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Abstract

Let S denote the Schlumprecht space. We prove that

1. ℓ∞ is finitely disjointly respresentable in S;

2. S contains an ℓ1-spreading model;

3. for any sequence (nk) of natural numbers, S is isomorphic to the space(∑∞
k=1 ⊕ ℓnk

∞
)

S.

Let (ei)
∞

i=1 be the standard basis of the linear spacec00, the set of all �nitely

supported sequences. Forx =
∞∑

i=1
aiei ∈ c00, suppx denotes the set{i ∈ N : ai 6= 0}.

A subsetE of N is said to be aninterval if there exist a, b such that

E = {c ∈ N : a < c < b}.

For �nite subsets E, F of N, E < F means maxE < min F or E is an empty

set. For x =
∞∑

i=1
aiei and a subsetE of N, Ex denotes the vectorEx =

∑

i∈E
aiei. Let

f : [1, ∞) → [1, ∞) be the function de�ned by f (x) = log 2(x+1). The Schlumprecht
spaceS = ( S, ‖ · ‖) is the completion of c00 with respect to the norm ‖ · ‖ which
satis�es the following implicit equation:

(1) ‖x‖ = max
{

‖x‖∞, sup
E1<E2<···<Er

1
f (r)

r∑

i=1

‖Eix‖
}

.

Clearly, (ei) is a 1-unconditional subsymmetric basis ofS. It is easy to see that
every normalized block basis (yi) of (ei) dominates (ei), i.e.

∥∥∥
∞∑

i=1

aiyi

∥∥∥ ≥
∥∥∥

∞∑

i=1

aiei

∥∥∥

for all (ai) ∈ c00.

Part of this paper was done when the second author visited University of Texas at Austin
and was completed when the first author participated in the Workshop in Linear Analysis and
Probability Theory at Texas A&M University, 1998. Both authors would like to thank E. Odell
and Th. Schlumprecht for their valuable discussions.
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Recall a sequence (xn) in S is said to besuccessive if suppx1 < suppx2 < · · · . A
sequence of �nite subspaces (Vn) is said to besuccessive if xj ∈ Vj \{0}, xk ∈ Vk \{0}
and j < k implies that suppxj < suppxk.

In [15], Th. Schlumprecht introduced the spaceS and he showed thatS is
arbitrarily distortable. He also showed thatS has neither ℓp-spreading model for
any 1 < p < ∞ nor c0-spreading model. He asked the following question.

Question 1. Does S contain an ℓ1-spreading model?

Recall that a vector x ∈ S is said to havecharacter p ∈ N if there exist E1 <
E2 < · · · < Ep such that

1
f (p)

p∑

i=1

‖Eix‖ ≈ ‖x‖.

So if x1, · · · , xn are n unit vectors in S with a common characterp ≫ n, then

∥∥∥
n∑

i=1

xi

∥∥∥ ≥
nf (p)
f (np)

≈ n.

Here a ≈ b means that
∣∣∣a

b − 1
∣∣∣ < ǫ for some 0< ǫ < 1 and a ≫ b > 10 means

f(f(a))
b > N for someN ∈ N. Recall that two elementsy, z in S are said to have

the same distribution if there are two strictly increasing sequences{nk}, {mk} of
natural numbers and two sequences{ak} {bk} such that |ak| = |bk| for all k ∈ N,
and y =

∑∞
k=1 akenk , z =

∑∞
k=1 bkemk . Two subspacesV, U are said to have the

same distribution if there is an isometry fromV onto U such that for any v ∈ V v
and T (v) have the same distribution.

For any n ∈ N, let un = f(n)
n

∑n
k=1 ek. It is easy to see that for anyE1 < E2 <

· · · < Ek,
k∑

i=1

‖Eiun‖ ≤
f (n)

f (n/k)
.

Hence for anyn ∈ N, ‖un‖ = 1 and if un has characterp, then f (p) ≈ f (n). We
will show that for any ǫ > 0, there is a rapidly increasing sequence (pi)n

i=1 such that
for any n ∈ N, there is a �nite sequence (vj)n

j=1 in S such that

• the support of vj 's are pairwise disjoint;

• vj and upj have the same distribution;

•
∥∥∥
∑n

j=1 vj

∥∥∥ ≤ 1 + ǫ.

From that fact, it will be easy (see Theorem 6) to show that the answer to Question
1 is a�rmative.
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E. Odell and Th. Schlumprecht constructed a space which has neither ℓp-
spreading model for any 1≤ p < ∞ nor c0-spreading model [13]. For background
information about spreading models see [2].

A Banach spaceX is called minimal (a notion de�ned by H.P. Rosenthal) if
every in�nite dimensional subspace ofX contains a further subspace isomorphic
to X and X is called complementably minimal (de�ned by A. Pe lczynski) if every
in�nite dimensional subspace ofX contains a subspace which is isomorphic toX
and complemented inX. X is called prime [12] if every complemented in�nite
dimensional subspace ofX is isomorphic toX. A. Pe lczynski proved thatℓp, 1 ≤ p <
∞ and c0 are prime, while J. Lindenstrauss showed thatℓ∞ is prime (see e.g. [12])
and for a long time these were the only known examples. Recently, W.T. Gowers and
B. Maurey [11] constructed more prime spaces for which all complemented in�nite
dimensional subspaces are of �nite codimension. In [16], Th. Schlumprecht showed
S is complementably minimal. As it was remarked in [16], the space S is either
prime or fails the Schroeder-Bernstein property (see [6], [9]). Recall that a Banach
spaceX is injective if for any Banach spaceY containing X as a subspace, there is
a bounded linear projection fromY onto X. It is known that ℓ∞ is injective. It is
natural to ask the following two questions.

Question 2. For any sequence (nk) of natural numbers, does S contain a comple-
mented subspace which is isomorphic to

(∑∞
k=1 ⊕ℓnk

∞
)

S?

Question 3. If the answer of Question 2 is yes, is
(∑∞

k=1 ⊕ℓnk
∞

)
S isomorphic to S?

A positive answer to Question 2 easily follows from our construction of ℓn
∞ and a

theorem of Th. Schlumprecht (see Lemma 2 below). A negative answer to Question
3 would have shown thatS is not prime. Unfortunately, in this article, we will
show that its answer is positive. Hence, the question whetherS is prime or not is
still open. However, our result shows thatc0 is not the only subsymmetric spaceX
which has the property that it is isomorphic to theX-sum of �nite dimensional ℓnk

∞
spaces for arbitrary sequence of integers (nk).

Recall that a non-zero vectorx ∈ S is said to be anℓn
1+-average with constant

C if x
‖x‖ =

∑n
i=1 xi for some sequencex1 < · · · < xn of nonzero elements ofS such

that ‖xi‖ ≤ Cn−1 for all i ≤ n.
We need the following lemmas.

Lemma 1. (Lemma 4 [10])Let M, N ∈ N and C ≥ 1, let x ∈ S be an ℓN
1+-vector

with constant C, and let E1 < · · · < EM be a sequence of intervals. Then

M∑

j=1

‖Ejx‖ ≤ C(1 + 2M/N )‖x‖.

3



Lemma 2. (Theorem 3 [16]) For any εk > 0 with
∑∞

k=1 εk ≤ 1, there exists
a constant C > 1 such that for any normalized block basis (yk) of (ek) with the
following properties: there is a sequence rk ↑ ∞ in N so that for all k ∈ N,

sup r≤rk−1
E1<E2<···<Er

∑r
i=1 ‖Ei(yk)‖ ≤ 1 + εk,(2)

card(supp yk) ≤ εk · f
( rk

3

)
,(3)

we have that (yk) is C-equivalent to (ek).

Theorem 3. For any 1
8 > ǫ > 0, there is a rapidly increasing sequence{pk} of

natural numbers such that for anyn there exist n disjointly supported elementsvj,
1 ≤ j ≤ n, such that for any k ≤ n, vk and upk have the same distribution, and

∥∥∥
n∑

i=k

vj

∥∥∥ ≤ 1 + ǫ.

Proof. Let (pj)∞
j=0 and (qj)∞

j=0 be two sequences of natural numbers which satisfy
the following conditions.

1. f (q0) > 20/ǫ and p0 = 1.

2. If qj is de�ned, then pj+1 = pjq
q2

j
j .

3. Suppose thatpj is de�ned. By Lemma 1, there isqj such that if x is an
ℓqj

1+-vector with constant 1 + ǫ, then

p∑

i=1

‖Eix‖ ≤ (1 + ǫ)(1 + 2 p/qj)‖x‖ ≤ (1 + 2ǫ)‖x‖

for any p ≤ p
p

pj
j

j and E1 < E2 < · · · < Ep.

Let {wm1,m2,··· ,mj : j ≤ n and mi ≤ qq2
i−1

i−1 for all i ≤ j} be any sequence ofN such
that

wm1,m2,··· ,mj < wr1,r2,··· ,rℓ

if one of the following conditions holds.

• for somei ≤ max{j, ℓ}, ms = rs for all s < i and mi < ri;

• j < ℓ and ms = rs for all s ≤ j.
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Finally, let

vj =
f (pj)

pj

q
q2

0
0∑

i1=1

q
q2

1
1∑

i2=1

· · ·
q

q2
j−1

j−1∑

ij=1

ewi1,i2,··· ,ij
.

We claim that for any k ≤ n and any interval E either E(vk) = 0 or

(4)
∥∥∥E

( n∑

j=k

vj

)∥∥∥ ≤ (1 + ǫ/4 + ǫ/2k+2)‖E(vk)‖.

Clearly, (4) implies our theorem and it holds ifk = n. Assume that (4) holds for all
k ≥ m > 1. We will show that (4) also holds fork = m − 1. We note that:

1. there is a vectorym such that

(a) ‖ym‖ =
f(pm−1q

q2
m−1

m−1 )

pm−1f(q
q2

m−1
m−1 )

≤ 1+ǫ/4
pm−1

;

(b) vm is the sum ofpm−1 successive vectors which have the same distribution
as ym.

2. E(vm−1) = f(pm−1)
pm−1

∑j
i=1 eℓi for somej and ℓ1 < ℓ2 < · · · < ℓj.

We shall use induction (onj above) to prove (4). First, we summarize some facts
that we shall use in our proof.

Fact 1. If E(vm−1) = 0, then by induction hypothesis, we have
∥∥∥E

( n∑

k=m

vk

)∥∥∥ ≤
(

1 +
ǫ
2

)
‖E(vm)‖ ≤

(
1 +

ǫ
2

)
‖ym‖ ≤

√
2

pm−1
.

If ‖E(vm−1)‖ = f(pm−1)
pm−1

, then

∥∥∥E
( n∑

k=m

vk

)∥∥∥ ≤ (1 + ǫ)‖E(vm)‖ ≤ 2(1 + ǫ)‖ym‖ ≤
4

pm−1
.

Fact 2. We claim that ‖E(vm−1)‖ = f(pm−1)
pm−1

implies that

∥∥∥E
( n∑

k=m−1

vk

)∥∥∥ =
f (pm−1)

pm−1
= ‖E(vm−1)‖.

For any r ≥ 2, and E1 < E2 < · · · < Er

1
f (r)

r∑

i=1

∥∥∥Ei ◦ E
( n∑

k=m−1

vk

)∥∥∥

≤
1

f (r)

(f (pm−1) + 4
pm−1

+
∑

Ei◦E(vm−1)=0

∥∥∥Ei ◦ E
( n∑

k=m−1

vk

)∥∥∥
)

≤
1

f (r)

(f (pm−1) + 4
pm−1

+
4f (r)
pm−1

)
<

f (pm−1)
pm−1

.
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Therefore,

∥∥∥E
( n∑

k=m−1

vk

)∥∥∥ =
∥∥∥E

( n∑

k=m−1

vk

)∥∥∥
∞

=
f (pm−1)

pm−1
= ‖E(vm−1)‖.

Fact 3. Suppose that‖E(vm−1)‖ > f(pm−1)
pm−1

. It is known that for any r ≥ qq2
m−1

m−1 , ur

is an ℓqm−1
1+ -vector with constant 1 + ǫ/2. This implies that E(vm) is an ℓqm−1

1+ -vector

with constant 1 + ǫ/2 and E
(∑n

k=m vk

)
is an ℓqm−1

1+ -vector with constant 1 + ǫ.

Fact 4. If
∥∥∥E

(∑n
k=m−1 vk

)∥∥∥ =
∥∥∥E

(∑n
k=m−1 vk

)∥∥∥
∞

, then (4) holds. So we

assume that there arep ≥ 2 and E1 < E2 < · · · < Ep such that

∥∥∥E
( n∑

k=m−1

vk

)∥∥∥ =
1

f (p)

p∑

i=1

∥∥∥Ei ◦ E
( n∑

k=m−1

vk

)∥∥∥.

We claim that either Ei ◦ E(vm−1) 6= 0 for all i ≤ p or ‖Ei ◦ E(vm−1)‖ ≤ f(pm−1)
pm−1

for
all i ≤ p.

First, we note that by the proof of Fact 2, if Ei ◦ E(vm−1) = E(vm−1) 6= 0, then

1
f (p)

p∑

i=1

∥∥∥Ei ◦ E
( n∑

k=m−1

vk

)∥∥∥ <
∥∥∥Ei ◦ E

( n∑

k=m−1

vk

)∥∥∥,

a contradiction. Hence‖Ei ◦ E(vm−1)‖ < ‖E(vm−1)‖ for all i ≤ p. Suppose that our
claim were not true. Without loss of generality, we assume thatE1 ◦ E(vm−1) = 0
and ‖E2 ◦E(vm−1)‖ > f(pm−1)

pm−1
. Let E2,1 < E2,2 < · · · < E2,p2 be a successive sequence

of subintervals ofE2 such that

∥∥∥E2 ◦ E
( n∑

k=m−1

vk

)∥∥∥ =
1

f (p2)

p2∑

j=1

∥∥∥E2,j ◦ E
( n∑

k=m−1

vk

)∥∥∥.

Let ℓ be the smallest number such thatE2,ℓ ◦ E(vm−1) 6= 0 and E ′
2 = ∪p2

j=ℓ+1E2,j.
The proof of Fact 2 shows that

1
f (p)

p∑

i=1

∥∥∥Ei ◦ E
( n∑

k=m−1

vk

)∥∥∥

<
1

f (p)

(∥∥∥E2,ℓ ◦ E
( n∑

k=m−1

vk

)∥∥∥ +
∥∥∥E ′

2 ◦ E
( n∑

k=m−1

vk

)∥∥∥

+
p∑

i=3

∥∥∥Ei ◦ E
( n∑

k=m−1

vk

)∥∥∥
)

,

a contradiction.
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Fact 5. For any k ≤ pm−1,
f(pm−1q

q2
m−1

m−1 )

f(kq
q2

m−1
m−1 )

≤ f(pm−1)
f(k) . Therefore, if E(vm−1) 6= 0,

then

‖E(vm)‖ ≤ ‖E(vm−1)‖ + ‖ym‖ ≤ ‖E(vm−1)‖ +
1 + ǫ/4
pm−1

.

Fact 2 shows that (4) holds whenj = 1. So we may assume thatj > 1. The
proof consists of four cases.

Case 1. 1< p ≤ j. By Fact 4, for all i ≤ p,

Ei ◦ E(vm−1) 6= 0 and ‖Ei ◦ E(vm−1)‖ <
jf (pm−1)
pm−1f (j)

.

Using the induction hypothesis, we have

1
f (p)

p∑

i=1

∥∥∥Ei ◦ E
( n∑

k=m−1

vk

)∥∥∥

≤
1 + ǫ/4 + ǫ/2m+1

f (p)

p∑

i=1

‖Ei ◦ E(vm−1)‖

≤ (1 + ǫ/4 + ǫ/2m+1)‖E(vm−1)‖.

Case 2. j ≤ p ≤ q0. By Fact 4, for any i ≤ p either Ei ◦ E(vm−1) = 0 or
Ei ◦ E(vm−1) = f(pm−1)

pm−1
eℓ. Note that 2p ≤ 2q0 ≤ f(p1)

q0
≤ ǫf(p1)

10 . Hence,

p∑

i=1

1
f (p)

∥∥∥Ei ◦ E
( n∑

k=m−1

vk

)∥∥∥

≤ ‖E(vm−1)‖ +
∑

Ei◦E(vm−1)=0

∥∥∥Ei ◦ E
( n∑

k=m

vk

)∥∥∥

≤ ‖E(vm−1)‖ +
2p

pm−1

≤ (1 + ǫ/4)‖E(vm−1)‖.

Case 3.q0 ≤ p ≤ pp
pm−1
m−1

m−1 . By Fact 3, E(
∑n

k=m vk) is an ℓqm−1
1+ -vector with constant

1 + ǫ. Therefore,
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p∑

i=1

1
f (p)

∥∥∥Ei ◦ E
( n∑

k=m−1

vk

)∥∥∥

≤
p∑

i=1

1
f (p)

∥∥∥Ei ◦ E(vm−1)
∥∥∥ +

p∑

i=1

1
f (p)

∥∥∥Ei ◦ E
( n∑

k=m

vk

)∥∥∥

≤ ‖E(vm−1)‖ + (1 + ǫ)
p∑

i=1

1
f (p)

∥∥∥Ei ◦ E(vm)
∥∥∥

≤ ‖E(vm−1)‖ +
(1 + 2ǫ)(1 + ǫ)‖E(vm)‖

f (p)

≤
(

1 +
2

f (p)

)
‖E(vm−1)‖ ≤ (1 + ǫ/4)‖E(vm−1)‖.

Case 4.pp
pm−1
m−1

m−1 < p. In this case, we have‖E(vm−1)‖1/f (p) ≤ ǫ‖vm−1‖∞
4m+2 .

p∑

i=1

1
f (p)

∥∥∥Ei ◦ E
( n∑

k=m−1

vk

)∥∥∥

≤
p∑

i=1

1
f (p)

∥∥∥Ei ◦ E
(

vm−1

)∥∥∥ +
p∑

i=1

1
f (p)

∥∥∥Ei ◦ E
( n∑

k=m

vk

)∥∥∥

≤
ǫ‖vm−1‖∞

4m+2 +
(

1 +
ǫ
4

+
ǫ

2m+2

) p∑

i=1

1
f (p)

∥∥∥Ei ◦ E(vm)
∥∥∥

≤
ǫ‖vm−1‖∞

4m+2 +
(

1 +
ǫ
4

+
ǫ

2m+2

)
‖E(vm)‖

≤
(

1 +
ǫ
4

+
ǫ

2m+1

)
‖E(vm−1)‖.

The proof is complete. 2
Remark 4. The above Theorem was first proved by the second author and inde-
pendently by the first author with techniques which were later used in [1] for some
asymptotic ℓ1 spaces. Recently A. Manoussakis has the same result for more general
class of spaces, containing S.

Remark 5. Let vj’s be the vectors in the proof of Theorem 3. We have proved that
for any m ≤ n and x ∈ span{vm, · · · , vn}, x is an ℓqm−1

1+ -vector with constant 1 + ǫ.
By Lemma 1, for any N, r, m ∈ N and ǫ > 0, there exists an m dimensional

space V such that
• N < V and V is 1 + ǫ equivalent to ℓm

∞;

• For any x ∈ V and any E1 < E2 < · · · < Er, we have
r∑

i=1

‖Eix‖ ≤ (1 + ǫ)‖x‖.
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Theorem 6. S has an ℓ1-spreading model.

Proof. By Theorem 3, there exists a successive sequence{yk} in the unit ball of S
such that for anyk, there existk disjointly supported elements{vk,j : j ≤ k} so that
for eachj ≤ k, vk,j, upj /2 have the same distribution andyk =

∑k
j=1 vk,j. Hence, if

N < n1 < n2 < · · · < nj, then

∥∥∥
j∑

i=1

yni

∥∥∥ ≥
∥∥∥

j∑

i=1

vni,N

∥∥∥ ≈
jf (pN )
2f (jpN )

.

So{yk : k ∈ N} generates anℓ1-spreading model. 2

In the sequel we shall use a variant of the re�nement of Johnson's argument for
a space with a subsymmetric basis ([5], Proposition 6.3). We shall work with �nite
dimensional decompositions instead of block-vectors. Fix a sequence (nk) of natural
numbers. Represent anyk in the form k = 2 i(2j − 1). Let mk = nj, i.e. we repeat
eachnj in�nitely many times. In the following, X, Y and V denote the spaces

X =
( ∞∑

k=1

⊕ℓnk−1
∞

)

S
, Y =

( ∞∑

k=1

⊕ℓnk
∞

)

S
, V =

( ∞∑

k=1

⊕ℓmk
∞

)

S
.

Then

Y =
( ∞∑

k=1

⊕ℓm2k−1
∞

)

S
,

V =
( ∞∑

k=1

⊕ℓm2k
∞

)

S
.

So we have
V ≈ Y ⊕ V and Y = S ⊕ X.

Proposition 7. There exists a complemented subspace U of S which is 2C-isomorphic
to Y .

Proof. By Theorem 3 and Remark 5, we can construct a sequence (rk) of natural
numbers and a successive sequence (Vk) of �nite dimensional subspaces ofS which
satisfy the following conditions.

1. For any k ∈ N, Vk is a subspace ofS which is (1 + ε) isomorphic to ℓnk
∞ .

2. V1 < V2 < · · · .
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3. For any k ∈ N, p ≤ rk−1 and normalized vectoryk ∈ Vk,

sup
r≤rk−1

E1<E2<···<Er

r∑

i=1

‖Ei(yk)‖ ≤ 1 + εk.

4. for any yk ∈ Vk,
card(suppyk) ≤ εk · f

(rk

3

)
.

Let U be the space generated by∪∞
k=1Vk. By (3), (4) and Lemma 2, for anyyk ∈ Vk

with
∑∞

k=1 yk ∈ S, we have

∥∥∥
∞∑

k=1

‖yk‖ek

∥∥∥ ≤
∥∥∥

∞∑

k=1

yk

∥∥∥ ≤ C
∥∥∥

∞∑

k=1

‖yk‖ek

∥∥∥.

HenceU is isomorphic toY . Now, let Fk be the smallest interval ofN which contains
the support of Vk. SinceVk is 2-equivalent toℓnk

∞ and ℓ∞ is an injective space, there
is a projectionPk from Fk(S) onto Vk such that ‖P‖ ≤ 2. De�ne P : S → U by

P (x) =
∞∑

k=1

Pk(Fk(x)) .

Since ∥∥∥
∞∑

k=1

Pk(Fk(x))
∥∥∥ ≤ C

∥∥∥
∞∑

k=1

‖Pk(Fk(x))‖ek

∥∥∥ ≤ 2C‖x‖,

P is a bounded projection fromS onto U . 2

Proposition 8. The space Y is isomorphic to S.

Proof. We use Pe lczynski's decomposition technique (see [12] or [5]).By Porposition
7, we may assume thatV and Y are complemented subspaces ofS. Let W be the
space such that

S ≈ V ⊕ W.

Then
Y ⊕ S ≈ Y ⊕ V ⊕ W ≈ V ⊕ W ≈ S.

Evidently, S = S ⊕ S. Therefore,

Y ≈ S ⊕ X ≈ S ⊕ S ⊕ X ≈ S ⊕ Y ≈ S.

The proof is complete. 2

Let (xk) be a sequence of successive vectors inS such that for eachn ∈ N, xk
has the same distribution asunk for somenk ∈ N. Let Y1 be the space spanned by
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{xk : k ∈ N}. It is known that Y1 is a complemented subspace ofS ([12], Theorem
3.a.4) andY1 ⊕ S ≈ S ([5], Proposition 6.3). SinceS is complementably minimal,
the proof of Proposition 8 shows thatY1 ≈ S. It is also known that if (xk)n

k=1 is a
sequence of successive vectors such that for anyk ≤ n, xk has the same distribution
asunn, then (xk)n

k=1 is 1 + 3
n-equivalent the unit vector basis ofℓn

1 and for eachx in
the span of{xk : k ≤ n}, x is an ℓn

1+-vector with constant 1 + 3
n . By the proof of

Proposition 7, we have the following.

Proposition 9. Schlumprecht space S is isomorphic to (
∑

k
⊕ ℓnk

1 )S for any sequence

of integers (nk).

A Banach space with an unconditional basis is said to have aunique unconditional
basis if any two normalized unconditional bases are equivalent after a permutation,
see [5] and for recent results see [7]. It was remarked in [7] thatthe example of
Gowers in [8] has a unique unconditional basis. Proposition 8 (or Proposition 9)
implies that S has no unique unconditional basis. This also immediately follows
if one uses thatS is complementably minimal and combines Proposition 6.3 and
Proposition 6.4 [5].

Clearly, we have by duality that for any sequence (nk) of natural numbers, S∗

is isomorphic to (
∑∞

k=1 ⊕ℓnk
1 )S∗ and (

∑∞
k=1 ⊕ℓnk

∞ )S∗. P. Casazza pointed out the
following immediate consequence of our observations (in fact, not using their full
generality). Recall that the same property for the classical spaces ℓp for p > 2,
1 < p < 2 and p = 1 was shown in [14], [3] and [4] respectively.

Corollary 10. Schlumprecht space S (resp. its dual S∗) has a subspace isomorphic
to the whole space and not complemented in S (resp. S∗).

Remark 11. Since S is complementably minimal, most of the above results are
valid hereditarily, i.e. in every subspace of S.

Remark 11. Let Z be a complemented subspace of S which has a subsymmetric
basis. Since Z is isomorhic to its square, then by the decomposition technique we
have that Z is isomorphic to S.

We do not know the answer to the following question:

Question 4. Does S have a unique subsymmetric basis?
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