IMPROVED HARDY-SOBOLEV INEQUALITIES
A. BALINSKY, W. D. EVANS, D. HUNDERTMARK, AND R. T. LEWIS

ABSTRACT. The main result includes features of a Hardy-type in-
equality and an inequality of either Sobolev or Gagliardo-Nirenberg
type. It is inspired by the method of proof of a recent improved
Sobolev inequality derived by M. Ledoux which brings out the
connection between Sobolev embeddings and heat kernel bounds.
Here Ledoux’s technique is applied to the operator L := x -V and
the analysis requires the determination of the operator semigroup
{e~tE"LY,  and its properties.

1. INTRODUCTION

The best possible constant in Hardy’s inequality

/Rn IV fPdx > C(n,p) / OO o (1.1)

[x[?

is C'(n,p) = {(n — p)/p}? and so the inequality only yields non-trivial
information when n # p. In Theorem 1 below, we prove that the related
inequality

|l wiseorax = wppy [ 1rorax 02

is satisfied for all values of n, including n = p, and this implies Hardy’s
inequality for 1 < p < n. The case n = p has a special significance also
for the Sobolev inequality

1fllza@gny < C' (0, DIV fllo@ny, ¢=p" =np/(n—p), 1 <p<n;
(1.3)
when n = p, (1.3) does not hold for ¢ = co. In [2], [3] and [7], the
following improvement of the Sobolev inequality is derived: for 1 <
P <q<x,

1—
1 llzogeny < DIV st 11 o (1.4)

the space BZ% % is a Besov space defined in terms of the heat semi-

group e'® (c.f.[10], Section 2.5.2). This includes, in particular, the
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Sobolev and Gagliardo-Nirenberg inequalities, and also has important
features not possessed by (1.3); see [2], [3] and [7] for details.

This paper has two objectives: first to determine the semigroup
e "L where L = x -V in L?(R"), and then to use this to derive
an improved version of (1.2) which is analogous to (1.4). A corollary
of our main theorem in the case p = 2 is the inequality:

n2 1/n
P F O ey < € (N Bany = 1Mo
1-1/n
< IF 1) (1.5)

where 2* = 2n/(n—2),du(r) = r"~'dr,C is a positive constant depend-
ing only on n and, in polar co-ordinates x = rw, F'(r) is the integral
mean of f over the unit sphere S"~!, that is,

1

T o

flrw)dw.

This has a number of consequences. One is a Hardy-Sobolev type
inequality (Corollary 5) which is that if f, Vf € L*(R"),n > 3, then,

(n—2)*
1

1/n
IFe @y < C {vaH%?(Rn) - /1 |H%Q(R")}

(1-1/n
R
which yields, for any § € [0, (n — 2)?/4),
(n—2)? -
< O = 875 { IV ey = OlF/ - ey }
(1.6)
Since || F || g2+ a0y < 1S"7H Y2 || f]] L2 gy, by Holder’s inequality, (1.6)
is implied by Stubbe’s result in [9], Theorem 1, namely

HFH%T‘ (Rt;du)

(n — 2)? (1)
115 gy < K () = 0] IV fIIZ2 ey 5||| | 12 ey
(1.7)
with optimal constant

K(n) = [rn(n = 2)] 7 (D(n)/T(n/2))" [(n = 2)?/4]" /" (1.8)

We also establish the following local Hardy-Sobolev type inequalities
(see Corollaries 6 and 7): if f is supported in the annulus A(1/R, R) :=
{xeR":1/R < |x| < R} then

7 )2 gy < 0 RO LRy = (02 /)| ey
(1.9)
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2
LQ(R”)} )

(1.10)
The inequality (1.10) is reminiscent of the case s = 1 of (2.6) in [6]
(proved in section 6.4); this is also proved in [1]. To be specific, it is
that if f € C5°(2) and 2 < ¢ < 2%,
f2
L2(Rn)} ’

-l (1.11)
where |Q2| denotes the volume of Q. It is noted in [6], Remark 2.4, that,
in contrast to (1.10), the ¢ in (1.11) must be strictly less than the
critical Sobolev exponent 2* = 2n/(n — 2) if € includes the origin.

The authors are grateful to Rupert Frank, Elliot Lieb and Robert
Seiringer for some valuable comments.

O n—212) f
||F||%2*(R+;du) < C(IHR)Q( v/ {vaH%Q(Rn) B [ 2 ] Hm‘

n—2]2
2

1 Bogeny < CIOPY L9 g - |

2. THE HARDY-TYPE INEQUALITY (1.2)
Theorem 1. Letn > 1 and 1 < p < co. Then for all f € Cg°(R"™)
n p
|(x- V) f]Pdx > (—) | f|Pdx. (2.1)
R" p R

Proof. For any differentiable function V' : R® — R"™ we have

/ndivV|f|pdx - Re/n(V-Vf)|f|p_27dx

1/p (p=1)/p
< p( \V-Vflde> ( / !f!de)
Rn Rn

< gP V- VfPPdx+ (p — 1)5_p/(p_1) |f|Pdx
R" Rn
(2.2)

for any ¢ > 0. Now choose V(x) = x to get

[(x- V) flPdx > K(n,e) [ |f[Pdx
R" R®
where
K(n,e) =eP{n—(p—1)e?/ Dy

This takes its maximum value (n/p)? when e?/(°~1) = p/n. This proves
the theorem. O

Remark 1. The inequality (2.1) implies (1.1) for 1 < p < n. For we

have from
X

V(x[f) = Zf+ XV

]



4 A. BALINSKY, W. D. EVANS, D. HUNDERTMARK, AND R. T. LEWIS

that

IV ([ )] 2o @) IV il zr@ny = ([ f 1] o)

1Ge- V) fllwny = | fllocen)

n—p
fllzr®e
( - )u e

whence (1.1) on replacing f(x) by f(x)/]x].

AVARLY,

v

3. CALCULATION OF THE SEMIGROUP e tL'L

Theorem 2. Let L = x-V,x = rw,r = |x|. Then the semigroup

e ML s given by

(e ) (x) = € 2 h e’“m?xins)g s (sw) s" s (3.1)
Vit 0

Proof. Before embarking on the proof, some preliminary remarks and

results might be helpful. The gist of the proof is that after a change

of co-ordinates, L*L is seen to be related to the Laplacian in R, and

this then yields the result. The co-ordinate change is determined by

the map @ : L*(R™) — L*(R x S"!) defined by

(PY)(5,w) = e *p(e’w) (3.2)
for w € S*! and s € R. Note that we equip R x S* ! with the
usual one dimensional Lebesgue measure on R and the usual surface

measure on S*"!. Thus ® preserves the L? norm. The inverse of ®
satisfies @' : L2(R x S"7!) — L*(R"™) and is given by

(@ 1) (x) = r*”/ng(ln r,w). (3.3)

—tn?/4

The dilations U(t) : L*(R") — L*(R™) given by
U(t)(x) := e (etx) (3.4)

form a group of unitary operators with generator U(t) = ¢4 where A
is given by

iAw:QU(t)w:(X'V—FE)w:l(X'V"i‘V'X)w.

ot 2 2
Thus 1
n , n
A—;(X~V—l—§) ——zL—zg. (3.5)
and so n
L=1iA——,
2

where A is the self-adjoint generator of dilations in L?*(R™). In partic-

ular,
2
n n n
L'L = (—iA— =)(iA— =) = A2 + —. .
(—id=3)(A - 3) + (3.6)
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Since
() (s, w) = (U(s)v)(w) (3.7)
for w € S*! and s € R, it follows from the group property of the
dilations U(-) that

(@UB)Y))(s,w) = (U(s)(U(t)9))(w) = (U(s+)¢)(w) = (P)(s+1,w).

In particular, in the new co-ordinates given by ®, the dilations U(t)
act simply as shifts by ¢ and should be diagonalizable with the help of
a Fourier transform! We now proceed to confirm this prediction.

Define M : L?*(R") — L*(R x S™!) by

(M) (r,0) = V% /R e (@) (5, w) ds, (3.8)
so that M = F o @, where F is the Fourier transform on R. Then
(MU (t)Y)(T,w) = \/% / e 5T(DY) (s +t,w)ds
it
\/%
The map M = F o ® is the Mellin transformation and has an explicit

representation using the group structure of R* under multiplication:
it is the Fourier transform on this group.

e 5T(DY)(s,w) ds = e (My)(1,w). (3.9)

The next step is to show that
(MAY)(7,w) = 7(M)(7,w). (3.10)

for 1 in the domain D(A): it follows that ¢» € D(A) if and only if
(r,w) — 7(My)(r,w) € L*(R x S"1). To see (3.10) we note that
iAe™ = 9,U(t) and so, from (3.9)

(MiAe™*y)(r,w) = (MU (t)¢)(r,w) = (MU (t)$)(r,w)
= 0, (M) (1,w) = iTe (M) (1,w).

Setting t = 0 yields (3.10).

We are now in a position to complete the proof of the theorem. We
have e 'L"E = ¢=n*/4e=14* and by (3.8)

(Me™9)(7,w) = e (MY)(7,0). (3.11)
So
et = MTe M.

Since M = F o @, we see that

e = o F (e Fod). (3.12)
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Of course,

FH e M) (A w ):.7-"‘1( T Fod) (A w)
// T IS (D)) (5, w)disdr

27 (/Re”%”()‘ STdT) (DY) (s,w)ds

The integral in big parentheses is a Gaussian integral which gives

T T (A—s)?
e tre+i(A s)TdT — Ze Fra
R t

Thus
P a0 = i [ @0 s = )
and, with x = rw,
(7P (rw) = (1) (rw)
=r "o (Inr,w)
! pn/? [ = (DY) (s,w) ds.

N VAart R

Since (®y)(s,w) = e*?*(e*w), we get from the change of variables
z =e€°,

(7 ) (rw) =

\/1_ rn/2 Re o e (DY) (s, w) ds

_ (Inr—Inz)* lnz)2 n

\/E / 22 ) (2w)dz.
So
(e ) (rw) = e e ) (rw)
Ve w2 [T Gurns? a
=T e e i z2 o p(zw)dz
7r 0

1 2 -

—n/2 _—tn*/4 - —n n—1

= ——r "¢ e 1z 29(zw) 2" dz
Viart /0

which is (3.1).

Once it is realised that A is simply multiplication by 7 in the sense
of (3.10), it is clear that A is the momentum operator on R, that is,
PADP~! is given by

PAP ™ = —id, @ 1gn1 (3.13)
On using this and the functional calculus we get

2

2
SLLO! = (DAD )2 4 Z :—8§®1Sn,1+%. (3.14)
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2
Thus, L*L = —@_1(93 ® Lgn-1® + %~ and
* 2 —192 2 2
e—tL L — e—tn /46—?5{) 85®15n_1<1> — e—tn /4@—1e—t85®15n_1q) (315)

which is a convenient way of expressing (3.1). O

On substituting (3.2) and (3.3) and making an obvious change of
variables, we obtain from (3.1) the following representation for e 4",

Corollary 1. Let P, denote e ***. Then

PO p(r,w) \/_/ (r — 8)*}o(sw)ds. (3.16)

4. THE MAIN INEQUALITY

We shall denote the integral mean of a function f on S"7!, by
M(f)(r) and when there is no danger of ambiguity, use the corre-
sponding capital letter; thus

F(r)= M(f)(r) = [s"1™ frw)dw

S§n—1
We have from (3.12)

—tL* _tn2 _+A2
p—tL L p—tn?/d,—tA

et = o lo F (e Fod). (4.1)

Therefore,

Ole fl(r,w) = F (e Fod)(F TG F) (7, w)d7

vl
(4.2)

in which g := F(g). However, the representation we use in our analysis
is that given by (3.16), with now ®f = g,

PO g(r,w) (r — 5)*}g(sw)ds,

\/_

where P, := e~ t4%,
Define B“ to be the space of all tempered distributions g on R x S*~!

for which the norm
||g||Ba = Stu](;)){t_a/2||®€_tA2q)_1|G|||Loo(R)} < 0. (43)
>
Theorem 3. Let 1 < p < q < oo and suppose that g is such that
PAD g = —i(0/0r)g € LP(RxS" ) and g € BY~Y 0 =p/q. Then

there exists a positive constant C, depending on p and q such that

1GllLoz) < CNIB/07)gll T @sn—1) 191l o0 (4.4)
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Remark 2. An intermediate result in the proof is
1G] pacomy < 27702184 (0/0r) 9| 2o ) 19| oo

where LT (R) is the weak-L? space with norm

1/q
||G||Lq,00(]R) = {Su%[uq/\qu Z U)]} s
u>
where N\(|G| > u) denotes the Lebesgue measure of the set {r € R :
|G(r)| = u}.

Remark 3. Note that the supposition in the theorem implies that f =
d~lg € D(A), the domain of the operator A acting in L*(R™).

To prove the theorem we first need some preliminary results on P, :=

_ 1+ A2
e~ tA”

Lemma 1. For allt >0

2P G| =r) < Ct V|Gl o). (4.5)
where C < (4m) =120 (p/) 112,
Proof. From (3.16) we have by Holder’s inequality that

/ ﬁ 1/p
2P G(r)| \/i% ( /R ez<rs>2d5> ( /R ]G(s)|pds>

<
< CEVP||G| owy (4.6)
with the indicated constant. O

Lemma 2. For allt >0
IPAR®™ Gl o) < () ?|1 Gl o)
and similarly
@AD" gl orxsn-1) < (1) 72(|g|| Lo (mxsn—1)
Proof. From (3.16) we have

S—?“

dii [dPDIG(r)) = \/H/ exp (—4%[8 - 7"]2) G(s)ds

and hence by Young’s inequality for convolutions (see [5], Theorem
V.1.2)

”i {OP®'G(r)} ||Lr(w)

{ v A (——Z)M}mew

= (7t) 2G| Lo wy
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The lemma follows since

L oH) = ng+LH
= iGAH. (4.7)

g

We are now ready to prove our Theorem 3. Note that the assertion
PADP g = —i(0/Ir)g follows from (4.7)(see also (3.13)). Our proof is
inspired by that of Theorem 1 in [7].

Proof. Step 1
By homogeneity we may assume that ||g|| gose-1) < 1, so that for all
reRandt>0

(I)eftAQ(I)fl‘G(T” < t9/2(071).
For all u > 0 define t, := u2@~Y/? 50 that
e 071G (r)| < u. (4.8)

Let )\ denote Lebesgue measure on R. With P, := e~ t4°,

wIN(|G| > 2u) < wIN|G(r) — PP, ® 'G(r)| > u)
< / G(r) — ®P,,&G(r)Pdr
p
= u'? | | —— [g(rw) — ®P,, & 'g(rw)]dw| dr
Sn 1| g1
p 1
< ylP R 1’Hg SN ] (4.9)

Since f := ®~!g is assumed to lie in D(A), the domain of A, we have

ORf=ARf  Rf=]

and consequently

(Pf — £)(t) = / AP, fds.

0
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Set k := ®7'h where h € C{°(R x S™7!). Then k € C°(R™ \ {0}) and
hence lies in D(A). We therefore have with x = (rw)

/]R . h(rw)(®P,d g — ¢)(rw)drdw = / kE(x) (Pf(x) — f(x))dx

_ /O t / KGO ARP,f(x)dxds

= [ [ armean e
_ / t /R ARO[ AB g ()

t
< H(I)A(I)IQHLP(RXg"—l)/O ||(I)APS(I)ithLP'(RXS"—l)dS

1.1 _
< 21732 |PAD gl o mucsn ) 1Al Lo g1

by Lemma 2. Since C$°(R x S"71) is dense in L' (R x S*~!) we obtain
the pseudo-Poincaré inequality (see [8])

— _1.1 —
H‘I)Ptq) lg—gHLp(]RXSn—l) <27 2t2H(I)A(I) 1gHLp(RX5n—1). (4.10)
Thus, in (4.9),
wN(|G| 2 2u) < 2r Eut S T T [ @AD T g, g o

= 2p7r_§|S” N eAD™ gHLp RxSn—1) (4.11)
whence
|Gl pacoy < 277028 RAD™ g o irxgn-ry, (4.12)
where L9 denotes the weak L? norm.
Step 2

In this step we show that the L%* norm in (4.12) can be replaced by
the L7 norm if we assume that G € L(R). We may, and shall hereafter
in the proof, assume that our functions G are real-valued. Following
Ledoux in [7], we write

5 Gley = [ AIG] = 5 (1.13)
and for u > 0 define G, by
G,=(G-—uw)"A((c—1Du)+ (G+u)” V(=(c—1)u) (4.14)
where ¢ > 5, and A, V denote the minimum and maximum respectively.
It follows that for u < |G| < cu
d d
2G = 4.1
eru er (4.15)
and is zero otherwise. Also,

|G| > bu = |G,| > 4u (4.16)
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and hence
/ AM|G| > bu)du? < / M| Gul > 4u)du. (4.17)
0 0

We continue to assume that ||g|| go/e-1 < 1 and have ¢, = u?0=1/% § =

p/q. We have

|G| |G, — ®P,, G| + |®P, 7 [G, — G| + |®P, o7 'C]

<
< |G,—®P, 0 'G,| + PP, oG, — G| +u (4.18)
since |PP;, ®7'G| < ®P,, 7G| < u. Thus |G,| > 4u implies that

|G, — ®P, @ 'G,| + PP, G, — G| > 3u. (4.19)

This in turn implies that the set {r : |G,| > 4u} is contained in {r :
|G, —®P, ®'G,| > u} J{r: R, &G, — G| > 2u}. It follows that

/ MGy = 4u)du? < / M|Gy — ®P, 7G| > u)du?
0 0

+ / MNPP, @Gy — G| > 2u)du’.
0
(4.20)

From the pseudo-Poincaré inequality (4.10) we have, with C' = 2771/2,
|Gy — @5, @7 Gyl oy < CH2|@AP TG || Lo () (4.21)

and hence, on using (4.7), (4.15) and (4.21), and recalling that ¢, =
w20-D/0 5o that u =P/ = uq,

M|Gy — ®P, 7G| > u) < u—p/ |G, — ®P, &G, [Pdr
0

IA

CuP 2| @APT' [}z

o d
Cu qHEGUHIZP(R)

d
= Cuq/ |—G|Pdr
u<|G|<cu dr

= Cu? / |DADG|Pdr.
u<|G|<cu

(4.22)
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Hence
/ MG — BB, &' G| > u)duc
0
SC’/ {uq/ |<I>A<I>1G]pdr}duq
0 u<|G|<cu
G|
= C'/ |DADTIG(r)|P / u”du? » dr
R IG/e
= Cqlnc||PADT'G[, g
1
< Cq lnc’Sn y ||(8/8r)g||Lp RxSn—1) (4.23)
by (4.7).

Next we consider A(® P, ®7'|G, — G| > 2u). First, we claim that
P, 07 Gy — G| < ut P, 27 G X612 e (4.24)

where y; denotes the characteristic function of the set I. We have from
(4.14)

Hence, from (3.16),

P0Gy~ Gl < e /e N 4t (r— 8))ds
1
+—_4 - /exp{——(r—s) HG = Gulx(iaisends
\/47rt {__ (r—5)*}G — GulX{G|>eu}ds.

(4.26)
For |G| > cu, we have from the construction of G, in (4.14) that
|G —Gu| < |G (4.27)

and hence on substituting in (4.26) we get

op, NG, — G| < / - — G cnd
L P | < \/H p{ (r — $)*HG|x( 61> curds
= u+®P, & |G\X{IG\2cu}v (4.28)
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as claimed in (4.24). This gives

/ MN®P, @G, — G| > 2u)du?
0

< / A(@Ptuéfl‘G|X{‘G|Zcu} > u)duq
0

</ U (/ SR, O ’G|X{|G|>Cu}dr> du?

1 du?
[T [ et - bl ar
/ / |GlIxta1zeuy dsdu
IGl/c
:q/ |G| / u??du | ds
0 0
= <q )Cq 1” H%Q(R) (429)
We have therefore shown that
57UG Lamy < Calncll(0/0r)glp@xsn1y + = )Cq —— Gl e

which on choosing ¢ large enough yields (4.4) under the additional
assumption G € LI(R).

Step 3

The final step is to remove the assumption G € L4(R) in Step 2. We
again follow Ledoux’s approach and define

1/e
N.(G) = / AM|G| > bu)d(u?) < oo.

From (4.17), (4.20), (4.23) and (4.29) it is seen that

1/e 1
NAG) < Catnel 0/0r )l gyt [ ([ 16NG00A) dlun)

(4.30)
We shall use the fact that

/|G|X{|G>cu}d)\= —/ ad\(a) (4.31)

where
AMa) == Mz |G(z)] > a}.
On integration by parts, we have for all A > cu, that

e = @i+ [ @i

U U
[e.9]

< cu)\(cu)+/ Aa)da

cu
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and hence
o0

/|G|X{|G’>cu}d/\ < cu(cu) —1—/ AMa)da (4.32)

cu

From this we infer that

I = /:/6% (/IGIX{|f|>cu}dA) d(u?)
c / Y N ewd(u) + / ” ( /OO A(a)da) qui~2du

= c/l/6 Acu)d(u?) + I (4.33)

IA

say. We now apply Fubini’s Theorem to I;.

c/e afc
L = / )\(a)da/ qui?du
CYO—OCE U—f/a
+ / )\(a)da/ qut?du
a=c/e u=¢
1/e

o R

o)

1/e
cq 1 cq 1 /
—_— t MNet)dt + —— Aet)dt
<q_1)[ Dt + e ), N

c /e , cq 1 -
- 1)/5 Aet)d(t?) + TEDEE /1/s Act)dt. (4.34)

It follows from (4.33) and (4.34) that

IN

c 1/e c 00
I< (q—ql)/ Aet)d(t?) + (q—ql)gql—lfl A(ct)dt. (4.35)

On setting t = (¢/5)u, e = (5/c)é we have

" 1/e q
e / Met)d(t?) = ﬁ%z\fg(c:)
q o

IN

TErERAS (4.36)

since & > . We also have in (4.35)

/100 AM|G| > cu)du = /IOO(CU)‘I)\GG\ > cu)(cu)du

/e €

1 (o]
< GGl [
ct ’ 1/e
gi~1 ‘
= mHGHLqm(R)
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and so

D —— < —J||@ 4.37
(g —1)er! /1/e MG > ew)du < (g —1)2ca! 1Oz (4:37)

We therefore have from (4.30)
q o

N.(G) < thlC||(a/87’)g”ip(RX§n,1) + HFNE<G)
q
+ WHG“LQOO (4.38)
On choosing ¢ large enough it follows that sup.., N:(G) < oo and so
G € L(R). The proof is therefore complete. 0

The theorem has two natural corollaries featuring the Hardy-type
inequality (2.1), the first an inequality of Sobolev type , and the second
of Gagliardo-Nirenberg type.

Corollary 2. Letp* :=np/(n—p),1 < p < n, and suppose g, (0/0r)g €
LP(R x S"™1). Then

n n—1)/n
1G] ) < CHO/OP) gl oty g sy (4.39)
If G is supported in [—A, A], then
|G|y < CATD[(8/0r) gl o csn—)- (4.40)

Proof. From Lemma 1

£=020-D 16 PG |z Ct—0/2(9—1)—1/2p”GHLP(R)
CllGlzrm)
C”QHLP(RxS”*l)
if 0 =p/q,q =p(p+1). Hence from Theorem 3

IGllssoen ) < CHO/ON GG 9N sy (441)
Thus G € LPPH)(R) N LP(R), and since

np _plp+1)  pn—p-1)
(n—p) (n—p) (n—p)

we have by Holder’s inequality,

1/(n—p) (n—p—1)/(n—p)
/ < (/ |G|p(p+1)d74) (/ |G|pdr)
R R R
1/(n—p) 1 (n—p—1)/(n—p)
(/ |G|p(p+1)d7“) (— |g|pdrdw) :
R 5™ Jrgn-1

Hence, from (4.41),
1 n n— 1 n
Gl @ < CIGIEET gl b

Lr(+1)(R) LP(RxSn—1)
C 1/n n—1)/n
H(a/ar)gl‘m RxS§n—1 HgHLP RxSn—1)

<
<

IA

IN

A\
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The inequality (4.40) follows on using Holder’s inequality to give
1G] Loy < Gl gy (24) /P =0/
and then substituting in
1/(p+1) (p+1)
1G] zowsn ) < IO/ gll oty |Gl
which is proved in the course of establishing (4.41). U

Corollary 3. Let 1 < p < g < oo,m = (q/p) — 1, and suppose that
(0/0r)g € LP(R x S"™1), g € L™(R x S"~1). Then

1—
1G | za@) < CI@/ M) gl sy 19N oty (4.42)
Proof. From Lemma 1, with § = p/q and m = ¢q/p — 1,
t—0/2(6—1)||cI)Pt(I)—1|G|HLOO(R) S Ct—0/2(0—1)—1/2m“GHLm(R)
< Cllgllpmmxsn—)
and this yields (4.42). O

The cases p = 2 of Corollaries 2 and 3 are of special interest.

Corollary 4. Let f be such that f,Lf € L*(R"), where L = x - V.
Then for n > 2,
2 2 n? e e
[ E'(r) || - Rty = C HLme(Rn) - _”fHL2(R")
(Rt ;dp) 4
xS (4.43)
where F' = M(f),2* =2n/(n —2) and du = r"'dr.

Proof. On using the facts that ® : L*(R") — L*(R x S"™!) is an isom-
etry and, with g := ®f,

1(0/0r)glT2@xsn-ry = IIPAPT gl musnr)
= HAfH%?(]R")
2
n
LSy = 1 Py

since A? = L*L — (n?/4) from (3.6), it follows from (4.39) that

n2 1/n
M@ ey < €I ey~ S

(1-1/n
xS Iy
The corollary follows since

HM((I)f)HLQ*(R) = H7”F<7")”L2*(R+;du)-
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Corollary 5. Let h,Vh € L*(R"),n > 3. Then there exists a positive
constant C' depending only on n such that

n—2 2 1/n
MO gy < CUTAR ey — () I/ W

1-1/n
< {0/ e} (4.44)
Hence, for any e > 0,
51_1/n||M(h)||%2*(R+;du) < C{IVAllZan
n — 2 2
- (=) =&/l [ 72grn) }- (4.45)
Proof. Since n > 3, we have that f := h/|-| € L*(R"). We claim that
Lf € L*(R"). For

2

X
V(xR = ‘mer x|V f

= /1P + (IXI[Vf])* + 2Re[f(x - V)]

and, on integration by parts, initially for f € C§°(R") and then by the
usual continuity argument,

Tox V) fix = Z [ T

_af
= —;/nf{f—l—mja—xj}dx

_ _/Rn [nlf2 + f(x - V)F} dx.

Rn

This gives
2Re/ [f(x-V)fjJdx = —n [ [f]?dx
n Rn
and hence

V(x| f)fdx = / (X|IVf)*dx—(n—1) [ |f|*dx
R™ n Rn

> Rn|Lf\2dx—(n—1) Rn|f]2dx (4.46)

which confirms our claim. On substituting (4.46) and f = h/|-| in
Corollary 4 we get

M7 @iy < C {IIVhlliz(Rn) +(n =D/ 2@y

R ) LY R S T B
which yields (4.44). The inequality (4.45) follows from
nle/(n — 1)) Vrab < o 4 b/ (0
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which is a consequence of Young’s inequality. Il

The inequality (4.45) is implied by Stubbe’s inequality (1.7). For on
setting 6 = (n — 2)?/4 — ¢ in (4.45) we have

(”;2> 5 {th||L2 gy =0l /-1 2y }-
(4.47)

M) L2 gy < C

Since

MR

(JR+ dp) = |gn L (R")

by Hoélder’s inequality, it follows that (4.47) is a consequence of (1.7).

Ifin (4.40) g = @ f, where f is supported in the annulus A(1/R, R) :=
{x € R* : 1/R < |x| < R}, then G is supported in the interval
[—In R,In R] and we have

Corollary 6. Let f in Corollary 4 be supported in the annulus A(1/R, R).
Then

M) 22 gy < Ol R)5 {||Lf||L2 ) 2||f||%z(m)}
(4.48)
On putting f = h/|-| in (4.48) we have as in the proof of Corollary 5
Corollary 7. Let h in Corollary 5 have support in the annulus A(1/R, R).
Then
MU g1,y < ClIn R) 5 {nwnia(m - “”‘%fynrhlnm)} .
(4.49)

Finally we have the following p = 2 case of Corollary 3.

Corollary 8. Let2 < g < oo and m = q/2 — 1. Then, if f is such that
foLf € LAR™) and [5. [Jou o |f(sw)|[™s™ 2 Ddsdw < oo, we have that
Jes 1f(sw)|4s" " dsdw < oo and

/ / | f(sw)|?s""dsdw < C {”LfH%Q(R") - —||f\|%2(uan)}
R+ Jsn-1 4

2
{/ / (sw)|™s™ dsdw}
R+ Jgn-1

(4.50)
Proof. Corollary 3 with p = 2 yields

n2 2/q
M@ < O I — 1 |

1-2
Y] [as
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Since
IM(P )| pagy = IS"7H7HIs™™ Fll Lagrxsn—1)
and
19 s = [ [ s Dasa
R+ S§n—1
the corollary follows. O
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