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ABSTRACT. We determine the leading low-energy fall-off of the integrated density of
states of a magnetic Schrödinger operator with repulsive Poissonian random potential in
case its single impurity potential has a slow anisotropic decay at infinity. This so-called
magnetic Lifshits tail is shown to coincide with the one of the corresponding classical
integrated density of states.

Dedicated to Leonid A. Pastur on the occasion of his65th birthday.

1. INTRODUCTION

Random one-particle Schrödinger operators with (constant) magnetic fields have been
attracting considerable attention in the physics as well as mathematics community. Phys-
ically speaking, each of these operators models a spinless quantum particle which moves
in the Euclidean configuration spaceR3 subject to a random potentialVω : R3 → R and
a constant magnetic field of strengthB > 0. In physical units where Planck’s constant
(divided by2π) as well as the mass and the charge of the particle are all equal one, the
corresponding Schrödinger operator is informally given by the differential expression

H(Vω) :=
1
2

3∑
j=1

(
i
∂

∂xj
+Aj

)2

+ Vω (1)

which acts on the Hilbert spaceL2(R3) of complex-valued square-integrable functions
onR3. Without loss of generality one may choose co-ordinatesx = (x1, x2, x3) ∈ R3 such
that the constant magnetic field is parallel to thex3-axis. On account of gauge equivalence
the vector potentialA : R3 → R

3 in (1) may therefore be fixed in the symmetric gauge
by A(x) := B

2 (−x2, x1, 0). In this paper the random potentialVω is supposed to be a
repulsive Poissonian one for which

Vω(x) :=
∑
j

U
(
x− pω(j)

)
≥ 0. (2)

Here for given realizationω ∈ Ω of the randomness, the pointpω(j) ∈ R3 stands for
the position of thejth impurity repelling the particle by a positive potentialU ≥ 0 which
neither depends onω nor on j. The impurities are distributed at a mean concentration
% > 0 according to Poisson’s law such that the probability of simultaneously finding
M1,M2, . . . ,MK impurity points in respective pairwise disjoint subsetsΛ1,Λ2, . . . ,Λ3 ⊂
R

3 is given by the product
∏K
k=1 e

−%|Λk| (% |Λk|)Mk /Mk!, where|Λk| :=
∫

Λk
dx is the

volume ofΛk.
The object of interest in this paper is the integrated density of statesN of the Schr̈odinger

operator (1) with Poissonian random potential (2). Loosely speaking,N(E) is the number
1
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of energy levels per volume below a given energyE ∈ R. (See (4) below and subsequently
given references for an exact definition.)

Under some rather weak additional assumptions onU (see e.g. (3) below) the almost-
sure spectrum ofH(Vω) as well as the set of growth points of its integrated densityN are
known to coincide with the half-line[B/2,∞[. We will investigate the behaviour ofN
near the bottom of this half-line. More precisely, we will determine the so-calledmagnetic
Lifshits tail of N , that is, the leading low-energy fall-off ofN(E) asE ↓ B/2.

Magnetic Lifshits tails have been investigated so far mainly for two space dimensions in
which two qualitatively different regimes were found [2, 7, 9, 10, 8]. Here for long-range
U the Lifshits tails depend on the details of the decay ofU and coincide with the low-
energy fall-off of the corresponding classical integrated density of states. For short-range
U , the tails are insensitive to the details of the decay ofU , but sensitive to the magnetic-
field strength and have therefore a quantum character. The borderline decay ofU , which
discriminates between such classical and quantum Lifshits tailing ford = 2, is known to
be Gaussian. This stands in contrast to the non-magnetic case in which the algebraic decay
lim|x|→∞ |x|α U(x) = g > 0 with exponentα = d + 2 discriminates between classical
and quantum Lifshits ind space dimensions [6, 17, 15]. (See [13, Sec. 4.1] for a recent
summary of these results.)

First rigorous results on magnetic Lifshits tails in three space dimensions with rapidly
decayingU are available in [20]. The findings there especially reveal a regime of Lifshits
tails with mixed quantum/classical character for an intermediate decay ofU . They will be
published in an accompanying paper. The purpose of the present paper is to characterize
the regime ofpurely classicaltails which we will prove to occur for slow anisotropic decay
of U . It seems that our results ford = 3 and nonvanishingB are even new for slow
isotropicdecay.

From a naive point of view it might be surprising that there arepurely classicaltails at
all for d = 3. That is to say, one might argue that the motion perpendicular to the magnetic
field is confined and the particle moves freely parallel to the field direction such that the
effective dimension of the problem should be one. It is therefore tempting to conjecture
that a regime of purely classical Lifshits tails occurs for algebraically decayingU with
exponentα < 3 (= 1 + 2). But then, the Poissonian random potential (2) is not well-
defined ford = 3. Thus, from this point of view, one is lead to the wrong conclusion that
purely classical Lifshits tails do not exist in three space dimensions.

2. ASSUMPTIONS, DEFINITIONS AND RESULTS

Throughout this paper, we will consider non-negative impurity potentialsU : R3 →
[0,∞[ which are integrable as well as square-integrable with respect to the three-dimensional
Lebesgue measure

U ≥ 0, U ∈ L1
(
R

3
)
∩ L2

(
R

3
)
. (3)

In particular, this ensures that the Poissonian random potential (2) is a positive, measur-
able, ergodic random field on some complete probability space(Ω,A,P). Moreover, the
operatorH(Vω) isP-almost surely essentially self-adjoint on the Schwartz spaceS(R3) of
rapidly decreasing, arbitrarily often differentiable functions onR3. For a wealth of infor-
mation on these and related questions on random Schrödinger operators, see [12, 5, 18, 19].

As another consequence, the integrated density of states may be defined by the expec-
tation value

N(E) :=
∫

Ω

P(dω) Θ
(
E −H(Vω)

)
(x, x). (4)
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HereR3×R3 3 (x, y) 7→ Θ
(
E−H(Vω)

)
(x, y) denotes the continuous integral kernel (see

e.g. [3, 4]) of the spectral projectionΘ
(
E−H(Vω)

)
ofH(Vω) associated with the half-line

]−∞, E[⊂ R. Due to magnetic translation invariance, the r.h.s. of (4) is independent of the
chosenx ∈ R3. For a background, alternative equivalent definitions and further properties
of N in this and more general situations, see [16, 12, 5, 18, 11, 13] and references therein.

Additionally to (3), we will suppose thatU has ananisotropicalgebraic decay at infinity

lim
|x|→∞

∥∥(|x⊥|α, |x3|γ
)∥∥

2/β
U (x⊥, x3) = g > 0, (5)

where we used the notation‖c‖2/β :=
(
|c1|2/β + |c2|2/β

)β/2
(= max(|c1|, |c2|) if β = 0)

for the2/β-pseudo-norm of a vectorc = (c1, c2) ∈ R2 andx⊥ := (x1, x2) ∈ R2 for the
co-ordinate perpendicular to the magnetic field. For allβ ≥ 0, integrability ofU at infinity
is equivalent toα > 2 andγ > α/(α − 2). In particular, for isotropic decay ofU , which
corresponds toα = β = γ, integrability requiresα > 3.

Our results on the magnetic Lifshits tails for slow anisotropic algebraic decay ofU are
summarized in the following

Theorem 2.1. For a positive impurity potential satisfying assumptions (3) and (5) with
someg > 0, α > 2, β > 0 and

α/(α− 2) < γ < 3α/(α− 2), (6)

the leading low-energy fall-off of the integrated density of statesN is independent of the
magnetic field strengthB > 0 and reads

lim
E↓0

E
3

η−3 logN
(
B

2
+ E

)
= −C. (7)

Here we have introduced the two constantsη := 3αγ/ (2γ + α) and

C :=
η − 3

3
g

3
η−3

2π%
β

αγ

Γ
(
β
α

)
Γ
(
β
2γ

)
Γ
(

3β
2η

) Γ
(
η − 3
η

)
η−3
η

.

For given value ofα (> 2) andγ (> α/(α − 2)), the parameterβ > 0 fine tunes the
degree of anisotropy of the decay ofU by selecting different pseudo-norms in (5). Thanks
to equivalence of these pseudo-norms, the choice ofβ does not effect the order of the decay
of U and hence not that oflogN . More precisely,β does not enter the so-calledLifshits
exponent

− lim
E↓0

log
∣∣ logN

(
B
2 + E

)∣∣
logE

=
3

η − 3
=

2γ + α

αγ − 2γ − α
, (8)

but only the Lifshits constantC. In the limit β ↓ 0 where‖c‖2/β → max{|c1|, |c2|},
the Lifshits constant converges toC →

(
η/3− 1

)
g3/(η−3)[6π%Γ(1− 3/η)/η]1−3/η. The

subsequent proof shows that Theorem 2.1 remains valid in this limiting case with the above
value of the Lifshits constantC.

In all of the above cases, the Lifshits tails sensitively depend on the details of the decay
of U and are classical in character. Indeed, the correspondingclassical integrated density
of states

Ncl(E) :=
√

2
3π2

∫
Ω

P(dω)
(
E − Vω(0)

) 1
2 max

{
E − Vω(0), 0

}
(9)
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(cf. [9, Eq. (2.14)]) has the same leading low-energy tail asN , that is,limE↓0 logN(B/2+
E)/ logNcl(E) = 1.

In the extreme anisotropic limitα →∞, condition (6) turns into1 < γ < 3 (= 1 + 2)
while η → 3γ andC → (γ − 1) g1/(γ−1)(2π%Γ (1− 1/γ) /γ)1−1/γ . Comparing these
limiting values with results in [17] and [18, Cor. 9.14], the Lifshits tails (7) are seen to
asymptotically coincide with the corresponding classical tails in one space dimension for
impurities with concentrationπ% and algebraically decayingU (with exponentγ). This
is plausible from the long-distance tails ofU which develop in the direction parallel to
the magnetic field in this limit. The quantum particle is therefore effectively confined to
a one-dimensional motion. Thus the one-dimensional picture sketched at the end of the
Introduction correctly captures the strongly anisotropic caseα → ∞, but not the case
whereU has isotropic algebraic decay, that is, the caseα = β = γ (= η) for which
Theorem 2.1 yields the following

Corollary 2.2. Assume thatlim|x|→∞ |x|α U(x) = g > 0 with some3 < α < 5. Then

lim
E↓0

E
3

α−3 logN
(
B

2
+ E

)
= −α− 3

3
g

3
α−3

[
4π%
α

Γ
(
α− 3
α

)]α−3
α

. (10)

In the isotropic case the tails (10) coincide forall values of3 < α < 5 (= d + 2)
with the corresponding classical tails forB = 0, cf. the Introduction and [17, 18]. This
is different for anisotropic decay ofU . A straightforward modification of the subsequent
proof shows that (7) remains valid forB = 0 if

α

α− 2
< γ <


3α
α− 2

if 2 < α ≤ 5,

α

α− 4
if 5 < α,

(11)

(see also [17] and [18, Cor. 9.14] for the isotropic caseα = β = γ.) Accordingly, the
validity of (7) requiresB > 0 in caseα > 5. This resembles the two-dimensional situation
for which the authors of [2] showed that quantum effects in the Lifshits tail are suppressed
in the presence of a magnetic field.

Remark 2.3. Following [10], Corollary 2.2 possesses a natural (and straightforward) ex-
tension to impurity potentialsU with (slow) regular isotropic(F, α)-decay in the sense that
there exists some3 < α < 5 such thatlim|x|→∞ F

(
1/U(x)

)
= 1 for some positive func-

tion F which is regularly varying (at infinity) with index1/α, cf. [10, Def. 3.5]. Denoting

byf# the de Bruijn conjugate [1, p. 29] of the functiont 7→ f(t) :=
[
t−1/αF (t)

]3α/(3−α)
,

the corresponding Lifshits tails read

lim
E↓0

logN
(
B
2 + E

)
E

3
3−α f#

(
E

3
3−α
) = −α− 3

3

[
4π%
α

Γ
(
α− 3
α

)]α−3
α

.

This extension constitutes the analogue of [10, Thm. 3.8] in three space dimensions.

3. PROOF

The strategy of our proof of the classical Lifshits tails in Theorem 2.1 goes back to [14,
17] and has been adopted to the magnetic setting in [2, 9, 10]. Instead of the leading low-
energy fall-off ofN , we will investigate the behaviour of its (shifted) Laplace transform

Ñ(t) :=
∫ ∞

0

N

(
dE +

B

2

)
e−tE , t > 0,
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for long “times”t. De Bruijn’s Tauberian theorem [1, Thm. 4.12.9] (see also [18, Thm. 9.7]
or [10, App. B]) ensures that (7) is equivalent to

lim
t→∞

t−
3
η log Ñ(t) = −2π% g

3
η
βη

3αγ

Γ
(
β
α

)
Γ
(
β
2γ

)
Γ
(

3β
2η

) Γ
(
η − 3
η

)
(12)

= −%
∫
R3
dx
(

1− e−u(x)
)
.

Here the last equality results from an elementary (but somewhat lengthy) calculation of the
last integral which is defined in terms of the functionu : R3 → [0,∞[ given by

u(x) := g
(
|x⊥|

2α
β + |x3|

2γ
β

)− β2
=

g∥∥(|x⊥|α, |x3|γ
)∥∥

2/β

. (13)

In order to determine the long-time behaviour ofÑ we use the following upper and lower
bounds. They are a straightforward extension of the ones in [2, Basic Inequalities 3.1] for
two to three space dimensions, see also [20, Prop. 5.3].

Proposition 3.1. Letψ ∈ S(R3) be normalized according to the standard scalar product
〈ψ,ψ〉 = 1 on L2(R3). Moreover assume thatψ is real-valued and centred in the sense
that

∫
R3 dx |ψ(x)|2 x = 0. Then the sandwiching estimate

1√
(2πt)3

exp
[
−t
〈
ψ,H(0)ψ

〉
− %

∫
R3
dx
(

1− e−t
∫
R3 dy |ψ(x−y)|2 U(y)

)]
≤ e−tB/2 Ñ(t) ≤ B

4π
√

2πt sinh(tB/2)
exp

[
−%
∫
R3
dx
(

1− e−tU(x)
)]

(14)

holds for all values of the magnetic field strengthB ≥ 0.

In the next two subsections we will show that, after choosing the variational state-vector
ψ properly, the bounds (14) asymptotically coincide in the situation of Theorem 2.1. This
will complete our proof of (12) and hence of Theorem 2.1. Note that the exponential
factor in the upper bound coincides up to a factor of

√
(2πt)3 with the (unshifted) Laplace

transform ofNcl. Therefore, (12), and hence (7), is indeed a classical asymptotics.

3.1. Asymptotic evaluation of the upper bound. The upper bound in (14) implies

lim sup
t→∞

t−
3
η log Ñ(t) ≤ −% lim inf

t→∞
t−

3
η

∫
R3
dx
(

1− e−tU(x)
)
.

Using the substitution(x⊥, x3) 7→
(
t

1
αx⊥, t

1
γ x3

)
and subsequently employing Fatou’s

lemma together with the pointwise convergencelimt→∞ t U
(
t

1
αx⊥, t

1
γ x3

)
= u(x) valid

for all x 6= 0, we thus conclude that

lim sup
t→∞

t−
3
η log Ñ(t) ≤ −%

∫
R3
dx
(

1− e−u(x)
)
. (15)

3.2. Asymptotic evaluation of the lower bound. We choose the variational state-vector
in our lower bound (14) as follows

ψ(x) :=

√
B

2π
exp

(
−B

4
|x⊥|2

)
1√
tσ
ϕ
(x3

tσ

)
, t > 0. (16)

It is the time-dependent product of the centred Gaussian in the lowest Landau-level eigenspace
and some real-valued, centred, arbitrarily often differentiable, compactly supportedϕ ∈
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C∞c (R) scaled bytσ. We will pick σ > 0 later at our convenience. To ensure normal-
ization ofψ we further assumeϕ to be normalized with respect the the standard scalar
product〈ϕ,ϕ〉 = 1 on L2(R). Accordingly, the first term in the exponent on the l.h.s. in
(14) equals

t
〈
ψ,H(0)ψ

〉
=
tB

2
+ t1−2σ

〈
ϕ,H3(0)ϕ

〉
whereH3(0) := − 1

2
∂2

∂x2
3
. Using the substitution(x⊥, x3) 7→

(
t

1
αx⊥, t

1
γ x3

)
, the second

term in the exponent on the l.h.s. in (14) may be expressed in terms of the one-parameter
family {δt}t>0 of probability densities onR3 given by

δt (x) := t
2
α+ 1

γ

∣∣∣ψ (t 1
αx⊥, t

1
γ x3

)∣∣∣2 . (17)

We thus arrive at

lim inf
t→∞

t−
3
η log Ñ(t) ≥ − lim sup

t→∞
t1−2σ− 2

α−
1
γ
〈
ϕ,H3(0)ϕ

〉
− % lim sup

t→∞

∫
R3
dx

[
1− exp

(
−t
∫
R3
dy δt (x− y) U

(
t

1
α y⊥, t

1
γ y3

))]
. (18)

Since0 < 1− 2
α −

1
γ <

2
γ by assumption, we may pickσ > 0 such that

1− 2
α
− 1
γ
< 2σ <

2
γ
.

Therefore the first term in the r.h.s. of (18) vanishes. Thanks to Lemma 3.2 below the sec-
ond term my be handled with the help of the dominated convergence theorem. Altogether,
we thus conclude

lim inf
t→∞

t−
3
η log Ñ(t) ≥ −%

∫
R3
dx
(

1− e−u(x)
)
,

which, together with (15), completes the proof of (12).

3.3. Auxiliary lemma.

Lemma 3.2. Let0 ≤ σ < 1/γ. Then

lim sup
t→∞

t

∫
R3
dy δt (x− y) U

(
t

1
α y⊥, t

1
γ y3

)
≤ u(x) (19)

for all x 6= 0.

Proof. We pick0 < ε < 1 and split the convolution in the l.h.s. of (19) into two integrals
with domains of integration inside and outside the ballB

(x)
ε|x| centred atx with radiusε|x|.

Using the fact that theδt is a probability density, the first part is estimated as follows

t

∫
B

(x)
ε|x|

dy δt (x− y) U
(
t

1
α y⊥, t

1
γ y3

)
≤ ess sup
y∈B (x)

ε|x|

t U
(
t

1
α y⊥, t

1
γ y3

)
. (20)

Since|y| ≥ (1−ε)|x| > 0, we may further estimate the r.h.s. with the help of the inequality

t U
(
t

1
α y⊥, t

1
γ y3

)
≤ (1− ε) t u

(
t

1
α y⊥, t

1
γ y3

)
= (1− ε)u(y), (21)
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valid for sufficiently larget > 0 by assumption (5) onU and the definition (13) foru. To
estimate the second part we employ the inequality

t

∫
R3\B (x)

ε|x|

dy δt (x− y) U
(
t

1
α y⊥, t

1
γ y3

)
≤ t sup

y/∈B (x)
ε|x|

δt (x− y)
∫
R3
dz U

(
t

1
α z⊥, t

1
γ z3

)
= t1−

3
η sup
y/∈B (0)

ε|x|

δt (y)
∫
R3
dz U (z) . (22)

The upper limit of the r.h.s. vanishes since

lim sup
t→∞

t1−
3
η sup
y/∈B (0)

ε|x|

δt (y) = 0. (23)

For a proof of this assertion we distinguish two cases. In the first case, where|y3| ≥
ε|x|/

√
2 (> 0), we haveϕ

(
t

1
γ−σy3

)
= 0 and henceδt(y) = 0 for sufficiently larget,

since suppϕ is compact andt
1
γ−σ grows unboundedly. In the second case, wherey /∈

B
(0)
ε|x| and |y3| < ε|x|/

√
2 such that|y⊥| ≥ ε|x|/

√
2, the supremum in (23) decreases

exponentially fast in timet thanks to the Gaussian decay of|ψ(y)|2 in they⊥-direction, cf.
(16). Altogether (20)–(23) implies

lim sup
t→∞

t

∫
R3
dy δt (x− y)U

(
t

1
α y⊥, t

1
γ y3

)
≤ (1− ε) sup

y∈B (x)
ε|x|

u(y). (24)

Taking the limitε ↓ 0, the r.h.s. converges tou(x) for all x 6= 0 sinceu is continuous on
R

3 \ {0}. �
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INSTITUT M ITTAG-LEFFLER, AURAVÄGEN 17, S-182 60 DJURSHOLM, SWEDEN. ON LEAVE FROM:
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ILLINOIS AT URBANA-CHAMPAIGN , 1409 W. GREEN

STREET, URBANA , IL 61801.
E-mail address: dirk@math.uiuc.edu
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