ) ._pa;e;, ||z = 1, and |F| = n. By Proposi-
tion 3.3, it suffices to prove that (e, ) is quasi-greedy, i.e. that |G (z)|| <
C for 1 < k < n. Let p be the greedy ordering for x. Since (¢;) is demo-
cratic, we have (cf. (2.10))

[ = Gr(@)] < 2lapmle(n — k).
By Remark 3.4,
1
G (@) = Flapw (k).

Hence

o = Gu@)l _ o0~ 1

1Gr(2)l (k)
The right-hand side tends to zero as k/n — 1 since (e,) has (LRP). It
follows that there exists a@ < 1 such that ||Gg(z)|| < C for all & > an.
By iteration m times, where o™ < 1/2, we get

(3.18) |Gr(z)]| <C  forall k> n/2.
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Fix 1 <k < n. Let A := {p(1),...,p(k)} and let B := {p(k +
1),...,p(2k)}. Choose D > F, with |D| =k, and let ¢ > 0. Consider

Y = Z aie; + (|apm| + e)(z e;).
iEF\A ieD

Then

ar(y) < llz + (lapm | + 6)(2 e;) <1+ (lapw)| + €)e(k).

Since (e;) is semi-greedy there exist scalars ¢; (i € D) such that
I Z a;e; + ZcieiH < Coy,(y).
i€F\A ieD
Since F' < D, (e;) is a Schauder basis, and ¢ > 0 is arbitrary, we get
1> ased]l < CA+ lawle(k),
i€F\A
and hence
(3.19) 1Gr(@)ll = 1Y asesll < C(1+ |apumle(k)).
icA

Let z := =), 4 a;e;. Then oy(2) < [|z]| < 1. Since (e;) is semi-greedy
there exist scalars (¢;) (i € B) with ||z — >, 5 cie;]| < C. Hence

(3.20) 1Y aiei+ Y ceill =llz— (=Y ce)| <C.
icA i€B i€B
Let E:={i € B: |¢;| > |a,uy|}. Then
Z a;e; + Z C,€; = Gm(z a;e; + Z Ciei)
icA icE icA i€B
for some £ < m < 2k. So (3.18) and (3.20) yield
(3.21) 1Y e+ ciesl| < C.
i€A i€E
On the other hand, Remark 3.4 yields
(3.22) lapml (k) < CI1D - aes + ) ciel].
icA i€E

Finally, combining (3.19), (3.21), and (3.22), we get ||Gx(z)|| < C. O



ON THE EXISTENCE OF ALMOST GREEDY BASES IN BANACH SPACES 13

4. THRESHOLDING-BOUNDED BASES

Let (e,) be a semi-normalized basis for X. For a > 0, the threshold-
ing operator G, is defined as follows:

len (z)|2a

Suppose that there exists ap > 0 and K such that ||G,,(z)] < K||z||
for all z € X. This implies, by scaling, that ||G,(x)|| < K]||z| for all
a > 0 and for all x € X, i.e. that (e,) is a quasi-greedy basis with
quasi-greedy constant K.

To obtain a new class of bases, we consider (following Elton [5, 15])
boundedness of G, on the set () of vectors whose coefficient sequences
belong to the unit ball of /., defined thus:

Q= {Z Anen: lay| < 1}
n=1

Let 0 < a < 1 and suppose that there exists a constant C' < oo such
that

(4.23) 1Ga(2)]| < Cll]|

for all z € Q. Let 6(a) be the least constant C' such that (4.23) holds.
If there is no such constant C| set 6(a) = co.

Proposition 4.1. Let (e,) be a semi-normalized basis for a Banach
space X .
(i) If (e,) is a normalized basis, then

max |e; (z)] <O(1)z]]  (z € X).

(1) If 0 < a < b <1, then 0(b) < 0(a).
(iii) 0(a) < oo for some a < 1 = (t) < C1t=° for all t < 1 for some
positive constants C7 and b.

Proof. (i) By scaling, we may assume that max |e’ (x)| = 1. The result
is then clear (from the definition of (1)) when max |e} (z)| is attained
uniquely. By perturbing the basis coefficients of z slightly we can
assume that this is the case.

(ii) This follows from the identity

Go(z) = (b/a)Ga((a/b)z))  (z € Q).
(iii) Note that, for £ > 1, we have
Guerx = Guex + akga(a_k(x — Gr)).
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Hence by the triangle inequality
0(a*h) < 0(a*) 4+ 0(a)(1 + 6(a")) < 30(a)0(a").
It follows that 0(t) < C1t° for some positive constants C; and b. [

We say that (e,) is thresholding-bounded if 6(a) < oo for all a > 0
(equivalently, for some a < 1).

The next two propositions are ‘localized’ versions of Lemmas 2.1 and
2.2. They will be used in Section 8 below.

Proposition 4.2. Suppose that (e,,) is a thresholding-bounded basis for
X. Let o be a finite subset of N. Then

1> anenll < 26(1) masx fanI| Y el

neo neo

for all real scalars (ay,).

Proof.
| ZanenH < max |a,| max | Z +en|

neo neo
(by convexity)

< 2max |a,| max || ZenH
7Co

neT

< 26(1) max |a,[[| Y _ e

neo

O

Proposition 4.3. Suppose that (e,,) is a thresholding-bounded basis for
X. Then, for every m > 1 and x € Q) with greedy ordering p, we have

Istgne;c Jerll < 26 (@)Dl

Proof. Let a; = €}(x), ¢ = sgna;, and put 1/]ag| = 0. Then

m 1 m
[apm) 1 Y €ntirepll = ol Z (Ia o |) > apmeowll
j=1 o) PG=D1/ %=

1<j<m

< max || Z%(k)epkﬂ
k=g

< 20(|apm )] ]]-
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A similar argument gives the following.

Proposition 4.4. Suppose that (e,) is a thresholding-bounded basis
for X. Then, for every finite 0 C N and for all real scalars (a,), with
sup |a,| <1, we have

i < (1 i .
min o ||} (580 an)eal] < (14 0min lan )| Y aneal

neo neo

Note that every quasi-greedy basis is thresholding-bounded and that
a thresholding-bounded basis is quasi-greedy with constant K if and
only if sup,.,6(a) = K.

Let us recall a notion introduced by Elton (see [5, 15]). A semi-
normalized basis (e, ) in a Banach space X is called nearly unconditional
if, for every 0 < a < 1, there exists a constant ¢(a) such that for every
r =7y e(x)e, € Q, and for every A C {n € N: |e}(z)| > a}, we
have

1D aneall < éa)]]].
neA

Note that (e,,) is unconditional if and only if sup,-, ¢(a) < oo. Clearly,
we have the implication:

nearly unconditional = thresholding-bounded.
Surprisingly, the converse implication also holds.

Proposition 4.5. Fvery thresholding-bounded basis is nearly uncondi-
tional. Moreover,

(0<a<l).

Proof. Fix 0 < a < 1 and x € Q. Set o(a) := {i € N: |ej(z)| > a},
and suppose that A C o(a). Then

* Al < )
I3 el < max || 3 e

i€A i€o(a)

<201 Y (sgne; (@)

i€o(a)
(by the same argument used to prove Proposition 4.2)

< 10) 7D g

o a
by Proposition 4.3. The estimate for ¢(a) follows. U
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We conclude this section with an example of a thresholding-bounded
basis that is not quasi-greedy. The construction uses the following
simple sufficient condition for thresholding-boundedness. (Recall the
definition (see also (6.34) below) of the weak-¢; quasi-norm:

[(@n)ll1.00 = sup na,

ES

*) is the nonincreasing rearrangement of (|ay,|).)

where (a

Lemma 4.6. Let (e,) be a normalized basis of a Banach space X such
that

[e.e]
| Z aeil| = cll(ai)||1,00
=1

for all real scalars (a;), where ¢ is a constant. Then (e,) is thresholding-

bounded and 6(a) < (ca)™ for 0 <a <1.
Proof. Suppose that € ). Then

Gl <1+ ;)] 2 a}] < < (eE @)l e < il
Hence 0(a) < (ca)™'. O

We recall the definition of the dyadic Hardy space H;. Let (h,)32,
be the dyadic Haar system on [0, 1] normalized in L;. The norm in H,
is given as follows:

HianhnH :/ Za h2)Y2 dy.
n=1

Clearly, (h,,) is a normalized 1-unconditional basis for H;.

Lemma 4.7. There exists a constant C' such that for every N > 1
there exist integers ni,no,...,nay and a normalized 1-unconditional
basis (e;)2, (where P := P(N) = Z?ivl n;) of a finite-dimensional
normed space (RY .|| - ||n), satisfying the following:

(a) For all real scalars (a;)Z,, we have

I ZazezHN ()| 1.00-

b) For all real scalars (b;)?Y,, we have
( =1

1 2N 2N 2N
SO < S il < O,
=1 =1 =1
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where

1
fi= ;<6n1+---+m_1+1 +-F €n1+"'+”i)'
7

(C) Ny <ng---<Non—1 < Ng <Ny < --- < Naon
Proof. We take the vectors (e;) for
npteo i Fl<g<ng oy

to be all the Haar functions on a certain level of the L;-normalized Haar
system on [0, 1]. It is known that consecutive levels of the the dyadic
Hardy space H; satisfy (a) and (b). To ensure that (c) is satisfied, we
simply rearrange the levels. Since the Haar system is a 1-unconditional
basis of Hy, every rearrangement of the levels is a 1-unconditional basis
satisfying (a) and (b). O

Example 4.8. There exists a reflexive Banach space X with a thresholding-
bounded basis that is not quasi-greedy. Recall the following expression
for the norm || - || of the James space J [§]:

1> el =sup{(Q_( Y )"

Jj=1 i=mj;_1+1

where the supremum is taken over all £ > 1 and all 0 = my < my; <
oo <my,. Fix N > 1 and let (f;)?Y] be defined as in Lemma 4.7. Note
that

(4.24) fi+ fs+ ... fan—1lls = N,
and that
(4.25) Ifi—fot fs— fat o+ fono1 — fonlls < 2VN.

Define the norm |z|y := max(||x||n, ||x]|s). Consider
r=fi—fotfs—fot+ -+ fono1— fon and a=1/ngny.
Then x € @Q; by (4.25) and condition (b) of Lemma 4.7, we have
2|y < 2CVN
By (4.24) and condition (c) of Lemma 4.7, we have
Gozn = [fi+ 3+ + fano1lv = N.

Hence (a) > (2C)~'v/N. Thus, for each N we have constructed a
finite-dimensional normed space (Fy, |- |x) with a monotone basis (e;)
such that

1> aieiln = (1/0)][(:)[l1.00
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and

1
0(a) > —+V'N.
wp) = 56
Let X = (D 35—, ®Fn)2 and let (e,) be the natural basis obtained by
concatenating the bases of the Fiy’s. For z = (zx) € @ , we have

IGa(@)ll = (D 1Ga(an)I%)"?

C C
< (O lenl3)'? = el
N=1

Hence (e,) is a thresholding-bounded basis for X. However, §(a) — oo
as a — 0. Thus, (e,) is not quasi-greedy.

5. SUBSEQUENCES OF WEAKLY NULL SEQUENCES

The motivation for the results of this section is the following theorem
of Elton [5] (paraphrased slightly to suit our purposes).

Theorem 5.1. Let (e,) be a semi-normalized weakly null sequence in
a Banach space X. Then (e,) has a thresholding-bounded basic subse-
quence satisfying

¢(a) < Clog(1 + 1/a)

for some absolute constant C'.

Remark 5.2. The estimate for ¢(a), while not hitherto explicitly stated
anywhere, follows from the proof of Elton’s theorem presented in [15].
In its usual formulation, Elton’s theorem asserts the existence of a
subsequence that is nearly unconditional. However, by Proposition 4.5,
this is equivalent to the above.

For Banach spaces which are ‘far from ¢y’ (in a sense made precise
below) we can improve this result significantly by showing the existence
of a quasi-greedy subsequence.

To that end let us recall the notion of spreading model (see e.g. [1]).
Let (e;) be a semi-normalized basic sequence in a Banach space X and
let (s;) be a basis for a Banach space (Y,|-]). Then (s;) is said to
be a spreading model for (e;) if, for all & > 1 and for all real scalars
ai,...,a,, we have

= lim
n1—00
ny<--<ng

k
E ;T

=1

k
E aiS;
i=1
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It is known that every normalized basic sequence has a subsequence
with a spreading model, and that if the basic sequence is weakly null,
then the spreading model is monotone and 2-unconditional.

Proposition 5.3. Let (e;) be a semi-normalized basic sequence in a
Banach space X which has spreading model (s;). Suppose that

n
g(n) = \ZSA — 00 as mn— oo.
i=1

Then, (e,) has a democratic subsequence. Moreover, if (e,) is weakly
null then we may take the democratic constant of the subsequence to be
A < 1+¢ for any given € > 0.

Proof. Since (s;) is (by definition) democratic, by using the condition
g(n) — oo it is easy to construct the desired democratic subsequence of
(e;). To avoid repetition, we refer to Theorem 5.4 below for a similar,
but more complicated, argument. To get A < 1+ ¢ in the weakly null
case, we use the fact that (s;) is monotone when (e;) is weakly null. [

To obtain the main result of this section we need the following result
which is stated without proof in the Introduction of [14] (see also [1] for
the proof). Given € > 0, every semi-normalized weakly null sequence
has a subsequence (e,,) which is (2+¢)-Schreier-unconditional, i.e. such
that

[Paz]] < (2+¢)||«]

for every x € [e,] and for every finite A C N satisfying |A| < min A.
(Here Pax := xx 4 denotes the projection onto A.)

Theorem 5.4. Let (e,,) be a semi-normlized weakly null basic sequence
in a Banach space X with spreading model (s,). Suppose that

n
g(n) = |ZSZ| — 00 as n— oo.
i=1

Then, given € > 0, (e,) has a quasi-greedy subsequence with quasi-
greedy constant K < 3+ ¢.

Proof. By passing to a subsequence and rescaling, we may assume that
(e,) is a normalized basic sequence, with basis constant at most 14-¢/4.
Choose an increasing sequence (ng) such that g(ny) > 24k/e. Using
Schreier-unconditionality, and by passing to further subsequences, we
may assume that (e,) satisfies the following. For every k£ > 1 and for
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every A C N, with |A| < nj and min A > k, we have

14| 14|

1
(5.26) 5” D asil <D aell <20 aisil|
i=1 €A =1
and
(5.27) [Pazll < (2+¢e/4)z||.

Suppose that = )7, x;e; and that ||z|| = 1. Suppose that a > ¢/k,
where k£ > 2. Define

D:={i>k: |z >a} and E:={i<k:|z;|>a}.

Suppose, to derive a contradiction, that |D| > ng. Choose A C D with
|A| = ng. Then by (5.27)

[Paz| < (2+¢e/4)|z| < 2+4¢/4.
On the other hand,

1Pazll = 1) ei (@)ei
€A
4|

1 *
2 512 citosd
(by (5.26))

> ~min{|el(z)]: i € Alg(]A|)

o ] =

(by 2-unconditionality of (s;))

g(m)
A
agla)) > 2 > 3,

which is the desired contradiction. Hence |D| < ny; in particular,

| Ppz|| < (24 ¢/4)|z|| =2 +¢/4

>

e~ =

First suppose a > ¢/2, i.e. k = 2. Then, since the basis constant of ¢;)
is at most 1 + /4,

(5.28) |Gaz|| < la1|+ ||Ppz|| < (1+¢e/4)+ (2+¢/4) <3 +e.
Now suppose that a < e/2. Choose k > 2 such that
1/k <2a/e <1/(k—1).
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By the triangle inequality,

[Pl <l Z v)eill + (k= 1a

< (1 + e/ ||x|]| +e/2 =1+ 3e/4.
Combining, we get
(5.29)  ||Gux|| < || Ppx|| + || Pex|| < (2+¢/4) + (1 +3¢/4) =3 + <.

By homogeneity, (5.28) and (5.29) prove that 6(a) < 3 4 ¢ for all
€ (0,1], i.e. that (e,) is quasi-greedy with quasi-greedy constant
K <3+e. ]

Theorem 5.5. Let (e,) be a semi-normalized democratic weakly null
basic sequence in a Banach space. Then (e,) has an almost greedy
subsequence.

Proof. Let (¢(n)) be the fundamental function. We may suppose that
(e;) has spreading model (s;). Suppose that (s;) is not equivalent to the
unit vector basis of ¢o. Then, since (s;) is unconditional, | Y | s;| — oo
as n — oo. Theorem 5.4 now show that (e;) has a quasi-greedy, and
hence almost greedy, subsequence.

On the other hand, suppose that (s;) is equivalent to the unit vector
basis of ¢g. Then (¢(n)) is bounded above by K, say. Thus, by (2.10)

I ZaieiH < 2p(n) max |a;| < 2K max |a;].

Thus, (e,) is equivalent to the unit vector basis of ¢y, which is greedy.
L]

Corollary 5.6. Suppose that X is a Banach space which does not have
co as a spreading model (e.g., if X has finite cotype (see (3.16) above)).
Then every semi-normalized weakly null sequence in X has an almost
greedy subsequence.

Corollary 5.7. Let X be a Banach space. Then the following are
equivalent:

(i) X contains a weakly null sequence with spreading model not
equivalent to the unit vector basis of cg or X contains an iso-
morphic copy of ¢y or (7.

(ii) X contains an almost greedy basic sequence.
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(iii) X contains a semi-greedy basic sequence.

(iv) X contains a superdemocratic basic sequence.

Proof. (i) = (ii) is immediate from Theorem 5.5, (ii) = (iii) is Theo-
rem 3.2, and (iii) = (iv) is Proposition 3.3. Suppose that (iv) holds.
Let (x,) be a superdemocratic basic sequence. If X does not contain
(1, then by Rosenthal’s ¢; theorem [18], we may assume by passing
to a subsequence, setting v, := 2, — Tan_1, that (y,)22, is a weakly
null basic sequence with spreading model (s,). Clearly, (y,) is also
superdemocratic, and therefore democratic. If X does not contain ¢y,
then from the proof of Theorem 5.5 we see that (s,) is not equivalent
to the unit vector basis of ¢y. Thus, (i) holds. O

Remark 5.8. The ‘original” Tsirelson space [20] does not contain a sub-
space isomorphic to ¢y or to ¢; and yet all of its spreading models (s;)
are equivalent to the unit vector basis of ¢y. Thus, this space does not
contain any democratic basic sequence.

6. EXISTENCE OF DEMOCRATIC BASES

Let X be a Banach space with a basis (b,). By passing to an equiv-
alent norm we may assume that (b,) is normalized and bimonotone.
Let S be a 1-symmetric and 1-unconditional symmetric sequence space
with Schauder basis (e;) (here e; denotes the sequence (045)52,). Let
(eF) be the sequence of biorthogonal functionals in S*. Define

f(n):=llex +--- +enlls

and

g(n) :==n/f(n) = llex+---+ e
We shall assume that (e;) is not equivalent to the unit vector basis of
co. Thus,

S*.

f(n) Too as n— oo.
For n > 1, let o, = [2"71,2" — 1], so that |o,| = 2""!. Let

1 * 1 *
Up = W Z €k and U, ‘= W Z €.

k€on ke€on

Let P be the norm-one projection on S defined by

oo

P¢ = Z< 7U;>Um

n=1

and let Q =1 — P.
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Define a norm on cqg by

I€lly = 11QElIs + 1| D_{& vr)ballx

n=1

and then complete to obtain a sequence space Y.

Proposition 6.1. Suppose that (b,) is a bimonotone basis for X. Then
(en) is a Schauder basis for' Y such that

1 = f(n
(6.30) Ssupn ) < el <63 Ty,
" n=1
for all real scalars & = (&,) in coo, where (n;) is the nonincreasing

rearrangement of (|&]).

Proof. 1t is easy to check that the spaces (F),) = [ex : k € 0, form a
Schauder decomposition for Y and that each is 3-isomorphic to [ey: k €
0, considered as a subspace of S. Hence {ey: k € 0,,} forms a basis of
each F, with uniformly bounded basis constant. Thus (e,) is a basis
of Y. For the upper estimate, note that

o o0 1
I Z<€,v2>bnllx < Z g Z |kl
n=1 n=1 9 ke€on,
<2 Mnn
n=1 n
Also
1Q¢s < 2[I€]ls
<23 — ) f (1)
n=1
(by partial summation)
=2 f(1) 42 ma(f(n) = f(n—1))
n=2

*|

lelly = 1Qells + I (€ vipbull < 63 T,
n=1 n=1
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For the lower estimate, suppose that ||¢|ly = 1. For a > 0, define
* 1 n—
A={k:|&|>a} and B:={n: |[({v))| < 5f(2 Ya}.
We assume that |A| = N > 1. Then

a
(6.31) 1= iglly > llQells > 5 £ 1AN o).
neb
Let D := N\ B. Then
C 1
63) =1l 2 I bl 2 5 mas e

by the bimonotonicity of (b,). (6.31), (6.32), and the fact that A is
nonempty imply that there exists a largest positive integer m such that
f(2m 1 a < 2. Moreover, (6.32) implies that D C {1,2,---,m}. Hence

Z |[ANao,| < 2™

neD
From this and (6.31) we deduce that

/(2" < S IANG) < 1

neB

Hence N < 2™*! from the choice of m. Thus,
af([{k : [&] > a}[) < af(2™F) < daf(2™7') < 8.
By homogeneity, we get

1 1
Illy = g supaf(i{k : |8 > a}l) = gsupmaf(n)

for all €. O

Theorem 6.2. Suppose that X is a Banach space with a basis which
contains a complemented subspace isomorphic to S. Then X has a
basis (e,) satisfying

(6.33) ésup nnf(n) <|| anenHY < CZ @%
n n=1 n=1

for some constant C'.

Proof. We may suppose that X has a bimonotone basis (b,,). The space
Y constructed above is isomorphic to X @& Q(.S). By assumption, we
have X ~ Z & S for some Banach space Z. Thus,

Y~ X®Q(S)~Z®S®Q(S)
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By [12, p. 117] S ~ S & P(S). Hence
Y~ZaSePS)aQS)~ZaSeS~ZaS~X.

By Proposition 6.1, Y has a basis (e,,) with the required property, and
hence so does X. 0

To state our next corollary, let us recall the definition of the quasi-
norms || - ||,1 and || - ||,.00 of the Lorentz sequence spaces £,1 and £, «
(1 < p < o0). Here (af) denotes the nonincreasing rearrangement of
the sequence (|a,|).

o0
(6.34) [[(an)llpn =Y azn™ and  [|(an)lpeo = supn'’?aj,.

n=1

Corollary 6.3. Let 1 < p < oo. Suppose that X is a Banach space
with a basis which contains a complemented subspace isomorphic to £,,.
Then X has a superdemocratic basis (e,,) satisfying

1 o
cll@)lpe < | > aieill < Cll(ai)|lpa

=1
for some constant C. In particular,

1S el ~ (A7

neA
for all choices of signs and for all finite A C N.
Proof. Apply Theorem 6.2 with S = £, so that f(n) = n'/?. O

Remark 6.4. Corollary 6.3 implies a theorem of Wojtaszczyk [21, Theo-
rem 4.5 on the existence of a normalized basis of X that is g-Besselian
for all ¢ > p. (Recall that a basis is g-Besselian if it satisfies a lower
estimate || 3252 azesl| = cfl(ai)]lq-)

Corollary 6.5. Suppose that S has finite cotype. Let X be a Banach
space with a basis which contains a complemented subspace isomorphic
to S. Then X has a superdemocratic basis with fundamental function
equivalent to (f(n)).

Proof. Consider the basis (e;) of X satisfying (6.33). Suppose that S
has cotype ¢ with constant C,. Then by Proposition 3.5

flmn) > (1/Cy)m* 4 f(n).
Hence, for all A C N, with |A] = n, we have

@ <) el < Ci: @ < Coq{l(l—ﬁ ijkl/q—l < C'f(n).
k=1

€A k=1
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So (e;) is superdemocratic with fundamental function equivalent to
(f(n)). m
7. EXISTENCE OF QUASI-GREEDY BASES

We continue to use the notation introduced in Section 6. We start
with the case S = /1, which requires special treatment.

Theorem 7.1. Suppose that (by,) is basis for X and that S = {y. Then
(en) 1S a quasi-greedy basis for'Y .

Proof. We may assume as above that (b,) is a normalized bimonotone
basis. It is convenient to introduce the following notation. Fix a > 0.
Then, for € R, define z* as follows:

u xz for |z| > a;
i =
0 for |z| <a.

For £ = (&) € coo, let €% = (£2)(= G.€). Note that

(7.35) 1€y = 1Q€N + 11> (D &)bullx

n=1 k€o,
and
(7.36) 1Gallly = Q€11 + 11D (D &ballx-
n=1 k€op,

Suppose that ||€||y < 1. Since (b,) is bimonotone, we have

Y &l<1 (n=1).

kEUTL

Moreover, (7.35) and (7.36) clearly imply that G,& = 0 if a > 3/2.
Hence we may assume that a < 3/2. Let N be the smallest positive
integer for which a > 2/|oy|. Note that N > 2. Then, for n > N, we

have
a> —’ Z &kl

Tn k€on
Let E,, denote the projection onto o, i.e. B, = £x,,. Hence

DR <2Z\fk——25k|—2nE Qi (n>N).

ke€oy, ke€oy, kGa

Hence, by the triangle inequality,

(7.37) [ Z > ebillx <2 Z 1E.QE| < 2/€]ly-

n=N k€o,
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Also

(738)

HZ kabe<HZ kabHXH!ZZ — &k))bnllx
n=1 ko, n=1 ko, n=1 k€o,

N-1
< élly + (D lowl)a
n=1

(since | — &| < a)
< |l¢lly + 2|lon-1]
= ||&|ly + 4.

Combining (7.37) and (7.38), we get

IO ehballx < 3liElly +4.

n=1 kGO'n

2
lon 1]

Similarly, for all n > N, we have || E,,G.&||1 < 2| E,Q&]1, whence

1Y EnQGaéll < 11QID  1EaGaé s
n=N n=N

7.39 -
(7.39) <4 |IE.QE
=N
< A4fi¢]ly-
Also
N-1 N-1 vl
13" EDQGutll < 137 EQ(E = Gl + 1D En) Q€L
n=1 n=1 n=1
N—-1
(7.40) < 2a() _ |onl) + €lly
n=1
< daloy 1|+ €]y
<8+ [i€]ly-

Combining (7.39) and (7.40), we get
1QGaéllr < 5IE]ly +8
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Finally,

1Gally = 1QGul ]l + 1D (D &ballx < 8liElly + 12 = 20[¢]lv-

n=1 ]{?EO’n

Hence (e,) is quasi-greedy with quasi-greedy constant K < 20. U

Now we consider the case S # (;. Here we we can prove a more
general result by dropping the assumption that S is symmetric. Let
us say that (e,) is a good unconditional basis if if it satisfies three
conditions:

(1) There is a function f(n) T oo as n — oo such that || >, ;]| >
f(JA|) for all finite A C N.

(2) There is a normalized block basic sequence (u,) with biorthog-
onal sequence (u) such that

lm ||ty |lo = lim |||l = 0.
(3) The projection

P& =) (&, up)un
is bounded on S.

Note that if S has a symmetric basis and if S is neither ¢y nor ¢,
then the basis is good. Both ¢y and ¢; fail to satisfy condition (2). In
particular, the argument of Theorem 7.2 does not work for S = /5.

Theorem 7.2. If S has a good unconditional basis and X has a basis
then S @& X has a quasi-greedy basis.

Proof. We may assume that X has a bimonotone normalized basis (by,).
We suppose S is given as a 1-unconditional sequence space (no longer
symmetric) and that
1D el = FAD,
jeA

where f(n) T co. We suppose further the existence of a normalized
block basic sequence (u,,) with dual functionals (u}) (also blocked on
the same blocks) so that

Op 1= max(”“?l”cxn HU:LHOO) — 0

as n — 0o. We also assume that the projection P& = ) (&, ul)u, is
bounded with ||P|| = A. By passing to a subsequence we may suppose

that there is an increasing sequence (M,,)5°,, with My = 0, such that

(i) up,u’ are supported on o, = (M,_1, M,].
(i) (ML) > Mo,
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(iii) 0, M,_; < 1.
(iv) 6, < %57171 for n > 2.

Let Q = I — P. As before we introduce Y as the completion of the
norm on cgg defined by

I€lly = 1Q€Ns + 1D _{& ui)ballx.
n=1

Let E,§ = €Xo,- Since ||Ey + - -+ E, ||y = 1, it follows as before that
(en) is a basis for Y. Let C' be the basis constant of (e,). Note that if
¢ is supported on some o, then

[€lly = 1€ = (& up)unlls + (€ up)| < [€lls + 2([PE]s
so that
(7.41) 1€lls < [IElly < (14 2A)[[€]ls-

Note that Y ~ X & Q(S) and hence Y & P(S) ~ X & S. Since (u,)
is an unconditional basis for P(S), we need only show that (e,) is a
quasi-greedy basis for Y.

Fix ¢ with ||€|ly = (2CA)~! Note that

sup [e; (§)] <1,

and hence G,£ = 0 for a > 1. So we may assume that 0 < a < 1. Let
r > 0 be chosen so that aM, < 1 but aM,,; > 1. Then, by (7.41),

[(By+ -+ B(E = Gad)lly < (1428) 3 Eil€ = Ga)s

< (14 2A)aM, <1+ 2A.

Thus,
(7.42) [(Ey+ -+ E)(Ga)lly < T+2A+ €]y
Note that

af(M,y2) > aM, 41 > 1 by (i),
and that

§T+2 < 1/M7»+1 <a by (ZZZ)
Suppose that j > r + 3. Then, by (7.41),
(&, up)| < MEjElls < AEElly < 2CA[¢]ly = 1.
Hence
1
1B Pelloo < [lujlloe < 05 < 50rs2 < af2.
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It follows that |E;Q¢| > 1|E;G.£| (coordinatewise). Hence

10D ENGab)lls < 201Q¢]s < 2[I€]ly-

j>r+3
So
1RCY . ENGad)lls <IQUICD . E(Gad)lls
(7.43) J>r43 i>ris
< 2(A + 1)[I¢]ly-
Let

Lj =Nk €oj: [&| = a}l.
Then, by (7.41) and the 1-unconditionality of S,
af(L;) < [|Ells < [iElly < 1.

Hence

af(L;) <1< aMy1 < af(M,2),
which implies that L; < M, 5. Thus,

[(Gal, uj)| < Lijlluflle < Miyi2d;.
Thus, if j > r + 3, we have, by (iii) and (iv),

(Gl )| < Myy90,4527 1577 < 27977,

Together with the triangle inequality, this gives

(7.44) I (Gak ul)byllx < 2.
Jj=r+3
Combining (7.43) and (7.44), we get
(7.45) 10" ENGad)lly <201+ A)[IE]ly + 2.
j>r+3

We are left to estimate ||E;(G,§)||y when j =r+ 1,7+ 2. But then by
(7.41)

1E;(Gud)lly < (14 20)[|E;(Gué)ls
< (14 20)||Ej€lls < (1 + 20)|€]ly-

Combining (7.42), (7.45), and (7.46) gives
1Ga€lly <3+ 2A+ (5+6A)||¢|ly = (6CA +4CA* + 5+ 6A)|€]|y.

Hence (e,) is quasi-greedy with quasi-greedy constant K < 6C'A +
4CA* 45 4 6A. O

(7.46)
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Corollary 7.3. Suppose that X has a basis and contains a comple-
mented subspace S with a symmetric basis, where S is not isomorphic
to cy. Then X has a quasi-greedy basis.

Proof. The case S = {; is covered by Theorem 7.1 If S # {¢; then
the basis of S is good. Hence X & S has a quasi-greedy basis. But
X~XaS. O

Theorem 7.4. Suppose that X has a basis and contains a comple-
mented subspace with a symmetric basis and finite cotype. Then X has
an almost greedy basis.

Proof. Combining Corollary 6.5 and Theorem 7.2 (or Theorem 7.1 for
the case S = ¢;) yields a basis that is simultaeously democratic and
quasi-greedy. O

Remark 7.5. Non-commutative L, spaces do not have an unconditional
basis. However, under reasonable assumptions, it is proved in [9] that
for 1 < p < oo they have a basis (see also [10] for more examples
associated with groups). Since non-commutative L, spaces contain
complemented copies of ¢,, we can apply Theorem 7.4 to obtain the
existence of almost greedy bases in these spaces.

Remark 7.6. It is clear that if (b,) and (b)) are inequivalent bases for
X, then the corresponding almost greedy bases (e, ) and (e!,) produced
by the construction will be inequivalent. It is known that every Ba-
nach space with a basis has infinitely many inequivalent normalized
conditional bases [16]. Hence, if X contains a complemented copy of ¢,
for some 1 < p < oo, then X has infinitely many inequivalent almost
greedy bases. This yields another proof of the existence of (infinitely
many inequivalent) conditional quasi-greedy bases in ¢ or {5 [4, 22].

8. QUASI-GREEDY BASES IN L., SPACES

This section makes heavy use of a theorem of Grothendieck and
related results. So we begin by recalling these important facts.

Let T': X — Y be a continuous linear operator between Banach
spaces X and Y. Then T is called absolutely summing if there exists a
constant C' such that for all sequence (z,) in X, we have

(847) > T(wa)ll < Csup{) _ |2*(wn)|: 2" € X7, [l*| < 1}.
n=1 n=1

(Note that the right-hand side of (8.47) equals C'sup,, _. || >,"; €nl|-)
The least such constant C'is denoted 71 (7). A Banach space X is called
a GT space [17] if every bounded linear operator from X to any Hilbert
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space H is absolutely summing. Grothendieck [7] proved that L;(u)
spaces are G'T spaces.

Recall that X is a L, space if there exists A > 1 and a directed
net (F,) of finite-dimensional subspaces of X, where each F, is A-
isomorphic to an /7 space, such that X = U,X,. This class includes
every complemented subspace of a C(K) space. If X is a L, space
then X* is a GT space (see [17]). Bourgain [2] proved that the dual of
the disc algebra is a G'T space.

Let (en) be a basis for X. We say that (e,) satisfies condition M,
(1 < p < o0) if there exists a constant C), such that

I (en)lly < Collz”]] (2" € X7).
Note that M, holds if and only if (e,) is ¢g-Hilbertian, i.e., it satisfies
the upper g-estimate (1/p+ 1/¢ =1)
1 *
lell < & ll(en@Dlls (= € X).
P

The basis (e,) is called Hilbertian if it satisfies My. We note that C[0, 1]
has a Hilbertian basis [21].

Proposition 8.1. Suppose that (e,,) is a semi-normalized thresholding-
bounded Hilbertian basis for a Banach space X. If X* is a G'T space,
then (e,) is equivalent to the unit vector basis of cq.

Proof. We show that there exists a constant C' such that

oo o0
Z |an| < C Zan62||a
n=1 n=1

which is equivalent to the result. We may assume without loss of
generality that the Hilbertian constant Cy equals one. Since X* is a
GT space, every bounded linear operator T" from X™* to /5 is absolutely
summing with m (1) < B||T|| for some absolute constant B. Since (e,,)
is Hilbertian, the map X* — /¢y given by * — (z*(e,)) is bounded,
with operator norm at most Cs = 1, and hence absolutely summing.
Thus,

D lat(en)| < B sup || Y enat(en)el (xF € X7).
n=1 en==1 n=1

Fix x* = > 7  a,e’ € [ef]. Choose signs (g,,) such that

n=1
oo . 1 o0
H Zan5n6n|| > B Z |an|
n=1 n=1
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Choose z € X, with ||z|| = 1, such that

Zenan ) > %Zw.

neA
Let 0 = {n € N: |e}(z)| > (4B)"'}. Clearly,
1 oo
(8.48) ;aaen(:p)>4B;|a\
Also,
I ZE” T)en|| < 20(1) Z sgner (z))en||
neo neo

(by Proposition 4.2 since max |efl(x)] < 0(1))

= 26( H Z sgne;(z))eq)

neo

< 80(1)2B(1+6((4BO(1) 1D en(x)eal]

(by Proposition 4.4 since (4B)~! < |ef(z)] < 6(1) for n € o)
< 80(1)*B(1+0((4B06(1))")o((4B0(1)) )|z |
(since Y, o, €n(x)e, = 0(1)Ga(0(1) ') for a = (4BO(1))~")

= 80(1)*B(1 + 0((4BA(1))"HO((4BH(1))™1)).
From (8.48), we get

Z la,| < 4B Z Enlner

neo
< 4BHZan WD enen(@enl
neo
00

<Ol ) anen ()],

where C' = 320(1)2B2(1 + 0((4B6(1))~1)0((4B6(1))~1). O

Lemma 8.2. Suppose that (ey,) is a normalized thresholding-bounded
basis for X. Let 0 C N with |o| = N > 2. Then, for every choice of



34 S. J. DILWORTH, N. J. KALTON, AND DENKA KUTZAROVA

signs (€)nes, we have

I enci(@)enll < Cllogy N)O(L/N)l2l|  (x € X),

neo
where C' =2+ 80(1)*(1+ 6(1/2)).
Proof. Suppose that ||z|| = 1/6(1), so that = € @ by (i) of Proposi-
tion 4.1. For k > 0, let
7 ={n € N: 27% < |e;(z)| < 2177}
Then, for k > [log, N| and n € 7, we have |ef(x)| < 2/N. Hence
. 2
(8.49) 22 (D enen(@enll < slol =20(1)]].
k>[logy N] n€onNT
For k < [log, N], we have

I enen(@enll <26(1)] D 2" (sgne;(@))eal

neonTy neonTy

(by Lemma 4.2)
I 2" (sgneg,(2))enl|

NneTE

= 460(1)?|| 22 (sgney(x))enl

neT

<401 (1 +0(1/2)]1 Y en(@)en]

neTk

(by Lemma 4.4)

= 40(1)2(1 + 0(1/2))|Ga vz — Gar s
< 8H(12(1 + 0(1/2))6(2 ) ] .

Hence
(8.50)

[logy V]

Z I encn(@)]l < 80(1)°(1+6(1/2))(logy N)B(1/N)|].

neTNo

Combining (8.49) and (8.50), we get
1D ener(@)enll < Clogy N)O(L/N)|2]

neo

where C' =2+ 80(1)%(1 + 6(1/2)). O
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Remark 8.3. By duality, we also have
1D ent™(en)enll < Cllogy N)O(L/N) |2l (2" € X¥).
neo

Lemma 8.4. Suppose that (e,) is a normalized thresholding-bounded
basis for a Banach space X which satisfies 0(a) < Ca™® (0 < a < 1),
where C' and € € (0,1/2) are positive constants. Suppose that X* is a

GT space and that M, holds for some p > 2. Then M, holds whenever
1 1 1
-<-+-—¢
r p 2

Proof. Let 1/s = 1/p + 1/2. Suppose that ¢ C N, with |o| = N,
and that (7,)ne, is any fixed choice of signs. Choose z* € X*, with

||l=*|| = 1, such that
"E*(Z Mnen) = | Znnenn-

neo neo

Next consider T: X* — {5(0) defined as follows:
Ty = (y*(en)l2"(en)|" nee (¥ € X7).
Then, applying Holder’s inequality and using condition M, we get

17yl = (3l (en) P21y (en) )2

neo
< QL (en) )P Ly (en) )
neo neo
< Cp(D_ |7 (en) )27 |yl
neo

Hence ||T]| < Cp(3,c, |2 (€)]%)/>7 /7. Since X* is a GT space, we
have

N
>l (en)l? Z (en) 1 Ter, |
neo =1
< B||T|| sup 1Y " ena™(en)e
en==%1 neo
< BO( a6 2 s |3 2o (el
neo neo

Thus,
(3 la* (@) < BC, swp |3 e ()|

neo neo
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Since |o| = N, Remark 8.3 gives
s 1D ena(en)en]l < C'(logy N)O(1/N) " || = C'(logy N)O(1/N),

neo

where C” is independent of N. Hence

O Iz (ea)[)"* < BC'Cy(log, N)O(1/N).
neo
Thus,
| Znnenn = Znn €n)
neo neo
Z |$ 1/5N1 1/s
neo

< BC'C,(logy N)O(1/N)N—1/s.
Now suppose that y* € X* with ||y*|| = 1. For a > 0, let
oa) = {n: [y*(en)] = a} and  N(a) = [o(a)|.

Then, for some choice of signs (7,), we have

@) <y (3 maen)

nEo,

<Y mmenl

< BO'Cy(logy N(@))0(1/N (a)) N (a)
< BOC'C,(log, N(a))N(a)' "5+,

using the hypothesis that (a) < Ca~¢. Thus, for some constant C”,
we have N(a) < C"a™" provided t satisfies

1 1 1
- =< - —c.
T t S
This implies, by a standard calculation, that (e, ) satisfies M,. O

Theorem 8.5. Let (e,,) be a semi-normalized thresholding-bounded ba-
sis for X satisfying 0(a) < Ca™¢, where 0 < e < 1/2. If X* is a GT
space, then (e,) is equivalent to the unit vector basis of cq.

Proof. For simplicity, we assume that the basis is normalized (the semi-
normalized case is similar). Note that (e,) satisfies M. By applying
Lemma 8.4 a total of [(1 — 2¢)7!] 4 1 times, starting with p = oo, we
finally obtain that (e,) satisfies My. Now apply Proposition 8.1. [
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Corollary 8.6. ¢ is the unique infinite-dimensional Lo, space, up to
1somorphism, with a quasi-greedy basis. Moreover, cy has a unique
quasi-greedy basis up to equivalence.

Remark 8.7. Szarek [19] proved that every Schauder basis of an infinite-
dimensional L., space contains a subsequence equivalent to the unit
vector basis of ¢y. Thus, ¢y is the only infinite-dimensional L, space, up
to isomorphism, with a super-democratic or a semi-greedy (by Propo-
sition 3.3) basis.

Corollary 8.8. The disc algebra (regarded as a real Banach space)
does not have a quasi-greedy basis.

Corollary 8.9. Let X be an infinite-dimensional Banach space. Then
X has a unique normalized (or unique semi-normalized) quasi-greedy
basis up to equivalence if and only if X s isomorphic to cy.

Proof. The fact that ¢y has a unique quasi-greedy basis is the second
assertion of Corollary 8.6. Suppose that X is a Banach space with a
unique (up to equivalence) normalized (respectively, semi-normalized)
quasi-greedy basis (e,,). Let (€,) be any choice of signs. Then (g,e,) is
also quasi-greedy and normalized (respectively, semi-normalized). So,
by uniqueness, (¢,¢,) is equivalent to (e,), and so (e,,) is unconditional.
In particular, X has a unique unconditional basis up to equivalence. It
follows from the Lindenstrauss-Zippin theorem [13] that X is isomor-
phic to g, ¢1 or f5. But ¢; [4] and /5 [22] have conditional quasi-greedy
bases. Thus X is isomorphic to ¢y. [l

Acknowledgement. The authors thank Ted Odell for helpful discus-
sions and several useful references.
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