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Abstract
Let S denote the Schlumprecht space. We prove that
1. [ is finitely disjointly respresentable in S;
2. S contains an [gdspreading model;
3. @w%ﬁe (nk) of natural numbers, S is isomorphic to the space
k=1 s

Let (e;);=; be the standard basis of the linear space,, the set of all nitely
1
supported sequences. Fot =  ajej [ ¢dy, suppx denotes the sef{i [ NI: a; E0}.

i=1
A subsetE of N is said to be aninterval if there exist a, b such that
E={c[N:a<c<b}

For nite subsets E,F of N, E < F means maxe < minF or E is an empty

set. Forx = aje;j and a subsete of N, Ex denotes the vectorEx = ajej. Let
i=1 i (E1

T :[1, 00) - [1, o) be the function de ned by f(x) = log ,(x+1). The Schlumprecht

spaceS = (S, [:10)ds the completion ofcyy with respect to the norm [-1[Which

satis es the following implicit equation:

1 1 C—a L]
Q) XT3 max [XIJ, sup — [(Eix .

Clearly, (ej) is a 1-unconditional subsymmetric basis 0§. It is easy to see that
every normalized block basisy) of (ej) dominates ;), i.e.

i=1 i=1

for all (a;) [Cdp.

Part of this paper was done when the second author visited University of Texas at Austin
and was completed when the first author participated in the Workshop in Linear Analysis and
Probability Theory at Texas A&M University, 1998. Both authors would like to thank E. Odell
and Th. Schlumprecht for their valuable discussions.




Recall a sequencexg) in S is said to besuccessive if suppx; < suppx; <---. A
sequence of nite subspaced/() is said to besuccessive if x; [V]\{0}, xx Vi \{O0}
and j <k implies that suppx; < SuppX.

In [15], Th. Schlumprecht introduced the spaces and he showed thatS is
arbitrarily distortable. He also showed thatS has neither [dspreading model for
any 1< p < oo nor cg-spreading model. He asked the following question.

Question 1. Does S contain an [3spreading model?

Recall that a vector x is said to havecharacter p [N if there exist E; <
E, <--- <E, such that
1 £/
—_— [Eix = XTI
() _,

So if Xy, -+, X, aren unit vectors in S with a common characterp [n, then

A o

— T Fp)

Here a = b means that % - 1§< [(for some 0< [k 1 anda [h ¥ 10 means

@) > N for someN [N. Recall that two elementsy,z in S are said to have
the same distribution if there are two strictly increasing sequence$n,}, {my} of
natural nuabogrs and two swmce@ak} {bx} such that |ax| = |bk| for all k [N,
andy = |, a&en,, Z = 1 bkém,. Two subspaces/,U are said to have the
same distribution if there is an |sometry fromV onto U such that for anyv [Vlv
and T (v) have the same dIStrIbuiL_%'D:I

Forany n [N, let u, = @ «—1 Bk. It is easy to see that for anyE; < E, <

< Ek,

| S (n)

. S ()
Hence for anyn [N, [} 2 1 and if u, has characterp, then f(p) = f(n). We
will show that for any [3 0, there is a rapidly increasing sequence;fiL, such that
for any n [N, there is a nite sequence \j)j-; in S such that

= the support of v;'s are pairwise disjoint;

= vj and up; have the same distribution;
e H o

From that fact, it will be easy (see Theorem 6) to show that the anssr to Question
1 is a rmative.




E. Odell and Th. Schlumprecht constructed a space which has ter [4
spreading model for any 1< p < oo nor cp-spreading model [13]. For background
information about spreading models see [2].

A Banach spaceX is called minimal (a notion de ned by H.P. Rosenthal) if
every in nite dimensional subspace ofX contains a further subspace isomorphic
to X and X is called complementably minimal (de ned by A. Pelczynski) if every
in nite dimensional subspace ofX contains a subspace which is isomorphic tX
and complemented inX. X is called prime [12] if every complemented in nite
dimensional subspace oK is isomorphic toX. A. Pelczynski proved thatly]1<p <
oo and ¢y are prime, while J. Lindenstrauss showed thafd is prime (see e.g. [12])
and for a long time these were the only known examples. Receny.T. Gowers and
B. Maurey [11] constructed more prime spaces for which all colemented in nite
dimensional subspaces are of nite codimension. In [16], Th. $agmprecht showed
S is complementably minimal. As it was remarked in [16], the spacS is either
prime or fails the Schroeder-Bernstein property (see [6], ]9]Recall that a Banach
spaceX is injective if for any Banach space’ containing X as a subspace, there is
a bounded linear projection fromY onto X. It is known that [J is injective. It is
natural to ask the following two questions.

Question 2. For any sequence (ng) of mﬁlnum@s, does S contain a comple-
mented subspace which is isomorphic to | 2, [T7H .?

LI ] 1
Question 3. If the answer of Question 2 is yes, is k=1 LI ¢ isomorphic to S?

A positive answer to Question 2 easily follows from our construcin of [J and a
theorem of Th. Schlumprecht (see Lemma 2 below). A negative wmer to Question
3 would have shown thatS is not prime. Unfortunately, in this article, we will
show that its answer is positive. Hence, the question wheth&ris prime or not is
still open. However, our result shows thatg is not the only subsymmetric spaceX
which has the property that it is isomorphic to theX-sum of nite dimensional [}
spaces for arbitrary sequence of integeray).

Recall trtal_{'jlnon-zero vectorx is said to be an[]l-average with constant
Cif 25+ ;X for some sequencg; < --- < X, of nonzero elements 0§ such

that DGCZ Cn~? for all i < n.
We need the following lemmas.

Lemma 1. (Lemma 4 [10])Let M, N and C = 1, let x be an [ -vector
with constant C, and let E; < --- < E\ be a sequence of intervals. Then

| —
[Eyx [ C(1 +2M/N) XI]

j=1



Lemma 2. (Theorem 3 [16]) For any g > 0 with k;=; 1 & = 1, there exists
a constant C > 1 such that for any normalized block basis (yx) of (ex) with the
following properties: there is a sequence ry 1 oo in N so that for all k [N,

(2 SUp  r=r, i—1 [Ek(Y) (= 1+ g,
Ei<Esx<-<Er 101
(3) card(suppyy) <& -f ¥,

we have that (yx) is C-equivalent to (ey).

Theorem 3. For any % > [+ 0, there is a rapidly increasing sequencgy} of
natural numbers such that for anyn there existn disjointly supported elementsy;,
1=j =<n, such that for any k < n, v, and u,,_ have the same distribution, and

==

i=k

Proof. Let (p;)j2, and (4;)j2, be two sequences of natural numbers which satisfy
the following conditions.

1. (o) = 20/ Cand po = 1.

2. If g; is de ned, then pj.; = qu?"z.

3. Suppose thatp; is de ned. By Lemma 1, there isg; such that if X is an
[ -vector with constant 1 + [then

1
[Eix =& (1+ DY1 + 2p/g;) XI= (1 + 2 [IXI]
i=1
Pj

foranypSpJIEJj andE; <E,; <. - <E,.

2
Let {Wm;m,,..m; 1] =nandm; = qiq'_‘ll for all i < j} be any sequence dfl such

that

Wml,mz,-" ,Mj < Wl’l,rz,-" |

if one of the following conditions holds.
e for somei <= max{j, [}l ms = rs for all s <iand m; <r;j;

e < [andmg=rgforall s<j.



Finally, let

f l | | lI 1
Vj (pj erl
pj i1=1lix=1 ij=1
We claim that for any k < n and any interval E either E(vx) = 0 or
H
V.

,ij "

(4) g (1+ 8 + P2 [E(v,) [

j=k
Clearly, (4) implies our theorem and it holds ifk = n. Assume that (4) holds for all
k=m > 1. We will show that (4) also holds fork = m — 1. We note that:

1. there is a vectory,, such that

(a) %E f(pm lqm 1) 1+[74 .,

qm 1 Pm—1
Pm—1F(Opn_7")
(b) Vi, is the sum ofpy,—; successive vectors which have the same distribution
as ym.
2. E(Vm—y) = HPm-2) ; L efor somej and < i< -+ < []

We shall use induction (onj above) to prove (4). First, we summarize some facts
that we shall use in our proof.
Fact 1. If E(vm—1) = 0, then by induction hypothesis, we have

V_
B R Do 1 s

pml

If [E(Vm_y) (3 M then
E |§ 1+ DIE(Vy) X 21+ DIyh [

Fact 2. We claim that [E(vm-1) (3 == implies that

%Dﬂg f(pm 1) - B

pml

k=m—1
Foranyr =2, andE1<E2
1 A I:I@%
[E] -
f(n ., e
1 I?{pm 1)+4+ :E EI‘:.“;|
F(r) Pm—1 E.oE(vm 1)=0 =m—
1 Hlon-n) +4 480 ] Fpny)
f(r) Pm-1 Pm-1 Pm-1
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Therefore,

ED Vi g ED Vi @: %= [E(Vi—1) L
k=m—1 k=m—1 -

Fact 3. Suppose thatlEl(vym—1) [ Tm=2) it is known that for any r = qf'];“ Uy

is an @T*l-vector with const@él + IZthis implies that E(vy,) is an [il]? t-vector

with constant 1 + IZ]Z and E is an [ﬁ -vector with constant 1 + [
thﬂ E

Fact 4. If K=rm—1 K=rm— 1vk then (4) holds. So we
assume that there argg =2 andE; <E,; <--- <E, such that
%Ddg 11 Elnj%
_ :E o E Vk
o)

We claim that either E; o E(Vm—1) 510 for all i <p or [E} o E(vm-1) [ T8m=2) for
all i <p.
First, we note that by the proof of Fact 2, ifEj e E(Vin—1) = E(Vm—1) E0, then

1 D@@ E D@g
o E Vk 4 E Vk
k=m-—1 k=m-—1

a contradiction. HencelE} ¢ E(vy—1) [ [El(vi—1) CTbr all i < p. Suppose that our
claim were not true. Without loss of generality we assume thdg; e E(vm—1) =0
and [Eb o E (Vm_1) f(p’" D Let Ey; < Eyp < -+ < Eyp, be a successive sequence

of subintervals of E» such that
@ I:Id% 1 D@%
bi o E V
f(pz) L

Let [be the smallest number such tha€; - E(vnh—1) 0 and E; = [F’JQElEZJ.
The proof of Fact 2 shows that

Tlp)‘il :Elkzlm 1Vk
m%@ED QE; - %
k=m-—1

i1 [ 1
+ E] - E Vi

|
il

Jrrli |||

i'rﬁ|||

a contradiction.



Fact 5. For any kK < pm_1, ™= lq’“ll D < f(ﬁr(“kgl). Therefore, if E(Vm—1) £ 0,
f(kqmml )
then 1

m—1

I:EI(Vm) [ I:EI(Vm—l) [H % [ I:EI(Vm—l) [H

Fact 2 shows that (4) holds whenj = 1. So we may assume thaj > 1. The
proof consists of four cases.
Case 1. I<p<]j. By Fact 4, for all i < p,

JT(Pm-1)
Ei - E(Vvm—1) EIO and o E(Vp—1) L& ————=.
(Vm-1) [E} © E(Vim-1) om_1()

Using the induction hypothesis, we have

g — | I:Idg
T];J) El - E Vi
i=1 =m—1

1+ M+ pm+t 1
f [E} o E(Vm-1) [
®»

< (1+ %+ 2" E(vy,—1) [

Case 2. j = p = qo. By Fact 4, for any i p either Ej e E(Vm—1) = 0 or
Ei o E(Vm—1) = “E2=Ue; Note that 2p < 2go < 782 < T, Hence,

T E d%
[E(Vim—1) CH :E Ij%

EicE(Vm—-1)=0
2p

m—1

= (1+ HA)E(m-1)L]
1

k=m

IA

IA

I:E](Vm—l) L4

Pm—1
Case3.qo<p=< pfnm_‘f . By Fact 3, E(
1+ [Therefore,

Vk) is an [iif‘l-vector with constant



e W

f(IO)
= f()E°E(Vm 1)E f()E g
i=1
= I:E(Vm—l)E(l"' DJ W °E(Vm)g
i=1

< [Evy )3 (1+2[Iq1fwz )EﬂE(vm)El

1 2 1 P

1+ ) [(E(Vm—-1) C=£ (1 + [ZA) [E(Vim—1) L]

Pm—1

Case 4.pym;t < p. In this case, we havelE(Vy—_1) A (p) < Ton-tl=d,

e

- TP k=m1
= A = R = qj%
0] _, T(D)
< Dbl ?+l:| = Ij———klg E(Vm)g
4m+2 4 2m+2 _, T(p)
1
Mz, —; [ EI
= Ij_m+12 + lIEIZ om+2 [E(vm) [
1] ]
< 1+ 21+ Sl (E(vm—1) L
The proof is complete. 1

Remark 4. The above Theorem was first proved by the second author and inde-
pendently by the first author with techniques which were later used in [1] for some
asymptotic [;Ispaces. Recently A. Manoussakis has the same result for more general
class of spaces, containing S.

Remark 5. Let v;’s be the vectors in the proof of Theorem 3. We have proved that
for any m < n and x Cspar{vy,---,Vnh}, X IS an [ilr‘l-vector with constant 1 + []

By Lemma 1, for any N,r,m [N and [3> O, there exists an m dimensional
space V such that

e N <V and V is 1+ [Céquivalent to [™;

e Forany x [[Vland any E; < E; <--- <E,, we have

1
[Eix = (1+ DIXI]

i=1



Theorem 6. S has an [1ispreading model.

Proof. By Theorem 3, there exists a successive sequedgg} in the unit ball of S
such that for anyk, there existk disjointly supported elements{v; -} < k} so that
for eachj <k, vij, U, /2 have the same distribution andyx = ;_; vkj. Hence, if
N <n;<n;<---<n;, then

?M = Q:'VWN = if(ew)
i=1

i 2f(jpn)

So{yk : k NI} generates an;ispreading model. 1

In the sequel we shall use a variant of the re nement of Johnson'sgument for
a space with a subsymmetric basis ([5], Proposition 6.3). We shalbwk with nite
dimensional decompositions instead of block-vectors. Fix a seqee (k) of natural
numbers. Represent ank in the form k = 27(2j — 1). Let m¢ = n;, i.e. we repeat
eachn; in nitely many times. In the following, X, Y andV denote the spaces

Lg— [ Lg— 1] I

X = oyt , VY= | , V= Ty .
k=1 S k=1 S k=1 S
Then
L¢#—1 [
Y = Tt
k=1 s
L¢—— 1 L1
vV o= I .
k=1 s
So we have

V=Y [Vl andY =S [X]

Proposition 7. There exists a complemented subspace U of S which is 2C-isomorphic
toY.

Proof. By Theorem 3 and Remark 5, we can construct a sequenag)(of natural
numbers and a successive sequendg)(of nite dimensional subspaces of which
satisfy the following conditions.

1. For any k [N, Vi is a subspace o§ which is (1 + €) isomorphic to [[T%.
2. Vi <Vo<::--,



3. For anyk [N, p < ry—; and normalized vectory, [V,

1
sup (E(yi) [ 1+ &
r<rkg—1 i=1
Ei<Es<--<Er
4. for anyy, [V, 1

card(suppyk) <& - f §k

Let U @ﬁe space generated byZ] V. By (3), (4) and Lemma 2, for anyy, [V}
with 2, yx [S] we have

s B B

HenceU is isomorphic toY . Now, let F¢ be the smallest interval ofN which contains
the support of V. SinceV is 2-equivalent to [} and [ is an injective space, there
is a projection Py from Fi(S) onto Vi such that [PIC< 2. Dene P :S - U by

1
P(x)= Pk (Fk(X))-
k=1
Since
% Pk (Fk(x)) % C % [Pk(Fk(x)) [ed % 2C X,
k=1 k=1
P is a bounded projection fromS onto U. 1

Proposition 8. The space Y is isomorphic to S.

Proof. We use Pelczynski's decomposition technique (see [12] or [HY. Porposition
7, we may assume thav andY are complemented subspaces 8f Let W be the
space such that

S=V

Then
Y [SEY [WVILW=V [W=S.

Evidently, S = S [S1 Therefore,
Y =S [XI=S [SILXI=S [YI=S.

The proof is complete. 1

Let (xx) be a sequence of successive vectorsSrsuch that for eachn [N, X,
has the same distribution au,, for somen, [N Let Y; be the space spanned by
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{Xk : k [NI}. It is known that Y; is a complemented subspace &f ([12], Theorem
3.a.4) andY; [Sk= S ([5], Proposition 6.3). SinceS is complementably minimal,
the proof of Proposition 8 shows thaty; = S. It is also known that if (xk)y=, IS a
sequence of successive vectors such that for & n, X, has the same distribution
asuUpn, then (Xg)p=, is 1+ %-equivalent the unit vector basis oflland for eachx in
the span of{xy : k = n}, x is an [{l-vector with constant 1 + % By the proof of

Proposition 7, we have the following.

Proposition 9. Schlumprecht space S is isomorphic to ( I%;’If)s for any sequence
k

of integers (ny).

A Banach space with an unconditional basis is said to haveuaique unconditional
basis if any two normalized unconditional bases are equivalent aft a permutation,
see [5] and for recent results see [7]. It was remarked in [7] thhe example of
Gowers in [8] has a unique unconditional basis. Proposition 8r(&roposition 9)
implies that S has no unique unconditional basis. This also immediately fols
if one uses thatS is complementably minimal and combines Proposition 6.3 and
Proposition 6.4 [5].

Clearly, we hav&!ailduality that forlﬂlsequencerﬁ() of natural numbers, S™
is isomorphic to ( .-, [IfM)scand (.-, [IT)sca P. Casazza pointed out the
following immediate consequence of our observations (in factot using their full
generality). Recall that the same property for the classical spas [Ifor p > 2,
1<p<2andp=1was shown in [14], [3] and [4] respectively.

Corollary 10. Schlumprecht space S (resp. its dual S5 has a subspace isomorphic
to the whole space and not complemented in S (resp. SH!

Remark 11. Since S is complementably minimal, most of the above results are
valid hereditarily, i.e. in every subspace of S.

Remark 11. Let Z be a complemented subspace of S which has a subsymmetric
basis. Since Z is isomorhic to its square, then by the decomposition technique we
have that Z is isomorphic to S.

We do not know the answer to the following question:

Question 4. Does S have a unique subsymmetric basis?
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